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Abstract

We consider the Standard Model, including a light scalar boson /4, as an effective theory at the weak
scale v =246 GeV of some unknown dynamics of electroweak symmetry breaking. This dynamics may be
strong, with & emerging as a pseudo-Goldstone boson. The symmetry breaking scale A is taken to be at
47w v or above. We review the leading-order Lagrangian within this framework, which is nonrenormalizable
in general. A chiral Lagrangian can then be constructed based on a loop expansion. A systematic power
counting is derived and used to identify the classes of counterterms that appear at one loop order. With this
result the complete Lagrangian is constructed at next-to-leading order, O (v2/A?). This Lagrangian is the
most general effective description of the Standard Model containing a light scalar boson, in general with
strong dynamics of electroweak symmetry breaking. Scenarios such as the SILH ansatz or the dimension-6
Lagrangian of a linearly realized Higgs sector can be recovered as special cases.
© 2014 The Authors. Published by Elsevier B.V. Open access under CC_BY license. Funded by SCOAP3.
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1. Introduction

The recent discovery of a scalar sector in the Standard Model has been one of the most impor-
tant breakthroughs of the last decades in particle physics. The additional confirmation, as more
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and more experimental evidence is piling up [1-4], that the scalar particle closely resembles the
Higgs boson is even more remarkable, meaning that the Standard Model provides a rather suc-
cessful description of electroweak symmetry breaking. In particular, recent experimental results
strengthen the evidence for a particle with spin 0 and positive parity [5].

However, the Standard Model solution to electroweak symmetry breaking is extremely fine-
tuned and should be deemed unsatisfactory. More natural solutions typically call for new physics
states at the TeV scale, for which unfortunately there is no evidence so far. However, their even-
tual existence would typically induce deviations from the Standard Model Higgs parameters,
which, even if only slight, would be of profound significance for the renormalizability and unita-
rization of the theory and, more generally, for our understanding of the dynamics of electroweak
symmetry breaking.

There exists a large number of alternatives to the Higgs model, which provide different dy-
namical explanations of electroweak symmetry breaking. From a phenomenological viewpoint
it is however more efficient to test these potential deviations from the Standard Model with a
broader framework and then particularize to specific models, the Standard Model being one of
them. Given the large energy gap between the electroweak scale v = 246 GeV and the expected
new physics scale A ~ few TeV, this broader framework can be most easily cast in an effective
field theory (EFT) language. This EFT should provide, by construction, the most general de-
scription of the electroweak interactions in the presence of a light scalar %, and therefore provide
the right framework to test its dynamical nature. As a result, the EFT we are after is actually the
most general EFT description of the electroweak interactions with the presently known particle
content.

The starting point for such an EFT requires a parameterization of the minimal coset SU(2) 1, x
U(1)y/U(1)em, which can be done using a nonlinear realization [6]. The resulting Goldstone
bosons provide the longitudinal components of the gauge bosons. The new scalar # is then intro-
duced in full generality as a singlet under SU(2); x U(1)y. This path has been pursued before,
and partial sets of the resulting effective-theory operators have been listed [7,8] and their phe-
nomenological consequences explored [9-11]. However, the previous papers lacked a careful
discussion of the foundations of the EFT, including essential aspects in the construction of the
operator basis such as power-counting arguments. In this paper we want to fill this gap and put
the EFT on a more systematic basis. A large part of this effort was already done in [12], where
the systematics of the nonlinear EFT of electroweak interactions was spelled out. In this paper
we show how to extend those results when a scalar singlet % is included.

This paper is organized as follows: in Section 2 we review the Standard Model chiral La-
grangian at leading order as the most general description of electroweak symmetry breaking. In
Section 3 we discuss how to organize the EFT expansion in powers of v?/A? with a consistent
power-counting. Section 4 is devoted to working out the most general basis of operators at next-
to-leading order (NLO). In Section 5 we extend our discussion to include generic scenarios of
partial compositeness as interpolations between the purely strongly-coupled and weakly-coupled
limits. A comparison with the previous literature is provided in Section 6. For illustration, in Sec-
tion 7 we include two particular model realizations, namely the SO(5)/SO(4) composite Higgs
model and a Higgs-portal model, showing how they reduce to particular parameter choices of
the general EFT. Conclusions are given in Section 8, while technical details are collected in
Appendix A.
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2. SM chiral Lagrangian at leading order

In this section we summarize the leading-order (LO) electroweak chiral Lagrangian of the
Standard Model including a light Higgs field /. Further comments on the systematics behind its
construction can be found in Appendix A.

The leading-order Lagrangian can be written as

Lio=Ls+ Lyp ()
The first term, L4, represents the unbroken, renormalizable part, built from the left-handed dou-
blets ¢, [ and right-handed singlets u, d, e of quarks and leptons, together with the gauge fields
G, W,Bof SUB)c,SUR)L, U()y:

1 1 1
£4 == —E(Gl,w GMU> - §<WMV Wﬂv) - ZB,(LUBPW
+ Gilpq + liPl + wilpu + dipd + éie )

Generation indices have been omitted. Here and in the following the trace of a matrix M is
denoted by (M). The covariant derivative of a fermion field ¥z g is defined as

Dy =0 +igWur +ig'Yy, BuyL, Dyyr =3y VR +ig Yy, BuVr 3)
dropping the QCD part for simplicity. The Higgs-sector Lagrangian reads

2
Lyp= %(DMUTD“U)(l + Fy(h) + %%ha“h — V(h)

o h n oo h n
—v|:é(Yu+Z Lf’”(;) )UP+r+c7(Yd+ZY§")<;> )UP_r
n=1 n=1
B o
- (Ye+z (
n=1

) ) UP_n+ h.c.:| “4)
where

[e’) h n e’} h n
FU(h)=ZfU,n<;>, V<h>=v4va,n<;) )

n=1 n=2

n)

N~
e |

Here the right-handed quark and lepton fields are written as r = (u, d)” and n = (v, )7, respec-
tively. In general, different flavor couplings ?;?j,e can arise at every order in the Higgs field 4",

in addition to the usual Yukawa matrices ?u,d,e. We define

1
P:tEE:l:Tg, Ppo=T1+iT,, Ph=T—-iT, (6)

where Pj; and P>; will be needed later on.
Under SU(2)1 x SU(2)r the Goldstone boson matrix U and the Higgs-singlet field / trans-
form as

U—gUgh, h—h,  gLreSUQLR (7

The transformations gy and the U (1)y subgroup of gg are gauged, so that the covariant deriva-
tives are given by
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DU =208,U+igW,U —ig B,UT;, Dyh=0,h ®)
The explicit relation between the matrix U and the Goldstone fields ¢ is
1 (%
U=expRid/v), ®=¢'T'=— V2 0 ©))
V2 \ o %

where T% = T, are the generators of SU(2).
3. Power counting

The leading-order Lagrangian (1) is nonrenormalizable in general. A consistent effective field
theory can be constructed order by order in the loop expansion. The next-to-leading order terms
can be classified according to the counterterms that appear at one loop. The corresponding classes
of operators are determined by standard methods of power counting. For the case of the chiral
Lagrangian in (1) without the Higgs scalar 4 this procedure has been discussed in [12], where
further details can be found. The generalization to include the light Higgs scalar is straightfor-
ward and will be summarized in the following. We will omit ghost fields, which insure manifest
gauge independence, but do not affect the power counting.

Without 4, a generic L-loop diagram D, built from (1), contains n; <p2i -vertices and vy
Yukawa interactions IZL(R) IpR(L)gak, a number m; of gauge-boson-Goldstone vertices X Mgol, Iy
such vertices of the type Xi(ps, x quartic gauge-boson vertices X*, u triple-gauge-boson ver-

tices Xfu and z; (zg) fermion-gauge-boson interactions 1/_IL(R) Yr(r) X, Here Y1 (YR), ¢ and
X, denote left-handed (right-handed) fermions, Goldstone bosons and gauge fields, respectively.
The presence of & introduces into D a number o, of Goldstone-Higgs vertices 0> he, 1,
Yukawa vertices with # Goldstone and b Higgs lines, as well as w, h9-interactions.
Following the steps discussed in [12], the power-counting for the diagram D can be summa-
rized by the formula

v mA2r2x+utz  ,d 2 2 /X Vv B h H
p~ OV (V) LGty eyt (2] (2) (2 (10)
vFL+FR—2-20 A2L v v v
where the power of external momenta p is
F F
d52L+2—%—v—v—m—zr—zx—u—z—zw (11)

Here F;, = F Ll + F 2, Fr=F 113 + FI% and V is the number of external left-handed fermion,
right-handed fermion and gauge-boson lines, respectively. g is a generic gauge coupling, and we
haveused v=>) v+, ,tp,m=D ymy,r =) (15, 2=2L +IR, 0= Zq wq. An exponent
d > 0 in (10) indicates a divergence by power counting, as well as the number of derivatives in
the corresponding counterterm. The expression (11) for d is useful, because Fr, Fr and V, as
well as the numbers of vertices, all enter with a negative sign. This implies that the number of
divergent diagrams at a given order in L is finite. We also note that the numbers of both external
Goldstone and Higgs boson lines, B and H, enter the power counting formula (10) only through
the factors (¢/v)® and (h/v)f . They are irrelevant in particular for the exponent d, which counts
the powers of momentum. This indicates explicitly that, at any given order in the effective theory,
the counterterms contain an arbitrary number of Goldstone fields U = U (¢/v), as well as Higgs
fields i/v. Both ¢ and 4 are therefore on the same footing. This result of power counting is in
agreement with the discussion in Appendix A.
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Since (10) and (11) are very similar to the case without 4 discussed in [12], the generaliza-
tion to the scenario that includes / follows immediately. The NLO counterterms are found by
enumerating the classes of diagrams that give rise to a degree of divergence d > 0 with L =1
in (11). Denoting by Uh the presence of any number of Goldstone fields U (or UT) and Higgs
singlets i, and by D", wF , X* the numbers n, F, k, respectively, of derivatives, fermion fields
and gauge-boson field-strength tensors, these classes are schematically given by

UhD*, ~X*Uh, XUhD* >UhD, v>UhD?, y*Uh (12)

The next section will be devoted to constructing the full set of basis operators in each class.
4. Effective Lagrangian at next-to-leading order

The NLO operators are conveniently expressed using the definitions
L,=iUD,U", 1, =UTU" (13)
Both L, and 1, are hermitean and traceless. They obey the identities

D/,LLV - DULM = gWuv - g/B,uvTL + i[L;u L] (14)
D,tp =—i[tr, L] (15)

The NLO operators can be constructed using elementary building blocks, as reviewed in [12]
for the case without  field. In the Goldstone—Higgs sector the required building blocks are

(LpLy), (tLly), (LuLyLy), (teLlyLy), 9duh, F(h) (16)

where F(h) denotes a generic function of £ /v. Five additional building blocks arise when the
electroweak field strengths are included

(WnLs), (W), (WwLiLp), (teWuwLy), B A7)

Together with the terms in the LO Lagrangian, these elements are sufficient to construct the NLO
operators in the purely bosonic sector. Operators with fermions can be obtained along similar
lines [12]. Note that apart from the functions F(h), which enter each operator as an overall
factor, the only new building block in comparison to [12] is d,,A.

Using integration by parts, the identities (14) and (15), and the leading-order equations of
motion, certain operators can be shown to be redundant. To proceed in a systematic way, we
eliminate a given operator, if possible, in favor of operators with fewer derivatives.

The next-to-leading-order effective Lagrangian of the Standard Model with dynamically bro-
ken electroweak symmetry, including a light Higgs scalar, can then be written as

6—d;
L=CLio+ L, +Zc,-v70i (18)

Here Lio is the leading order Lagrangian (1) and Lg, the custodial-symmetry breaking,
dimension-2 operator

v

%) B\ "
L =P Lo L) ), By ) =1+ fo(% ) )

n=1
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As discussed in Appendix A this operator can be treated as a next-to-leading order correction.
Apart from this term, the NLO operators are denoted by O; in (18). They come with a suppression
by two powers of the symmetry-breaking scale A ~ 47 v and have dimensionless coefficients c;,
which are naturally of order unity. d; is the canonical dimension of the operator O;. Conservation
of baryon and lepton number will be assumed in the present context, since their violation is
expected to arise only at scales much above the few TeV range. Further remarks can be found
in [12].

In the following we list the NLO operators O; according to the classification introduced at the
end of Section 3.

4.1. UhD?* terms

The operators of this class generalize the O(p*) chiral-Lagrangian terms U D* already given
n [13], now including arbitrary powers of /v. There is a total of 15 independent operators, of
which 11 are CP-even and 4 are CP-odd.
The CP-even operators can be written as
2
Op1 = (L, L") Fpi(h)
Op2 = (LuLy){L" L") Fpa(h)
((TLLM)<ILL“)) Fp3(h)
(904 = (vp L)t L") Ly LY )Fpa(h)
(

Ops = (tLu)(te Ly)(L* L") Fps(h) (20)
. /)
Ops =i(tLLyLy,)(tr L") 5 Fpe(h) (2D
0,ho h
Opy = (L, L") Fp7(h)
o*hovh
Ops = (LuLv)TFDS(h)
h
Opyg=(tLLy >(TLL“) Fpo(h)
3“h v
Opio=(teLy){tLLy) Fpio(h) (22)
(3,,hd"h)?
Opi = ————Fpu() (23)
The CP-odd operators are
0'h
Opia = (L L*)(zL L) 5 Fpia(h)
0'h
Op1z = (L, Ly)(t L") 5 Fpi3(h)

0'h
Opia = (te L)t L*) (1L L)) 5

0*ho,hovh
Opis = <TLLu)U7FD15(h) 24
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We have defined

[e%e] h n
Fpi(h) =1+ fpin (5) (25)
n=1

The four subclasses in (20), (21), (22) and (23) correspond, respectively, to terms with zero,
one, two and four derivatives acting on /. The subclass of CP-odd operators has terms with one
derivative acting on A and contains the only operator with three derivatives on /. Note that all
operators are written with only single derivatives on either U or A fields. In the absence of the
field & the basis reduces to the five operators in (20) with Fp; = 1, known from [13].

If custodial symmetry is respected by the UhD* terms, the basis reduces to the five operators
Op; withi =1, 2,7, 8 and 11, all of which are CP-even. The custodial-symmetry violating
UhD* operators are not generated as one-loop counterterms if the leading-order Goldstone—
Higgs sector is custodial symmetric. They might still appear as finite contributions at NLO.

4.2. X2Uh and XUhD? terms

The CP-even operators are

Oxn1 = g'*BuwB" Fxpi (h)
Oxnz = g* (W W) Fx o (h)
Oxnz = 84(G uwG"" ) Fxp3(h) (26)

Oxu1 = g'gBun(W"'tL)(1 4 Fxui(h))

Oxuz = g*(Wt)* (1 + Fxua(h))

Oxu3 = g&ump(WH Lt L?)(1 + Fxys(h))

Oxu7=ig Bu(te[L*, L"])Fxu7(h)

Oxus =ig(Wun[L*, L"])Fxus(h)

Oxuo = ig(Wyuvtr)(to[L*, L"])Fxuo(h) (27)

In correspondence to (26) and (27) there are also nine CP-odd operators:

Oxna = g *€pv1p B" B Fxpa(h)
Oxns = &€ uvip(WH W) Fxps(h)
Oxis = s €uvip|G"* G*) Fxpe(h) (28)

Oxua = &' geuvip(tt WH')B* (1 + Fxya(h))

Oxus = g euuap(TL W )Tt W )(1 + Fxus(h))

Oxve = g(Wyuw L")t L' )(1 + Fxue(h))

Oxuto=ig'euvipB* (tL[L*, LP])Fxu10(h)

Oxut1 = igeuvp(WH'[L*, L?])Fxu11(h)

Oxui2 =i8&ump(WH T )to [L*, LP])Fxu12(h) (29)
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Here
o0 h n
Fy: — . —
xi(h) =Y fxin ( v) (30)
n=1
The terms Oxy;, i =1, ..., 6, remain independent operators in the limit 4 — 0, while all other

operators become redundant. For this reason the former operators are multiplied by (1 + Fy;(h)).
Omitting the functions F;, the operators Ox; reduce to those listed already in [13,14].

4.3. Y2UID terms

The operators in this class are given by

Oyvi=—qy"q{tLLy) Fyvi(h)
Oyva=—qy*trq(tiLy)Fyva(h)

Oyvs = —QV“UpleTQ(LuUleU+>Fx//v3(h)
Ol

Oyva=—uy"u(t Ly)Fyva(h)
Oyvs=—dy"d{t Ly)Fyvs(h)

Oyve = —ity"d(L,U Py U")Fyye(h)

Ol

Oyv7=—ly*l{tL L) Fyv7(h)

Oyvs = —ly" t l{t L) Fyvs(h),

Oyvo = —Iy"*UPpU I{L,U Py U")Fyyo(h)

Olvs
Oyvio=—eyte({tLLy)Fyvio(h) (31)
where
00 n\"
Fyvi(h) =1+Zf1//Vi,n(;> (32)

n=1

They generalize the terms first listed for the case without £ in [15]. The minus signs on the
rh.s. of (31) have been introduced to be consistent with the notation of [12] in the limit
Fyvi(h) — 1. In the sector with left-handed quarks g, the four operators Oy v1, Oyv2, Oyv3
and Oj/;v3 are equivalent to the four terms gy*q(t L) F, gy trq{t L) F, gy*L,qF and
gy*iltr, L,]lgF, obtained as the independent structures formed directly with the building
blocks 77, L, and a (generic) F(h). We prefer to work with Oy y3 and OLW in (31) since
in unitary gauge these operators simply correspond to charged-current interactions with W+,
Taking into account the remaining building block 9,4, two further operators may be written
down, gy*qd,hF and gy*t1q9,hF. These are seen to be redundant upon integrating by parts,
and using the fermion equations of motion and the identity in (15). Similar comments apply
to the operators with right-handed quarks and with leptons. The operators in class ¥>UhD are
therefore identical to those in class ¥2U D of [12], up to overall factors of F (k).
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4.4. Y2UhD? and y>UhX terms

The class ¥2UhD? contains fermion bilinears with Lorentz-scalar or tensor structure. The
scalar operators are (hermitean conjugate versions will not be listed separately in this section)

Oys1 =qUPyr(Ly,L*)Fys)
Oys2=qUP_r(L,L*)Fys2
Oys3=qUPyr Nt L") Fys3
Oysa=qUP_r Mt L*)Fys4

Oyss =GU Prar(tL L) (U PuUTL¥)Fyss
Oyse = L?Uler(TLLM>(UP12UTL“)F¢56
Oys1=I1UP_n(L, L")Fys7

Oyss =1UP_n{t L)t L") Fyss

Oyso =1U Pon(t, L) U Py UTL*)Fyg0

(TLL;/.
(

r{t.L,

Oysio=qUPyr{t Ly) <3“ﬁ> Fys10
Oysii =qUP-r(t L, < )Fwn

Oysi2=qUPpr({UPyU'L (3 )Fwsu
Oysi3=qUPnr(UPLU'L (3 )F¢513

u)
h
v
h
v

Ow514—qUP+V(3 —> (3” )Fwsm

Oysi5=qUP_ r<8u )(3“ Fysis

< )Fwsn
h
O¢518—IUP T](a —> <3“ )Fv,mg

- h
Oysie =1UP_n(t Ly <“; Fysi6

Oys17=1U Pion( U1[’21UT

The list of operators with a tensor current is

Oyr1=qouwUPyr(tp L, Ly) Fyri
Oyr2=qowUP_r{t L, L,)Fy12
Oy13 = GouU Piar(t, L*)U Py UTLY)Fy 13
Oyr4=GouUPayr(t, LMY U PoUTLY)Fyrs
Oyrs =10,,U Pian(t, L*\U Py UTLY)Fyrs

(33)
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O¢T6 = [U/LVUP—W(TLLuLv>FIﬂT6

_ h
Ol//T7 = qO'MVUP+V<'CLLM>(aV—)FwT7
Oy18 =40, UP_ r tLL“ ( >F¢Tg
Oyr9=GouU Parr UPHUTL“)(a” >FM9
T vh
Oyr10=qouU Prar(UPnUTL*) 0 ~ ) Furio

Oyrin =lo,,UP_n TLLM< ) Tl

Oyr12 =10,,U P12 UP21UTL”)<3” )lez (34)
Here we have used
o0 h n
F, = F i(h) =1 ; — 35
W S(T)i ws(T)i () + ; Susin (v) (35)

For completeness, we also quote the terms of the form y2UhX:

Oyx1=qouUPirB" Fyxi
Oyx2=qou,UP_rB" Fyx>

Oyx3z= c}a,wUPJrr(rL Wﬂv>wa3

Oy x4 = GouUP_r{ty WH)Fy x4

Oyxs = GouwU Pror(U Py U W) Fy xs
Oyx6 = GouwU Por(UPUTWH)Fy xe
Oyx7=qouwG""UPirFyx7

Oyxs =qouwG" U P_rFyxs

Oyx9 =10,,UP_nB"" Fyxo

Oyx10 =10, U P_n(t, W*')Fy x10

Oyx11 =10,,U Pion(U Py UTWH)Fy x 1y (36)
where
o0 n
Fyxi=Fyxith) =1+ fyxi h (37)
wXi = Ty Xi &~ v Xi,n v

The operators >UhX are not required as NLO counterterms, since the one-loop diagrams
inducing these structures in the effective theory are finite. These operators are expected to con-
tribute at NNLO. Also the tensor operators in (34) are not generated as one-loop counterterms.
The genuine counterterms in the class ¥2UhD? are then those with the scalar fermion currents
given in (33).
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4.5. y*Uh terms

The 4-fermion operators of the class ¢4U have been listed in [12]. Since no derivatives are
involved, the generalization to the case including the % field simply amounts to a multiplication
of each of these operators with a general function

0 h n
Fayi(h) =1+ me//i,n(;) (38)

n=1

The operators in the class ¥*Uh are then given by

Osyun,i = Osyu,i Fayi(h) (39)

where O4y,p,; are the 4-fermion operators listed in Section 4.5 of [12].

Not all of these operators need actually appear as counterterms at one loop. While for in-
stance operators of the form vy Uy Ug F (h) are required as counterterms, the operators
VLyM s YL F(h) are not. Still the latter could arise as finite contributions at NLO through
the tree-level exchange of TeV-scale resonances.

4.6. X3Uh terms

The operators X3, built from 3 factors of field-strength tensors, are not required as counter-
terms at next-to-leading order. There are only four operators of this type [16,17]

Ox1=f*PCGL Gl GS* . Oxa= A5G GEPGEH (40)
Ox3 =P W WIP W, Oxa =W WP Wt (41)
where f ABC and g9%¢ are the structure constants of color SU(3) and weak SU(2), respectively.

They are dimension-6 operators and therefore suppressed by two powers of the heavy mass
scale A. A loop suppression brings the coefficients further down to the NNLO level O(v*/A%)
[14,18,19] (see [12] for additional comments). Similar arguments hold for the entire class of
terms X3Uh, that is including Goldstone and Higgs fields, which we do not consider further
here.

5. Partial compositeness and the linear realization

The power-counting formula we have derived and applied in the preceding sections assumed
that the scale of electroweak symmetry breaking 4 v and the cut-off scale 47 f were of compara-
ble size. This situation includes nondecoupling scenarios, where there is only one relevant scale v
and the composite Higgs plays the role of a pseudo-Goldstone boson. In these scenarios, the full
unitarization of amplitudes (e.g. in Wy Wy, scattering) is taken care of by states at the TeV scale.
On the opposite end, v/f — 0, we have the Standard Model Higgs, which alone unitarizes the
physical amplitudes due to the renormalizability of its interactions. Between these two pictures,
there is a continuum of possibilities where heavy resonances and a light Higgs together render the
theory unitary. In order to cover the transition between the pure nondecoupling case (TeV-scale
new states) and the Standard-Model scenario (infinitely heavy new states), the scales f and v
should be distinguished. Theories with vacuum misalignment [20,21], for instance, are examples
of how this splitting of scales can be dynamically realized. The vacuum-tilting parameter
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(42)

therefore gauges the degree of h-compositeness or, equivalently, the degree of decoupling of the
theory: & = 1 corresponds to purely nondecoupling scenarios, while £ — 0 is the decoupling
limit, i.e. the Standard-Model case.

The relation between the two limits, £ = 1 and £ < 1, can be made more explicit. Since for
& — 0 the theory reduces to the renormalizable Standard Model, with a linearly transforming
Higgs doublet ¢, the effective Lagrangian can be organized for small £ in terms of operators of
increasing canonical dimension d. The coefficients of these operators then scale as &@~4/2 1
This corresponds to the usual framework, of which the terms up to d = 6 have been classified
in [16,17]. The restriction £ << 1 may be relaxed by considering & as a quantity of O(1). Then
the effective theory in powers of £ has to be reorganized in terms of the chiral Lagrangian. This
effectively resums the series in &, replacing it by a loop expansion. As a consequence of the
reorganization there is no one-to-one correspondence between the terms classified as NLO in the
two scenarios, £ = O(1) and & <« 1. It also implies that (for most operator classes) the chiral
Lagrangian formulation is more general than the effective theory based on canonical dimension,
as explained in more detail below.

We may rewrite the dimension-6 operators from [16], whose coefficients count as O(§), in
polar coordinates for the Higgs field, using

¢=(v+h>U((1)), q~5=(v+h)U<(1)> (43)

The resulting terms can be matched to some of the operators in the chiral Lagrangian. The co-
efficients of those operators are then seen to start at O(£) in the small-£ limit. Higher powers
of & are always present in the expansion of these coefficients. This is because additional factors
of ¢ = (v + h)?, multiplying a given operator, lead to higher-dimensional operators that map
onto the same operator in the chiral Lagrangian. Operators in the chiral Lagrangian that cannot
be obtained from the dimension-6 basis of [16] derive from operators of dimension d > 6. Their
coefficients then count as O (£@~%/2) in the small-£ expansion.

We illustrate this for the dimension-6 operators in the class ¥2¢>D of [16]. They have the
form

qy"qo’iDup =2 +h)2qyPqitiLy) (44)
< 1

Gy"Tq¢"iD,T¢ = —; W+ h2Gy*Lug (45)

iuy"d¢'iD,¢ = —(v + h)iy"d(L,U Py U") (46)

with similar relations for the remaining operators. Recalling that

—Ggy"Lug F(h) = Oyvs+ O3 +20yv2 (47)

we find that all operators in (31) are generated. Their coefficients thus count as O(§). If we
had used gy* L, g F as a basis element instead of, say, Oy v2, the operator Oy 3 would not be
generated with an O(§) coefficient, but could only arise at O (& 2). This shows that the order in &
of the coefficients in the chiral Lagrangian is in general basis dependent.

' Further small factors such as couplings or powers of 1/4mw, arising e.g. from resonance masses Mp ~ 47 f, will be
ignored in the present context. The resulting suppression of particular coefficients can be separately addressed.
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Table 1
Correspondence between classes of NLO operators in the loop expansion of the chiral Lagrangian (present work, first
row) and the 1/f expansion of the effective Lagrangian based on canonical dimension ([16,17], second row).

Ly: LO LO X2Uh vIURD  y*UR UhD* v2URD?  NNLO  NNLO
XUhD?
Lew:  ¢° v X297 v2iD oyt NNLO  NNLO X3 V2Xe
¢4D2

Mapping the entire dimension-6 basis of [16] onto the chiral Lagrangian, leads to the follow-
ing list of chiral operators with O (&) coefficients:

X’Uh,XUhD*:  Oxpi, i=1,....6; Oxu1.Oxuas (48)
Y2URD:  Oyvi, i=1,...,10 (49)
w4U h:  all 4-fermion operators without U -fields (50)

In these classes the chiral basis is more general than its dimension-6 counterpart: Not all chiral
operators are generated from the dimension-6 basis, only terms up to second order in / appear,
and some of the coefficients are correlated. The operators of classes ¢°, ¢* D? and ¥2¢> in [16]
contribute O(£) corrections to leading-order terms in the chiral Lagrangian.” The operators X3
and Y2 X ¢ have O (&) coefficients, but appear only at NNLO.

The remaining NLO operators in our basis for the chiral Lagrangian have coefficients of
higher order in &. For a complete classification of the various orders in &, the lists of higher-
dimensional operators in the Standard Model would have to be worked out systematically beyond
the dimension-6 level. Since such lists are not yet available, we will content ourselves with com-
menting on a few typical cases. An important example is given by the terms of class UhD* in
Section 4.1. The lowest-dimension, nonredundant operators that can generate them are operators
in the pure-Higgs sector with four derivatives. The three independent terms in this class are the
dimension-8 operators

D,¢'D"¢D¢'D"¢, D,p'D.¢D*¢'D"¢, D,¢p'D,¢D"¢' D" (51)
Rewriting those in polar coordinates using (43), one finds that all CP-even operators Op;, i =
1,..., 11, are generated with the exception of Op3. We conclude that these 10 operators have

coefficients starting at O(£2).

Another example is given by the 4-fermion operators *Uh that explicitly include U fields,
such as terms of the form @L Uyg 1/_/L Uy g F(h). This term can only come from a dimension-8
operator and thus also counts as O (& 2.

The comparison between the chiral Lagrangian discussed in this work and the usual expansion
in terms of canonical dimension, with a linearly transforming Higgs doublet, is summarized in
Table 1.

A special case of the small £ limit is the so-called Strongly-Interacting Light Higgs (SILH)
model [22], which considers a scenario where a composite scalar doublet ¢ gets nonstandard
interactions, driven by a subset of d = 6 operators. With the identification in (43), the SILH
Lagrangian can be rewritten in terms of the U and 4 fields and shown to correspond to a specific
choice of the EFT coefficients. This exercise shows that:

2 One finds a direct correspondence between operators with the exception of the operator (¢?¢)D(¢T¢), which in the
chiral Lagrangian can be reabsorbed in terms of leading order coefficients (see Appendix A).
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e All the bosonic CP-even operators of Sections 4.1 and 4.2, to linear order in &, are present
in the SILH Lagrangian with independent coefficients.

e Some of the SILH operators renormalize terms in the leading-order Lagrangian (1).

o SILH does not contain any explicit fermionic operator but includes the combinations D* W,
and 9" By, which can be reduced to fermionic operators by a straightforward application
of the equations of motion for the gauge fields. This hypothesis of universality imposes
strong constraints on the fermionic operators. In particular, the model does not contain NLO
operators with tensor and scalar fermion bilinears, and only two independent combinations
of fermionic vector currents are generated, namely > f YrOupyy and 20y v28 + Oy o +

O;‘I_jm o- In turn, the four-fermion sector is constrained to three independent combinations of

operators, coming from operators like D* W, D;, W™V after using the equations of motion.
e Two operators of the class X> are considered, which strictly speaking should be counted as
next-to-next-to-leading order (1/1672)v?/A2.

6. Comparison with previous literature

Traditional effective field theory descriptions of EWSB with underlying strong dynamics have
focused mainly on higgsless scenarios [13,23,24]. While the idea of the Higgs as a composite
pseudo-Goldstone, resulting from spontaneous breaking of either internal [20] or space—time
symmetries [25] was proposed much earlier, only recently these ideas have been cast in the
language of EFTs. In most of the cases, effective operators have been constructed according to
phenomenological needs, without aiming at completeness.

To the best of our knowledge, the closest to a systematic classification of operators was done
in [8,26], where the bosonic CP-even sector and fermion bilinear operators were explored under
certain restrictions. In the following we list the main differences between [8,26] and the present

paper:

e The Higgs self-interacting operator Opp; in (23) is not discussed in [8]. The CP-odd bosonic
operators have been omitted there, based on the assumption of CP invariance in the bosonic
sector. Regarding the fermionic terms, Lorentz-vector bilinear operators in [26] are built only
from left-handed quark fields. If leptons and the right-handed fermions are also included, the
basis gets enlarged from the 4 terms they consider to 13. For the scalar and tensor bilinear
sector, operators with derivatives on 4 are not included. If one considers leptons and quarks,
one finds 12 and 18 operators, respectively, instead of the 4 and 6 listed in [26]. Finally, a
discussion of four-fermion operators is absent.

e Comparing our basis to the set of 24 bosonic operators P; in [8], we note that the 8 op-
erators Py, Ps, P11, P12, P13, P14, P16 and P17 are redundant in the sense that they can be
expressed as fermionic bilinear operators using the equations of motion for the gauge and U
fields. From the independent 16 operators in [8], the operators P>, P3, Py are redundant in
the absence of & [12,27-29]. Therefore, they only appear with at least one power of 4.

e The assignment of powers of £ to the various operators given in [8] is not in agreement with
the discussion presented in Section 5.

On a more general level, the major difference of [8,26] to our approach is that we rely on a con-
sistent power-counting. This is not a mere technicality, but rather a fundamental issue in order
to be able to organize the EFT expansion. In particular, without a power-counting one cannot
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even define a leading-order Lagrangian, let alone next-to-leading order corrections. One crit-
icism one can raise against [8] is that they seem to use a naive dimensional power-counting,
which is known to fail for strongly-coupled expansions. In particular, kinetic and mass terms
for the gauge fields would have different power-counting dimensions, which is clearly incon-
sistent: both terms should instead be homogeneous and stand at the same order in the EFT
expansion.

7. Models of UV physics

In this section we briefly discuss the SM effective Lagrangian as a low-energy approximation
of two simple models of physics at higher energies. In the first part, we consider the MCHMS5
model [30-32] and show how the generic function Fy (k) in (4) emerges in this case. In the
second part we take a closer look at a specific UV-completion, based on the Higgs portal, and
illustrate which operators of our NLO basis are generated.

7.1. MCHM5

In the MCHMS, the four real Goldstone bosons /4, are described by the vector parametrizing
the coset SO(5)/SO(4)

|A]

. sinT Ih\T
5o (hl,hz,h3,h4, |h|cot—> (52)
] 7

where |h| =,/ Zzzl (hg)?. For the transition from the real 4-component vector h to the matrix U ,
we define

: ha+ihs  ha+ih
_. a_pq_(~hatihs hatim
(k) +R)U =i az_l hao™ = hal (—h2 +ihy —hy— ihg) ©3)

where (ioc%, —1) defines a basis of 2 x 2 matrices with the Pauli-matrices 0%, such that the 4
components /4, are related to the 4 real components ¢, of the Higgs doublet, ¢ = (¢1 +i¢p2, 3+
i¢4)T by an SO(4) transformation. (k) is the vacuum expectation value of the scalar |h| = (h) +
h. An SO(4) transformation that leaves |k| invariant is then equivalent to an SU(2); x SU(2)g
transformation of the matrix U, defined in (7). After expanding (9) in terms of ¢,

“ el

a
ol ;270 o 121 (54)
v

U=cos— +i
v lol

where [¢] = v/(¢1)2 + (¢2)2 + (93)2, we find

a

% ol o]

haz((h)—i—h)'—lsin—, a=1,2,3, and h4=—((h)+h)cos— (55)
10 v v
Now we can write down the kinetic term of % in terms of U and h,
2 2
> - 1 h)y+h
%DMETD“E = S duhd"h + %(DMUTD“U)siﬁ << >f+ ) (56)

By comparing this to (4) we can identify
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2
g:%:sinzu%) (57

The coefficients fy , in (4), for n > 0, are given by

fU,n:

E{(I—ZE)(—%')%_I, for n even 58)

n! /1 —5(—45)%, for n odd

We see that each additional power of (h/v)? introduces a factor &. For & ~ 1 the odd powers of
h/v are suppressed in Fy (h).

Finally, as an example of a NLO operator we may consider the 4-derivative term
(DME‘TD“ i‘)z. From (56) we see that in our basis it corresponds to a combination of the
operators Op1, Op7, Op11, listed in Section 4.1.

7.2. Higgs portal

As a specific model for a UV completion we consider the Higgs portal (see [33-36] and
references therein). This model postulates the existence of a new, Standard-Model singlet scalar
particle, which has allowed dimension-4 couplings to the Higgs field. This interaction modifies
the scalar potential of Eq. (4) to

2 2

My oo ks s My I AP S IR
Vo= =5 2+ st — L in)? + S|t + = 59
5 1BsI”+ o 1os | = =2 1nl™ + oldnl” + 21571l (59

where ¢ refers to the standard scalar doublet and ¢;, denotes the hidden scalar. Both of them
acquire a vacuum expectation value, which can be written as

i3 =, v s —nud
e My e e (60)
Ashh — 1 \/E AsAp — 1
Expanding both scalars around their vacuum expectation value, i.e. |¢;| = %(vi + h;), leads to
a potential of the form
hs 02 Ahvz
V="l 4hh%+gvsvhhshh+(’)(hi3) 61)

The transformation

Hy\ (cosy —sing hg
(H2> - ( siny  cosyx hy, 62)
diagonalizes the mass matrix. The rotation angle y is defined as

2nvgvp

tan(2y) = (63)
x ApvE — 02
The masses of the physical states H; and H, are given by
1 )\hvz — Ay v2
M3}, =~ (Apvp + Agv?) F —— 0 64
1.2 4( W Reu) F 4cos (2x) ©4)

The Lagrangian relevant for the two scalars then reads
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1 1
Lt = 303" Hy + 38, Hyd" Hy = V(Hh, H)

2 ( 2a, 2as by

v bia
—(D,UD*UN 1+ =H) + "H, + —
+ 1 ( w ) + > 1+ > 2+ 2

by
H} + —3 HiH> + ﬁsz)

— W(GY, UPyr +GYqUP_r +1Y,UP_n + h.c.)(l + 9+ c—2H2> (65)
v v
where

1 1
V(Hy, Hy) = 5M%H% +5 2H; — M H} —MHPHy — A3H H} — A4 H5

— 21H — 22H Hy — 23H{ Hy — 24 H\ H; — 25 HY (66)
The couplings A; and z; depend on g, (p, As, A, and n. With the parameters of the Higgs-portal
model

ay =+/by =cy=cosy, ay; =+/by =cp=siny, b1y =2sin x cos x, 67)

the theory is renormalizable and unitary. The scalar H; is now identified with the light scalar &
that was found at the LHC. H, is assumed to be heavy such that it can be integrated out. This
gives at leading order a special case of the Lagrangian (4), with

1 2 b
V:_M%hz_klh3—Z1h4, Fyzﬂh—l——;h2
2 v v
A 1 A A 1
v =ctbude. TP =0 (68)

Solving the tree-level equations of motion for H; yields the effective Lagrangian up to terms of
o(1/M3):

A? 1
Letr = LHy=0 + 2—1\/[22 + O M—g (69)
where
2
A=20h" +2h° + Z(D,LU D"U)(T + ?h)
—¢2(gYy UPyr +§YyUP_r +1Y,UP_n+hc) (70)

Operators induced by the exchange of more than one heavy particle are suppressed by additional
factors of 1/ Mz2 and can be neglected. The effective Lagrangian L.g contains operators that
modify the leading-order Lagrangian (4) as well as a subset of the next-to-leading operators of
Section 4. In particular, we have the pure Goldstone-A operator Op; up to 12, the fermion bi-
linears Oy 51, Oy 52 and Oy 57 and their hermitean conjugates up to h!, and 4-fermion operators
coming from the square of the Yukawa terms without additional scalars. The 4-fermion operators
that are generated are the same as those in the heavy-Higgs model discussed in [12]. They are

Ory1, Orys, Orys, Ory7, Orys, Oryio, Osrs, Osro

Orrt, Orrz, Orrs, Orro, Orrio, Orriz, OrLri7, Orris (71)

and their hermitean conjugates.
This discussion shows explicitly how a subset of our NLO operators is generated in the Higgs-
portal scenario. After integrating out the heavy scalar H; the theory is nonrenormalizable and our
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general effective Lagrangian applies. In particular, it is seen that operators of canonical dimen-
sion 4 (Op1), 5 (Oysi) and 6 (4-fermion terms) contribute at the same (next-to-leading) order
1/ M22. This shows that the effective Lagrangian is not simply organized in terms of canonical
dimension.

8. Conclusions
The main results of this paper can be summarized as follows:

e We formulate the most general effective field theory for the Standard Model at the elec-
troweak scale v, which includes a light scalar boson 4, singlet under the Standard-Model
gauge group. The framework allows for the possibility of dynamical electroweak symmetry
breaking and a composite nature of /.

e The leading-order Lagrangian is reviewed, emphasizing the assumptions behind its construc-
tion.

e The resulting effective theory is nonrenormalizable in general, with a cutoff at A = 4mwv
or above. It takes the form of an electroweak chiral Lagrangian, generalized to include the
singlet scalar . A power-counting analysis is used to clarify the systematics of the effective
theory beyond the leading order, which is based on a loop expansion, rather than on the
canonical dimension of operators.

e The power-counting formula is used to identify the classes of operators that are required as
one-loop counterterms. The full set of NLO operators is subsequently worked out.

e We discuss the relation between the chiral Lagrangian and the conventional effective the-
ory with a linearly transforming Higgs, based on operators ordered by increasing canonical
dimension. We show that the usual dimension-6 Standard-Model Lagrangian and the SILH
framework can be obtained as special cases from our scenario.

e To illustrate some important features of our formulation, we briefly discuss two specific
models within the context of the chiral Lagrangian, the composite Higgs model based on
SO(5)/SO(4), and a simple, UV complete model based on the Higgs portal mechanism.

The effective Lagrangian of the Standard Model we have constructed through next-to-leading
order in the chiral expansion can be used to analyze, in a model-independent way, new-physics
effects in processes at the TeV scale. Loop corrections can be systematically included. Of partic-
ular interest will be the detailed investigation of Higgs-boson properties, which should ultimately
guide us to a deeper understanding of electroweak symmetry breaking.
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Appendix A. Leading-order effective Lagrangian

In this section we review the construction of the leading-order electroweak chiral Lagrangian

of the Standard Model including a light Higgs singlet, £10(h), as given in (1)—(5). This La-
grangian is nonrenormalizable in general. It defines the starting point for the systematic power
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counting on which the construction of the complete effective field theory is based. This con-
struction determines in particular the next-to-leading order operators, which are the subject of
the present work. Although the form of L1 (k) is known [10,32], it is worthwhile to discuss in
detail the underlying assumptions. We will also emphasize a few features that allow for simplifi-
cations in the final form of £y (k).

The effective Lagrangian is based on an expansion in powers of v2/A2, where v = 246 GeV
is the electroweak scale and A = 4mv the scale of dynamical electroweak symmetry breaking.
To leading order the Lagrangian has to contain the unbroken, renormalizable part of the Standard
Model (2). It consists of dimension-4 terms, which therefore scale as v4, for processes at elec-
troweak energies. Electroweak symmetry breaking is introduced to leading order by the Higgs
sector Lagrangian Ly in (4). The Goldstone sector provides masses to the W and Z bosons
through the U-field kinetic term vz(DuU TDIUY, and to the fermions through the Yukawa in-
teractions vy Urg. Both scale as v*, which identifies them as proper leading order terms, as
it has to be the case. Note that the latter operators, and those in (2), have canonical dimension
two, three and four, respectively. This already implies that dimension alone is not the criterion
by which the operators in the effective Lagrangian are ordered.

We assume that the new strong dynamics respects the global custodial symmetry U —
gr Ug;, gL®R) € SU(2)L(r), to leading order. This singles out the term UZ(DMUTD“ U) for the
pure Goldstone-boson LO Lagrangian. The only further possible Goldstone term with two deriva-
tives that respects the SM gauge symmetry

(UtD,UT) (A1)

breaks the custodial symmetry and will be treated as a next-to-leading order correction. This
assumption is in line with the empirical fact that there are no (1) corrections to the electroweak
T -parameter, to which (A.1) contributes. Custodial symmetry is still violated at leading order by
the Yukawa couplings and by weak hypercharge. These effects introduce violations of custodial
symmetry through one-loop corrections, which also count as NLO terms.

We next include the Higgs singlet /, considered as a light (pseudo-Goldstone) particle of
the strong dynamics. The field 4 is strongly coupled to the Goldstone sector. This introduces
interactions with arbitrary powers h¥ that multiply the Goldstone Lagrangian. Standard power
counting (see e.g. [37] for a review) then implies

v’ T pi S gh)*
£:Z(DMU DMU) 1+ka<7) (A.2)

k=1

where the canonical form of the Goldstone kinetic term fixes the overall normalization. In the
present context g stands for the generic Higgs-sector coupling. Additional derivatives scale as
d/A ~ v/A and are of higher order. For strong coupling g ~ 47 the new factor in (A.2) then
becomes a general function 1+ Fy(h/v). Since h scales as v, higher powers are not suppressed.
This is similar to the field U = exp(2ip“T“/v) containing all powers of ¢“/v. However, since
h is a singlet, the coefficients f; are not further restricted. The infinite number of fj reflects
the composite nature of the Higgs, whose internal structure cannot be fully described by a finite
number of terms. This limits the predictive power of the effective theory to some extent. Never-
theless, the theory still retains predictivity, since for processes with a given number of external /,
and to a given loop order, only a finite number of terms in the Lagrangian contributes.

For the reasons just discussed, interactions with arbitrary powers of & /v are also included into
the Yukawa terms in (4).
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A kinetic term for £ has to be added to the Lagrangian, which may be written as

1
L kin = Ea,ma%(l + Fj(h/v)) (A.3)

Interactions described by a general function F,(h/v) have been added to the pure kinetic term,
following the same considerations that led to the function Fy (h/v) above. The Lagrangian in
(A.3) is the most general expression containing two derivatives and only % fields. It turns out,
however, that the function Fj;, can be removed by the field redefinition

h

h =/,/1 + F(s/v)ds (A4)
0

which transforms (A.3) into
1 -~
L kin = Eauha“h (A.S5)

Dropping the tilde, the kinetic term for / takes the simple form used in (4).

There are two further terms with two derivatives that can be built from U and £ fields. The first
is the operator in (A.1) multiplied by a function F (%), the second is (U*DMUTg)E)“ F(h). Since
they violate custodial symmetry in the sector built only from U and / fields, we do not include
them in the leading-order Lagrangian. As a contribution at next-to-leading order the second term
can be eliminated using the leading-order equations of motion, which are given below. The first
term remains as an operator at NLO.

Lorentz invariant operators with U, h and just a single derivative cannot be formed. This
leaves us to consider terms without derivatives, constructed from U and & fields. Since (UTU)
is a constant, and no other invariants can be obtained from U alone, the zero-derivative contri-
bution in the scalar sector reduces to the h-field potential V (k). For the pseudo-Goldstone /% this
potential would be forbidden by shift symmetry, but it can be generated at the one-loop level (see
[32] for a review). Standard power counting for strong coupling, but including an overall loop
factor 1/ 1672, then gives

1 At gh\* n\*
V(h)=@?;fv,k(7) =U4;fv,k(;> (A.6)

which again scales as a leading-order contribution. This implies in particular that the physical
Higgs mass is light, of order v, rather than A2, as it would be the case for a typical strong-sector
resonance. We remark that a linear term (k = 1) in (A.6), which will arise for instance from
tadpole diagrams, can always be eliminated by shifting the field # and renormalizing other fields
and parameters (such as v). Accordingly, n > 2 has been adopted for V () in Eq. (5) of the main
text.

In principle one might consider the coupling of powers of / /v also to the fermionic terms in
(2), expressed through a generic function f (k) as

Ly = ’;/‘/ﬁ v (1+ f) 7> (A7)

The fermionic term has to be written here in its manifestly hermitean form, since the i#-dependent
factor prevents one from performing the usual simplification via integration by parts. A field
redefinition
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v =y (1+ f(h) (A.8)

brings (A.7) back to its conventional form Ly, = VDV, up to a total derivative. This would rede-
fine the Yukawa couplings Y™, but would leave the structure of (4) unchanged. The #-dependent
prefactors in (A.7) can therefore be omitted.

Finally, the possibility remains to dress the gauge-field terms by Higgs-dependent functions,
as in

(X, X" )Fx (h) (A.9)

with X ,,, a field-strength tensor and Fy (0) = 0. We assume that the gauge field strengths are
not strongly coupled to the Higgs sector. The operators in (A.9) can arise at one loop with a
coefficient ~ 1/1672, but not necessarily with any further suppression in 1/A. We therefore
count them as terms of next-to-leading order. This completes the explanation of the leading-order
Lagrangian in (2) and (4).

For convenience we quote the equations of motions implied by the leading-order Lagrangian
(1) in the electroweak sector. They play an important role in simplifying the basis of operators at
NLO and are given as follows:

"By = g/[YWmv — %zﬂ(U*DvUTg)(l + FU(h))] (A.10)
DEW, = g[l/?LyuT“wL 1 %v2<UTT”DVU)(1 + FU(h))} (A.11)
2

Zh+V'(h) = %(DMU*Dﬂu)Fg,(h)

oo
=Y+ (@YU P+ GV VU P + XU Py +he)
n=0

h n
x <—) (A.12)
v
v

S [Du(UTD U (14 Fy ()],

_ [? +iw><%ﬂ

n=

(WL,sU)j (PR
t

+
(VR P)j (UTIPL,s)i

e°] n
— |:? + 1}(@(@) :|
v
1 ts
1 > h\"
— =) [Y+ YW(;) :| YL sUPYR;:
st

&R,IPUWL,S> (A.13)

Here i, j are SU(2) indices, s, t are flavor indices, and the quantities (I?, 1}("), P, vy, vR) are
summed over (V,, Y", Py, q,r), (Ya, Y;"), P_,q,r)and (Y., V', P_,1, ). In a similar nota-
tion, the equations of motion for fermions can be written as
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o0 h n
Dy =v Y+ZY(")(;> UPvyg
n=1
oo h n T
iDYR=v Y+ZY(")<—) PUTyL (A.14)
v

n=1

where a summation over the appropriate terms on the right-hand sides is understood.
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