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In this note we investigate the asymptotic behavior of the s-numbers of the resolvent
difference of two generalized self-adjoint, maximal dissipative or maximal accumulative
Robin Laplacians on a bounded domain §2 with smooth boundary 9£2. For this we apply
the recently introduced abstract notion of quasi boundary triples and Weyl functions from
extension theory of symmetric operators together with Krein type resolvent formulae and
well-known eigenvalue asymptotics of the Laplace-Beltrami operator on 952. It is shown
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that the resolvent difference of two generalized Robin Laplacians belongs to the Schatten-
von Neumann class of any order p for which
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Moreover, we also give a simple sufficient condition for the resolvent difference of two
generalized Robin Laplacians to belong to a Schatten-von Neumann class of arbitrary
small order. Our results extend and complement classical theorems due to M.S. Birman
on Schatten-von Neumann properties of the resolvent differences of Dirichlet, Neumann
and self-adjoint Robin Laplacians.

© 2010 Elsevier Inc. All rights reserved.

1. Introduction

It is well known that the difference of the resolvents of two self-adjoint extensions of a symmetric operator (with
equal infinite deficiency numbers) in many cases behaves ‘better’ than the resolvents themselves, e.g. even if the resolvents
are non-compact operators, the difference may belong to a Schatten-von Neumann class, or if the resolvents are from
a Schatten-von Neumann class, the difference may lie in one of smaller order. In particular, according to classical results
due to M.S. Birman [6] the resolvent difference of the Dirichlet and Neumann Laplacian in a bounded or unbounded domain
£2 with compact C* boundary 952 satisfies

dim —1

3 ,
where S, (L%(£2)) is the Schatten-von Neumann class of order p and A%, Aﬁ are the Dirichlet and Neumann Laplacians
on §2, respectively. Analogous estimates were also obtained for the difference of the resolvents of self-adjoint Laplacians

(a8 =)' = (=ag —2) " es,(12(2)) forallp >
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with (ordinary) Robin boundary conditions B flye = % where B is a real-valued function on 9£2 and % denotes the
outer normal derivative. Later such results on spectral asymptotics were refined and generalized by, e.g. M.S. Birman and
M.Z. Solomjak in [7] and G. Grubb in [19]. Recently some new Schatten-von Neumann properties of resolvent differences of
differential operators were announced by F. Gesztesy and M.M. Malamud in [13] and [25], and in the paper by G. Grubb [23]
the influence of generalized Robin boundary conditions on the essential spectrum in exterior domains was studied.

The main objective of the present paper is to extend and complement some results on Schatten-von Neumann properties
for the resolvent difference of self-adjoint Laplacians from [6]. Instead of Dirichlet, Neumann and self-adjoint Robin Lapla-
cians we study so-called generalized Robin Laplacians which are self-adjoint, maximal dissipative or maximal accumulative.
More precisely, we study self-adjoint, maximal dissipative and maximal accumulative realizations —Ag] and —Agz of the
Laplacian corresponding to the generalized (or non-local) Robin boundary conditions

af af
O1-=| =fle and Or——| = flea,
v |50 |50
respectively, where @; and @, are self-adjoint, maximal dissipative or maximal accumulative operators in L2(3£2) such that
0 ¢ 0ess(©;), i = 1,2. We note that generalized self-adjoint Robin Laplacians were recently also considered by F. Gesztesy
and M. Mitrea in [14-17]. It is shown in Theorem 3.5 and Corollary 3.6 that
_ _ dim —1
(A8 —1) " = (—ag - 1) " es,(12(2) forallp> —s (11)

holds for all A € p(—Ag] )N p(—Agz). Moreover, if @1 — @, € Sp, (L%(£2)) for some pg € (0, o), then

(dim$2 —1)po
(dim £ — 1) +3pg’

see Theorem 3.11. The proofs of these estimates are quite elementary and short when applying the abstract concept of
quasi boundary triples and Weyl functions from extension theory of symmetric operators together with Krein type resolvent
formulae from [5] and well-known eigenvalue asymptotics of the Laplace-Beltrami operator on 9£2; see, e.g. [2]. We note
that our main results (1.1) and (1.2) can be proved in the same way for generalized Robin Schrédinger operators ng_ +V
with a real valued L* potential V or for more general uniformly elliptic differential operators with coefficients satiéfying
appropriate conditions.

-1

(a2 -3 = (-ag -2 esp(LP(2) forallp > (12)

2. Quasi boundary triples

In this section we briefly recall the abstract notion of quasi boundary triples and Weyl functions in extension theory
of symmetric operators, some of their properties and how they can be applied to the Laplacian on bounded domains.
This concept was introduced in connection with elliptic boundary value problems by the first two authors in [5] as a
generalization of the notion of ordinary and generalized boundary triples from [9-12,24]. The following definition is a
variant of [5, Definition 2.1] for densely defined, closed, symmetric operators.

Definition 2.1. Let A be a densely defined, closed, symmetric operator in a Hilbert space H. We say that (G, Iy, I'1) is a quasi
boundary triple for A* if G is a Hilbert space, /o and Iy are linear mappings defined on the same subset dom [ = dom I'y
of dom A* with values in G such that T := A*|gom ;, Satisfies T = A*, that (?‘]3) :domT — G x G has dense range, that
Ao :=Trerr, is self-adjoint and that the identity
Tf, 81— TOn=U1f,Togg— Uof, 1&g
holds for all f, g edomT.
From the definition it follows that both ran Iy and ran Iy are dense in G. Moreover, one can easily show that Ip|ker(r—x)

is bijective from ker(T — A) onto ranIp for A € p(Ap). Next we recall the definition of the y-field, the Weyl function and
the parameterization of certain extensions of the symmetric operator A.

Definition 2.2. Let A be a densely defined, closed, symmetric operator in a Hilbert space, (G, I'p, I'1) a quasi boundary triple
for A* and T as above.

(i) The bijective mapping

¥ (W) == (Idlker(r-1) " rran g — ker(T — 1), A € p(Ao),
is called y-field.
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(ii) The mapping

M@®) =Ty @), &€ p(Ao),

is called Weyl function.
(iii) For a linear operator ® in G, let Ag be the restriction of T to the set

domAg :={f edomT: If=0OIyf}.

We gather in one proposition some facts about the y-field, the Weyl function and Ag which were proved in [5, Propo-
sition 2.6 and Theorem 2.8].

Proposition 2.3. Let A be a densely defined, closed, symmetric operator in the Hilbert space H and let (G, I'o, I') be a quasi boundary
triple for A* with y -field y and Weyl function M. For A € p(Ao) the following assertions hold:

(1) ¥ (A) is a densely defined bounded operator from G to H with dom y (1) =ran .
(ii) y (\)* is a bounded mapping defined on ‘H with values in ran I'y C G, and

y @) =Ti(Ag— 2" (21)
holds.
(iii) M(1) maps ranIp into ran I'7. If; in addition, T |wer ry, is self-adjoint in ‘K and A € p(T|ker 1), then M(X) maps ran Iy onto
ran /7.

(iv) For » € Ct (or C™), where C* := {z € C: +Imz > 0}, the operator

1
ImMMQ) := = (M) — M(V)*)

2i
is bounded and positive (negative, respectively).

(v) Let ® be a linear operator in G. Then A is an eigenvalue of Ae if and only if 0 is an eigenvalue of ® — M (). If A is not an
eigenvalue of Ag, then Krein’s formula

(Ao =71 f = (Ao =V fFHy (O — M)y () f (22)
holds for every f e H for which y (1)* f € ran(® — M(})).

In the following we recall how the concept of quasi boundary triples can be applied to the Laplace operator on a
bounded domain with C* boundary; cf. [5, Section 4.2]. We refer the reader to [14-16,22] for recent work on the Laplacian
and elliptic operators in non-smooth domains, and to [8,13,19] for a different approach that leads to an ordinary boundary
triple. Let 2 CR", n > 1, be a bounded domain with C* boundary 92, let v(x) = (V1(X), ..., Va(x)) be the normal vector
at the point x € 952 pointing outwards and consider the differential expression —A on £2. The operator A defined by

Af = —Af, domA:H%(Q):{feHz(.Q):f|m=ﬂ :0},
982

av

where f|y is the trace of f and
n

of
_Zvia_x,-

12 =

af
av

082

is the outer normal derivative, is a densely defined, closed, symmetric operator with equal infinite deficiency indices
in L%(£2). The adjoint of A is

A f=-Af, domA*={fel*(2): —Afel*(2)}.

We consider a restriction T of A* so that we can define boundary mappings on domT. As in [5] we use as domain of T a
Beals space, which turns out to be very convenient. Let us recall its definition; for further details see, e.g. [4]. Since 92 is a
C* boundary of £2, there exists €9 > 0 such that for all 0 < € < g9 the mapping x + x — €v(x) is a homeomorphism from
382 onto {x—ev(x): x€ 3R} If f € L?(22) and —Af € L*(2), then f € H} (£2). Hence f; defined by f.(x) := f(x—ev(x))
is in L?(8£2). We say that f has L? boundary value on 32 if limg_ o, fe exists as a limit in L?(3£2). In this case we write
flag :=limg_ o4 fe.
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Definition 2.4. The Beals space of first order is defined as

ad
D1(£2) := {f eL*(2): —Afe L?(£2), and f, % have L2 boundary values on 92 for alli =1, n}
i

It is known (see [4]) that H2(£2) C D1(£2) C H%(Q). We define the operator T,

Tf=-—Af, domT =D;(R),

and the boundary mappings

3
Ip:domT — L?(32), Fof:—f ,
M [y0

I :domT — L?(382), Nf=flyo.

The restrictions

_Aﬁ = T|ker1‘07 _Ag = T|kerF1
are the usual Neumann and Dirichlet Laplacians whose domains are both contained in H2(£2); moreover, T |xer rpnker ry = A.
Fundamental properties of Beals spaces imply that

ranlp=1%02), ranly=H'(3%2).

In [5] it was shown that the triple (L?(8£2), Iy, I'}) is a quasi boundary triple for A*,

In the next proposition Krein’'s formula is recalled, and a class of self-adjoint, maximal dissipative and maximal accu-
mulative generalized Robin Laplacians is parameterized with the help of the quasi boundary triple (L%(8£2), Iy, I'). Recall
that a linear operator @ in a Hilbert space is said to be dissipative (accumulative) if Im(@ f, f) >0 (Im(® f, f) <0, respec-
tively) for all f € dom®, and © is said to be maximal dissipative (maximal accumulative) if @ is dissipative (accumulative,
respectively) and has no proper dissipative (accumulative, respectively) extension. A dissipative (accumulative) operator ®
is maximal dissipative (maximal accumulative, respectively) if and only if ® — A_ (® — A, respectively) is surjective for
some (and hence for all) A_ € C~ (A, € C*, respectively).

Proposition 2.5. Let T = —A|p, ), (L?(382), o, '), A%, A be as above and denote by y and M the corresponding y -field and
Weyl function. Then the following assertions hold:

(i) For » € C\ R, the operator M(x) is compact in L2(352) and M(x)~" is a bounded operator from H'(352) onto L%(352).
(ii) Krein’s formula

1

(~a8 —2) 7 = (~A% 1) =y MGy () (23)

holds for ». € C\ R.

Further, let © be a self-adjoint (maximal dissipative, maximal accumulative) operator in L?(92) such that 0 ¢ Oess(©). Then also the
following statements are true:

(iii) ForallA e C\R (» € C, A € C™, respectively) the operator
(©-M)~"

is bounded and everywhere defined in L*(32).
(iv) Denote by —Ag the restriction of T to

dom(—A§) ={f e D1(@): I f =OTof}.
Then —A$ is self-adjoint (maximal dissipative, maximal accumulative, respectively) in L?(£2), and Krein’s formula

"oy (e — M)y Gy

holds for » e C\R (A € C~, A € C*, respectively).

(a8 1) = (-af )"
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Proof. (i) Without loss of generality let » € Ct. That M (%) is compact in L%(3£2) was proved in [5, Proposition 4.6]. Since

Im(M(1)x, x) = (ImM(2)x, x) > 0

for every x € L2(9£2), x # 0, by Proposition 2.3(iv), we have ker M (1) = {0}. It follows from the proof of [5, Proposition 4.6]
that M(%) is closed from L%(3£2) onto H'(d£2). Hence its inverse M(1)~! is also closed and by the closed graph theorem
bounded from H'(3£2) onto L2(32).

(i) In (2.2) we can choose ® =0, which yields (2.3) applied to all f for which y (1)* f € ranM(%). It follows from (2.1)
that

rany(A)* cranIy = H'(92) =ranM()),

and hence Krein’s formula (2.3) holds on the whole space L2(£2).
(iii) and (iv) were shown in [5, Theorems 4.8 and 4.10]. O

3. Schatten-von Neumann classes and resolvent differences
Let H and K be separable Hilbert spaces. We denote by S (H, K) the class of compact operators from H to K. For

T € S (H, K) the eigenvalues sx(T) of the non-negative compact operator (T*T)%, ordered non-increasingly and counted
with multiplicities, are called s-numbers of T.

Definition 3.1. Let 7{ and K be separable Hilbert spaces. For p > 0, the Schatten-von Neumann class is defined by

Sp(H,K) := {T € Soo(H. L)1 Y (s1(T))" <00t
k=1

If I ="H, we write S, (H) for S,(H,K), 0 < p < oo.

The set S,(H,K) is an ideal for every p with 0 < p < oo and a normed ideal if 1 < p < oco. In the following two
lemmas we recall some well-known facts about s-numbers and Schatten-von Neumann classes. For the proofs see, e.g.
Sections 11.§2.1, 11.§2.2, 11L.§7.2 in [18].

Lemma 3.2. Let H and /C be separable Hilbert spaces and let T € S (H, K). Then the following hold:

(i) If B, C are bounded operators, then

sk(BTC) < ||BIIIC|Isk(T) forallk € N.

(ii) sg(T) = sg(T*) forallk € N.
(iii) If s (T) = O (k~%) as k — oo for some ¢ > 0, then

1
TeSy(H,K) forallp > ot

Lemma 3.3. Let Ho, H1, ..., Hy be separable Hilbert spaces, let p, p1, ..., pn > 0 be such that

1 1 1
—_ =t —
p P Pn
and assume that T; are compact operators in Sp, (Hi—1, H;),i=1,...,n. Then

Tp-- Ty € Sp(HO, Hn).
The next lemma will be used in the proofs of our main results.

Lemma 3.4. Let 2 C R" be a compact domain with C* boundary 352. Further, let B be an everywhere defined, bounded operator
from L2(§2) to H™ (352) with ran B € H™2(382) for rp > r1 > 0. Then

B e Sp(L3(2), H (382)) forall p > r"_r )
2— 11
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Proof. As in [2, Proposition 5.4.1] we can define

ry—r

1
Ay 1= (I - AEéZ) 2’

where AfB is the Laplace-Beltrami operator on 9£2. The operator Ay, r, is an isometric 1somorphlsm from H™2(952) onto
H™(3£2). The asymptotics of the eigenvalues of the Laplace-Beltrami operator, A, (I — ALB )~ Cknf1 with some constant C

(see [2, (5.39)] and text below) imply that
sk(Anh,) = (k = ) k — oo,

where A;l " is considered as an operator in H'1(3£2). We can write B in the form

B= A\ (A1, B).

r,rn
The operator B is closed as an operator from L2(£2) to H'(952), hence also closed as an operator from L2(£2) to H™2(352),
which implies that it is bounded from L?(£2) to H"™2(3$2). Therefore the operator Ary,r, B is bounded from L%(3£2) to
H™(85£2), and hence Lemma 3.2(i) implies
Sk(B) ”AT] TZB”SIC( 1, 7'2) (k n 1 )7 k_> 00,
from which the assertion follows by Lemma 3.2(iii). O
The next theorem, our first main result, is about Schatten-von Neumann properties of differences of resolvents of the

Neumann Laplacian and a Laplacian determined by some boundary operator ®. For similar results involving the Dirichlet,
Neumann and Robin Laplacian we refer the reader to [3,6,7,13,20-22] and references therein.

Theorem 3.5. Let 2 C R" be a bounded domain with C*° boundary 952 and let ® be a self-adjoint (maximal dissipative, maximal
accumulative) operator in L?(352) such that 0 ¢ Oess(®). Denote by —A‘N? the Neumann Laplacian on §2 and by —Ag the generalized
Robin Laplacian from Proposition 2.5(iv). Then

_ _ n—1
(=A% - 1) T (AR =) Te Sp(L*(£2)) forallp > 5 (3.1)
and all » € p(—AZ o)Np(—= AQ) In particular, for n = 2 and n = 3 the resolvent difference is a trace class operator.

Proof. According to Proposition 2.5(iv) we have Krein’s formula
-1 -1 -1 =
(-A8 =2 —(-AF —1) =ym(© -M®W) y@®)* (32)
for ne C\R (A€ C, » € C*, respectively). Eq. (2.1), the inclusion dom(Aﬁ) C H%(£2) and the trace theorem (see, e.g.
[1,26]) imply that
ran(y (A)*) € H3 (392).

Because the operator y (1)* is bounded from L?(£2) to L%(d£2) by Proposition 2.3(ii), it is closed from L?(£2) to H?(09)
and hence bounded by the closed graph theorem. Now Lemma 3.4 yields y (1)* € Sp (L2(£2), L2 (8£2)) for all p > @
The same is true for y(1)*, and hence the adjoint y (1) = y (A)** is in Sp(Lz(a.Q), L2(£2)) for all p > @ The op-
erator (@ — M)~ ! is bounded by Proposition 2.5(iii). Therefore Lemma 3.3 implies that the right-hand side of (3.2) is
in Sp(Lz(.Q)) for all p > ; and all e C\R (A € C~, A € C*, respectively). The fact that (3.1) holds for all points in

p(— A 5) N p(— AQ) follows from the formula

oA ) =+ =n(-aF -7

) (0817~ (-aF ) )+ - m(-a8 )7
which is true for all A, u € p(— A 5) N (= A'Q) a

(—A8 - 1)

Note that the resolvent of the Neumann Laplacian on a bounded domain itself is a compact operator, so that the same
holds true for the resolvent of the generalized Robin Laplacian —Ag. In other words, the spectrum of any self-adjoint
(maximal dissipative, maximal accumulative) Robin Laplacian —Ag in Theorem 3.5 consists only of normal eigenvalues.

Therefore, the intersections of the resolvent sets p(—A¥ o) N p(— AO ) of two such Laplacians is always non-empty and by
taking the difference of the expressions in (3.1) we obtam the followmg corollary.
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Corollary 3.6. Let @1 and ©; be self-adjoint, maximal dissipative or maximal accumulative operators in L?(3§2) such that 0 ¢
Oess(0),1=1,2. Then

-1 -1 n—1
(—A8 —2) — (=48, —1) €Sp(L*(%2) forallp> 5
andall A € p(—Ag]) n p(—A'gz).

Remark 3.7. Proposition 2.5(iii), (iv) and hence Theorem 3.5 are still valid if ® is a self-adjoint (maximal dissipative, max-
imal accumulative) linear relation (i.e. a multi-valued operator) in L2(8$2) such that 0 ¢ cess(©); see [5, Section 4]. In
particular, if 0 € p(®), then ®~1 is a bounded, self-adjoint (maximal accumulative, maximal dissipative, respectively) op-
erator. Conversely, for every bounded, self-adjoint (maximal accumulative, maximal dissipative) operator B, the inverse B!
is a self-adjoint (maximal dissipative, maximal accumulative, respectively) relation with 0 € p(B~'). Hence the restriction
—A%, of T to the domain

9
dom(—A% ) = {f € D1 (£2): 8—5

=Bf|a.o}

302
is a self-adjoint (maximal dissipative, maximal accumulative, respectively) realization of the Laplacian and satisfies

(881 -1 = (-aF ) es(2@) forallp> "I

As a special case we can treat (ordinary) Robin boundary conditions

0
8 =Bfloc.

W loe

where the values of 8 € L°°(952) are real (have negative/positive imaginary parts, respectively).

Theorem 3.5 does not cover the case of the difference of Dirichlet and Neumann Laplacians since for the Dirichlet
Laplacian we have to choose ® = 0, which does not satisfy 0 ¢ gess(®). However, we obtain the following result, which is
due to M.S. Birman [6].

Theorem 3.8. Let 2 C R" be a bounded domain with C*° boundary 952. Then

1

(-8F ~ 1)~ (-af - 1) 8, (@) forap> "2 (3.3)

and all A € p(—Ag) N p(—Aﬁ). In particular, for n = 2 the resolvent difference is a trace class operator.

Proof. By Proposition 2.5(ii) we have

(AR ) =y MO Ty (O

(~a8 ~2)
for » € C\ R. The operator y (1)* is bounded as an operator from L%(£2) to H3 (0£2); see the proof of Theorem 3.5. As an
operator from L?(£2) to H'(382) it is in Sp(L?(2), H'(3£2)) for all p > 2(n — 1) according to Lemma 3.4.

By Proposition 2.5(i), the operator M(A)~! is bounded from H!(3£2) to L?(9£2) and therefore ML)~ 'y (0)* e
Sp(L2(£2), L?(3£2)) for all p > 2(n—1). As in the proof of Theorem 3.5 we have y (1) € Sp(L?(842), L2(2)) for all p > @
Hence Lemma 3.3 implies that the resolvent difference in (3.3) is in S) (L%(£2)) for all

P 1 n—1

> = .
1 3
-0 T 20D

The same argument as in the proof of Theorem 3.5 shows that (3.3) holds also for all A € p(—Ag) N p(—A,‘V?). a
Remark 3.9. Comparing the result of Theorem 3.5 with the result of Theorem 3.8 we see that we have % instead of %

The explanation comes from the fact that M(X) is compact in L2(9£2), and hence M(2)~! is unbounded in L?(9£2) whereas
for © as in Theorem 3.5 the operator (@ — M (1))~ is bounded in L2(9$2). This difference in the denominators can also be
explained with the help of pseudodifferential operator techniques on the boundary as was pointed out to us by G. Grubb.

Combining Theorems 3.5 and 3.8 we obtain the following corollary.
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Corollary 3.10. Let 2 € R" be a bounded domain with C* boundary 952 and let ® be a self-adjoint (maximal dissipative, maximal
accumulative) operator in L2(8£2) such that 0 ¢ Gess(©). Denote by —Ag the generalized Robin Laplacian from Proposition 2.5(iv).
Then

(—AZ — )" = (caf — 1) s, (12(@) forallp> %
andall x € p(—A2) N p(—AH).

For ordinary boundary triples the resolvent difference belongs to the same Schatten-von Neumann class as the resolvent
difference of the operators which parameterize the extensions; see [11, Theorem 2 and Corollary 4]. In the case of quasi
boundary triples the situation is different. In the next theorem we assume that @, — ®1 € S, (L%(9£2)) for some pg > 0 and
investigate Schatten-von Neumann properties of the resolvent difference of the generalized Robin Laplacians parameterized
by ®1 and ©,.

Theorem 3.11. Let 2 C R" be a bounded domain with C* boundary 952. Further, let ®1 and ©®; be bounded self-adjoint, maximal
dissipative or maximal accumulative operators in L2(d52) such that 0 ¢ oess(©;),1=1, 2, and

01 — O3 € Spy (L*(382))
for some pg € (0, co). Denote by —Agi the restriction of T as in Proposition 2.5(iv). Then

-1 -1 (n—TDpo
(A8 =2 —(-Ag, -1 e€Sp(L*(2)) forallp> . (34)

andall . € p(=AG ) N p(=AE).

By Theorem 3.5 and Corollary 3.6 the difference of the resolvents of _Ag1 and —Agz is a trace class operator for n =2

and n = 3 without any further assumptions on ®; — ©;. If, in addition, ®1 — ©; € SPO(LZ(H.Q)) for some pg € (0, 00), then
this also holds for n =4.

Corollary 3.12. Let the assumptions be as in Theorem 3.11. For n € {2, 3,4} and all pg € (0, 0o) the resolvent difference in (3.4) is a

trace class operator. The same holds forn > 4 and pg < H.

Proof of Theorem 3.11. Assume first that @, is self-adjoint and that ©®; is self-adjoint (maximal dissipative or maximal
accumulative, respectively). According to Proposition 2.5(iv) we can write

(-88, =1 = (=A8, = 1) =y W[(©1 = M@) " = (62 = M) ]y B)*
=y)(61 - M(K))_l(@z - 01)(02 - M(k))_l)/(?_»)*
for e C\R (A € C~, » e C*, respectively). As in the proof of Theorem 3.5 we have

20— 1)
=

The operators (®; — M(1))~! are bounded by Proposition 2.5(iii). Hence, using Lemma 3.3 we obtain that the resolvent
difference in (3.4) is in Sp(L%(£2)) for all

1 (- 1po
L_;’_l_l,_L _n—1+3p0'
-0 T o T 200D

y() eSp(L2(02),1%(2)),  y()* €Sp(L2(£2),L%(382)) forall p >

D>

The same argument as in the proof of Theorem 3.5 shows that (3.4) holds also for all A € p(ngl) N ,0(ng2).

In the case that ®; and ©®; are both either maximal dissipative or maximal accumulative the above arguments remain
valid for A e C~ or A € C*, respectively, and hence (3.4) holds also in this case.

Let us now consider the case that ®; is maximal dissipative and ©®, is maximal accumulative. If ®; is maximal accu-
mulative and ®; is maximal dissipative a similar reasoning applies. As @1 — @, € SPO(LZ(BQ)) we also have

Re(@1 — ©2) € Spy (L2(3£2)) and  Im(O1 — O) € Spy (L2(32)).
and since Im®; > 0 and Im ®,; < 0 we conclude from the inequalities

0<Im®; <Im(®1 —0) and 0< —ImO,; <Im(O — Oy)
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that also Im®;, i =1, 2, belong to Sj, (L%(3£2)). Therefore

Oi —Re O € Sp, (L*(082)) and  0ess(0) = 0ess(Re @), i=1,2,
and by the first part of the proof each of the resolvent differences

(-A2 ) = (-ARe, 1) (-A26, 1)

(~Afep, =) = (-a8, )™

-1 1

- (_A%@z _/’L)_ ’
(3.5)

belongs to Sp(Lz(Q)). where p > %. Moreover, the resolvents of —Agi and —Afe(_)i, i=1,2, are all compact and

hence almost all A € C belong to the intersection of the resolvent sets of these generalized Robin Laplacians. Then it follows
from (3.5) that the difference of the resolvents of —A'g] and —A'gz satisfies (3.4). O
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