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The properties of discriminants and differents were studied first by Dedekind and
Hilbert in finite algebraic extensions of fields of algebraic numbers. From a local
point of view, that is equivalent to a study of the p-adic case, where the results of
Dedekind and Hilbert can be formulated as follows. Dedekind’s theorem: The g.c.d.
A(K/k) of differents of integral bases of a finite algebraic extension K/k (which I call
an algebraic different if K/k) and the g.c.d 8(K/k) of differents of integral elements
of K/k (which I call an arithmetic different of K/k) coincide; Hilbert’s theorem
(which is the basis of Herbrand’s ramification theory of intermediate extensions): If
K> Lok, 8(K/k)=08(K/L)S(L/k). These results are easily generalizable to the
“classical case” of henselian valued basic fields, i.e., the case when the valuation is
discrete and the residual extension K/k of K/k is separable. But, in the general case
of extensions K/k of valued fields (where k may be assumed to be henselian),
Dedekind’s and Hilbert’s theorems are not always true: the algebraic different
A(K/k) divides the arithmetic different 6(K/k), but generally 8(K/k)# 4(K/k), and
Hilbert’s theorem holds only for the algebraic different. When the valuation is dis-
crete, I call an extension K/k dedekindian when 6(K/k)= A(K/k) and hilbertian if,
for every intermediate field L of K/k (i.e., K= L=k), Hilbert’s theorem §(K/k)=
O(K/L) 8(L/k) for arithmetic differents holds. When the valuation is dense, the
situation is more complicated, because of the existence of two kinds of ideals (prin-
cipal and other), and it is convenient to define dedekindian and hilbertian exten-
sions in a slightly different manner and to introduce somewhat wider classes of
extensions called quasi-dedekindian and quasi-hilbertion. 1 study the relations
between A4(K/k) and 6(K/k), and, in particular, I give a complete characterization of
dedekindian extensions for both discrete and dense valuations; I also give examples
of non-dedekindian and non-hilbertian extensions. In Section 4, some connections
with the ramification theory (both for normal and non-normal extensions) are
studied and a weak analog of Hilbert’s theorem [d(K/k) d(L/k) divides 6(K/k)] is
proved. © 1988 Academic Press, Inc.

INTRODUCTION

Let k be a valued field! in the ordinary sense (i.e., its valuation takes real
values; some of the definitions and results of this paper hold also when

! Which is supposed to be commutative.
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k is valued in the Krull sense [I say, is “hypervalued”], but I shall limit
myself here to the case of ordinary valuations). In order to avoid minor
complications, we shall suppose that k is henselian.” We shall denote
|--| its valuation,® v(--)= —In|.-| its valuative order (or exponent),
i={xek; |x| <1} its valuation (or integrity) ring, m= {xe€k; |x| <1} the
maximal ideal of i, k=i/m the residual fieid of k, p the characteristic
of k (which is called the residual characteristic of k), a=a+mek the
rest of an aei, f(X)=Y a,X i the residual polynomial of a polynomial
f(X)=YaXei[X], I'k)={|x]; xek,x#0} the valuation (muiti-
plicative) group of k, v(k) = {v(x), xek, x #0} the “additive” valuation (or
exponent) group of k (which is additive).

Let K/k be a separable extension of finite degree n=[K: k].

The valuation of k can be prolonged, and only in one manner, to a
valuation of K (even if K/k is only algebraic). By |--| and v(--) we shall
denote this unique valuation of K prolonging that of &, and uv(--) the
corresponding exponent.

Sometimes we shall consider also a normal algebraic overextension K'/k
of K/k, which may be its algebraic closure, and we shall still denote |--| and
v(--) the unique prolongation of the valuation and of the exponent of & to
K.

We shall denote 1, M, K, I'(K), v(K), respectively, the valuation ring, the
maximal ideal of 7, the residual field, the valuation, and the exponent
groups of K, and by I', M’, XK', I'(K'), v(K') the corresponding objects for
K'. Clearly v(k) is a subgroup of v(K), and the index e = (v(K):v(k)) is
called the ramification order of Kjk.

The field k£ can be canonically identified (in identifying for every aei,
a+mek with a+ M e K) with a subfield of K, and the degree f=[K: k]
of the “residual extension” K/k of K/k is called the residual degree of K/k.

As it is well known, if the valuation of k is discrete, n= fe. If the
valuation of k is dense, by the “defect theorem” of Ostrovski (see [16]), fe
divides #, and d = n/ef, which is called the defect of K/k, is a power of p.

We shall denote S the separable kernel (i.e., the maximal separable sub-
extensions of an algebraic extension S/7, and, then, [§: T will be called
the separable degree of K/k.

2 As is well known, k is surely henselian when it is complete.

31 continue to call valuation what some people call now “absolute value.” I do not see any
valid reason for this change, and, besides, it can create some ambiguity, because, in some
arguments, the ordinary absolute value of real numbers may coincide with this absolute value,

So, the valuation of k is a mapping |--|: Kk — R, of k into the set R of non-negative real num-
bers, such, that

1° x| =0« x=0;  2° {x+yl<Max(ixh |y} 3° |xpl=|x|1yl.
What some people call “valuation,” will be called “valuative order” (or simply “order” if no
ambiguity is possible) or “additive valuation” or, according to Shafarevitch and Borevitch,
“exponent” [1]).
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So the separable degree f of K/k will be called the separable residual
degree of K/k.

If e =ép*, where & is prime to p, & will be called the separable ramifica-
tion order of K/k.* Let G = G(K/k) be the set of all isomorphisms of K/k
into some normal overextension K'/k of K/k. We denote 1, the identical
isomorphism of K, and by G* the set {ce€G;0# 1}

Generally, G will be written {o,, 9,, .., 0,}, where the 6 € G are num-
bered in some way. If 6 G and a€ K, v(o;a)=v(s-a—a) will be called
the characteristic number (or value) of ¢ in a.° Clearly, v(c;a)= +oo iff
o€ G(K/k(a)).

If not, it belongs to v(K'), but not always to v(K) [that happens with
certainty only when K/k is normal]. This notion belongs, in fact, to the
ramification theory [in normal and in non-normal extensions ] but we shall
speak here not much about this theory, because, otherwise, we shall be led
too far from our main purpose. If a€ K, let f,(X) = f, xx(X) be the charac-
teristic polynomial of a in K/k (which is the minimal polynomial of a over
k if a is primitive in K/k).

Then, if f,(X)=df(X)/dX is the derivative of f(X), we have
Sla)=Tlseer (a—0o-a)so v(f,(a))=3.,.6+ v(o; a) (for this addition, the
sum is + oo if some of v(s; a), s G*,is +0).

The ideal 6 ,(a) [which will be denoted by d(a) if a is primitive in K/k;
besides, if a is not primitive, d,,(a)=(0)] generated by f"(a) is called the
arithmetic different of a K/k, and the g.c.d. of d 4, (a), a€ I which is equal to
the g.c.d. of 6(a), where ae I and is primitive in K/k is called the arithmetic
different of K/k and denoted §(K/k).

Let A={a,,a,,..,a,} be a linear basis of K/k (which will be called
integral if all a, areeI).

Then if d(A4) is the determinant det(s;-a;) of the matrix (o;-a,)
(i=1,2,.,m j=1,2,..,n) the ideal D(4) generated by d(4)* (which,
obviously, does not depend on the numbering of the elements of 4 and that
of the elements of G) is called the algebraic discriminant of A, and the g.c.d.
D(K/k) of the algebraic discriminants D(A4) of all the integral bases 4 of
K/k is called the algebraic discriminant of K/k.

The ideals 4(4)=D(A4)"" and A(K/k)= D(K/k)""=p.qd. {4(4); 4
integral} are called algebraic differents of, respectively, A and K/k. If
B,={l,a,.,a"" '} and a is primitive in K/k, we have 6(a)=4(B,), and,
therefore, A(K/k) divides 8(K/k). When the valuation of k is discrete, the
extension K/k is called dedekindian when 6(K/k)= A(K/k) (because

¢ This terminology has some deep reasons, which cannot be given in this paper; see [13].

*When f: 4 — B is a mapping and a ¢ 4, f, a will denote the image of 4 by , and the point
“” will have only this mathematical use. In particular, the product or multiplicatively written
compositum of two objects ¢, 5, will always be written &7 and never ¢ -y even if &, n are
mappings (but, in this last case, we may use the Bourbaki notation &oy).
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Dedekind proved this equality in the case of finite degree, for fields of
algebraic numbers, or what is practically the same, in the p-adic case). In
case of dense valuations, more subtle distinctions must be introduced: Only
some extensions (satisfying some additional conditions) such that 6(K/k) =
A(K/k) are considered as dedekindian; the other ones and as well as the
extensions that satisfy conditions weaker than the one given in considered
as quasi-dedekindian text.

Some even more subtle distinctions may be made among these exten-
sions, but they will not even be defined in this paper.

It is easy to show (by slightly modifying Dedekind’s and Hilbert’s
original proofs), that K/k is dedekindian if the valuation of % is discrete and
the residual extension K/k of K/k is separable (I call this situation the
classical case). But even if the valuation is discrete, there exist non-
dedekindian extensions.

I found the first example of such extensions (that of Example 1 of Sect. 3
of this paper) in June 1940, during the war, and I indicated it in a footnote
of my note [2] of Comptes Rendus (1945). When E. Artin came to Paris in
1949, 1 learned from him that he also found (I do not know when) such
examples independently.

So, the problem arises: When is a valued separable extension of finite
degree dedekindian (or, in case of dense extensions only, quasi-dedekin-
dian)? In this paper 1 give a complete answer to the first question
(“dedekindian problem”). The study of the “quasi-dedekindian” problem,
which is much more difficult and requires the introduction of some very
new notions, will be reserved for another publication.

It is not difficult to show that the algebraic different satisfies Hilbert’s
Theorem 39: if L is an intermediate field of K/k (ie, K2L2k),
Agp=A4k; 4, An extension K/k will be called hilbertian if, for every
intermediate field L of K/k, d4, =0k, 6, holds also. In the case of
dense valuations, a wider class of extensions, satisfying a slightly weaker
condition, can be defined, that of quasi-hilbertian extensions. It can be
shown easily that dedekindian extensions and a certain subclass of quasi-
dedekindians are hilbertian, and that all quasi-dedekindian extensions are
quasi-hilbertian.

It is unknown if other hilbertian or quasi-hilbertian extensions exist. But
the extension of the quoted Example1 of Section3 is not only non-
dedekindian, but also non-hilbertian.

In another example (2) of the same section, I define some extensions,
which are non-dedekindian, but, in case of dense valuations, are quasi-
dedekindian (though that is not proved in this paper).

So, they are in this case, quasi-hilbertian, but it is shown that they are
non-hilbertian. E. Artin, also knew that non-hilbertian extensions exist. For
hilbertian extensions and, with only slight differences, for quasi-hilbertian,
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Herbrand’s theory of ramification properties of intermediate extensions
holds (i.e., for a given K/k, the extensions L/M such that K2 L2 M 2k),
and it holds only for such extensions.

In order not to complicate too much formulations of notions, results and
proofs a certain technical device seems absolutely necessary: semi-real
numbers.

I hope that the reader will share the opinion that I introduced in [6] in
1944. This notion, which will be defined in Section 1 and used extensively
throughout the paper is obtained by a certain completion of the ordered
complete set R®=RuU {—o0, +o0} of real numbers (where R is the real
field ordered in usual way); a particular case of a completion defined in
1935 by G. Kurepa in his Ph.D. thesis [15] for every totally ordered set. It
is, besides, useful to define such completions for the set of values
I'(kyu {0} of hypervaluations of the hypervalued field k. In that more
general context, but in an implicit and artificial manner, the notion was, in
fact, used already in the early 1930s by Krull and Deuring under the name
of “symbolic function,” though only from the point of view of order. But, in
the theory of valuations also, some partial rational operation on semi-real
numbers is needed (and also the prolongation of some real functions to
semi-real domains). Some of them are defined and used in this paper. An
ael is called discriminantial if d(a) = 3(K/k).

Such elements exist certainly when the valuation of k is discrete. If, in
that case, v(c) = Min,, v(o; a) [such a minimum exists certainly when the
valuation is discrete, but it is shown in Section 4 that it exists, in the case of
dense valuations for every o € G, iff there exist discriminantial elements], it
is shown that for a discriminantial ael, we have v(g;a)=1v(s). In the
general case, with the help of the semi-real numbers, v(6(K/k)) and v(cg) are
also defined, and it is shown that for every ¢ >0 an a e[ exists such that,
for every 6 € G, v(o; a) <v(o) + ¢ This result is necessary for proving that,
for any intermediate field L of K/k, 6(K/L)d(L/k) divides 6(K/k). The
paper finishes with a certain study of v(s; a) and some related objects as
functions not only of ¢ for fixed a, as is done in the “extrinsic” ramification
theory (see Krull [14], Krasner {8, 10, 13]), but also as a function of a for
a fixed o, which permits few applications to the ramification theory, in par-
ticular for normal extensions. In Section 1, some preliminary (and mostly
known) notions and results are expounded. In Section 2, the algebraic dif-
ferents (and discriminants) of an extension and of its linear bases are
defined and their properties are studied. In Section 3, the arithmetic dif-
ferents are defined and their relation to algebraic differents are studied. In
particular, the dedekindian, quasi-dedekindian, hilbertian, and quasi-
hilbertian extensions are defined, the “dedekindian problem” is solved, and
some examples of non-dedekindian and non-hilbertian extensions are
given.
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In Section 4, the characteristic numbers v(o) of 6 € G are defined and the
existence of ae I, F is proved such that the v(e; @) approximate, as nearly
as wanted, simultaneously all corresponding v(c¢) (and v(o; a)=v(0c) in the
case of discrete valuations). That permits us to complete the study of
properties of arithmetic differents and to give a few applications to the
ramification theory.

1. SOME PRELIMINARY NOTIONS

Let k£ be a henselian valued field. Let be |-+ its valuation, v(--)= —1In |-|
its valuative order, d(x, y)=|x — y| its ultrametric distance,

Cla,r )={xek;da,x)<r}

and
Cla,r)={xek;d(a, x)<r)}

non-circumferenced and circumferenced discs of k of center a and of radius
r. The disc i=C(0,1)={xek; |x| <1 is a ring called a valuation (or
integrity) ring of k, and discs C(0, p), p=r—, when r>0, and p =r, when
r=0, are the only i-modules of k, and they are the ideals of i iff p<1
(i.e., p=r~ with r<1 or r with r < 1); traditionally, these discs are called
“fractional ideals of & and we shall also adopt this terminology. We shall
multiply these discs as subsets of &.

In order to understand the sense of the symbol p in C(a, p), and also for
other purposes, we shall introduce the notion of semi-real numbers. Let R°
be the closed (i.e., comprising — oo and + o0) ordered set of all real num-
bers, ordered by its natural order, and let be Z={ —, 0, + }, this set being
ordered by the order < such that — <0< +. Let us consider the set
R x = ordered lexicographically (i.., we have (r, &)< (r, &) iff r<r’ or
r=r"and & <¢’). We shall take out the extreme elements (— oo, —) and
(+ 00, +) of R®x =, and the remaining elements will be called semi-real
numbers (and their ordered set will be denoted S and called the semi-real
straight line). A real number r will be identified with the semi-real number
(r,0), and we shall write r~ and r* instead of (r, —) and (r, +). If
p=1{(r, &), r will be called the real value and & the species of p.

Let A < R? be a set of real numbers (in the broad sense, i.c., the — oo and
+ o0 may be e 4). This set always has an infimum and a supremum on R°.
If a=Supg A, then the semi-real numbers permit us to distinguish
explicitly the cases when this supremum is reached or not reached. Indeed,
the supremum SupgA4 of 4 on the semi-real straight line S is a if it is
reached and is a~ if it is not reached. In an analogous way, if a=info A4,
we have Infg A =a or a™ if, respectively, the Inf A4 is reached or not.
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If M is a metric space with the distance d(x, y), and if me M and NS M,
we define the semi-real radius of N with respect to m the semi-real number
ru(N)=Supg{d(m, x); xe N}, and we define the diameter of N with the
semi-real number

d(N)=Sup {d(x, y); (x, y)e Nx N}.
S

Clearly, d(N)=Supg{r,(N);meN}. If M is an ultrametric space (ie.,
d(x, z) is always Max[d(x, y), d(y, z)]), then there exists, for any N M,
the least disc (we consider also as disc M = C(z, + o0 ™) for every ae M) of
M containing N (that is, the intersection of all discs of M containing N; in
the ultrametric case, this intersection is, indeed, a disc which will be
denoted by C(N) and called the circular envelope of N), and if me N, it
holds r,(N)=d(c(N)), so d(N) is also =d(c(N)) and r,,(N)=d(N). So, if
M is the field k with its distance d(x, y) =[x — y|, we have first that

Cla,p)={xek;dla,x)<p} and  r,[(C(a,p))=d(C(a p))

is p. This d(C(a, p)) will be called the proper radius (or diameter of the disc
C=C(a, p). In particular, if g= C(0, p) is a fractional ideal of k, |g| = d(q)
will be called the valuation of q. The function —In X can be extended easily
to semi-real positive values by putting —In(r, {)=(—Inr, —¢), where
(r, &) is supposed to be 20=(0,0) and ——=+4, —0=0and — +=—.
Then v(q)=In|q| = Infs{v(x); xeq} is called the valuative order of ¢ (in
fact, this order was implicitly used already by Krull, who considered, for an
ideal ¢, the real value Infpo{v(x); x€ ¢} of v(q), and also its species, which
he called “symbolic function”; he did it also for the case of hypervaluations,
where the semi-real numbers have to be replaced by a convenient
completion of the valuation group, the so-called “Kurepa completion.”
Some partial rational operations can (and must) be defined for semi-real
numbers. That is done, in a general form, in accordance with some very
natural reasons, having no connection with problems of valued fields. But
the operations so-defined are such that for any two fractional ideals ¢,, ¢,,
the sum v(q,) + v(¢,) (and, also, the product |q,||q,|) exists and is equal to
v(q.9,) (resp. |q,9,]). Besides, when performable, these operations have the
ordinary properties of commutative rings: addition and multiplication are
commutative and associative, and the multiplication is distributive in
respect to addition. We shall not proceed in this manner, but give the
explicit definition of some operations in the cases where they are needed in
this paper:
Two species &,, £, € E are called opposite if one of them is + and the
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other —. If ¢,, &, are not opposed, their dominant dom(¢&,, £,) is defined by
the rule

dom(+, +)=dom(+,0)=dom(0, +)= +,
dom(0,0)=0,  dom(—, —)=dom(—,0}=dom(0, —)= —.

(1) The sum p, + p,, where p,=(r,, £,) and p,=(r,, £,) is defined
iff £, and &, are not opposite, and then it is

(ry+ry, dom(¢,, &5)).

(2) —p, where p=(r, &) is always defined and is (—r, —¢). We write
pr—p2=p+(—p3)

(3) If p,=(r;, &) =0 and p,=(r,, &) =0, p,p, is defined in the
following cases:

(a) p, or p,is 0; then 0p,=p,0=00=0,

(b) p,>0 and p,>0: then p,p, is defined iff &,,¢, are not
opposite, and p,p,=(r,r,, dom(&,, &,)).

In particular, if s is a real number >0, sp = s(r, £} is defined and (s7, {).

A fractional ideal of k is an ideal of i iff |¢| <1 (or v(g)=0). The
maximal ideal of i is m=C(0,17 )= {xek;|x|<1}. The quotient ring
k=i/m is a field called the residual field of k, and its characteristic p is
called the residual characteristic of k. The characteristic of k will be denoted
by p' (k is said to be homotypic if p'= p and heterotypic if p' # p, which
requires, as it is well known, p’ =0). If k* is the multiplicative group of k,
|k*| = {]a|;aek*} is a subgroup of the multiplicative group of R*% of
positive real numbers (the set R* U {0} of non-negative real numbers will
be denoted R, ). This group ['(k) will be called the valuation group of k.
We exclude the case of trivial valuations, where I'(k)= {1}. There remain
two cases:

(1) Discrete valuations. When I'(k) has the greatest element y > 1, it
is the infinite cyclic group (y) generated by 7.

(2) Dense valuations. When such y does not exist, then I'(k) is dense
in R* . The image v(k)= —In I'(k)= {v(a);a€k*} is a subgroup of the
additive group of real numbers, having the least strictly positive element
w= —Iny in the case of discrete valuations (and this w generates it) and
dense over real straight line R in the case of dense valuations. It is clear
that {m| =1 (and v(m)=07) when the valuation is dense, and |m| =y
(and v(m) =) when the valuation is discrete. So m*> =m or m*#m when
the valuation is dense (resp. discrete). The additive group v(k) will be
called the order group or additive valuation group of k.
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Let K be an algebraic extension of k. As k is henselian, its valuation can
be prolonged to K in one and only one manner, and this prolonged
valuation (and corresponding order) will be denoted by the same symbols
as that of k. Let I be the valuation ring of K, M the maximal ideal of 7, K
the residual field, and I'(k), v(K) valuation and order groups of K with
respect to the prolonged valuation. /(k} is obviously a subgroup of 7(K),
and e = (I(K) : I'(k)) is called the ramification order of K/k. If C, is a disc
of k, there exists one and only one disc C, = C, of K having the same
diameter: d(C,)=d(C,), and C, — Cy is an injection of the set of all discs
of k into that of K. We shall identify C, with corresponding C,. That iden-
tifies, in particular, every fractional ideal (i.e., i-module) of £ with some
such ideal (i.e., I-module) of K. So, if the valuation of & is dense, m is iden-
tified with M, and if the valuation of k and of K are both discrete, m is
identified with M. Also the field k = i/m can be identified (by a slightly dif-
ferent identification) with a subfield of K=//M and f=[K:k] will be
called the residual degree of K/k. If n=[K : k] is finite, fe is a divisor of n,
and is = if the valuation is discrete. If the valuation is dense d=rn: fe is
called the (ramificative) defect of K/k. According to the “defect theorem” of
A. Ostrovski, this integer is a power of p. The extension K/k of finite degree
will be called non-defective if d=1 and completely defective if d=n. It will
be called not flat if f=1 and completely flat if f=n; and it will be called
not slim if e=1 and completely slim if e=n.

Let K be the separable Kernel of K/k, ie., the greatest intermediate
field of K/k which is separable over k. 7= [K{): k] is called the separable
residual degree of K/k. Supposing always n = [ K : k] finite, K/k is said to be
non-ramified if f=n and completely ramified if F=1.1f e=ép™, where
e # 0 (mod p), é is called the separable ramification order of K/k, and K/k
is said to be separably ramified or non-overramified if fé=n (for deeper
reasons of this terminology, see my preprint [137]; I prefer these terms to
the zoomorphic term “tamely ramified”) and it is said overramified if fé = 1.
All these terms may be extended, besides, to algebraic extensions of infinite
degree (see [13]).

Let K/k be an algebraic extension and K'/k its normal overextensions
{e.g., we can take as K’ the algebraic closure of K), valued by the valuation
prolonging that of k. By what precedes, the fractional ideals of k& and of K’
are canonically identified with some fractional ideals of X', precisely with
the I'-module, that they generate, where I’ is the valuation ring of K.

Let 6 be an isomorphism of K/k into K' and let ¢ be some
automorphism of K'/k inducing it. If Q is a fractional ideal of K, consider
its transform ¢ - Q by ¢, which is a fractional ideal of the field ¢- K< K'. If
(2) and (o-Q) are the I'-modules generated by Q and o-Q, it is clear
that (6- Q) = (6’ - Q) =¢'(Q)". But, as k is henselian, all automorphisms of
K/k are, by the Ostrovski lemma, isometries. Therefore as (Q) is a disc of
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K’ of center 0, we have ¢’ - (Q)=(Q)". So Q and ¢-Q are identified with
the same fractional ideal of K’, and, after this identification, we have
o-Q = (. But, then when n=[K:k] is finite, we have, for any fractional
ideal Q of K, Ny, (Q)=Q".

Let B=(b,, b,, .., b,) be a linear basis of a separable extension K/k of
finite degree n, and let G=(g,, 0,, .., g,) be the set of all isomorphisms of
K/k into some normal overextension K'/k. For convenience sake we
shall always suppose that o, is the identical isomorphism 1, of K. We
call discriminant D(B) of B the fractional ideal of K generated by the
square det(o'i-b_,-)2 of the determinant det(o,-b,) of the matrix (o, b))
(i=1,2,..,n,j=1,2,..,n). We call the different (or sometimes, for certain
reasons, local different) of B the ideal A(B)=D(B)"". If B'= (b}, b}, .., b))
is another linear basis of K/k and if A(B’, B) is the transition matrix from B
to B', i.e,, the square matrix of degree n over k such that B'= A(B’, B)B
(where B and B’ are considered as nx1 matrices), it is obvious
that det(o,-b;) = [det A(B’, B)][det(s, b;}], and, if Ep g is the fractional
ideal generated by detA(B'.B), we have D(B')=E% yD(B) and
A(B')= EY", A(B).

Let aeK be a primitive element of K/k and f,,(x) its minimal
polynomial over k. We call the different of a the fractional ideal d(a)
generated by f,,(a)=[1.<;<.(@a—0,-a) and we call the discriminant of a
the fractional ideal D(a)= Ny, é(a)=4(a)” of k. As a is primitive, B, =
(1,a,..,a" ") is a linear basis of K/k, and the matrix (¢,-a’""') is a
Vandermondian. So

det(o,-a’ "V'=+[] [] (6;-a—0,-a)= £ N, fnla)

PopiA
and

D(B(a)) = Ny 0(a) = D(a),

$0
d(a)=D(a)"" = D(B,)"" = A(B,).
If B= (b, b,, .., b,) is a linear basis of K/k,
v(b by---b,y=v(by)+v(by)+ --- +v(b,)
will be called the height of B and will be denoted #(B). The basis B is called
integral if all b, are €I, ie., v(b,)20. Let i(B)=ib, +iby+ --- +ib, be the

i-module generated by B. An integral basis B will be called an e-basis
(where ¢>0) if every a of K such that v(a)>¢, belongs to i(B), i.e., i(B)
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contains the disc C(0, exp(—¢)) of K. In particular, B is a O-basis iff
i(B)y=1 If B is an ¢-basis and the valuation of k is dense, then for every
i=1,2,.,n 0<v(b)<e hold. Indeed, if v(h) > ¢ then there exists an aek
such that ¢ —v(b;) <v(a) <0, so that a¢i and v(ab,;)> ¢, hence ab, ¢ i(B)
and B is not an e-basis. So under these conditions, the height #(B) of an
¢-basis is <ne (and >0), and, in particular, if B is a 0-basis, h(B)=0.
When the valuation is discrete, it is also easy to find an upper bound for
the height of a 0-basis of K/k. Let Q be the least positive element of v(K)
(so w=eQ), IT a generator of the maximal ideal M of I (so, v(IT) = ), and
C=(¢,, ¢y, .., &) some linear basis of K/k. Then, if ¢, is a representation of
¢, in [ (ie, ¢,=c,+M), it is well known that the elements c /T’
(g=1,1,.., fis=0,1,..,e—1), form a O-basis of® K/k and the height of
this basis is

FO+Q+2Q+ - +(e=1)Q) = fele—= )2 = [ fle—1)2] .

It will be shown later that the height of a 0-basis cannot exceed this value.
If B and B’ are two 0O-bases of K/k, and A(B’, B) and A(B, B’) are both
integral matrices in k (i.e., matrices in f) then

|det A(B', B)| <1 and |det A(B, B')| < 1.

But, as A(B, B')=A(B’, B) !, we must have
det A(B, B)| = |detA(B, B) =1 and  Ezp=(1).

If B is an ¢-basis and the valuation of k is dense, consider an a ¢ K. It has
the unique expression a=3_ 4;- b, as a linear combination of b;, and we say
that v(4,) 2 v(a) —¢. Indeed, if for some i, we have v(4;) <v(a)—¢, there
exists a uek such that —v(a)+e<v(u)< —v(4;). So, pa=3 (uld;) b; and
we have v(ua) =v(p) + v(a) > ¢ and v(ud,;)=v(n) + v(4;) <0. It follows that
ul;¢i and padi(B), which contradicts that B is an e-basis. But then,
if B =(b},b5, .., b,) is another e-basis all the elements of the matrix
A(B', B) must have their valuative order > —¢+0=—& So
VWEg g)=v(det A(B’, B)> —ne. As the same inequality holds for
Egp=Egz!; we have

—ne < v(Ep z)<ne.

Let L be an intermediate field of K/k: Ko Lok Let [K:L]=v,
[L:k]=n* p=(B,,P .-B,) be a linear basis of K/L, B*=

¢ Proof. Indeed, if ae K and a=3 i,,c 1T, it is obvious that |a =Max, |4, 7 ie,
v(a)=Min,[v(1,,)+5Q]. So, if a€ ], ie., v(a) >0, we must have v(4 ;) > —s2 > ~w, which

implies (as v(4,,) is a multiple of ®), v(4,,) =0, and 4 €.
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(b¥, b¥, .., b%), a linear basis of L/k. It is well known that all b,$, are dis-
tinct and that their set

B*B={b*B,;i=1,2,..om j=1,2, ... v}

is a linear basis of K/k. A calculation, which can be found in Hilbert’s
“Zahlbericht” [3, Theorem 30] which applies without any change to the
present situation (it is based only on formal calculations of determinants),
shows that

D(B*B)= N, D(B)=D(B*)'.
As k is henselian, we have
NexD(B)=D(B)"  andso  D(B*B)=D(B)" = D(B*)
and as n=[K :k]=n*v, we have

A(B*B) = D(B*B)"" = D(B)""D(B*)""" = A(B) A(B*).

PropPosITION 1. If B* is an c-basis of L/k and B is an n-basis of K/L,
B*f is an (¢ +n)-basis of K/k.

Proof. First, B* and f§ being integral bases, B*f also is one. Let ae K
be such that v(a)>e¢+#. a is a linear combination ¥ a*B; of f over L,
and, as f is an #u-basis of K/L, we have for each j=1,2,..,v,
v(a¥)=v(a)—n>e For every j, a*e L can be expressed as a linear com-
bination af =3 4,b* of B* over k, and as B* is an e-basis of L/k and
v(a¥)>e, we have afei(B*) and all 4; are €i. So, a=33 4;b*B; is
€i(B*f) and B*f is an (¢ + n)-basis of K/k.

2. ALGEBRAIC DIFFERENT, UNFOLDING
AND DISCREPANCY OF BASES

Let K/k be an extension of finite degree n=[K: k], and let J be the set
of its integral bases. Then the g.c.d. 4(K/k) of 4(B), where B ranges over all
integral bases of K/k is called the algebraic different of K/k. We also call,
the gcd. D, (K/k) of D(B)=A4(B)" for the same B the algebraic dis-
criminant, and it is immediate that D, (K/k)=A(K/k)". We call the
arithmetic different of K/k the g.c.d. 8(K/k) of d(a) = 4(B,), where a ranges
over I, and we call the arithmetic discriminant of K/k the g.c.d. D, (K/k) of
the same D(a) (which is plainly also =4d(K/k)").

We shall deal in this paragraph mainly with the algebraic different. We
shall prove that, for any &> 0, there exist ¢-bases of K/k, and that, in the
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case of discrete valuations, there exist 0-bases of K/k (in the case of dense
valuation they exist iff K/k is a completely flat extension). And we shall
show that, if B is a 0-basis, 4(K/k)= 4(B) and, if such bases do not exist,
v(A(K/k)) = Infg v(4(B)), where B ranges over J, is a semi-real number of
species +, and if B is an e-basis

(4(B))—v(4(K/k)) < 2

LEMMA 1. If B is an e-basis and B’ is any integral basis, we have

{(A(B))—v(4(B")) < 2e.

Proof. We have B'=A(B', B)B and, if E, ; is the fractional ideal
generated by det A(B’, B), we have A(B’) = E}’; A(B), ie.,

L?(A(B’))z% v(det A(B', B))+ v(A(B)).

But, if b;=3 A,b,, v(h;)=0 implies for any j, as B is an e-basis, that
v(4;) > —e. But then v(detA(B’ B)> —ne and

{(4(B))—v(4(B'))= —%v(det A(B, B)) < ~%(—n£)=26.

In particular, if B is a 0O-basis, we have, for every integral basis B,
v(A4(B))=v(4(B’)). So if such basis B exists, we have 4(K/k)= A(B). And if
an g-basis B exists, we have

v(4(B))—2e <v(4(K/k)) < v(A(B)).

Let B a basis. We consider the transforms AB of B by the matrices 4 in k
such that |det A| =1 (neither the basis B nor the matrix A are supposed to
be integral; we shall call such matrices univalued). We call discrepancy of B
the supremum

O(B)= Sup [MAB)—h(B)]

of the difference of heights A(AB) — h(B) of AB and B when 4 ranges over
all such matrices. We have

LEMMA 2. The discrepancy of a basis B of K/k cannot be + o0~ .

Proof. Suppose, that @(B)= +oo ~. Then, for any real constant C,
there exists a univalued matrix 4 such that A(AB)>nC. There exists a
diagonal univalued matrix T over k such that for every element b; of

=T(AB)=(TA)B= (b}, b5, ..., b,), v(b})> C holds and A'=TA is also
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univalued. Let be A'=(/4}). Then, there exist some pair (i, j) such that
v(4,;)<0. Let Cy, Cy, .., C,, .., be a sequence of real numbers converging
to + oo~ on the semi-real axis S. Then, for each n, there exists a univalued
matrix

A = (A4 (i=1,2,.,nj=1,2..,n)
such that if
B = AB= (b, b, .. b))

for every i=1,2, .., n, then v(b¢')> C'¥ holds. As A is univalued there
exists some 4" such that v(4{') < 0. As the number of pairs (i, j) is finite,
there is one of these pairs, such that »(1{’) <O for infinitely many g. If we
replace the sequence C,, C,, .., C,, .., by its partial sequence comprising
only such C,, that satisfy »(1{)) <0 for the considered pair (i, j), the new
sequence converges to +oc~ on S with v(4{#') <0 for all its terms, and we
can suppose that the initial sequence is the same way. Then let V" be the
k-vectorial space generated by the set b, by, ... b, , b, |, b, ... b, of
all elements of B except b;. We have

) — g . pld)
b = 4, — v,

{

where v, (and also vl 'v,) is eV. That implies

v(b,— A oWy = p(ile) b))
=o(hi")—v(A" 2 C,+0=C,.
So, there exists a sequence of elements
whdh = Jla = 1ple) (g=1,2,.., +0)

of V such, that v(b,—w'?)> +ov , ie, |b; —w 0%, Let b
the completlon of the valued field K, and &, ¥ closures of k, V in K. We
have b,e?. But k is a completion of the valued field £k and
K="kb, + kb, + --- +kb,. The k-vectorial space K when we take as norm
its valuation, is a normed vectorial space of finite dimension over the
complete valued field k. So, its topology is equivalent to the product
topology and V=Fkb + - +l?b, _l+l;bb,.+1 4+ ... +kb, and we have
R=V+kb=

So, [K: Tc] wh1ch is equal to the dimension (K:k)=(V:%k) of the
k-vectorial space K, is <n=[K:k]. But that is impossible. Indeed, by
Hasse’s theory of prolongations of valuations, the number of primary com-
ponents of the commutative algebra L = L®, k is equal to the number of
possible prolongations of the valuation |--| of k in its-extension K. As k is

K
K.
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supposed henselian, this number is 1, i.e., L is primary. If R is the radical of
L, we have K~ L/R. But as K/k is separable, this radical must be {0}, so
K=L=K®,k and [K:k] is the dimension [L:k] of the E-vectorial
space L, which is [K: k] =n.

PROPOSITION 2. If an integral basis B is such that ¢ = h(B)+ @(B), B is
an ¢-basis; if the valuation of k is discrete, @(BY=0 and, for any b,, where
B=(b,, b1, ... b,), v(b;)<w, B is a 0-basis.

Proof. Let ael be such that v(a)=e¢, and let a=> A,h, be its
expression as linear combination of B. Suppose A,=0 and consider the
basis

B'=(by by by 1 i, by, b)),

Ay g is a matrix which has non-diagonal elements only on the ith line, and
all its diagonal elements are =1. So,

det A(B', B)=1 and |det A(B', B)| = 1.

The height #(B') of B is h(B)—uv(h;)—v(4;)+v(a) and it must be
<h(BY+&(B). So, as v(a)=e, we have &—ov(bh,)—0v(d,)<O(B). But
ez h(B)+ O(B), v(b,) < h(B). So,

(h(B)+ ©(B)) —h(B)—v(1)=O(B)—v(4,) is <O(B),

which implies v(4,) >0 and 4,€i. So aei(B) and B is an e-basis. Suppose
that the valuation of £ is discrete and that B satisfies the above conditions.
Let a be €l, ie, v(a)20. f a=3 1,a; and if 4,#0, B’ is the same basis as
before, we have still A(B)—v(b;)—v(4;) +v(a) < h(B)+ O(B). But here
O(B)=0 and v(a)>0. So, we have h(B)—uv(b,)—0v(1,)<h(B,), so
—v(b;) <v(4;). But, by hypothesis, v(h,) < w, so v(4,)> —w, and as there is
no element of v(k) between —w and 0, we have v(4,)>0. So, again, we
have a e i(B).

On the other hand, it is almost obvious that in the case of dense
valuations, if B is an ¢-basis, @(B) < ne. Indeed, let be B'= AB such that
|det A| =1 and h(B') > h(B) = 0. Suppose the valuation is dense. Then, it is
always possible to find a diagonal matrix T in k of determinant det T equal
to 1, such that, if #>0 is arbitrary, all elements of B"=TB =TARB
wouldbe >(h(B’)—n)/n and we have |det TA|=1. But, if @(B)> ne, we
can find a B’ such, that

W(B')> h(B)+ ne = ne and if n<h(B')— ne,

we have (H(B')—#n)/n>e. So, if B"= (b}, b}, ... b)), we have v(b))> ¢ for

641/28/1-3
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every i If Aek is such, that 0 <v(1) < Min, v(b])—¢ all v(4 " 'b) are =¢
and all A~ 16! are €i(B). So, if

A7VB = (A b, A by AT B,

n

the matrix A(A~'B”, B) is integral, and |det A(/4 'B”, B)| < 1. But clearly
A(B", B)=(41,) A(A~'B"B) (where 1, is the unity matrix of degree n). So

|det A(B”, B)| =|4|" |det A(A~'B", B)| < |A|"< 1,

in contradiction to the hypothesis.

THEOREM 1. For every ©>0, there exist transforms AB of B by
univalued matrices A such that @(AB) < @. If the valuation is discrete, then
there exist such transforms without discrepancy, ie., such that @(AB)=0.

Proof. 1If A, and A are two univalued matrices in k, we have

AB=(AAg'NA,B) and A - A4

is a permutation of the set of univalued matrices in k. So, Supg 4(4B) and
Supg A(A(A,B)), when A ranges over all univalued matrices, are equal. So

O(A,B) =Sup h(A(AyB)) — h(4,B)
S
= [Sup h(AB) — h(B)] — [A(A,B)—h(B)]
S

= 6O(B)— [h(4oB)— h(B)].

O(B) is a semi-real number of species 0 or —, and if the valuation is dis-
crete, it is always of species 0 and is a multiple of 2 = w/e. It is always =0.
In any case, if © >0, there exists a transform 4,8 of B by a univalued
matrix 4, such that

h(A,B)> h(B) + O(B) — 6,
SO
O(A,B)=O(B)— [h(4,B)— h(B)] < 6.

If the valuation 1is discrete and 0<®<Q, then we have
0<O(4,B)<O<Q, and as @(A,B) is a multiple of Q, we have
O(A4,B)=0.

PROPOSITION 3. When the valuation is discrete, a O-basis B is without dis-
crepancy iff h(B)=[fle—1)/2]w.
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Proof. Let B be any 0-basis of K/k, and let B'= 4B be its transform by
univalued matrix 4 such that @(B') = 0. We can find a diagonal
matrix T in k such that for all elements b; of B"=TB = (by, b3, .., b,),
we have 0<v(b,)<w. As obviously O(B")=0(B)=0, B" is (by
Proposition 2) a O-basis of K/k. But then A(B", B)=TA(B', B)=TA is
a integral univalued matrix of k, and so T is univalued. So, there exists a
0-basis of K/k without discrepancy.

Let B=(b,, b,, .., b,) be such a basis. Let n, be the number of b, such
that v(b;) = (e — 1)Q2. We shall compare B with the particular 0-basis

By=(c, Il q=1,2,.., fis=0,1,..,e—1),

where the ¢,=c,+ M form a basis of K/k, considered at the end of
Section 1. Let be b; =3 4{}c,IT°. Then, if v(b,) > (e — 1), clearly v(1!")) are

q.s%q
>0, so they are >, if s<e—1, and for these ¢, s we have v(\')c,II°) > w.
Let b;=%,,5c_, A c, I If n,> ft and U(z) is the set of all i such that

v(b,) = (e—1)R, the b,, i€ U(1), are not linearly independent, and no one of
them is zero. So there exists a non-trivial linear combination ¥, u;b,
which is 0, and, by multiplying it by a convenient element of k, we may
suppose that Min, ,, v(¢;) = 0. But, then v(¥, () b)) = . So, if mek is
such that v(n)=w, we have for a=Y,_y, 7 'u;b;, v(a)>0, so ael and
Min; v(y,;) = —w, so some y; are ¢i. So B is not a 0-basis, and it is n, < f7. It
is easy to see that in this situation, it is possible to define a bijection
©: B— B, such that v(b,)<v(p-b;). Indeed, suppose that for U, it is
already defined as such an injection ¢, of B,= {b;;ie U,} into

By, ={c,Iq=12,.,f,s=e—t,e—t+1,.,e—1}.

Then By, ,---(¢-B,) has f(t+1)—n, elements, and their orders are
>(e—t—1)-Qand B, ,---b,hasn, ,—n,< f(t+ 1) —n, elements, all of
order (e —t—1)- 8. If we prolong ¢, by injecting in any manner B, --- B,
into By, .-~ (¢, B,), we obtain an injection ¢,, : B—, . By, having
the same property. And ¢ = ¢, is such an injection of B= B, into By= B,,.
But both have the same number of elements n = fe. So ¢ is a bijection. But
then we have

h(B)<h(B,)=[f(e—1)/2] .

As, By is a transform of B by a univalued (and an even integral) matrix, we
see that @(B,) =0 and that &(B)=0 iff

h(B)=[f(e—1)12]o.
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PROPOSITION 4. Let B=(b|, b,, ..., b,) be a linear basis of K/k, ac K
and a=Y Afa) b, its representation as a linear combination of B. Then
v(A(a) b;) = v(a) — O(b).

Proof. Suppose that a K is such that for some i=1,2,..,n we
have v(i{a)b,) <v(a)— O(b). Let us consider the linear basis B'=
(Byo by, s by 1y Ad@) la bi, 1, o by). Clearly, det A(B', B) = 1, s0 A(B', B)
is univalued. We have

HW(B')=h(B) —v(b;} + v(a)— v(ia)
= h(B) +v(a)—v(i(a) b;) > h(B) + O(B),

a contradiction.

COROLLARY. If ©@(B)=0, we have v(i{a)b;)=v(a), ie.,

|A(a) bl <lal  and  la|=Max(jA(a)b).

Conversely, if this condition is satisfied for each a€ K, @(B)=0. Indeed,
if B'=AB, where A=(4;) is univalued, then there must exist a per-
mutation i — j(i) (i=1, 2, ..., n) such that

V(A1 A2 02 A ) <0,

But then

h(B')=vp(b}, b5, ..., b))

< U([’{l.j(l)bﬂl)][)"2./'(2)[),[(2)] v [/“n‘/’(nlbn])
=04y iy Ao Aujon) F 0000, byn)

<04 A(B)=hB),

because b;,)b,2)- - bjmy=bby---b,. So O(B)=0.

I introduced such bases in 1953 in [12] under the name of skeletically
free bases. Later, J. P. Serre used them under the name of orthonormal
bases (see [17]).

LeMMA 3. If B is a basis and T is a diagonal matrix in k such that
det T#0, B and TB have the same discrepancy.

Proof. First, h(TB)=ruv(det T)+ h(B). On the other hand, for any
matrix A, as T commutes with every matrix, we have

A(TB)=T(AB) and h(A(TB))=v(det T) + h(AB).
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So
h(A(TB)) — h(TB) = h(AB) — h(B),

which proves the lemma.

PROPOSITION 5. The discrepancy of every linear basis B of K/k is of
species O (zero) if K/k is not defective, and of species — (minus) if K/k is
defective.

Proof. Suppose that K/k is not defective (ic., n= fe). Let (¢y, ¢4, ..., ¢f)
be a linear basis of K/k, and let ¢, be some representative of ¢, in I Let
v(K)/v(k)={0,, D,, .., U,} and let v, be some representative of 7, in v(K)
(le., v,=v,+0v(k)). Let II, be some representative of v, in K, ie., an
element of K such that v(/7,)=v,. Consider the set

le,I;9=1,2, .., fis=1,2,.. e}

If a=3 4,,c,1I, is a linear combination (over k) of this set we have
v(a) = Min,v(4,,c, I1,). Indeed, let u be the set of all pairs (g, s) such that
AgsC AT 18 a term of a of minimal order, ie., of maximal value. Then, if
(9,s)ep and (q', s') e p, we have v(4, ¢ 1) =v(4,cc, I1,). But as

g5ty
v(c,)=v(c,)=0, o(ll))=v,, ol )=v,, and v(4,,)

and v(4, ) are ev(k), that implies that v, =v, (mod v(k)) and s=s". But
then this equality becomes v(4,,)=wv(4, ). So, for all (g,s)eu, s has
the same value and all v(4,,) have the same value weuv(k). Let 1* be
an element of k such that v(4*)=w, and let A, ,=A*"'4,.. Then, if p=
{q;(g,s)eu} the sum of maximal terms of a is (Xgepty c G AR
But »(4,,)=v(4,,)—v(A*)=w—w=0. So A,,ei and v(3 ¢,)>0
iff the residue (mod M)

Z Agses  of ¥ 2 e is .

q4ep 4ep

qep qs

But @ —» d=a+ M is a ring-homomorphism of 7/ into K, so

Y de= ¥ A0,

qep qep

But all 1, are €k, no one of them is 0 (because v(455)=0) and the ¢,
are lmearly independent over k. So, this residue is #0 and (X, e, ApsCs) =
0, i ie, v(X,c,4,,¢0I)=w+v,. But then, by ultrametricity,
v(a)=w+v,=Min, v(,l ¢, Il;). But that implies that By=(c [1,;
g=1,2, .., f,s=12 e) is a basis of K/k (because the dimension of the
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vectorial k-space k(B,) is n) without discrepancy. Let B be an arbitrary
basis of K/k, and let & =v(det A(B,, B)). Let T be a diagonal matrix of k
such that v(det T) = —7 (e.g., a diagonal matrix in k having all its diagonal
elements but one equal to 1, and this last element of order —#). Then TB,
is also a basis of K/k without discrepancy, and A(TB,, B) = TA(B,, B), so

v(det A(TB,, B))=v(det TA(B,, B))
=p(det T)+ v(det A(B,, B)= —0+0=0.

So A(TB,, B) is a univalued matrix, and

6(B) = O(TB,) + h(TB,) — h(B)=h(TB,) — h(B),

because O(1B,)=0. So, O(B) is of species 0. Suppose now that K/k is
defective, i.e., fe <n, and again let

o(K)ulk)={i,, 8y, ..5,} and  B=(b, by, ... b,)

an arbitrary basis of K/k. Let B,= {b,;v(b,)€0,}. As the number of s is e
and n > ef, there exists some s such that B, contains more than f elements.
Let

—f ! ”
B,\— ‘lbitl)’biﬁ)"“’ bi(/)l" WhCI‘C l>f

All v(b,;,) are congruent (mod v(k)); so, there exist elements w,, w,, ..., w,
of v(k) such that all w;+v(b,,,) have the same value u. Let &, ¢&,, .., ¢,
elements of k such that o(¢;) =w; and let b be an element of K such that
v(b)=u. Then, for any j, we have v(¢;b,,,6~ ") =w,+v(b,;)—u=0. So,
cj= ijb,-‘ij1 is € and its residue ¢, (mod M) is #0; but, as the number of
jis >f, the ¢, are linearly dependent over k. So, there exist fi,, fi,, ..., §,€K
such that not all are 0 and that 3, i,¢,=0. Let y, be some representative of

fi; in i. Then,

Y e =) f;¢;=0  and U(Z/‘.1C1>>O'
j i J

But then, if 4, ;,=pu,;;, we have
v (Z ii(./’\bi(j)> =v (Z u_;(f,bi(_;,))
v (Z ,u,-(c_,b)) = ((Z cjuj> b) =v (Z cju]) +v(b) > v(b)

=Min v(4;;,by,))-
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So the discrepancy of B is >0. Then the discrepancy of no basis B can be
of species 0. Suppose, indeed, the @(B) is a real number. Then there exists
a univalued matrix 4 in k such that h(AB)— h(B)=O(B). That implies
@(AB) =0, which is impossible.

PROPOSITION 6. The species of v(4(K/k)) is O if the valuation of k is
discrete or K/k is completely flat, and + in all other cases.

Proof. It is obvious that this species is 0 when the valuation of & is dis-
crete. If K/k is completely flat, C=(c,, ¢, .., ¢;), where ¢,, ¢, .., ¢, are
elements of 7 such that (¢, ¢,, ..., ¢,) is a basis of K/k, is an integral basis of
K/k such that O(C)=h(C)=0. So, it is a 0-basis and 4(K/k)= A4(C). If the
valuation of k is dense and B is an integral basis of K/k, either ©®(B) >0 or
©(B)=0 (which implies d=1), and we assume that K/k is not completely
flat (ie., f <n).

If ©(B)>0, then there exists a univalued matrix A such that A(A4B)>
h(B)> 0. Then a diagonal matrix T in k can be found such that —A(AB) <
v(det T) <0 and TAB is an integral basis. And we have

o(4(TAB)) =% v(det T) + v(4(B)) =% v(det T) + v(4(B)) < o(4(B)).

If @(B)=0 (so d=1,n=¢f), and if e > 1, some of the elements &, of B will
be of order v(bh;)>0, so A(B)>0. But then there again exists a diagonal
matrix 7 such, that —A(B) <v(det T) <0 such that TB is integral, and

v(4(TB))= % v(det T)+ v(4(B)) <v(4(B)).
So, except when f = n, we always have v(4(B)) > v(4(K/k)), and the species
of v(4(K/k)) is +.

Let L be an intermediate field of K/k: K> L o k. Then we shall prove

Tueorem 2 (Hilbert's Theorem 39).  A(K/k) = 4(K/L) A(L/k).

Proof. Let f, f* f' be the residual degrees, e, e*, ¢’ the ramification
orders, and d, d*, d' the defects of, respectively, K/k, L/k, K/L. Suppose
that the valuation of K is dense and for some arbitrary ¢ >0, let B* be an
e-basis of L/k and § an &-basis of K/L. Then, by Proposition 1 of Section 1,
B=B*p is a 2¢-basis of K/k. So, for any integral basis B’ of K/k,
we have v(4(B))—ov(4(B'))<2 and O0<v(4(B))—v(4(K/k))<2. In
the same manner we have O0<v(4(B*))—v(d(L/k))<e and
0<o(4(B))— v(A(K/L)) <e, so 0<v(A(B*) A(B)— v(A(LJk) A(K/L)) < 2.
But, as has been proved, we have A4(B)=A(B*)A(B). So
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|v(A(K/k))—v(A(L/k) A(K/L))| is <2¢ for any ¢ > 0. But that signifies that
the real values of v(4{K/k}) and of v(4(L/k)} 4(K/L)) are the same.

Now the species of v(4(K/k)), v(4(K/L)), v(4(L/k)) are 0 if the
corresponding extension is completely flat, i.e., respectively, f=n, f =y,
f*=n* But f=niff f'=v and f*=n* On the other hand, if p,, p, are
semi-real numbers of species 0 or +, then p, + p, 1s always defined and its
species is 0 iff p,, p, are both of species 0. So,

v(4(K/k))  and  o(A(K/L))+ v(4(L/k))=v(A(K/L) A(L/k))

have also, the same species in case the valuation is dense.
Suppose now that the valuation of k is discrete. Let @ =e'Q = w/e*. Let
B* be a 0-basis of L/k such that

hB¥)=[f*e*—-1)2]w,
and let § be a O-basis of K/L such that
hB)=[f'(e'=1)2]0.

Then, these bases are also without discrepancy and A(L/k)=A(B*),
A(K/L)= A(B). But B=B*f is a O-basis of K/k. If [L/k]=n*[K:L]=v,
B* :( ?" b?i*’ ey b:‘)v and ﬁ: (ﬁl’ ﬂE’ sery ﬁv)7 we haVC

h(B)=Y v(b}B;) < vh(B*) + n*h(f)

= [vf*(e* = 1)2]o + [n*f (e’ = 1)/2)(w/e*)
=[ef/f*e* =1+ [*f'(e = 1)](w/2).

But fif*=f so eff*¥e*—1) + [f¥'le—1) = efle*-—1)+
fle—1)fle'e* —e' +e¢'—1) = fle—1), because e=e'e*. So h(B)=
[fle—1)2]w and ©(B)=0. So, B is a 0-basis without discrepancy, and
A(K/k)= A(B) = 4(B*p)= A(K/k) A(K/L).

I shall now expound a certain method of canonical determination of dis-
crepancy of a given basis B= (b, b,, ..., b,) of K/k, which will be useful, in
particular, in the study of the arithmetic different, which I call “unfolding
of bases.” I have known this method since 1939 or 1940. L. Gruson found it
independently and applied this method in 1969 in the more general frame
of ultrametric Banach spaces. Let V' be an (ultrametrically) normed
vectorial space over an arbitrary valued field k, |--| the norm of V,
|--| valuation of k. w(--)= —In |--|| will be called the normative order of V.
Let B=(b,, b, .., b,) be a basis of the k-vectorial space V with fixed
numbering of its elements (we shall speak about the ordered basis B)
and A(B)=3,w(b,). Let, for each i=1,2,..n, V, be the subspace
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kb, + kb, ., + --- + kb,. Let p,(B)=Supg{w(a);aeb,+ V.. ,} —w(b).
Clearly p,(B) is always 0. We call p,(B) the ith fold of B, and we call folding
of B (so enumerated) the sum p(B)=3, p(B) of its folds. If p(B) is
real, and a;eb;+V,, , is such that v(a,) v(b,)= p(B), the base
A=(a,, ay, .., a,), will be called an unfolding of B.

We return now to our extension K/k, considered as a k-vectorial normed
space with the norm |.-| coincident with the valuation |--| of K, and we
prove the

THEOREM 3. For a linear basis B of Kjk, its folding p(B) and its dis-
crepancy G(B) are equal.

Proof. First, if a,eb;+V,,, and A=(a;,ds,..,a,), A(4,B) is a
triangular matrix having all elements of its main diagonal =1. So, 4(4, B)
is univalued and

X [o(a) = v(b)]=h(4) —h(B) < O(B).

But then p(B) = %, pd{B) = X, Sup,{v(a;)—v(b): a,eb, +V, } =
Supo{X; [v(a,)—v(b)]; (ay, az, ., a,) € (by+V;) x (by+V3) x - X
{b,}} < O(B). For proving the inequality @(B) < p(B), suppose first that
O(B) is real, i.e., K/k is non-defective. Let B* = (b¥, b, ..., b*) be a basis of
K/k without discrepancy and let be B* = A*B. We shall construct a basis
B** without discrepancy such that A(B** B)=(A**) is a triangular
matrix such that all its elements, which are below its main diagonal (i.e.,
such that j<i) are =0. We shall do that by induction, constructing
successively some bases By = A B, where A} = (4%, ) is a matrix such that
Jj<Min[i g+ 1] implies lq,j—O We can put B*=B¥ and, if the
construction is performed, B** = B}.

Suppose B is constructed. Then, if i>gq, we have, if B}=
(bX,, bk, .. ,bj}‘,,) that b, =3, ,,14%;b,; (because, for j<gq, A* ;=0). Let
i* be the index such that

q.i,
U(b:.i"‘)_ U(A“Z‘.I.qﬂ— l)= Max [v(b:l) (quq-f- 1)]
i>g

Perform first a permutation

u{g+1,.,n}>{g+1,.,n}of theset {g+1,..,n}

of indices such that 7-/* =g+ 1, and let b}** =b*

q.T-i"

It is clear that if

Br*=(b},,b¥,, .0}, bk \, ., bkE), O(Br*)=0(BF)=0.
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We shall write b* = b}, when i< q. Suppose that b}* =3, A7*b; and let

iqi v
b, =brr i i<q+1
and

* 1 4
b:+11 b q+1q+1/qlq+lbqq+l lf l>q+l

Then first b}, |, . 2, .., b¥, |, generate the k-vectorial space V, , , to which
they all belong, and as for any i>g+ 1, b¥*=»b¥ . ., where i>¢+ 1 and
[ #1%,

v(bFx )= v(AS g 1) Z 0B ) —v(ATT, 1)),
i.€.,

PEE ]
U(/Z‘q+lq+l/qlq+lbqq+l)
_—L():l:k/+l —_U(A‘qq+lq+l)+u(bqq+l)>v( ([1)

'—((/qq+l /**bjj+l) U(A:;*)—v(/quJr])‘*_v( qq+[)>t7(b** .

So v(bq+ ) ZMin(u(b X)), v(Axx, 'AX*bE, )]1=>(b¥¥). Then for any
i=1,2,..,n we have u(b“l,,/ v(b}*) and

W(BY, )>h(BY*) and  @(B},,)<O(BF*)=0.

As O(Bf, )20, we have O(B¥, )=0 and the matrix A(Bj+1, B)
satisfies the required condition. Then, if B** =B}, A(B** B)=(1}*)is a
regular matrix such that 2**=0 if j<i But if T is the diagonal matrix
having the same dlagonal elements as A(B** B), the matrix
T-'A(B**, B)= A(T 'B**, B) has all its diagonal elements=1 and is
such, that all its elements, which are below the main diagonal, are 0. It is,
in particular, univalued. So, on one hand, we have

O(B)=h(T~'B**)— h(B)+ O(T 'B**)=h(T 'B**)— h(B) + O(B**)
=h(T 'B**)— h(B), because @(B**) =0.
And, on the other hand, we have
h(T 'B**)—h(B)=h(A(T"'B**, B)B)— h(B) < p(B).

So O(B) < p(B) and p(b) = O(B).

Suppose now that the species of ©&(B) is —, which implies that the
valuation of k is dense. Let be ¢ > 0. For every i=1, 2, .., n, we can find an
a;eb,+V,,, such that v(a,)—v(b;)> p(B)—¢ and an A,ek such that
0<v(A,a;)<e Let bi=4,a,and B' = (b}, b5, ..., b,). f a=3 p;b] is a linear
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combination of B, I say that v(a)<Min, v(y,) + re. Indeed, if V, is, as
before, kb, + --- +kb,=ka,+ --- +ka,, I shall show by induction that, if
aeV,,

v(a) <Minv(y,)+(n—g+1)e.
l>q

That is true for ¢ =n, because v(u,b,)=v(u,) + v(b,) <v(u,) + & Suppose
this inequality is proved for ¢ > 1, and let

a=Yy ubieV,_ ;.

Hence a=pu,_,b,_, +a*, where a*e V,, and thus

v(@a*)<Minv(y;)+(n—qg+ 1)

l>q

Also v(p, b, ) <v(u,_,)+e If v(a*)#v(p,_ b, ), we have v(a)=
Min[v(a*), v(u, b, )], which is certainly

< Min v(y;)+ (n—q)e.

izg-—1

If v(a*)=v(u, ,b, ), we have
a=p, A, 1la,_ 1+ll,,,1)q \a*)=p, A, b"
and
b"=a, +ut A a*eb, 1+,
So
v(b”")—v(b, )< p,.(B) and v(b, 1)—v(b,_1)>p, :(B)—¢,
so v(b")—w(b, ,)<eand
v(a)—v(a*)=v(p, 1 Ag_10") —vlpy 14416, ) =0(6") —v(b, )
1s —¢, so v(a)<v(a*)+e=v(u, b, |)+e But

v(a*)+e<Minuv(y,)+(n—q)e

izq
and

U(iuq—lb;]— l)<v(”q—l)+5;



42 MARC KRASNER
50,

v(a) < vMinl o)+ (n—(g—1)+ e
izqg-
As V, =K, we have for any aK, v(a) < Min,; v(u,) + ne.

But, if v(a)=ne, we must have, for any i, v(g,)>0. Hence B’ is an
ne-basis, but then @(B') < n(ne)=n’, and if 4=(a,,a,, .., a,), we have
B(A)=0O(B'). So &(B)<h(A)—h(B)+n’c. But h(A)—h(B)< p(B), so
O(B) < p(B) + n’ for any ¢ > 0. So, the real values of ®(B) and of p(B) are
the same. But as p(B) < &(B), and the species of @(B) are —, that of p(B)
cannot be 0, and we have p(B)= O(B).

Remark 1. Some of the folds p{B) of a basis B are of species 0, and
some of species —. They are called, respectively, zero-folds and minus-folds.
It will be shown in another publication that the number of zero-folds of a
basis B does not depend on its choice and is fe.

3. ARITHMETIC DIFFERENT: DEVIATION, DEDEKINDIAN
AND HILBERTIAN EXTENSIONS; EXAMPLES OF NON-DEDEKINDIAN
AND NON-HILBERTIAN EXTENSIONS

As we have already said, the arithmetic different 3(K/k) of K/k is the
g.cd. of 8(a) = (f'«(a)) when a ranges over I*, i, the ideal of / generated
by all f/,.(a), ae I*. So

v(8(K/k))=Inf {v(d(a);ae*} = ngxf {v(4(B,)); ael*},
Y A

where I* is the set of all primitive integral elements of K/k and, for such
element a, B, is the basis (1, 1, .., a" ') of K/k.
If B is any integral basis of K/k, we have

v(4(B,)) —v(4(B)= —% v(det A(B, B,)),
and so
o(4(B,)) — v(A(K/k) = —;21* SlSlp v(det A(B, B,)),

where B ranges over the integral bases of K/k.
Let T be a diagonal matrix such that

—p(det T)=v(det A(B, B,)).
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Then, TA(B, B,)= A(TB, B,) is univalued and ©(TB)= 6(B). So,
@(B,)=h(TB)—h(B,) + O(B) =v(det T) + h(B) — h(B,) + @(B)
= —uv(det A(B, B,))+ [h(B)—h(B,) ]+ O(B)
And we have v(4(B,})— v(4(B))={2/n) v(det A(B, B,)). So

v(4(B, ))—U(A(B))+ O(B)=—- {[h ~h(B,)]1+6(B,)}.

Suppose first that the valuation of k is discrete and let B be a 0-basis of
K/k without discrepancy, so @(B)=0 and #(B)= [(¢e—1)f/2]w. We have
always

h(B,)=v(l)+v(a)+v@®)+ - +v(@" =142+ - - +n—1)0(a)
= (n(n—1)/2) v(a)

So,

2 1
v(4(B,)) —v(4(B)) = @(Bu)—; [le—1)fw—n(n—1)v(a)]

=% [20(B,)—(e— 1) fw+n(n—1) v(a)].

Suppose now that the valuation of k is dense, and let B be an s-basis
of K/k (¢>0). Then, we have Ah(B)<ne and O(B)<ne, so
(2/n)(h(B) — ©(B)) < 2¢ and

2
[o(4(B.)) = v(4(B))] ~1O(B,) —n(n —1)/2 v(a)] < 2.

If there is a O-basis of K/k, i, K/k is completely flat, and if B is such a
base, we have

2
o(4(B,)) - v(4(B)) =~ [O(B,) + (n(n - 1)/2) v(a)].

We call @'(a)=06(8,)—L|(e —1)fw—n(n—1) v(a)|, where we put w=0 if
the valuation of & is dense, the reduced discrepancy of a. Clearly, if A€k, we
have @'(a)=0'(a) +in(n—1) v(4).

The reduced discrepancy ©'(a) is a semi-real number of the same species
as @(B,), i.e., of the species 0 when K/k is not defective (and, in particular,
when the valuation of & is discrete), and of species — when K/k is defective.

We define the deviation of K/k by e(K/k)=Infs{®(a); ael}.



44 MARC KRASNER

When this infimum is reached, e(K/k) has the species 0 or —; when it is
not reached, the species of e(K/k) is +. So e(K/k) may be a semi-real
number of any species.

In the case of dense valuations, we have also

e(K/k)>1Inf {O(B,); ae I*},
S

and these two semi-real numbers have the same real value and, if the
species of e(K/k) is not +, then they are equal.
Indeed, first, if ae I*, ©(B,) < ©'(a), so

Itglf {O(B,), ae I*} < e(K/k).

If the species of e(K/k) is 0 or —, the Infs{@’'(a);ae [*} is reached, so
there exists an ael* such that @'(a)=e(K/k). But then v(a)=0 and
@'(a)=06(B,). Indeed, if v(a)>0, then there exists iek such that
—v(a)<v(A)<0 and so iael and O'(ia)=0'(a)+in(n—1)v(4) is
< @'(a), which is contradictory. So Infs{@(B,); aec I} = e(K/k) in this case.
If the species of e(K/k) is +, we have also

e(K/k)=1Inf {O@'(a); 0<v(a) <e}.
s

But, if v(a) <&, we have @(B,) > 0'(a) — in(n— 1)e, hence

Inf {@(B,):ael*}>e(K/k)=1in(n—1)¢ for any ¢ > 0.
S

Thus, it has the same real value as e(K/k).
We have, if B is a O-basis of K/k without discrepancy, the relation

A(B) = A(K/k)
and

v(3(K/k)) =Tnf {v(8(a)); ae I*)

=Inf {v(4(B,)); v(a) =0}

S

=v(4(K/k))+ Inf {—1—- @'(a);v(a)= 0}
s (2n

=v(A(K/k))+51’;e(K/k).
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So, if there exists such a basis B (i.e., iff the valuation is discrete or K/k is
completely flat), the species of v(8(K/k)) is the same as that of e(K/k).

Besides, as such extension K/k is non-defective, all @'(B,) are of species
0, and e(K/k) cannot be of species —.

Consider now the case, when the species of v(6(K/k)) is +, i.e., there
exists no O-basis. (So, in particular, the valuation of k is dense.) Infg ©'(a)
is reached when a ranges over I*. It must be reached, as we have seen, for
some a € I'* such that v(a) =0, and 6(K/k)=d(a)= A4(B,). The real value of
v(0(K/k)) (ie., v(d(K/k)) itself) is the sum of that of v(4(K/k)) and
(2/n) e(K/k), but we can write

2
v(0(K/k)) = v(A(K/k)) + e(K]k)

only if v(4(K/k)) is of species 0, because if that is not the case, the species
of v(A(K/k)) and of (2/n) e(K/k) are, respectively, + and — (i.e., opposite)
and the addition cannot be performed; but in both cases, we can write

HAKIR) = o3 (KJK)) — e Kk)
and

e(K/k) =5 [o(8(K/k)) — v(A(K/K)) .

Suppose now that the species of v(4(K/k)) is + and that Infg @’(a) is not
reached. Then, clearly e(K/k) and v(J(K/k)) both have the species +. As
v(A(K/k)) has the species O or +, v(4(K/k)) and (2/n)e(K/k) can be
always added, and v(o(K/k))=v(A(K/k))+ (1/2n) e(K/k). But we cannot
write

e(K/k) = 5 [o((K/k)) —~ o(A(K/K))]
and

HACKTE)) = o(5(KTK)) ~ = e(K/K).

But in all cases, the type of valuation of k& with the residual degree of K/k
and two of the expressions v(4(K/k)), v(8(K/k)), (e(K/k) determine the
third. We have, indeed,
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THEOREM 4. The real value of v(6(K/k)) is the sum of that of
o(A(K/k)  and %e(K/k).
Proof. Given already.

The species of v(4(K/k)) is O if the valuation of k is discrete or K/k is
completely flat and + if the valuation of & is dense and f < n. The species
of v(8(K/k)) cannot be —. If the valuation of k is discrete or f=n the
species of e(K/k) and of v(6(K/k)) are the same. If the valuation of & is
dense and f < n, then the species of e(K/k) is —, if that of v(8(K/k)) is O,
but it is + if that of v(6(K/k)) is +.

An element a of I primitive in K/k such that §(a)=6(K/k) is said to be
discriminantial, and we denote by I, the set of all such elements.

Clearly, it is not empty iff v(3(K/k)) is real. In the general case, we
define, for any ¢>0, c¢-elements of K/k all ael* such that
v(6(a)) —v(8(K/k))<e, and their set will be denoted I,,. As d(a) and
O(K/k) are both ideals of K, we have I, =1, if ¢ < w, when the valuation of
k is discrete.

An extension K/k is called quasi-dedekindian if the real values of
v(8(K/k)) and of v(4(K/k)) are the same, i.e., the real value of e(K/k) is 0.
As e{K/k) = 0 its species can be, in this case, only 0 or +. If e(K/k)} =0 the
extension K/k is called dedekindian.

We see from the preceding theorem that K/k cannot be dedekindian
when the valuation of k is dense and K/k is not completely flat.

An extension K/k is called hilbertian if for every intermediate field L of
K/k, we have

v(0(K/k)) = v(8(K/L)) + v(3(L/k))

[ie., 8(K/k)=K/L)S(L/K)].

If only the real value of v(6(K/k)) is the sum of that of v(6(K/L)) and
v(8(L/k)), K/k is said quasi-hilbertian. Clearly, if the valuation of k is dis-
crete, a quasi-dedekindian (resp. quasi-hilbertian) extension is dedekindian
(resp. hilbertian).

We call dedekindian problem that of characterization of dedekindian and
quasi-dedekindian extensions and hilbertian problem that of charac-
terization of hilbertian and quasi-hilbertian extensions.

At the end of this section I shall give the characterization of dedekindian
extensions, hence, in particular, the solution of the dedekindian problem in
the case of discrete valuations, and the much more difficult solution of this
problem for dense valuations (i.e., characterization of quasi-dedekindian
extensions) will be given in some other publication.
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An extension K/k will be called classical if K/k is separable and the
valuation of k is discrete. It will be called quasi-classical if K/k is separable,
v(K)/v(k) is cyclic, and K/k is not defective.

LEMMA 4. An extension K/k is dedekindian iff there exists some ae I*
such, that some unfolding A of B, would be a 0-basis of K/k without dis-
crepancy. And K/k is quasi-dedekindian iff for any € >0 there exists an ae I'*
such, that B, is an g-basis.

Proof. W bea+V,, , and B={(by, by, ... b, ). A(B, B,) is certainly
univalued and A(B)=4(B,). If B is a O-basis of K/k we have
A(B) = A(K/k), and if B 1s an ¢-basis of K/k we have A(B) — A(K/k) < 2e.

We have n the first case,

v(6(K/k)) < v(4(B,)) = v(4(B)) = v(4(K/k))

and as o(8(K/k)) = v(4(K/k)) we have o{d(K/k))=v{4(K/k)) and, as
v(A(K/k))=v(4(B)) is of species 0, we have ¢(K/k)=0.

Besides, we must have &(B)=6(B,)— p(B,)=0, so B is without dis-
crepancy. If the valuation of & is dense and if B, is an ¢-basis, we have

v(d(a))=v(A(B,)) S v(A(K/k)) + 2
and

v(0(K/k)) <v(4(K/k)) + 2e.

So, if for every e > 0 there exists an ae I* such, that B, is an ¢-basis, we
have, for every &, v(6(K/k)) < v(4(K/k))+ 2¢ and v(3(K/k)) and v(4(K/k))
have some real value, so e(K/k) <0+,

Suppose that K/k is dedekindian, i.e., e(K/k)=0. That requires first that
the species of v(6(K/k)) is 0, because otherwise that of e(K/k) is +.

Let aeI* be such that 5(K/k)=Jd(a)=A4(B,). Then if K/k is dedekin-
dian, we must have A(K/k)=A4(B,). But that implies that A(K/k) is of
species 0, ie., that K/k has a O-basis B, and that A(B,)=A4(B) and
v(det A(B,, B))=0. But as B is a 0-basis and B, and integral one, A(B,, B)
is integral, so B, and B generate a same i-module, and B, is a 0-basis
of K/k.

In the case of discrete valuation, ©@(B,)= p(B,) is certainly real, so there
exists an outfolding 4 of B,, and A is also a 0-basis of K/k. Its discrepancy
is &(B,)~ p(B,)=0.

In the case of dense valuations, K/k must be completely flat and A(B,)
must be 0; ie., v(a)=0.

If ©(B)= p(B)>0, there exists a univalued matrix A such that AB, is
integral and A(AB,)>0. But as B, is a O-basis, for every

641/28/1-4
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b=Y,_,..Aa" ‘el all i; must be ei. So, A4 is an integral matrix, and
AB, must also be a 0-basis which implies 4#(4B,)=0. This contradiction
shows that p(B,)=@(B,)=0, so B, is already unfolded.

If K/k is quasi-dedekindian, then there exists, for every £>0, an ae J*
such that v(4(B,))—v(4(K/k))<e, ie, for any integral basis of K/k,
(4(B,)) —v(4(B)) <& That implies v(a) <e¢ and ©(B,) <ne/2. Indeed, if
v(a) 2 ¢, then there exists a A€k such that

—v(a)<v(A)< —&, so v(ia)=0 and det A(B,,, B,)=i""" "7,
so v(det A(B,,, B,))=[n(n—1)2]v(L)< [ —n{n—1)/2]e, and

v(4(B,))—v(4(B,,)) = —%v(detA(B;,u, B))=(n—1e>e

And if @(B,)=ne/2, then there exists a univalued matrix such, that
h(4B,) = h(B) + (ng/2).

But then there exists a diagonal matrix 7, such that v(det T) < —ne/2
and that B=TAB, is an integral basis. Thus

2 2 2
o(4(B,)) — v(4(B))= —= v(det TA)= —= (det T) == (ng/2) =¢,
n n n
which is impossible. But then B, is &+ (ne/2)=(n+ 2)¢/2-basis and the
assertion is proved.

THEOREM 5. If K/k is a classical extension, it is dedekindian. If it is
quasi-classical, it is quasi-dedekindian.

Proof. (The idea can aiready be found in the Zahlbericht [3],
Theorem 29.) Let 4’ be an element of I such that its rest @'=a + M
(mod M) is a primitive element of K/k (which exists because K/k is
separable).

Let be f,x(X) the minimal polynomial of & over k. Let
f(X)=co+c, X+, X2+ -~ + X/ be a unitary polynomial i[ X] of degree
f such that its residual polynomial

Cot i X+ - +X  is fuu(X).

Then f(a) becomes £, (a’) =0, so v(f(a’)) >0 and, if f'(X), f£(X) are the
derivations of f(X), f;(X), f'(a) has the residual polynomial f(a’) #0,
because a’ is a simple root of f; (X).

So, v(f'(a’))=0. If K/k is completely flat, (1, @', .., @’/ ') is its O-basis
[and that does not require even the separability of K/k, but only the
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existence of a primitive element g, i.c., its simplicity]. If f <n and P is an
element of K such that V(P)>0, then we have

fla'+P)=f(a')+f'(a')P+ P*gla, P), where g(X,7Y)

is some polynomial € i[ X, Y], hence

o(f(a' + P)—f(a')— f'(a) P) = 2v(P).

Suppose first the valuation of k is discrete. If v(f(a')) = 2, we put 11 = f(a)
and a=a’, and when v(f(a’)) is > we choose some Pe K such that
v(P)=Q, and we put a=a'+ P and IT= f(a+ P).

In all cases, we have a=a’, and v(IT) = . So, if

byss=I"""%"""Yg=0,1,.,e—l;5=1,2, .., f),

B=(b,,b,, .. b,) is a 0-basis of K/k without discrepancy, which is an out-
folding of (a" ! a" % .., 1), which is the permutation of B. So K/k is
dedekindian. When the valuation of k is dense, then there exists for every
£>0, a PeK such that no(P)<e and o(P) generates the cyclic group
v(K)/v(k). Then, if e <v(f(a')), we put a=a'+ P and IT= f(a)=f(a'+ P).
We have v(J/T— f'(a’) P)=v(P*g(a’, P)+ f(a')) > Min[e, f(a')] > v(P) and
as v(f'(a')) =0, we have v(II) =v(P).

So, if B is again the same as before, we have, if =1, that B is a basis of
K/k without discrepancy and

h(BY=[(e—1)f2] v(P)<nv(P)<eg,

so, if B is an e-basis of K/k and as A(B, B,) is univalent and integral, B, is
also. So K/k i1s quasi-dedekindian.
We have proved at the same time the following:

ProrosiTION 7. If K/k is simple and K/k is completely flat, then it is
dedekindian,

and

PROPOSITION 8. If the valuation of k is discrete, K/k is simple, but not
separable, K/k is not completely flat, and v(fla’)) = Q, then the extension is
dedekindian.

Also it is clear that for a fixed @', this property does not depend on the
choice of f and of a’, because first if f;(X) has also f;,(X) as residual
polynomial, the order of all coefficients of f(X)— f(X) is >w=eQ>Q
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and v(f(a')— fi(a')) > Q. Thus v(f(a’)) and v(f;(a’)) are =£2 at the same
time. On the other hand, if a” =4/, we have a” = a’ + P where v(P) 2 Q.

Then f(a") - f(a') = f'(a') P+ Pg(d’, P). _

But f'(a) = f4,e(@’). As a is not separable over k, we have f};x(a’)=0, so
v(f'(a’))>0 and (f(a"}— f(a'))> 2. So v(f(a")) and v(f(a')) are =8 at
the same time. We shall see that this condition does not depend even on
the choice of @'. We shall put this condition in the following form.

PROPOSITION 9.  If the valuation of k is discrete and K/k is simple, K/k is
dedekindian then there exists an a€l such that a is a primitive element of
K/k and Jur(X) has the form f(X)*+2, o1 e-tj=o 1, .. 1%, f(X)X
such that, for all i, j, v(a; ;) >0 and Min v(a, ;) = w, and f[X)ei[ X].

Proof. First, as n=e¢f, f(X) has the degree f, On the other hand, for
every i, 0<i<e, and for any j=0,1,.., f—1, we have v(x,;)>w, so
ev(f(a))=v(f(a)’) > w and v(f(a)) > Q2> 0. But then, if 0 <i<n, we have

v ( Y oc,:,f(a)"aj) > .

Osjsf

Let = be an element of k such that v(nr)=w. Then, for any j
o(n o ;)= 0, ie, o €, and for some j we have v(n ‘%, ;) =0, so the
residue 4, =7 ""a, €k is #0. So, the residue

n‘< Y ao‘,a’) of n“( Y cxolja»">
o<j<f o<j<f

is Yo<,<,4a and not all ;e k are 0. But as K/k is of degree fand a is its
primitive element, (1, &, .., @ ') is a linear basis of this extension, and the
residue is #0, so

and

v( Y ozo_jaf) =p(n)=w=eQ.

O<j<f

But, as v(oc,-,jajf(a)") > o for i>0 and any j, f,.(a) =0 implies v(f(a))= €.
Let

=3 BX.

0<j=/
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Let Min, ;< ,0(8;) >0, so >w. Then, f(a) > w > and therefore, we must
have Min, v(f;) =0. Let B, be the residue of §,. Then, not all B, are =0 and

Yy mm=ﬂw=0

ogjsf

But every combination over £ of 1, g, .., @/ which is =0, is proportional
to fue(a), so f,#0 and

fae(X) = B AX).

So, B, 'f(X) is unitary, the residual polynomial of B;'f(X)ei[X] is
Jae(X), and v(B;'f(a))= L. So, the hypotheses of Proposition 8 are ful-
filled, and K/k is dedekindian.

LemMma 4. If, with the notations of Proposition 8, v(f(a')) >, B, is not
a 0-basis of K/k.

Proof. Let IT be an element of 7 such that v(I7)=Q. If B, is a O-basis,
ie, I=i(B,), then there exists a polynomial g(X)ei[X] such that

= g(a’). If we divide g(X) by f(X), which is also €i[ X] and is unitary, we
have g(X)=q(X) f(X)+r(X), where ¢q(X) and r(X) are €i[X] and the
degree of r(X) is <f Then, wv(g(a’) f(a'))=2v(f(a’))>, and, as
v(g(a’))=v(IT) =8, we must have v(r(a’))=£. But that is impossible.
Indeed, r(a’)=Yo<,.s44a"’, where all A; are i If Min, j0(4;)>0, it is
>w> £, and v(r(a’)) > 2. And 1f Mm v(4;)=0, we have Ha)= Y4 a’
and not all £, e k are 0. But I, a,a'’ .., a’ ! are linearly 1ndependent over
k. So, r(a );éO and v(r(a’)=0+#Q. So B, is not a 0-basis of K/k.

LEMMA 5. If, for some primitive element a of K/k, v(f(a))=RQ, where
acl is such, that a is its residue, and where f(X)ei[X] is a unitary
polynomial having f,(X) as its residual polynomial, the same condition holds
for any other primitive element a' of K/k.

Proof As a'is prlmmve in K/k, a is a linear combination Yo ;. ,4,a"”
of I,a,..,a’ " Let a’ eI be such that its residue 4’ is =4’, and let A, be
an element of i such that its residue is 4,. Then a*=3,.,. 44 a” is
=0 (mod M), so its residue is a. Therefore, B,. is a 0-basis of K/k, so
i(B,.)=1 We have a*ei[a’], so every a*/ is ei(a’], and B,.<i[a’']. So,
I2i[a']2iB,) =1, ie., i(a’]=1I and B, is a 0-basis of K/k.

ProrosITION 10.  Given a discrete valuation of k, let an element of I be
such that its residue a is primitive in K/k and f(X)ei[X] a unitary
polynomial of degree [ having f,(X) as residual polynomial. Then, if
v(f(a))> 2, K/k is not dedekindian.
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Proof. Suppose that K/k is dedekindian. Then, for some a’'el, B, is a
0-basis of K/k. In particular, the ring k[a’'] must be =X, so @' is primitive
in K/k. But then, by Lemma 5, B, is also a 0-basis of K/k, which con-
tradicts Lemma 4.

ExaMPLE 1. Let f(X)ek[X] be an irreducible unitary non-separable
polynomial, f(X)ei[X] a unitary polynomial having f(X) as residual
polynomial, z a root of f(X), g(X)€i[ X] an Eisensteinian polynomial, IT a
root of g( ). Then, if K=k(z, IT) and Z is the rest of z, we have K=k(Z)
and f(X)=f.e(X). But f(z)=0, so v(f(z))= +00>Q, and K/k is not
dedeklndlan

PROPOSITION 11. If the residual extension K/k of K/k is not simple, K/k
is not dedekindian.

Proof. Let be a< I Suppose that B, is a 0-basis of K/k. Then, for every
bel, there is a polynomial g(X)ei[X] such, that b= g{a). But then, if
g(X) is the residual polynomial of g(X), we have b = g(a) = g(a) k(a). As b
can be arbitrary elements of K for convenient b€ J, it follows that K = k(a),
ie., K/k is simple in contradiction with the hypothesis of the proposition.
Thus, no B,, ael, is a 0-basis, and K/k is not dedekindian.

EXAMPLE 2. Let K* =k(a, b) be a non-separable extension of k, which
is not simple, f(X)=f,£(X) and g(X)= fs(X), and let d, d be the
degrees [k(a):k] and [K:Kk(@)] of f(X) and g(X). There exists a
polynomial A(X, Y)ek[X, Y] of degree d' in X such, that g(X)=A(X, a).
Let f(X)ei[X] be a unitary polynomial of degree d having f(X) as its
residual polynomial. Then, there exists a root a of f[X] having & as its
residue. Let A(X, Y) be a polynomial €i[X, Y] of degree d' in X having
h(X, Y) as its residual polynomial. Then g(X) is the residual polynomial of
g(X)=h(X, a), and there is a root b of g(X) having 5 as residue. Let
K=k(a,b). We have n=[K:k]=1[k(a, b) k(a)]lk(a):k]}<dd and
K2k(a, b), so f=[K:k]=[k(a b):k]=dd. Hence f >n, ie., f=n, and
K=K*=k(a, b). So, K/k is completely flat and K/k is not simple. In par-
ticular, K/k is not dedekindian.

THEOREM 6. A valued extension K/k is dedekindian only in the following
three cases:

(1) the valuation of k is discrete and K/k is separable (“classical
case”); :

(2) K/k is completely flat and K/k is simple;
(3) the valuation of k is discrete, K/k is simple, and, for some ael
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such that its residue a is primitive in K/k, and for some unitary polynomial
f(X)<i[X] of degree f=[K:k] having f,(X) as its residual polynomial,
v(fla)) is =8.

Remarks. (a) The case (3) can be restricted to not completely flat
extensions K/k and to non-separable K/k, because the other cases enter in
(1) and (2); (b) if the hypothesis of case (3) is fulfilled for some a and f(X),
it is fulfilled for every a and f(X) satisfying the same conditions when K/k
is not separable.)

Proof. It is already proved that K/k is dedekindian in the cases (1), (2),
and (3) (Theorem 5 and Propositions 7 and 8) and that K/k is not dedekin-
dian in all other cases if the valuation of & is discrete (Proposition 10) or
K/k is not simple (Proposition 11) (Remark (b) is also proved by
Lemma 5, and Remark (a) is obvious.) So, the only doubtful case is if the
valuation of k is dense, K/k is not completely flat and K/k is not simple. If
so, v(4(K/k)) is of species +. If v(d(K/k)) is of species 0, e(K/k) is of
species —, so i1s >0, and K/k is even not quasi-dedekindian. And if the
species of v(6(K/k)) are +, those of e(K/k) are the same, and K/k is or is
not quasi-dedekindian, but never dedekindian.

4. CONNECTIONS WITH THE RAMIFICATION THEORY

Let be K/k a separable valued extension of finite degree of an henselian
field k and G the set of all isomorphisms of K/k into some overfield K’
of K normal and of finite degree over k with the valuation prolonging
that of K/k and G*={0eG,o#1;}. If aeK and oeG, we call
v(o;a)=v(c-a—a)ev(K')u {+o0} the characteristic number (or value,
which is the better term for Krull valuations, where the elements of v(K’)
are generally not numbers; but here we consider only valuations with real
values) of ¢ in a;

v(o)= Irslf {v(o;a);ael}

is called the characteristic number (or value) of o.

THEOREM 7. For every ¢>0, there exists an ael such that
Zo’eG‘ [U(O’; (1) - U(O’)] < E.

Proof. Let us suppose first that the residual field k£ of k is infinite. For
any g € G*, we can find an a, € [ such that v(s; a,) — v(c) < &/(n— 1), where
n=[K:k]. Consider a=Y. 5« 1; a,, where all A, are ei and v(4,)=0.
Then, if 6eG* we have ¢-a—a=3Y,_;. i&(0-aé —al). Suppose that
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vo=Min; . v(0-a;—al)=Min; g« v(0;a;), and let IT,e K be an
element such that v(IT,)=v,. If K’ is the residual field of K’, and I its
valuation ring, we have (o-af—al)/Il,eI' and the residue f,, of this
element of I' is €K' So, if 1.ek is the residue of i,, we have
M7 o-a—a)=Y:cge AePos and if ZieG‘ Mp,:#0, we have
vo-a—a)=v(l)=v,<v(06-a,—a,)<v(e)+[¢/(n—1)]. But as k is
infinite, it is always pos51ble to find elements 1. of &k such that
YeegeAePog, for all o€ G*, are #0. So, if a=Y_; A:a, with 1, having
such residue 1.((eG*), we have (0-a—a)<v(o)+[e/(n—1)]. So
2oege [vlosa)—v(o)] < (n—1)[e/(n—1)] =e.

Suppose now that the valution is dense, and let w,.=0(g;qa;)=
vie-a:—a;). Let n>0 and <[eg/(n—1)]— Max,,em[m,m—u )]1=
[e/{in—1)]—Max, 4 [v(o;a,)—v(c)] (which is >0).

Suppose that all A_ei are such that v(4i,)<n. Then, if in addition,
for 6eG* all v(A[0-a,—a.])=v(A;)+w,, are distinct, we have
vie-a)—a = v(Xicge Aelo-a:—a]) = Mlnge(" Lo +w, ] <
Min; . w, . +n<w, +1n. So,

Y [ve-a—a)—v(6)]1< Y [v(d,(0-a,—a,))—uv(o)]

ageG* geG*
= Z [U(A’n)d}’nva.ﬂ] Z "nn’ n_l)rl
ageG* TeG*
<Y woo+(n—1)lefin—1)—Maxw,,]
ceG* ik

[ Z w”]+r—(n—l)Maxw,,,,

*
geG* oew

<Y werie T we =

reG* TgeG*
And, as the valuation is dense, such 4i,ek can be found. So, the
proposition is proved also in this case.

When the valuation is discrete and k is finite, k and K are locally com-
pact, i.e., p-adic or fields of power series of one variable over a finite field.
In this case, if ITe K is such that v(IT)= and if ael belongs to the
maximal nonramified subextension of K,/k of K/k (for their existence see,
in the p-adic case, my paper [5] and in the general henselian case my
preprint [13]. Also, see Ostrowski [16]) and a is primitive in K/k, we
have, for every o € G, v(o) = v{0o; a+ IT) (when K/k is completely slim, even
v(c)=v(g; IT); see the proof in the p-adic case in [5]; the proof in the
other locally compact case is similar).

PROPOSITION 12. The real values of v(8(K/k)) and of 3, s+ v(0) are
equal.
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Proof. We have first v(d(a)) = v(lyeqx (a—0-a)) =
Seearo-a—ay=3Y . v(o;a). There exists, for every ¢>0, an ael
such  that  o(d(a))—v(d(K/k))<e, e, v(d(K/k))>v(d(a))—e=
(Zoecge v(o;a))—e=> (2, .6+ v(0)) — & But, by the preceding theorem, there
exists an ael such that Y, .« [v{o;a)—ov(g)]=v(d(a)) =3, .o+ ¥(0) i
<g e, v(d(a)<(Zsegrv(o))+¢ and, therefore, |v(6(K/k))—
(X secg+ V(o)) <& The difference of the real values of v(3(K/k)) and of
Y seqe V(o) is, for any >0, less than ¢ in absolute value. So, these real
values are equal.

THEOREM 8. We have v(6(K/k)) =Y .6+ v(0).

Proof. Suppose first that v(6(K/k}) has the species 0 (that is always the
case if the valuation of k is discrete). Then there exist discriminantial
elements a, ie., ael, such that v(d(K/k))=v(d(a))=3,cq» v(0;a). The
value v(é(a)), which is real, is equal to the sum of real values of
v(0), 0 € G*. But, v(g; a) 2 v(o), so is equal or greater than the real value of
v(o). And the equality of sums of these real values and of (real) v(s;a)
implies that v{o; a) is equal to the real value of v(s) and, as the species of
v(a) is 0 or +, v(a a))<v(s). But that implies v(o;a)=0v(s) and

0(K/k)) =3, g+ v{a). Suppose now that the species of v(5(K/k)) is +,
so the valuation is dense. The sum > .5+ v(o) has the same species
iff some v(o) is of species +. Suppose that all v(s) are of species 0.
Then, for every geG* there exists an a,el such that v(s;a,)=rv(o).
We must have v(a,) =0, because if v(a,) >0, we can find a iek
such that —u{a,)j<v(d)<0, and, then Aa, is e/ and we have
v(o, ka,) = v(4) + v(0) <v(c), which is absurd. If £ is inifinite, we prove as
previously the existence of an ael such that for any oeG¥,
v(o,a)=v(o;a)=v(c) and v(d(K/k))<v(d(a))=3,c+v(c). But as
v(d(K/k)) has the same real values as Y, ;. v(o), which is real, and is of
species +, we must have v(d(K/k)) >3, g~ (v()), which is contradictory.
If k is finite, K/k is separable, and the greatest non-ramified extension K, /k
of K/k has K/k as residual extension. Then, if d € G¥x, = Gk, N G* and
ael is such that v(a)=0, there exists an de I, where I,=1n K, such
that v(a—a)>0 and gla—d)—(a—d)=(6-a—a)—(c-d—d)=0-a—a.
So wv(e;a)=v(c;a—a), and, as v(a—a)>0 cannot be =uv(s). So
Gk, 0 G* must be F, and G, = {1x}, K=K, and K/k is not ramified.
But then (see [5]) if ae [ is such that 4 is primitive in K/k, we have, for
every 6€G*, O=v(o;a)>v(c) and v(3(a))=02>v(5(K/k)). As v(s) and
v(6(K/k)) are >0, we have for every g€ G*, v(a)=0 and v(6(K/k)) =0,
which proves the theorem.

CoROLLARY 1. If ael is e-discriminantial, we have Y., _ ;« [t(0; a) —v(o)]
< e(obvious).
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THEOREM 9. Always, v(d(K/k)) = v(6(K/L) 3(L/k)).

Proof. (Which, practically, is given already in the Zahlbericht [3] of
Hilbert, Theorem 39.)

Let I° be the valuation ring of L, and K'/k being some normal
overextension of K/k, let G, G°, g be the sets of all isomorphisms of, respec-
tively, K/k, K/L, L/k into K'. f 6 e g, let G(6)= {0 €G; (6|L)=6} [where
(¢]L) is the restriction of ¢ to L]. So, in particular, G°=G(1,). If an
automorphism ¢’ of K'/k induces ¢ on L, we have obviously (in
Bourbaki notation) ¢ °G°={0'c0;0€G’} =G(6). Let ael be a
primitive element of K/k and let f, (X)=X"+c, X'+ -+
¢o(Coy €1y -y €, 1 € L) be the minimal polynomial of a over L and f,,(X) its
minimal polynomial over k. We have [, (X)=[l,cc(X—0-a)=
[Toce TUloeo (X —06-a)). But [locge(X—0-a)= [61/,(X), where
[6) fu(X)=X"+(G-c, ) X" '+ ---(6-¢co). Indeed, let ¢’ be an
automorphism of K'/k prolonging &. As ¢ -G°=G(G), we have
[Tocoo) (X—0-a) = Tloe(X—(0'20)-a) = Jlseqo(X—0'(0-a)) =
X'+ -c, )X '+ - 4(s'-cy) and as ¢y, ¢y, c,_; are €L,
we have o -c;=6-¢; and [],.¢a (X g-ay=[a], f,(X) But then
Sunla)= fu/L a) Haeg a#ll_([a] fa/L) $O U(f;/k(a))“':”(f;/L(a))+
Zﬂega#lLD( [d]- me) a)). But as fa/L a)=0, we have [0‘.]'fa/L)(a)=
6] - fula)—f @) =([6]) [0 — fuula). But ([6]1f,. — S HX)=
(X" + (a- C,,,I)X" V' Goc) — (X + o (XN 4 c) =
ZOéiSn‘l(é'Ci_Ci)Xi' So, ([6]'fu/L)(a)=20sisn—l (0'_'5'1'_('[)'“"‘ As
v(a) =0, we have v(([G] - f,,.)(a))=Min; v(o -c;—c,); so, as all ¢, are el’,
it iS >U(O—-) and U(qug,é;tll_ ([0_] 'fu/L)(a)) iS 2255;{,&#1,_ U(U—):

3(L/k)). Now v(f",,.(a)) is the order of the different 8%a) of a in K/L, SO
xt is Zv(6(L/L)). So, v((é(a))>u( (K/L))+v(6(L/k))—v (K/L) 6(L/K)).
But o(8(K/k))=Infs{v(8(a)); ael}. So v(d(K/k)) is also >v(8(K/L)
S(L/k)).

PROPOSITION 13.  Every quasi-dedekindian extension is quasi-hilbertian. If
K/k is dedekindian or quasi-dedekindian and not completely flat, it is hilber-
tign.

Proof. For every intermediate field L of K/k,

A(K/k)) = v(4(K/L))+ v(A(L/k))

and

p(8(K/k)) = v(3(K/k)) + v(8(L/k)), v(8(K/L)) 2 v(A(K/L))
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and
v(6(L/k)) 2 v(4(L/k)).

We have the same equalities or inequalities for the real values of these
semi-real numbers, and they imply that, if o(6(K/k)) and v(d4(K/k)) have a
same real value, such is also the case for K/L and L/k. If K/k is dedekin-
dian, K/k is non-defective and v(A(K/k)), v(6(K/k)) are both real and
equal. If v(6(K/L)) or v(d(L/k)) are not real, their real value is, respec-
tively, 4(K/L), A(L/k) and at least one has the species +. So v(d(K/L)
O(L/k)) is v(4(K/L) A(L/k))*" =v(4(K/k))t > v(4(K/k)) = v(6(K/k)) con-
trary to Theorem 9.

If K/k is not completely flat and non-dedekindian (so the valuation of &
is dense), v(4(K/k)), and one at least of v(4(K/L)), v(4(L/k)), have the
species +, and if K/k is quasi-dedekindian, which implies that K/L and L/k
are too , v(6(K/k)), v((K/L)), and v(d(L/k)) have the same property. So,
v(0(K/k)) =v(4(K/k)) = v(A(K/L) A(L/k)) = v(6(K/L) d(L/k)).

The extension k(a, IT)/k of Example ! is not only non-dedekindian
but also non-hilbertian (and, even, non-quasi-hilbertian, because the
valuation of k is discrete). Indeed, if L ==k(a), L/k =k(a)/k is completely
flat and has a simple residual extension k(a)/k and K/L=L(IT)/L is
slim, so we have the classical case. So they are both dedekindian, and
0(K/k)# A(K/k)= A(K/L) A(L/k)=6(K/L) 6(L/k).

The extension k(a, b)/k of Example2 is non-hilbertian, because, if
L=k(a), L/k =k(a)/k, and K/L = L(b)/L are both completely flat and have
simple residual extensions, then they are dedekindian, but K/k is not.

If K/k is hilbertian or quasi-hilbertian, the Herbrand theory of
ramification properties of intermediate extensions holds completely in the
case of discrete valuations and for the species of ramification numbers in
the case of dense valuations. This theory and its deduction from the
preceding theorem are too classical in the case of normal extensions for
spending the time and space of this periodical in order to expound it. The
results and the deduction in the ramification theory of non-normal
extensions are quite similar (see my paper [4]).

LEMMA 6. If 6 € G¥, v(0; a) = v(o) implies v(a) =0 if the valuation of k is
dense and v(a) < Q if the valuation of k is discrete.

Proof. The assertion for dense valuations have been proved already.
Suppose the valuation is discrete. Let B=(b,, b,, .., b,) be a basis of K/k
and [T an element of I such, that v(IT) = §2. Let b, e I be some element hay-
ing b, as residue. Let a be an element of I with v(a)> Q, so >2Q. Then if
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v(a)=1iQ, a=da'IT', where i>2 and w(a')=0, so a’'=(} 4,;b;) +c, where
4;€iand v(c)>0,s0 a= (Y 4, +d, where o{d) = (i+ 1) Q. If i€2 > v(0),
we have v(o;a)=v(c-a— a) > v(a) > v(g). Suppose that i>2 and
that it is already proved that if v(b) = (i+ 1), then u(o b)>v(c). Now
ca~a = [6-(XAb)—X Ab]1IT+ (Z(/l b)[(o- I —IT'] + (0, d—d).
We have v(o-d—d)>v(c), v(e-(X 4i;b;) Zi )= u( Zi,(a b,—b))=
Min,[V(a-b;,—b,)]1 > v(6), so v([a-(ZJ Aby— Z, b 11T > v(o) (that
holds even for i=1). And (a-H)i—Hi=(o~H—H)[ (-4 (o-I) 2
o+ -+ 107", so o([X,A4b]10(c- 1) = II']) = v((c-11) - M) >
vio-O—I) + (i—1)2>0v(6). So v(g;a)>v(s), and v(o;b)>v(c) if
v(b) = iQ. By induction, we prove that v(a; a) > v(e) if v(a) = 202

Let K be a valued field, and r € I'(K). The discs C(0, r) and C(Q, ) are
additive groups and, so is C,= C(0, r)/C(0, r ). For any ae C,, we shall
denote by 4 its class a+ C(0-r~ ) modulo C(0, r ~). We can define on C, a
canonical structure for the K-module by defining, for every ae I and xe C,,
ax = ax. This definition is coherent, because C(0, r) is an I-module, and if
@=a and ¥'=X we have |a'—a|<1, |x'—x|<r, so |a'x —ax|=
{a' —a) x' +a(x’— x}| € Max(la’'—a||x'|, la||x" —x]) < Max(rl, Ir)=r,
and ax' —axe C({0,r ).

A mapping B:I—-C, will be called a bar-derivation if B-(a+b)=
B-a+p-band B-ab=a(f-b)+b(B-a)

Let K/k again be the same valued extension as before (i.e., k is henselian,
n={K:k] is finite), K'/k its normal algebraic over extension, o€ G*. We
assume that v=v(c) is real. Let be r=¢"" (so r>0), and let C,=
C'(0, r)/C'(0, r ), where C’(0, p) is the disc of center 0 and radius p in K'.
On €. we defined a canonical structure of the K’-module, and also of the
K-module (that is, of vectorial K-space). Then, if a€ I, v(o -a—a)=v(g;a)>v
and |6-a—a|l<r, so 6-a—aeC'(0,r). Then, f.:a—f(0;a)=0-a—a is
a mapping of / into C;. This mapping is, if v >0, a bar-derivation. Indeed,
we have 6-(a + by —(a+b)=(6-a—a)+ (6-b—b), so floa+b)=
B(o;a) + B.(o;b). And o-ab—ab=(c-a)(o-b)—ab=(c-a—a)(c-b)+
a(o-b—b), so B,(o;ab)=(c-a—a)(o-b)+(c-b—b)=(c-a=a)(c-b)+

alc - b—b) = (6-a—a)(o-b)+a(c-b—b) = G-a—ab+alc-b—b) =
ap,(o;b) + bP.(o;a), because v(c-b—b)=v>0 and o-b=~ The
elements a e K such that B,(g;a)=0, ie., v(s;a)>v will be called g-con-
stants, and their set will be denoted Cons(g). Obviously, Cons(c) is a sub-
ring of I, which contains its maximal ideal M = C(0, 1 ™) if the valuation of
k is dense, and M? = C(0, e~ 2?) if the valuation of k is discrete. In this last
case, there are two possibilities:

(1) Cons(a)DM ie., v(o - I1) > v(c). Then B,(0; a) depends only on
a, and Cons(c) = {a; ae Cons(c)} is a subring of K. In fact, it is a subfield
of K, because, 1f v(a)=0 and a e Cons(a), then
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1

Bvlo;a )=(c-a'—a V=aY-a) Yo-a—a)

=g @a) 'Blo;a)=a '(@a) '0=0,

and a~!eCons(o).

(2) Cons(g) 2 M. Then, there exists an I7€[ such, that v(IT)=§
and f,(o; 1) #0, ie., v(o; [T)=v(e)=0. If ael, we have

B.(o; all)y= aB (o; IT) + 11 (o; a) = aB (o; IT).

So, if we consider M/M? as a K-module, @ — §,(o; all) is a homomorphism
of vectorial K-spaces, and, in particular, for every I7 such that v(IT)=Q,
we have v(g; IT) = v(s). So Cons(a) M = M? and Cons(c)/M? is a sub-
field of I/M? isomorphic to (Cons(c)+ M)/M < K. When the valuation is
dense, the situation is analogous to that of the case (1).

Suppose now, in addition, that K/k is normal. Then, we can take K’ = K.
If we are in the case (2), when a ranges over I, i, a ranges over K,
B.(o; all)=ap(o; IT) ranges over KB (o;11)=C,=C.. So, if ae K and
v{a)=0, there exists some bel such that B,(o;a)=p,(o;bIT) and
B.(o;a—bIT)=0, ie., a--blle Cons(a). So, Cons(s)+ M =1 and I/M? is
the direct sum (Cons(s)/M?)@® (M/M?) of additive groups Cons(a)/M?
and M/M?=C,,, where Cons(a)/M? is a subfield of I/M? canonically (by
ue Cons(o)/M? - u+ M) isomorphic to K

K/k being any separable normal valued extension of finite degree, and
G=G(K/k) being its Galois group, I recall the definitions (due to
Deuring [2] and Krull [19]; for analoguous theory for non-normal exten-
sions, see my papers [8-10, 13]) of characteristic groups and ramification
numbers of K/k (though I express them in the language of this paper) and
some known results of their theory: the decomposition group
V_,(Kjk)=Z(KJ/k) is the set of all c€ Gy, preserving the valuation |-,
ie., they are isometries; the inertia group is

V_1(K/k)=T(Klk)={ceZ(K/k);lal=1=|0-a—a|<1};
the ramification group is

Vo(K/k)=V(K/k)={oc € Z(K/k);a#0=|c-a~a| < |a|}.

As before the characteristic number v(c) of o € V(K/k) is Infs{v(c - a— a);
ael},and let vo<v,< ---v,, <, ;= +0oo be all the values of v(s), 6 € G,
written in increasing order. Then v, is called the gth ramification number
(or value) of K/k and V (K/k)={oe V(K/k);v(6)>v,} is called the gth
ramification group of K/k. It is easily shown that all V,(K/k) are groups
and V. is invariant in V. Z(K/k)/T, is canonically isomorphic to the
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Gulois group Gg of K/k, T /Z x4 is isomorphic to the greatest subgroup
of v(K)/v(k) of order prime to the residual characteristic p of k, and the
exponent of this group must divide that of the group E(K) of the roots of
unity €K (in particular, if the valuation is discrete, T(K/k)/V(K/k) is cyclic
of order prime to p). If v=v, is real, and if there exists an ae [/ such that
v(g; a)=v(o) for all 6 € V (K/k), which ¢V, (K/k) (if 5(K/k) is of species
0, ie., there exist discriminantial elements; every such element g has
this property for every gq), o+ V,, (K/k)— B(0o;a), where V=V,
is an isomorphism of  V (K/k)/V,, (K/k) onto the set
A Kk, a)= {B.(0o;a);0€V (K/k)} which is an additive subgroup of C,,
where r=e . Indeed, if o, o are €V (K/k) we have

Bloc';a)=(06"-a—a) = o6-(¢'-a—a)+(6-a—a) = o-(6'-a—a) +
(c-a—a). But, as aeVy,, we have, if b=0c"-a—a, |o-b—b| <|b| and
(6-b)y=bh. So Boo';a)=(G-d=a)+(c -a—a)=p,(0;a)+ p.(0";a). So
6 — B.(0; a) is a homomorphism of V (K/k) onto A4 ,(K/k; a) with addition
as composition. So A4,(K/k; a) must be an additive group. Obviously, the
kernel of this homomorphism is V, . ,(K/k).

Suppose now, in addition, that £ is henselian and its valuation is
discrete. Clearly, v(8(K/k)) is real, and there exist such elements ael
But we can, in this case, if ¢4>0 (so v,>0), interpolate, in general,
between V, and V, ,, some other group V, =V, (K/k). This group
is {oeV,(K/k),Cons(c)2M}. Indeed, V, is a group, because if
Cons(6)2 M, and Cons(¢’)2 M, ie., B o; ) =p(c';)=0 for some
I e I such, that v(JT) = Q, we have B (co’; IT)=0. Clearly f,: 6 = B,(a; IT)
is an homomorphism of V, onto A (K/k; II), but the kernel is now V.
So V,/V,~(A,K/k),IT), +) and if A'(K/k;a)={B0;a);0eV,/K/k)}
we have V,/V, ., ~(A'(K/k;a), +). Let us denote as n,, n, the orders of
V K/k), V(KIK), t,=n,/n,+ 1, t,;=n,/n,, t;=n,/n, .

If, for o€ V,, d, is the bar-derivation x — ,(c; x) (where x ranges over /
and v=v,) we have clearly d,,=d,+d,. So, V,V,,, can be also
represented as an additive group of bar-derivations (which can be also con-
sidered as derivations from I/M? to C,, r=e¢"").

As, in Lemma 2, let K be the completion of the valued field K, and k the
closure of k in K. When K/k is normal, K/k is too. 4/o€ Gy, can be
prolonged by continuity to K iff it is an isometry, i.., belongs to Z(K/k),
and this prolongation & is an automorphism of K/k. The mapping ¢ — ¢ is
an isomorphy of Z(K/k) onto G(K/k) and if we identify ¢ with &, Z(K/k) is
identified with G(K/k), each ¥, (K/k) is identified with V (K/k), the v, (K/k)
and v, (K/k) are the same, etc.

As k is henselian, all results that we considered hold for I?/I?, so also, if
K/k is normal, for K/k. If K/k is not normal, the results for K/k hold for
K/k only partially (see my papers [4, 7]). If k is not henselian, 4(K/k) and




LOCAL DIFFERENTS 61

8(K/k) are called local algebraic and arithmetic differents of K/k, which
explains the title of this paper.

REFERENCES

1. Z. BOREVITCH AND S. SHAFAREVITCH, “Theory of Numbers,” Edit. of phys. math. lith.,
Moscow, 1963. [Russian]; there are also french and english translations).

2. M. DEuURING, Verzweigungstheorie bewerteter Koérper, Math. Ann. 105 (1931), 277-305.

3. D. HiLBERT, Bericht iiber die Theorie der algebraischen Zahlen (“Zahlbericht”), Jahresber.
Deutsch. Math-Verein. 4 (1894-1895), 175-546.

4. M. Krasner, “Théorie de la ramification des idéaux des corps non-galoisiens de nombres
algébriques,” thése de doctorat, Acad. Roy. Belg. Cl. Sci. 11, No. 4 (1937), 1-110.

S. M. KRASNER, Sur la primitivité des corps p-adiques, Mathematica (Cluj) 13 (1937),
72-191; reedited in “Eleftheria,” Vol. 3, Athens, 1980.

6. M. KRASNER, Espaces ultramétriques et nombres semi-réels, Comptes Rendus 219 (1944),
433-435.

7. M. KRasneR, “Théorie de la ramification dans les extensions finies des corps valués:
(I) hypergroupe de décomposition,” Vol. 219, pp. 539-541, 1944.

8. M. KRrasnER, “(II) hypergroupes d’inertie et de ramification; théorie extrinséque de la
ramification,” Vol. 220, pp. 28-30, 1945,

9. M. Krasner, “(IIl) différente et discriminant, théorie intrinséque de la ramification,”
Vol. 220, pp. 761-763, 1945.

10. M. KRASNER, Quelques méthodes nouvelles dans la théorie des corps valués complétes,
Algébre et théorie des nombres (Colloque Int. du CNRS n° 24, Paris 1949), Edit. du
CNRS, Paris 1950.

11, 12. M. Krasner, Théorie de corps valués (Séminaire M. Krasner 1953-1954); Exposé
n° 1, Espaces ultramétriques et hyperultrametriques, Exposé n°4, Congruences mul-
tiplicatives. Corpoides et Squelettes, Vol. 1, Sécretariat Mathématiques de la Fac. des Sci.
de Paris, 1954.

13. M. KRasNer, Théorie de Galois des corpoides commutatifs sans torsion et ses
applications a la théorie de la ramification des extensions algébriques des corps valués,
preprint de 'Univ. de Paris VI, 1979.



