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1. Introduction

Let C be a nonempty closed convex subset of real normed linear space X. A self-mapping T : C — C is said to be
nonexpansive if |[T(x) — T(y)|| < ||[x —y|| forallx,y € C. Aself-mapping T : C — C is called asymptotically nonexpansive
if there exists a sequence {k,} C [1, 00), k, — 1asn — oo such that

IT"C) = T"WIl < knllx — vl (1.1)

forallx,y € Candn > 1. Amapping T : C — C is said to be uniformly L-Lipschitzian if there exists a constant L > 0 such
that

IT"x) = T"WIl < Llix -yl (1.2)

forallx,y e Candn > 1.

It is easy to see that if T is an asymptotically nonexpansive, then it is uniformly L-Lipschitzian with the uniform Lipschitz
constant L = sup{k, : n > 1}.

Fixed-point iteration process for nonexpansive self-mappings including Mann and Ishikawa iteration processes have
been studied extensively by various authors [1,4,6,12,13,16]. For nonexpansive nonself-mappings, some authors [5,9,18,20,
23] have studied the strong and weak convergence theorems in Hilbert space or uniformly convex Banach space. In 1972,
Goebel and Kirk [3] introduced the class of asymptotically nonexpansive self-mappings, who proved that if C is a nonempty
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closed convex subset of a real uniformly convex Banach space and T is an asymptotically nonexpansive self-mapping on C,
then T has a fixed point.

In 1991, Schu [17] introduced a modified Mann iteration process to approximate fixed points of asymptotically
nonexpansive self-mappings in Hilbert space. More precisely, he proved the following theorem.

Theorem 1.1 ([17]). Let H be a Hilbert space, C a nonempty closed convex and bounded subset of H. Let T : C — C be an
asymptotically nonexpansive mapping with sequence {k,} C [1, 00) foralln > 1, lim,_, . k, = 1 and Zﬁi](kﬁ - 1) < oo.
Let {a,} be a sequence in [0, 1] satisfying the condition0 < a < o, < b < 1, n > 1, for some constant a, b. Then the sequence

{x,} generated from arbitrary x; € C using
Xnp1 = (1 — ap)xp + anT"x, n=>1, (1.3)
converges strongly to some fixed point of T.

Since then, Schu’s iteration process has been widely used to approximate fixed points of asymptotically nonexpansive self-
mappings in Hilbert space or Banach spaces [12,14,15,17,21].

In 2000, Noor [10] introduced a three-step iterative sequence and studied the approximate solutions of variational
inclusion in Hilbert spaces. In 2005, Suantai [ 19] defined a new three-step iteration, which is an extension of Noor iterations,
and gave some weak and strong convergence theorems of such iterations for asymptotically nonexpansive mappings in
uniformly convex Banach spaces.

The concept of asymptotically nonexpansive nonself-mappings was introduced in [2] in 2003 as the generalization of
asymptotically nonexpansive self-mappings. The asymptotically nonexpansive nonself-mapping is defined as follows:

Definition 1.1 (/2]). Let C be a nonempty subset of a real normed linear space X. Let P : X — C be a nonexpansive retraction
of X onto C. A nonself-mapping T : C — X is called asymptotically nonexpansive if there exists a sequence {k,} C [1, c0),
k, — 1asn — oo such that

IT(PT)""'x = T(PT)""y|| < kallx — yl| (1.4)
forallx,y € Cand n > 1. T is said to be uniformly L-Lipschitzian if there exists a constant L > 0 such that

ITPT)"™'x — T(PT)""'y|| < Lllx -y (15)
forallx,y €e Candn > 1.

By studying the following iteration process:

X1 € C,  Xps1 = P((1 = atn)xn + anT(PT)" '), (1.6)

Chidume, Ofoedu and Zegeye [2] got the following strong and weak convergence theorems for asymptotically nonexpansive
nonself-mapping.

Theorem 1.2 ([2]). Let X be a real uniformly convex Banach space and C a nonempty closed convex subset of X.Let T : C — X
be a completely continuous and asymptotically nonexpansive map with sequence {k,} C [1, co) such that Zﬁil (kﬁ —1) <o0
and F(T) # . Let {ay} C (0, 1) besuchthate <1 —oa, < 1—¢€,Vn > 1and some ¢ > 0. From an arbitrary x; € C, define

the sequence {x,} by (1.6). Then {x,} converges strongly to some fixed point of T.

Theorem 1.3 ([2]). Let X be a real uniformly convex Banach space which has a Fréchet differentiable norm and C a nonempty
closed convex subset of X. Let T : C — X be an asymptotically nonexpansive map with sequence {k,} C [1, co) such that
S0 (k3 — 1) < coand F(T) # . Let {an} C (0, 1) besuchthat e < 1—ay, < 1—¢€,Vn > 1and some € > 0. From an
arbitrary x; € C, define the sequence {x,} by (1.6). Then {x,} converges weakly to some fixed point of T.

If T is a self-mapping, then P becomes the identity mapping so that (1.4) and (1.5) reduce to (1.1) and (1.2), respectively.
(1.6) reduces to (1.3).
Recently, Wang [22] generalized the iteration process (1.6) as follows: x; € C,

Yo =P((1 — Bu)xn + ,BnTZ(PTZ)nilxn),
Xny1 = P((1 — an)xn + anTl(PTl)n_l.Vn)7 nx>1, (1.7)

where Ty, T, : C — X are asymptotically nonexpansive nonself-mappings and {«,}, {8,} are real sequences in [0, 1). He
studied the strong and weak convergence of the iterative scheme (1.7) under proper conditions. Meanwhile, the results
of [22] generalized the results of [2].

Inspired and motivated by these facts, we introduce and study a new class of iterative schemes in this paper. The scheme
is defined as follows.
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Let X be a normed space, C a nonempty convex subset of X, P : X — C a nonexpansive retraction of X onto C and
Ty, T, : C — X given mappings. Then for an arbitrary x; € C, the following iteration scheme is studied:

Yn =P((1 — Bp)xn + ,BnTZ(PTZ)n71Xn)a
Xnr1 = P((1 — an)yn +anT1(PT1)n7])’n)v n>1, (1.8)

where {«,} and {8,} are appropriate real sequences in [0, 1).

The iterative scheme (1.8) is called the projection type Ishikawa iteration for two asymptotically nonexpansive nonself-
mappings. If T = T, and 8, = 0 for all n > 1, then (1.8) reduces to (1.6).

The purpose of this paper is to construct an iteration scheme for approximating common fixed points of two
asymptotically nonexpansive nonself-mappings and to prove some strong and weak convergence theorems for such
mappings in a uniformly convex Banach space.

Now, we recall some well known concepts and results.

Let X be a Banach space with dimension X > 2. The modulus of X is the function dx : (0, 2] — [0, 1] defined by

. 1
x(e) = lﬂf{l - HZ(X -HOH Sl =10yl =1,e = IIX—y||}~

Banach space X is uniformly convex if and only if 5x (¢) > 0 for all € € (0, 2].

A subset C of X is said to be a retract if there exists a continuous mapping P : X — C such that Px = x forallx € C.
Every closed convex subset of a uniformly convex Banach space is a retract. A mapping P : X — X is said to be a retraction
if P> = P. It follows that if a mapping P is a retraction, then Pz = z for every z € R(P), the range of P.

Recall that a Banach space X is said to satisfy Opial’s condition [11] if x, — x weakly as n — oo and x # y implying that

lim sup ||x, — x|| < limsup ||x, — y||.
n—oo n—oo
AmappingT : C — X is said to be semi-compact if, for any sequence {x,} in C such that ||x, —Tx,|| — 0asn — oo, there
exists a subsequence {x,,} of {x,} such that {x,} converges strongly to x* € C. Two mappingsS,T : C — C, where Cis a

subset of a normed space X, are said to satisfy condition A’ [7] if there exists a nondecreasing function f : [0, c0) — [0, 00)
with f(0) = 0, f(r) > 0forallr € (0, 0co) such that either

X = Sx|l = f(d(x,F)) or [x—Tx|| = f(d(x,F))

forallx € C, whered(x, F) = inf{||x — q|| : ¢ € F = F(S) NF(T)}.

Note that condition A’ reduces to condition (A) [21] when S = T. Maiti and Ghosh [8] and Tan and Xu [21] have
approximated fixed points of a nonexpansive mapping T by Ishikawa iterates under the condition (A).

In the sequel, the following lemmas are needed to prove our main results.

Lemma 1.4 ([21]). Let {a,} and {t,} be two sequences of nonnegative real numbers satisfying the inequality
i1 < ay+t, foralln> 1.
If Y02ty < 00, then limy_, « ay exists.
Lemma 1.5 ([17]). Let X be a real uniformly convex Banach space and 0 < p < t, < q < 1 for all positive integer

n > 1. Also suppose that {x,} and {y,} are two sequences of X such that limsup,_, o, [|x,|| < r, limsup,_, o, llynll < r and
limy,_ oo ||taxn + (1 — t)ya|l = 1 hold for some r > 0; then lim,_, o ||X, — ynll = 0.

Lemma 1.6 ([2]). Let X be a uniformly convex Banach space, C a nonempty closed convex subset of X, and let T : C — X be an
asymptotically nonexpansive mapping with a sequence {k,} C [1, co) and k, — 1asn — oo. Then — T is demiclosed at zero,
ie, if x, — x weakly and x, — Tx, — O strongly, then x € F(T), where F(T) is the set of fixed points of T.

Lemma 1.7 ([19]). Let X be a Banach space which satisfies Opial’s condition and let {x,} be a sequence in X. Let u, v € X be such
that lim,_. o ||X; — ull and limy_.  [|X, — v|| exist. If {x,,} and {xn, } are subsequences of {x,} which converge weakly to u and
v, respectively, then u = v.

2. Main results

In this section, we prove theorems of strong and weak convergence of the iterative scheme given in (1.8) to a common
fixed point for two asymptotically nonexpansive nonself-mappings in a uniformly convex Banach space. In order to prove
our main results, the following lemmas are needed.
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Lemma 2.1. Let X be a uniformly convex Banach space and C a nonempty closed convex nonexpansive retract of X with P as
a nonexpansive retraction. Let T;, T, : C — X be two asymptotically nonexpansive nonself-mappings of C with sequences
{k.}, {l,} C [1, 00) such that Z;’;(kn -1 < o0, Zﬁi](ln —1) < o0, ky - 1,1, > 1asn — oo, respectively and
F(Ty) N F(Ty) # @. Suppose that {o«,} and {B,} are real sequences in [0, 1). From an arbitrary x; € C, define the sequence {x,}
using (1.8). If ¢ € F(Ty) N F(Ty), then lim,_, » ||X, — q|| exists.

Proof. Let g € F(T;) N F(T). Setting ky = 1+ uy, I, = 1+ v, Since Y o (kn — 1) < 00, Y oo (Il — 1) < 00, s0
Y e Un < 00, Yoo vy < 00. Using (1.8), we have

Iyn — qll = IP((1 = B)xn + BaT2(PT)"'xy) — P(q)|
< 1A= B % — @) + Bu(T2(PT)" %0 — @) |
< (1= B)lIxa — qll + Bull T2(PT)" "%y — q|
=< (1= B)llxn — qll + Ba(1 4+ va)llXa —qll
= (1= Bu)lxn — all + (Bn + Brvn) lIxn — 4l
< (14 vp)llxn —qll,

and so

IP((1 = atn)yn + atnT1(PT1)" " 'yn) — P(q)
(1 = &) ¥ — @) + otn(T1(PT)" 'y — @)l
(1 = an)llyn — qll + ol Ty (PT)" 'y, — gl
< (A —anlly. — Q|| + an (1 + up)lyn — Q||

< (14 up)llyn —qll

< (14 ux) A+ vo)llxn — qll

= (14 vp + tp + uyvn) |I%, — ql|

o0
> (vn+up—+unvn)
< en=t lIx1 — qll.

%01 — qll

IAIA

Since Z;i](vn + u, + u,v,) < oo, then {x,} is bounded. It implies that there exists a constant M > 0 such that
X, — qll <M foralln > 1. So,

Xnt1 — qll < [1X0 — qll + (vn + Un + Upve)M.

It follows from Lemma 1.4 that lim,,_, o, [|x, — q|| exists. This completes the proof. O
Lemma 2.2. Let X be a uniformly convex Banach space and C a nonempty closed convex nonexpansive retract of X with P as
a nonexpansive retraction. Let T, T, : C — X be two asymptotically nonexpansive nonself-mappings of C with sequences
{kn}, {In} C [1, 00) such that Y o> (kn — 1) < 00, > oo (Il — 1) < 00, ky — 1,1, — lasn — oo, respectively and
F(T1) N F(Ty) # (. Suppose that {«,} and {B,} are real sequences in [e, 1 — €] for some € € (0, 1). From an arbitrary x; € C,
define the sequence {x,} by (1.8). Then lim,_, o, [|Xn — T1Xs|| = lim_ o [|Xn — T2xs]| = 0.

Proof. Letq € F(T;) NF(Ty).Setk, = 14 uy, I, = 14 v,. By Lemma 2.1, we see that lim,_, » ||X;, — q|| exists. Assume that
lim,_, » [|x, — gl = c. Using (1.8), we have

lyn —all < (14 va)llXn — qll. (2.1)
Taking the lim sup on both sides in the inequality (2.1), we have

limsup [ly, —qll < c. (2.2)

n—o0o

In addition, ||T; (PT1)" 'y, — qll < kullyn — q|l, taking the lim sup on both sides in this inequality, we have
lim sup [|T; (PT)" 'y, — ql| < c. (2.3)
n—-oo

From (1.8), we have

[Xn1 — qll < 11— &)Y — @) + (T (PT)" 'yn — @) |
< (1T 4wy + up + upvp) X, — qll. (2.4)

Since Zﬁil(vn + up + Uyvy) < oo and limy,_, o ||X041 — q]| = ¢, letting n — oo in the inequality (2.4), we have

Jim (1= o)y — @) + o (T (PT)" 'yn — @)l = c. (255)
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using (2.2), (2.3) and (2.5) and Lemma 1.5, we have

lim [|T; (PT1)" ™"y — yall = 0.
n—oo

In addition, ||T>(PT>)" " 'x, — q|| < I.]Ix. — ql|, and taking the lim sup on both sides in this inequality, we have

limsup | T2(PT2)" "%y — qll < c.

00
Using (1.8), we have
X1 — qll < (1= an)llyn — qll + el Ty (PTD™ "y, — q||
= (1—ap)llyn — qll + @l T1(PT)"'Yn — Y + yn — 4l
< (1 —an)lyn — qll + I TiPT)" "0 — yall + callyn — gl
< lyn = qll + IT1(PT)" 'y — yall.

Taking the lim inf on both sides in the inequality (2.8), by (2.6) and lim,,_, o, ||Xs+1 — q|| = ¢, we have

liminfly, —q|l > c.
n—oo

It follows from (2.2) and (2.9) that lim,_, », [|yn» — q|| = c. This implies that

¢ = lim |ly, —ql < lim [[(1 = Bo) (%0 — @) + Bu(Ta(PT)" "%, — @Il < lim [|x, — gl = c,

n—o00 n— 00 n—oo

and so

lim (1= B (xn — @) + Ba(B(PT)" "%, = )l = c.
Using (2.7) and Lemma 1.5, we obtain

lim || T5(PT2)" "Xy — X[l = 0.
n—oo

From y, = P((1 — Bp)x; + BuT2(PT2)" 'x,) and (2.10), we have
lyn — Xall = IP((1 — Bu)xy + ,BnTZ(PTZ)'P]Xn) — Xl
< (1= B) X — Xn) + Ba(T2(PT2)" "Xy — Xp) |
< (1= Blxn — xall + ,Bn||T2(PT2)n7]Xn — Xl
< |IT2(PT)" %y — Xyl
— 0 (asn— 00).
In addition,
ITL(PT)™ Xp = Xall = I T (PT)" X0 — Yo + Yo — Xl
=< ||T1(PT1)H_1Xn = Yull + lyn — Xull
= [Ty (PT)" X0 — Ty (PT)" 'y 4 Ty (PT)"™ 'y — yull + [[Yn — all
< T PT)™ %0 = Ty (PT)™ 'yl + Ty (PTD™ 'y = Yall + [lyn — Xul
< knllXn = Yall + IT1(PT)" 'y — Yull + 1yn — all.
Thus, it follows from (2.6) and (2.11) that

lim [|Ty (PT))"™ "Xy — %[ = 0.
n—oo
By using (1.8), we have

141 — xnll < (1 — @) |yn — xall + anl| Ty (PTD" ™y — Xyl
< (1= an)llyn — Xl + anlIT1(PT)"'yn — Y + Yo — Xall
< (1= an)llyn — %ull + @l T (PT)" 'y — yull + cnllyn — Xall
< yn = Xall + IT1(PT)" " yn = yall.
It follows from (2.6) and (2.11) that

lim [|Xp41 — x|l = 0.
n— o0

(2.10)

(2.11)

(2.12)

(2.13)



S. Thianwan / Journal of Computational and Applied Mathematics 224 (2009) 688-695 693

Using (2.12) and (2.13), we have
%41 — Ti(PTD™ X1l = Xns1 — Xn + Xa — T1(PT)™ Xy + T1(PT)" "% — T1(PT)™ X1 |

< N1 = Xall + IT1(PTO™ X1 — Ti(PTD™ "%all + IT1(PT)"™ "X — Xa|
< %41 — Xnll + knllXnt1 — Xall + 11T (PTl)n_lxn — Xall,
— 0 (asn— 00). (2.14)

In addition,

%011 — T (PT)" 2Xni1ll = X1 — Xn =+ X0 — T1(PT1)" %X, + T1(PT)" %%y — Ty (PT1)" X1 |
< X1 — Xall + IT1(PTD)™ %0 — Xall + [IT1 (PT)"™ *xn1 — T1 (PT1)" x4l
< xns1 — Xall + IT1(PT)" %0 — Xp || + Lllxnt1 — Xall,

where L = sup{k;, : n > 1}. It follows from (2.13) and (2.14) that

A

nliﬂgo %41 — T1(PT)" *xq14]| = 0. (2.15)

We denote as (PT;)!~! the identity maps from C onto itself. Thus by the inequality (2.14) and (2.15), we have

%041 — Tixns1ll = Ixnpr — Ti(PT)™ X1 + T1(PTD™ "Xnp1 — TiXnp1 |

%041 — T1(PTD)™ K | + I T1 (PT)" X1 — Tixga |l

%41 — T1(PTD™ X1 Il + IT1 (PT) ' (PT)" X1 — T1(PT)' ™ X1 I
-1 n—1

Xn41 — To(PT)"™ Xpa | + LIPT)™ Xng1 — Xnpall

%41 — T1(PTD™ "Xnp 1|l + LI PT) (PT)™ X1 — P(Xng1)

< %ns1 — Te@TD™ X1 | + LT (PT)" X1 — Xna

— 0 (asn — 00),

IN A

which implies that lim,_ o ||Xx, — T1x,|| = 0. Similarly, we may show that lim,_, ||X; — T2Xs]| = 0. The proof is
completed. O

Theorem 2.3. Let X be a uniformly convex Banach space and C a nonempty closed convex nonexpansive retract of X with P
as a nonexpansive retraction. Let T, T, : C — X be two asymptotically nonexpansive nonself-mappings of C with sequences
{ka}, {ln} C [1, 00) such that > ;2 (kn — 1) < 00, > oo (I — 1) < 00, ky — 1,1, = lasn — oo, respectively and
F(Ty) N F(Ty) # . Suppose that {«,} and {B,} are real sequences in [e¢, 1 — €] for some € € (0, 1). Let {x,} and {y,} be the
sequences defined by (1.8). If one of T and T, is completely continuous, then {x,} and {y,} converge strongly to a common fixed
point of Ty and Ty.

Proof. By Lemma 2.1, {x,} is bounded. In addition, by Lemma 2.2, lim,_,  [|X, — T1X,|| = 0 and lim,_,  ||X; — T2X,|| = O,
and then {T;x,} and {T,x,} are also bounded. If T; is completely continuous, there exists a subsequence {T1x,.,j} of {Tyx,} such
that Tix,, — qasj — oo. It follows from Lemma 2.2, that lim;_, lxn; — Taxp; |l = limj_,o0 [IXn; — Toxp; || = 0. So by the
continuity of T; and Lemma 1.6, we have lim;_, ; [|x,; — qll = 0and g € F(T1) N F(T3). Furthermore, by Lemma 2.1, we get
that lim,_, o [|X, — q|| exists. Thus lim,_, » ||X, — q|| = 0. From (2.11), we have lim,_, » ||¥x — Xn|| = 0, and it follows that
lim,_, » [lyn — ql| = 0. The proof is completed. O

Theorem 2.4. Let X be a uniformly convex Banach space and C a nonempty closed convex nonexpansive retract of X with P
as a nonexpansive retraction. Let T, T, : C — X be two asymptotically nonexpansive nonself-mappings of C with sequences
{kn}, {In} C [1, 00) such that Y o2 (kn — 1) < 00, > o2 (I, — 1) < 00, ky — 1,1, > lasn — oo, respectively, and
F(T1) NF(Ty) # (. Suppose that {«,} and {B,} are real sequences in [e€, 1 — €] for some € € (0, 1). Let {x,} and {y,} be the
sequences defined by (1.8). If one of T; and T, is semi-compact, then {x,} and {y,} converge strongly to a common fixed point of
T; and T,.

Proof. Since one of T and T, is semi-compact, {x,} is bounded and lim,,_, o, || Xn —T1Xy || = limy— oo ||Xn —T2X|| = O, and then
there exists subsequence {xnj} of {x,} such that Xp; converges strongly to q. It follows from Lemma 1.6 thatq € F(T;) NF(T,).
Thus limy, « [, — q|| exists by Lemma 2.1. Since the subsequence {x, } of {x,} such that {x, } converges strongly to g, then
{x,} converges strongly to the common fixed point q € F(T;) N F(T;). From (2.11), we have

lim [ly, —xall =0,
n—oo
and it follows that lim;,_, » ||yn — ql| = 0. The proof is completed. O

In the next result, we prove the strong convergence of the scheme (1.8) under condition A’ which is weaker than the
compactness of the domain of the mappings.
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Theorem 2.5. Let X be a uniformly convex Banach space and C a nonempty closed convex nonexpansive retract of X with P as
a nonexpansive retraction. Let T1, T, : C — X be two asymptotically nonexpansive nonself-mappings of C satisfying condition
A" with sequences {k,}, {l.} C [1, oo) such that Z;’;(kn —1) < o0, Zi‘;l(ln —1) <00, ky > 1,I, > 1asn — oo,
respectively, and F(T1) N F(Ty) # @. Suppose that {«,} and {B,} are real sequences in [¢, 1 — €] for some € € (0, 1). Then the
sequences {x,} and {y,} defined by the iterative scheme (1.8) converge strongly to a common fixed point of Ty and Ts.

Proof. By Lemma 2.2, we have lim,_, o [|Xn — T1Xa|| = limy_, o0 ||Xn — Tox,|| = 0. It follows from condition A’ that

lim f(d(x,, F)) < lim [[x, — Tixa| =0 or  lim f(d(xy, F)) < lim |lxy — Toxy|l = 0.
n—o00 n—o00 n—oo n—oo

In the both case, lim,,_, o f (d(x,, F)) = 0. Since f : [0, c0) — [0, 00) is a nondecreasing function satisfying f(0) = 0,
f@) > Oforallr € (0,00), we obtain that lim,_, d(x,, F) = 0. Next we show that {x,} is a Cauchy sequence. Since
lim,_, o d(x,, F) = 0 and Z,?i] (vn + Uy +uyvy) < 00, given € > 0, there exists a natural number ng such that d(x,,, F) < ‘51
and Z,fino(vk + u + UM < % for all n > ng. So, we can find y* € F such that ||x,, — y*|| < %. Forn > ngandm > 1,
we have

1Xnem — Xall < %ngpm — Y*I 4+ %0 = ¥l

n+m—1
< xng = Y* 1+ %y =Y I+ D 0k + e + oM
k=)10
€ N € n €
<-4+-4+-=ce€.
4 4 2
Thus shows that {x,} is a Cauchy sequence and so is convergent since X is complete. Let lim,_, o X, = u. Now

lim,_, o d(x,, F) = 0 gives that d(u, F) = 0. F is closed; therefore u € F. From (2.11), we have
lim |y, — X,|| =0,
n—oo

and it follows that lim,_, » ||yn — u|| = 0. This completes the proof. O

Finally, we prove the weak convergence of the iterative scheme (1.8) for two asymptotically nonexpansive nonself-
mappings in a uniformly convex Banach space satisfying Opial’s condition.

Theorem 2.6. Let X be a uniformly convex Banach space which satisfies Opial’s condition and C a nonempty closed convex
nonexpansive retract of X with P as a nonexpansive retraction. Let T1, T, : C — X be two asymptotically nonexpansive nonself-
mappings of C with sequences {k,}, {l,} C [1, co) such that Zﬁil(kn —1) < o0, Z,?i](ln -1 <00, ky— 1,1, > 1as
n — 0o, respectively, and F(T;) N F(T,) # @. Suppose that {«,} and {B,} are real sequences in [e, 1 — €] for some € € (0, 1).
Let {x,} and {y,} be the sequences defined by (1.8). Then {x,} and {y,} converge weakly to a common fixed point of T, and T>.

Proof. It follows from Lemma 2.2 that lim,_, » |X; — Tixp|| = limp— o [|Xn — T2Xs|| = 0. Since X is uniformly convex
and {x,} is bounded, we may assume that x, — u weakly as n — o0, without loss of generality. By Lemma 1.6, we
have u € F(T;) N F(T,). Suppose that subsequences {x,,} and {x, } of {x,} converge weakly to u and v, respectively. From
Lemma 1.6, u, v € F(T;) N F(Ty). By Lemma 2.1, lim,_, » ||, — u|| and lim,_, o ||X, — v]| exist. It follows from Lemma 1.7
that u = v. Therefore {x,} converges weakly to a common fixed point of T; and T,. Moreover, lim,_ . ||yn — Xn|| = 0 as
proved in Lemma 2.2 and x, — u weakly as n — o0, and therefore y, — u weakly as n — o0. This completes the proof of
the theorem. O
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