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Abstract

Wavelet shrinkage is a strategy to obtain a nonlinear approximation to a given signal. The shrinkage method is applied in different
areas, including data compression, signal processing and statistics. The almost everywhere convergence of resulting wavelet series
has been established in [T. Tao, On the almost everywhere convergence of wavelet summation methods, Appl. Comput. Harmon.
Anal. 3 (1996) 384-387] and [T. Tao, B. Vidakovic, Almost everywhere behavior of general wavelet shrinkage operators, Appl.
Comput. Harmon. Anal. 9 (2000) 72-82]. With a representation of f’ in terms of wavelet coefficients of f, we are interested
in considering the influence of wavelet thresholding to f on its derivative f. In this paper, for the representation of differential
operators in nonstandard form, we establish the almost everywhere convergence of estimators as threshold tends to zero.
© 2008 Elsevier Inc. All rights reserved.
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1. Introduction

The main purpose of this work is to consider the asymptotic behavior of estimators of differential operators via
wavelet thresholding when the thresholds tend to zero.

The wavelet representation of a function “automatically” places significant coefficients in a neighborhood of large
gradients present in the function due to the vanishing moments of wavelets. Based on this, wavelet shrinkage is a
strategy to obtain a nonlinear approximation to a given signal. The shrinkage method is applied in different areas,
including data compression, signal processing and statistics. When the soft or hard thresholding is applied, the re-
sulting wavelet shrinkage estimators possess asymptotic near-minimax optimality properties [1,8,10,11]. The almost
everywhere convergence and norm convergence of resulting wavelet series have been established in [16] and [17].

A question arises naturally: how does wavelet thresholding of a function f affect its derivative f’? To answer this
question, we first need to represent appropriately f” by making use of the wavelet expansion of f. In this paper, the so
called nonstandard form (NSF) of representation of certain operators, due to Beylkin, Coifman and Rokhlin [5], plays
an important role. The NSF may be constructed by Beylkin—Coifman—Rokhlin (BCR) algorithm. As well known, for
a wide classes of operators, the NSF leads to fast algorithms for matrix multiplications. We note that the NSF of many
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basic operators, among which are the differential operators, have been computed exact and explicitly [3—5]. Besides
NSF, two methods for reconstruction of some operators with wavelet approach have been developed. One is based
on the wavelet—vaguelette decomposition (WVD) [9] and the other is based on the vaguelette—wavelet decomposition
(VWD) [2]. There are some differences among them as explained below. With NSF one may represent, using the
wavelet coefficients of f, the operator with respect to the underlying wavelet basis and scale functions. However,
the WVD expands f” with the underlying wavelet basis, but not the wavelet coefficients of f. On the other hand,
while the VWD makes use of the wavelet coefficients of f, it expands f’ with an appropriate basis other than the
underlying wavelet basis. The wavelet thresholding estimators based on WVD and VWD are constructed in [9] and [2],
respectively.

In this paper, it is demonstrated that the approach of wavelet thresholding can be used for the NSF as well. More
precisely, we establish that, as the threshold tends to zero, the resulting NSF of f’ converges to f’ almost everywhere.

Before proceeding further with the main results, we introduce the notions concerning wavelet thresholding and
NSF of differential operator.

1.1. Wavelet thresholding estimator

Suppose that ¢ is an orthogonal scaling function, i.e., it satisfies the refinement equation

L—-1

p(x)=Y ho@x—k), xeR, (1.1)
k=0

and {¢(- — k)}; constitutes an orthonormal set in L (R). It is known that ¢ is supported on [0, L — 1]. Then an
orthogonal wavelet ¥ is constructed by

L—1

Y@ =) ae@x—k), gr=(=D*hp 1. (1.2)
k=0

By the term orthogonal wavelet we mean that the set {1/ j;x = 24124 (2). —k): j, k € Z} of functions is an orthonormal
basis for L (R).
Henceforth we assume that ¥ and ¢ are given as above. The wavelet representation of a function f is given by

f= Zdjklﬁjk, dix ={f, ¥ji)-
jk

For f € LP?(R), 1 < p < 0o, the above equality holds almost everywhere and in L” (R)-norm [13,16,17].
Definition 1.1. A function §(x, 1) : R x RT — R is called a thresholding rule, with the threshold A, if there exist
nonnegative constants a and b such that

|x = 8(x, V)| <ar (1.32)
and

|80, )| <BIXIX (1aj=2) (1.3b)
forall x € R and » € RT.

Examples of thresholding rules include hard thresholding, semisoft shrinkage and hyperbole rule, etc. With a
thresholding rule, the wavelet thresholding estimator of f is defined by

T.f(x) =) 8djr. NYjr(x), A>0. (1.4)
J.k
The series in (1.4) converges absolutely a.e. for any f € LP(R), 1 < p < 0o, and converges in L” (R)-norm for any

feLP(R), 1< p <oo.Further, T) f — f a.e. and in L? (R)-norm as A — 0. These results have been established in
[16,17].
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1.2. NSF of differential operator

For the construction of NSF of differential operator d /dx, we suppose that ¢’ € LP(R) and introduce the constants

+00
rz=/¢(x—l)<p’(X)dx, leZ. (1.5)

—00

Clearly, r; =0 for |/| > L — 2. We note that r;, [ € Z, may be computed by solving a system of linear equations, which
has a unique solution with a finite number of nonzero r; [3—5]. Moreover, let

+00 +o0 oo
o= f ¥ (x =Dy’ (x) dx, Br= / ¥ (x — D' (x) dx, y;:fw(x—l)lﬂ/(x)dx.

It follows from (1.1) and (1.2) that the constants {¢;}, {8;} and {y;} can be computed from {r;}. For example o; =

K20 o0 k8K k-
It is well known that the assumption ¢’ € L? implies the polynomial reproducibility of ¢ (see [7, p. 245])

Y ex—D=1, Y lpx—h=x—c, (1.6)
1 )

where c is a constant. By the construction we have the discrete vanishing moments

Yo=Y ly= > Ig= Y I'y=0 i=01 (1.7)

[lI<L-2 I<L-2 I<L-2 I<L-2

Given a function f € LP(R) (1 < p < 00) with f' € L4(R) (1 < g < 00), we define functions Sy f, J € Z, as
following

Sif=Y Z(I/fijj D ewdjir+vix2! Y Bisjaer+ o2l Z)/zdj,k—z), (1.8)
I I I

j<J k

where @i (x) = 211292 x — k), sik = {f, @jk). Under the condition of f, the convergence of series (1.8) both in
pointwise and L7 (R)-norm will be established in Theorem 1.2.

Moreover, we prove in Theorem 1.2 that, for f with f' € LY(R), 1 < g < o0, the sequence {S; f (x)}, converges
to f’(x) pointwise and in L4 (R)-norm as J — oo. With this fact, the NSF of operator d/dx is the following repre-
sentation

Tf=)). (Wikzj Y udjr+ 2 Y Bisik-+ o2 Y vid j,k—l)- (1.9)
ik I I I

We note that the NSF of the differential operator here is essentially the same as that given in [3-5], although it
seems that they are represented in different forms.

In practice, for dealing with n data, VWD algorithm requires O (n log® n) operations. However, a fast algorithm for
NSF needs only O (n) operations provided that the constants r;, «;, §; and y; are given.

We are interested in studying the estimation of f’ by thresholding with the NSF. Recall that 7}, f is given in (1.4).
The estimator 7, of differential operator via thresholding is given, at least formally, by 7, f = 7 (T f). This can be
represented formally as

Tf=)_ Z(w,jsz D s (djn—1. M)+ k2 Y Bisjar+ o2 Y visdji, x)), (1.10)
ik I I I

where §jx = (T f, ¢jk). We will demonstrate that 7, f is well defined. In fact, the convergence of (1.10) will be
established in Theorem 1.3.
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1.3. Main results

We state the main results in this subsection. The first one is about the convergence concerned with NSF of differ-
ential operator. Its proof is given in Section 2.

Theorem 1.2. Assume that the orthogonal scaling function ¢ € C(l) (R), the set of compactly supported functions with
continuous derivative on R. If f € LP(R), 1 < p < oo, f' € L1(R), 1 < g < 00, then the series (1.8) converges
absolutely and uniformly on R. Moreover, limj_ 100 Sy f (x) = f'(x) holds at any Lebesgue point x of f’ and holds
in LY (R)-norm. In other words, T f(x) = f'(x) holds at any Lebesgue point x of f' and holds in L (R)-norm.

The purpose of this paper is to establish the almost convergence of the estimator 7}, f in the following result. Its
proof is given in Section 3.

Theorem 1.3. Assume that the orthogonal scaling function ¢ € C(l) R). If feLP(R), 1< p<oo feli(R),
1 < g < o0, then for any A > 0, x € R, the series (1.10) converges. Moreover, for any Lebesgue point x of |’ we have

lim 7, /() = /(o). (1.11)

Remark 1.4. With similar arguments, we can establish the same results for operators d" /dx", where n € N, and
fractional derivatives.

2. Convergence of NSF

This section presents a proof of Theorem 1.2.
We first introduce the Hardy—Littlewood Maximal function,

1
M (x) =sup f | £ ()| dy.
>0 2T

ly—x|<t
The maximal function has an important property that |Mf | ;»®) < Cllfllzr@w) for 1 < p < oo. In this paper, the
constants ¢, C and C’ change from line to line.
If x is a Lebesgue point of f, then

|| < Mf(x). @2.1)

Recall that a point x € R is a Lebesgue point of a locally integrable function f(x) on R if lim;_,¢ % flyfx|< O =
Fx)ldy =0.

We say a function F'(x, y) on R? has a diagonal support, if there is a constant C such that F'(x, y) =0, Vx, y with
|x — y| > C. If F is a bounded function on R? and has a diagonal support, then for any x € R, there is a constant C
satisfying

sup 2f/f(y)F(2fx,2fy) dy' < CMf(x). (2.2)
j
R

The above results may be found in Section 2, Chapter III of [15].
For the proof of Theorem 1.2, it is convenient to introduce the expression

Prf) = en2" Y rissi.
k

l

For any x, there is only a finite number of k such that ¢ j; (x) # 0. Further, as known, there is also only a finite number
of [ such that r; # 0. The above series converges for any x € R. Moreover, Py f is a continuous function on R.
It is not difficult to establish the relationship that P; f = P;(Py f)’, where Py is the projection

Prf(x) =) (frpu)esk(x).

k
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Let v0(x) = dyne(x +1) and Ko(x,y) =Y, o(x — k)y%(y — k). Then Kg has a diagonal support. It is easily
seen that

Py fx) =2 / FOIKo(2'x.27 ) dy. 23)
R

Theorem 2.1. Suppose that the orthogonal scaling function ¢ € Cé R).If feLPR), fe LIR), 1 < p,q <00,
then at any Lebesgue point x of f', Py f(x) converges to f'(x) as J — oo. Further, the convergence occurs in
LI (R)-norm for 1 < g < 00.

Proof. The proof is a standard argument. We first give an integral expression of P, f. For ¥ given as above,
Jr¥°(x)dx =0by > r; = 0. Therefore, the function ¥ given by

wO) =— / vO(y) dy

is compactly supported. Let K1 (x, y) =), ¢(x — k)wO(y — k). It follows from (2.3) and integration by parts that

Prfx)=27 f F'OK1(27x,27y) dy. (2.4)
R

It is easily seen that K is a continuous function on R? and that K has a diagonal support. Then (2.2) tells us

sgp!??ff(x)\ SCMf'(x). (2.5)

Moreover, by the equality Z‘ l1<L—2lri=—11[5] we have

[swtway=¥ n [yemar- 3 nifomay== 3 ni [omay=1.
R R

& 1I<L—2 1I<L—2 I<L-2 R

Consequently, by the first identity in (1.6) we have fR Ki(x,y)dy =1, x € R. Which, together with (2.5), implies
the pointwise convergence and norm convergence stated in the theorem. The arguments are standard in approximation
theory (see, e.g., [13] and the references there). O

Proof of Theorem 1.2. First we show that the series in (1.8) converges absolutely and uniformly. Indeed, by Holder’s

inequality, |d k|, |sjx| < C 2/ (1/2=1/p") I 1l p, where p’ is the dual Holder exponent of p. The estimations tell us that

the magnitude of the summands in the series (1.8) are bounded by C2/U+1/P) " j < J.Consequently, the series (1.8)

converges absolutely and uniformly, as claimed. As a byproduct, we obtain the continuity of functions S; on R.
Now the proof may proceed as in [13]. Define functions as follow

Yo=Y ay+D, Y@= Y Bex+D, Y@= Y nyx+D.

<L=2 H<L—=2 [l<L=2

Let
q;(x.3) =Y (@Y ) + iV + @iV O)).-

k

It is easily seen that
Pisif —Pif =2 / fgC,y)dy=2 Z(lﬁjk D ewdjii+ ik Y Bisjk—i+ ik Y )/zdj,k—1>,
R k I 1 !

and consequently, for any integer M < J,
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Prf—Puf= /f(y) > 2gi¢.ydy

MLj<J

=y Z(I/f]kZJZazd,k 1+%k2’Zﬁ1S1k l+§0]k2]Z7/ld1k 1)

M<j<] k

It follows from (2.4) that, for g < oo, limpy/— — oo | Py f | ¢ >0, where, as above, ¢’ is the dual Holder exponent

of g. This means that the series in (1.8) converges to Py f in LY (R)-norm. Now that its pointwise convergence has
been established, it converges to Py f a.e. As known, both P; f and S; are continuous functions, so we conclude

Sifx)=Prf(x), VxeR. (2.6)

The proof is complete by Theorem 2.1. O
3. Convergence of wavelet thresholding estimator

This section gives a proof of Theorem 1.3.

We first make an observation for the decay of the wavelet coefficients, which is key to our study. For any x and j,
there is a finite number of k such that ¢ (x) # 0, or ¥ i (x) 7& 0. In fact, @i (x) #0, or ¥ i (x) # 0 only for those k
which satisfies 2/x — (L — 1) < k < 2/x. Note that oy = f; = y; = 0 for any [ with |I| > L — 1. Therefore, for any x
and j, only the coefficients dj; and s;;, where i € I (x, j) := [21x — (2L -3), 2/x + L —2]NZ, are involved in (1.9)
and (1.8). The observation is for a constant C

|dji| <C2732Mf'(x), Vjandiel(x,)). 3.1

The estimation follows by integrating by parts: |d;;| =277 |(f’, gji)| with g(x) = [ v @ dt.

The most subtle consideration is about the series » i~ ; > ¥k (x)2/ 37, BiSj k—1. For our purpose, we make use
of results concerned with subdivision schemes. Let £(Z) be the space of sequences of real numbers. The subdivision
operator S is defined by S : u — y = Su by

Yk = th—ztui, keZ,
i
where hi, k=0,1,..., L — 1, are the coefficients in refinement equation (1.1). The subdivision operator is closely
related to the reconstruction stage in wavelet based fast algorithm

1 1
Sj+1k = 7 th—ZiSji + 7% ng—2i dji.
; i

Lemma 3.1. For any function f € LP(R), 1 < p < 0o and any j| < jo, k € Z, we have the following implication
dji=0, Vji<j<j, i€ [k/z./z—] —(L-1), k/2/2_-/] NZ = spr= 2—(./2—/1)/2(54/2—/1 (Sjl))k’

where s; = (s;);-

Proof. By the construction of subdivision operator S, it is easily seen that the output number y; = (Su); only depends

on the input numbers u;, i € [(k — L + 1)/2, k/2] N Z. Therefore, from the reconstruction stage we deduce that, for
any k € Z, sj+1,x depends on the numbers s;;, dj;, i € [(k — L +1)/2,k/2] N Z. Consequently,

djj=0 Vie[(k—L+1)/2,k/2]NZ = S(s7)),-

1
Sj+lk = %(
In this case, 51,k is determined by the numbers s;, i € [(k — L +1)/2, k/2] N Z. The proof is complete by applying
the fact above iteratively to the numbers s j;, where

j=jo—1,jo—2,..., ], i€k — (12270 . +1/2)(L = 1), k2277 |nZ. O
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Lemma 3.2. Suppose that the orthogonal scaling function ¢ € Cé R), feLPR), I<p<oo ffeLi(R), 1<
q < oo and J is an integer. For any j > J, k € Z, let 5j; = (Py f, @j). Then the series Zj>JZk |wjk(x)2j X
> 1 BiS;j k—1| converges. Furthermore, there is a constant C, independent of f, such that for any J and f with Lebesgue
point x of f’

DD W2 Y Bk

=Tk 1

< CMF (x).

Proof. Recall that 2 is defined in the proof of Theorem 1.2. We know from (1.7) that y2 has two vanishing moments:
Jr V2 dy = [ y¥?(y)dy = 0. Therefore the compactly supported function ¥2(x) = — [*__ y%(y)dy satisfies
(¥?) = 2 and has one vanishing moment i, ¥?(x) dx =0.

As ¢’ € Co(R), it is known that ¢’ has a positive Holder exponent o (see [12]). In other words, the modulus of
continuity w(¢’, h) of ¢’ satisfies w(¢’, h) = O(h°), h — 0. Furthermore, for any f € L?(R), it is easily seen that
(P f) =3, sik23/2¢ (27 - —k) also has the Holder exponent o: @ ((P; f)', h) = O(h°), h — O*.

On the other hand, integrating by parts we have

2/ Z Bisjk—1=((Psf), ‘I/fk),
]

where ¥ jzk =2/2g2(2]. —k). As mentioned, ¥? has compact support and one vanishing moment and w ((Py f)', h) =
O (h?), we have |((Py f), llszk)| < €277 1/240) Recall again that, for any j, ¥ 1 (x) # 0 only for a fixed number of k.
Therefore, the series 3 ;- ; > |¥jx(x)2/ 3, Bi3j k1| is bounded by C 3" ;- ; 2777 and, consequently, it converges
for any x € R.

Moreover, as (P f)’ is continuous on R, an application of Theorem 1.2 to Py f yields T (P f)(x) = (Py f) (x).
Note (Py f, ¥jx) =0 for any k € Z, j > J. Combining these with (2.6) we obtain

DD W02 Y Bkt = (Prf) (X) = S5 f(x) = (Pr f) (x) = Py f(x). (3.2)

=Tk I

We consider now the function (Py f)'. Let Ka(x, y) =), ¢'(x —k)@(y — k). Clearly, K> has a diagonal support.
For any x, as a compactly supported function, K (x, -) has one vanishing moment: fR K>(x, y)dy = 0. Therefore, the
function G(x, y) := fioo K> (x, s5)ds has a diagonal support.

By definition, we have (P; f)'(x) =2% [, f(y)K2(27x,2/y)dy. It follows from the definition of G (x, y) that

x+c2~7
(P f) (x)=2% / (f) = F))K2(27x, 27 y) dy =27 / FMG(27x,27y)dy.
x—c2—7 R

Therefore there is a constant C satisfying |(Py f) (x)| < CMf’(x) provided that x is a Lebesgue point of f’. The
proof is complete by (2.5) and (3.2). O

The following result plays an important role in proof of Theorem 1.3.

Lemma 3.3. Suppose that the orthogonal scaling function ¢ € Cé R).IffeLPR),1<p<oo, ffelIR), 1<
q < 00, then the series (1.10) converges for any A > 0, x € R. Moreover, if we define a maximal function as following

Mf(x)=iup0|7xf(x)|, (3.3)

then there is a constant C, independent of f, satisfying

Mf(x) <CMf'(x). (3.4)
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Proof. Without loss of generality we suppose that x satisfies M f(x) < oo. With C given as in (3.1), we choose J > 0
such that /2 < C273//2M f'(x) < A. Accordingly, we split the series in the right-hand side of (1.10) into two parts
I and I, where

=y Z(w,k(x)szazw,k I x)+wjk(x>2f2ﬂzs,k z+¢,k(x>2'2yza<d,k I A))

j<J k
and
L=y Z(w,k<x>212azs(d,k 1,A>+w,k(x)2f2ﬂzs,k 1+¢,k<x)212y18(d,k m)
j=J k

The proof will be complete by the following two steps.

Step 1. We first prove the convergence of the series in 17 and |I;| < CMf’(x). By construction, the series in I; is
exactly S;T;, f(x). Its convergence has been obtained by Theorem 1.2. As known in (2.6), S;T;. f(x) = Py T, f (x).
It remains to establish |P; T; f (x)| < CMf'(x).

By the definition of P; we know that P; f =P;(P; f) for any f € L?(R). Therefore, it follows from (2.5) that

1Py flloe = | Pr(Pr )] o, <ClPrAY - (3.5)
We will apply the above inequality to Ty f — f. Clearly, | Py (T3 f — f)lloo < C27/24 by (3.8). Then a Bernstein in-
equality implies that || (P; (T5, f — 1)) lloo < C237/2), (see, e.g., [14, Section 5 in Chapter II]). An application of (3.5)
to T f — [ yields [Py (T f — f)lloo < C237/20 < C'Mf'(x). Therefore, [Py T, f (x)| < C'Mf'(x) + [Py f (x)] <
CMf'(x), where the second inequality holds by (2.5), as desired.
Step 2. We prove the convergence of the series in I and |I| < CMf’(x). It follows from (3.1) that
8(dji,\) =0, Vj=J, iel(x,]). (3.6)
We easily obtain

> Zw,k(x)szoua(d,k L= Zw,m)szms(d,k 1) = 3.7)

i=J ok i=l ok

However, the estimation for > 5, >, ¥ k(x)27 3", BiSjk— is much more involved. Recall that P, f =
> esikesk and Py(Ty f) =), Ssk@ i are the projections of f and Tj, f, respectively. By (1.3a) we have

DY (3@ v —di) vk

j<J k

|PH(T.f) = (Prf)| o = <Y =2, (3.8)

j<J

e¢]

where the inequality holds due to the compact support assumption on . This together with the stability of the shifts
of ¢ implies
[Sjk —syr]l S CA, VkelZ.
AsinLemma3.2,denote 5;; = (Py f, ¢;;) and 5; = (5;;); for j > J. Note that the wavelet coefficient (P f, i) =
Oforany j > J,i € Z. An application of Lemma 3.3 to function Py f yields that §;; = 2=U=N/I2(§i=7 (51)); for any

keZ.
We now consider §; = (5j;);, j > J. Let jo = j, j1 = J. Equality (3.6) implies that the wavelet coefficients

(T f, ¥ ji) satisfy
(T fo W) =0, VJI<j <jie[@x—2L+3)/277 —(@L—-1),(2x+L-1)27]nZ,
Applying Lemma 3.1 to function T;, f, we have §jx =2~V =//2(S/=7(§,)), for any k € I (x, j).

Finally, §jx — §jx =2~ G=DI12si=7 (5, —S]))k forany j > J, ke I(x, ).
Since Zl I'g=0fori=0,1 (see (1.7)) and ¢’ is continuous on R, we conclude that
“UTDR(SIT G, —sp)

- _§j,k—l) = k—1I

C21=0U=N=U=DR 5, —sp)|
o

<
<20 U=DI2y i > g, kel (x, ),
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where t is a positive constant, see, e.g., [6]. Therefore,

Z Z Z ZCz3j/22(—1—r)(}'—])z—(j—J)/Z)L < C/23J/2)\.

i=J k i=J ok

I/f]k(x)2jz,31(sjk 1 —5jk-1)| <

This together with Lemma 3.2 and (3.7) yields the convergence of the series and |I| < CMf'(x). O
We are now in a position to prove Theorem 1.3.

Proof of Theorem 1.3. For any ¢ > 0, since f' € L7(R) and x is a Lebesgue point of f’, we can find a function
g € Cg°(R) for which M(f’ — g')(x) < Ce. As g € C°(R), we know from [14, Section 7 in Chapter III] that P, g
and (Pyg)’ converge uniformly to g and g’ on R respectively as J — oo. On the other hand, it is easily seen that, for
some constant C,

|Prg(x)| <C272glla,  |(Prg) ()] < C2¥7%)gla, Vx eR.

Consequently, both P;g and (P;g) converge uniformly to 0 on R as J — —oo. Therefore, there are inte-
gers J; < Jo such that the function & := P41 — Py, g satisfies |g — hlloo < € and [[(g — h) |loc < €. Clearly,
h=73 1 <j<n 2kezbjk¥jk, where bjx = (g, ¥ k). Since g is a compactly supported function, there are only fi-
nitely many nonzero wavelet coefficients b in above equality. Consequently, M (g — h)'(x) < Cll(g — h) [lo < Ce
It in turn gives M (f — h)'(x) < Ce.

Byhe C(I) (R) and Theorem 1.2, Th(y) = h’(y) for any y € R. Therefore,

T f ) = [ <|Tf () = T(f =) 0) = Tho)| + | Tl f = o)| + [ f/(x) = 7' (x)].

Forany A > 0, |Z,.(f —h)(x)] < CM(f —h)'(x) < Ce by Lemma 3.3. For the third term, we have | f'(x) —h'(x)| <
M (f —h)'(x) < Ce by (2.1). For the estimate of the first term, let f; := T, f — To.(f —h) — h. As (f2)’ is continuous
on R, and x is a Lebesgue point of both f and f — h, it follows from Theorem 1.2 and Lemma 3.3 that

T /i) =T f ) = T(f — ) (x) = Th(x).
We now bound Tf;\ (x). For any j > J,, we have by bj; =0 (Vk € Z) that
(fir Vi) =0(djx, \) —8djk —bjx, \) —bjr =06(djx, ) —8(djr,\) =0, VkelZ.
This tells us that f, = P ) f3,» and which in turn, together with (1.3a) implies that, for any y € R,

|fx(y)|=‘ > Z (8(djr, 2) — djx) = (8(djk — bj, 2) = (djx — b)) ) ¥k (¥)

h<ish

<Ch Yy Z|w,k<y>|

h<ish

where C is independent of y.

As in the proof of Lemma 3.3, a Bernstein inequality yields that [|(f3)'[lcc < C272A. It follows from Lemma 3.3
that |7 fA (x)] < €272 (see also, e.g., [14, Section 5 in Chapter I1]), which can be made less than any positive number
by choosing A sufficiently small. The proof of the theorem is complete. 0O
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