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The β-decay half-lives of neutron-rich nuclei with 20 � Z � 50 are systematically investigated using
the newly developed fully self-consistent proton–neutron quasiparticle random phase approximation
(QRPA), based on the spherical relativistic Hartree–Fock–Bogoliubov (RHFB) framework. Available data
are reproduced by including an isospin-dependent proton–neutron pairing interaction in the isoscalar
channel of the RHFB + QRPA model. With the calculated β-decay half-lives of neutron-rich nuclei a
remarkable speeding up of r-matter flow is predicted. This leads to enhanced r-process abundances of
elements with A � 140, an important result for the understanding of the origin of heavy elements in the
universe.

© 2013 Elsevier B.V. All rights reserved.
Nuclear β-decay plays an important role not only in nuclear
physics but also in other branches of science, notably astrophysics
and particle physics. In nuclei the investigation of β-decay pro-
vides information on the spin and isospin dependence of the ef-
fective nuclear interaction, as well as on nuclear properties such
as masses [1], shapes [2], and energy levels [3]. In nuclear astro-
physics β-decay half-lives set the time scale of the rapid neutron-
capture process (r-process), and hence determine the production of
heavy elements in the universe [4–6]. In particle physics β-decay
was used to obtain the first experimental evidence of parity viola-
tion [7], and can be utilized to verify the unitarity of the Cabibbo–
Kobayashi–Maskawa (CKM) matrix [8,9].

Important advances in the measurement of nuclear β-decay
half-lives have been achieved in recent years with the develop-
ment of radioactive ion-beam facilities, especially for nuclei near
the neutron shell closures of 50 and 82 [10–12]. Quite recently
β-decay half-lives of very neutron-rich Kr to Tc isotopes with neu-
tron number between N = 50 and 82 have been measured [13].
The new experimental results indicate a systematic deviation from
half-lives predicted by standard calculations based on the finite-
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range droplet model (FRDM) plus quasiparticle random phase ap-
proximation (QRPA) [14]. The impact of newly measured β-decay
half-lives on the r-process nucleosynthesis has been investigated
in Ref. [15], and it has been shown that the main effect is an
enhancement in the abundances of isotopes with mass number
A = 110–120, relative to abundances calculated using β-decay
half-lives estimated with the FRDM + QRPA.

Most neutron-rich nuclei relevant for the r-process are still out
of experimental reach and, therefore, r-process calculations are
based on theoretical predictions for β-decay half-lives. Theoretical
investigations of the nuclear β-decay started in the 1930’s with the
famous Fermi theory [16]. Two types of microscopic approaches
are nowadays mainly used in large-scale calculations of nuclear
β-decay half-lives: the shell model and the proton–neutron QRPA.
Specifically, the shell model has been applied to studies of β-decay
half-lives for nuclei at neutron number N = 50,82,126, and the
experimental half-lives are reproduced by calculations [6,17,18].
However, shell-model calculations for heavy nuclei away from the
magic numbers are not feasible yet because of extremely large con-
figuration spaces. Compared to this approach, the proton–neutron
QRPA can be applied to arbitrary heavy systems. Nuclear β-decay
calculations have been carried out using the QRPA based on the
FRDM [14], the extended Thomas–Fermi plus Strutinsky integral
(ETFSI) model [19], the Skyrme Hartree–Fock–Bogoliubov (SHFB)
model [20], and the density functional of Fayans (DF) [21].
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Covariant density functional theory (CDFT) has been applied
very successfully to the description of a variety of nuclear struc-
ture phenomena [22–24]. The CDFT framework naturally includes
the nucleon spin degree of freedom, and the resulting nuclear
spin–orbit potential automatically emerges with the empirical
strength, thus producing a good agreement with the experimental
single-nucleon spectrum [25]. Based on the relativistic Hartree–
Bogoliubov (RHB) model in the CDFT framework, the QRPA has
been formulated [26] and employed in the calculations of β-decay
half-lives of neutron-rich nuclei in the regions of N ≈ 50 and
N ≈ 82 [27,28].

To reliably predict properties of thousands of unknown nu-
clei relevant to the r-process, the self-consistency of the QRPA
approach is essential. Only recently the fully self-consistent rela-
tivistic RPA has been formulated based on the relativistic Hartree–
Fock (RHF) theory [29]. The RHF + RPA model produces results
in excellent agreement with data on the Gamow–Teller (GTR)
and spin-dipole resonances in doubly magic nuclei, without any
readjustment of the parameters of the covariant energy den-
sity functional [29,30]. Recently also the relativistic Hartree–Fock–
Bogoliubov (RHFB) theory has been developed, thus providing a
unified description of both mean field and pairing correlations [31,
32].

In this Letter we report the implementation of a fully self-
consistent proton–neutron QRPA for spherical nuclei, based on the
RHFB theory [31,32], and its first systematic application in calcula-
tions of β-decay half-lives of neutron-rich nuclei with 20 � Z � 50,
extending over the whole r-process path from N = 50 to N = 82.
The effect on r-process nucleosynthesis simulations is also investi-
gated using the classical r-process model.

The details of the QRPA formalism in the canonical basis can
be found in Refs. [20,26]. In the RHFB + QRPA model both the
direct and exchange terms are taken into account, so the matrix el-
ements of the particle–hole (p–h) V ph and particle–particle (p–p)
V pp residual interactions read, respectively,

V ph
pnp′n′ =

∫ ∫
dr1 dr2 f +

p (r1) f +
n′ (r2)

∑
φi

Vφi (1,2)

× [
f p′(r2) fn(r1) − fn(r2) f p′(r1)

]
, (1)

V pp
pnp′n′ =

∫ ∫
dr1 dr2 f +

p (r1) f +
n (r2)

∑
T =1,0

V T (1,2)

× [
fn′(r2) f p′(r1) − f p′(r2) fn′(r1)

]
. (2)

p, p′ , and n,n′ denote proton and neutron quasiparticle canonical
states, respectively, and φi and T denote corresponding coupling
channels. f p(n) are canonical wave functions extracted from the
RHFB calculations.

Because of the presence of exchange terms, the proton–neutron
QRPA interaction contains terms generated not only by the isovec-
tor meson exchange (ρ and π ), but also by the exchange of
isoscalar mesons (σ and ω). As in Ref. [29], the pionic zero-range
counter term introduced to remove the contact part of the pseu-
dovector π -N coupling, reads

Vπδ(1,2) = g′
[

fπ
mπ

�τγ0γ5γ

]
1
·
[

fπ
mπ

�τγ0γ5γ

]
2
δ(r1 − r2), (3)

where the self-consistency of the model requires g′ = 1/3. For the
isovector (T = 1) p–p channel the pairing part of the Gogny force
D1S [33] is consistently used both in the RHFB and QRPA calcu-
lations. For the isoscalar (T = 0) proton–neutron pairing in the
QRPA we employ a similar interaction that was previously used
in Refs. [20,27,28]:
V T =0(1,2) = −V 0

2∑
j=1

g je
−[(r1−r2)/μ j ]2∏̂

S=1,T =0
, (4)

with μ1 = 1.2 fm, μ2 = 0.7 fm, g1 = 1, g2 = −2. The operator∏̂
S=1,T =0 projects onto states with S = 1 and T = 0. V 0 is the

overall strength of the T = 0 proton–neutron pairing. Experimental
evidence for T = 0 proton–neutron pairing is supported by recent
studies of the level structure of 92Pd [34], and the high-spin isomer
in 96Cd [35].

With the individual transition strengths Bm obtained from
QRPA calculations, the β-decay half-life of an even–even nucleus
is calculated in the allowed Gamow–Teller approximation using the
expression:

T1/2 = D

g2
A

∑
m Bm f (Z , Em)

, (5)

where D = 6163.4 ± 3.8 s and g A = 1. The sum runs over all final
states with an excitation energy smaller than the Q β value. The
integrated phase volume f (Z , Em) can be written as

f (Z , Em) =
Em∫

me

pe Ee(Em − Ee)
2 F0(Z , Ee)dEe, (6)

where pe , Ee , and F0(Z , Ee) denote the momentum, energy,
and Fermi function of the emitted electron, respectively [6]. The
β-decay transition energy Em , that is, the energy difference be-
tween the initial and final state, is calculated using the QRPA:

Em = �np − EQRPA, (7)

where EQRPA is the QRPA energy with respect to the ground-state
of the parent nucleus and corrected by the difference of the neu-
tron and proton Fermi energies in the parent nucleus [20], and �np

is the neutron–proton mass difference.
Nuclear β-decay half-lives are very sensitive to the T = 0

proton–neutron pairing interaction, and its strength V 0 is deter-
mined by adjusting QRPA results to empirical half-lives [20,27,28].
Taking 70Fe and 130Cd as reference nuclei for the two mass re-
gions, the value of V 0 is determined as 155 MeV and 255 MeV,
respectively. Using these two values, the calculated half-lives of Fe
and Cd isotopes are shown in Fig. 1. For comparison, the experi-
mental values and the results of a calculation without the T = 0
pairing are also displayed. One notices that the β-decay half-lives
calculated without the inclusion of T = 0 pairing are systemati-
cally much longer than the experimental half-lives, both for Fe
and Cd isotopes. In previous studies a constant value of V 0 was
taken for one isotopic chain or one mass region, determined by
adjusting to the known half-lives of selected nuclei in the isotopic
chain [27], or several nuclei in the same mass region [20]. This
procedure, of course, limits the predictive power of the model.
Moreover, as shown in Fig. 1, when V 0 is determined by the
β-decay half-life of 130Cd the calculated results underestimate the
half-lives of 118,120,122Cd. This indicates that the half-lives of an iso-
topic chain cannot always be reproduced using a constant value
V 0, and points out to a possible isospin-dependence of V 0. In the
present work, therefore, we employ the following ansatz for an
isospin-dependent pairing strength:

V 0 = V L + V D

1 + ea+b(N−Z)
, (8)

and adjust the parameters to reproduce the known half-lives of
even–even nuclei with 20 � Z � 50, and N − Z in the range
8 � N − Z � 36. The resulting values: V L = 134.0 MeV, V D =
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Fig. 1. (Color online.) Nuclear β-decay half-lives of Fe (left) and Cd (right) isotopes, calculated with the PKO1 effective interaction [36], compared to the experimental val-
ues [10]. Open triangles, diamonds, and squares denote values obtained using the RHFB + QRPA with the strength parameter of the T = 0 pairing: V 0 = 0,155, and 255 MeV,
respectively. The RHFB + QRPA values obtained with the V 0 of Eq. (8) are denoted by open circles.

Fig. 2. (Color online.) Contour maps of β-decay half-lives for the Z = 20–50 even–even nuclei. The experimental half-lives [10,13] and the RHFB + QRPA results obtained with
the effective interaction PKO1 are shown in the right (a) and left (b) panels, respectively. For reference, the r-process path calculated with the relativistic mean-field (RMF)
mass model [38] is also included in the maps.
121.1 MeV, a = 8.5, and b = −0.4 are used in the calculation of
β-decay half-lives for nuclei in the interval 8 � N − Z � 50.

With the isospin-dependent strength Eq. (8) of the proton–
neutron pairing interaction, the calculated β-decay half-lives of
both the Fe and Cd isotopic chains are in excellent agreement with
data. In the next step we proceed to calculate the half-lives of
even–even nuclei with 20 � Z � 50 using the RHFB + QRPA model,
and compare the theoretical values to data in Fig. 2. Even though
a wealth of new data on nuclear β-decay half-lives have been
obtained in recent years, only few measurements can reach the
r-process path, especially for r-process nuclei around N = 82. The
present RHFB + QRPA calculation yields results in good agreement
with the data, in particular for nuclei with half-lives T1/2 < 1 s.
Only an overestimation of half-lives for Ni, Zn, and Ge isotopes
near the stability line is noticed. The longer half-lives predicted
for Ni isotopes is a common problem in self-consistent relativistic
QRPA calculations [27,28]. For Zn and Ge isotopes, the differences
between present results and the experimental values are remark-
ably reduced as the neutron number increases. Taking 84Ge for
example, the theoretical result is 1.3 s, rather close to the experi-
mental value: 0.954 ± 0.014 s.

In Fig. 3, the calculated β-decay half-lives of a sequence of
Cd isotopes using the RHFB + QRPA approach are displayed in
comparison with measured values and previous theoretical results.
One notices that the RHFB + QRPA model reproduces in detail the
empirical β-decay half-lives, whereas the RHB + QRPA [27] and
SHFB+QRPA [20] calculations that used a constant proton–neutron
Fig. 3. (Color online.) Nuclear β-decay half-lives of Cd isotopes calculated in the
RHFB + QRPA framework using the isospin-dependent proton–neutron pairing in-
teraction, and the effective interaction PKO1. For comparison, the experimental val-
ues [10], as well as the theoretical results obtained in the RHB + QRPA model with
the effective interaction DD-ME1∗ [27], the SHFB + QRPA calculation with the effec-
tive interaction SkO′ [20], and the FRDM + QRPA calculation [14], are also shown.

pairing strength cannot yield the appropriate isospin dependence
of β-decay half-lives. The global FRDM+QRPA calculation [14] sys-
tematically overestimates the measured half-lives of Cd isotopes.
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Fig. 4. (Color online.) The impact of nuclear β-decay half-lives on the r-matter flow. The solid (dashed) curves correspond to r-process abundances calculated with the
RHFB + QRPA (FRDM + QRPA) β-decay half-lives in comparison to the data denoted by the points. The dotted curves are the same as the dashed curves but with half-lives
of 130Cd and 134Sn replaced by the corresponding RHFB + QRPA results. In all calculations, nuclear masses are taken from the mass evaluation [10] if available, otherwise
predictions of RMF mass model [38] are employed. Panels (a)–(d) correspond to the neutron irradiation times τr = 1.5,2.0,2.5, and 3.0 s, respectively.
It has been pointed out that the overestimation of half-lives in
the FRDM + QRPA approach can at least partially be attributed
to the omission of the T = 0 pairing [20]. This seems to be fur-
ther confirmed in this work as the half-lives are systematically
reduced with the inclusion of T = 0 pairing. For Cd isotopes with
N � 90, however, the FRDM + QRPA calculation yields shorter half-
lives than the RHFB + QRPA. The FRDM predicts a shape transition
from the spherical 136Cd to the deformed 138Cd with quadrupole
deformation β2 = 0.125. This may indicate the shorter half-lives
for Cd isotopes with N � 90 obtained in the FRDM + QRPA are
due to the effect of nuclear deformation, which is not included
in the present calculation. Similar systematics are also found for
the Zr, Mo, Ru, Pd isotopes where shape transitions occur. How-
ever, it should be noted that a recent QRPA calculation that used a
Skyrme interaction has shown the opposite trend [37]. Therefore,
it will be interesting to include deformation degrees of freedom
into the self-consistent QRPA calculations and study their effects
on β-decay half-lives in the future.

To analyze the impact of the predicted β-decay half-lives on
r-process abundances, we have also performed a classical r-process
calculation similar to those of Refs. [39,40]. In this model, seed-
nuclei (Fe) are irradiated by neutron sources of high and continu-
ous neutron densities nn over a timescale τr in a high temperature
environment (T ∼ 1 GK). As in Ref. [41], the components with
neutron density nn = 1022–1024 cm−3 are used to investigate the
impact of β-decay half-lives on the r-matter flow. The weight ω of
each r-process component follows exponential relation on neutron
density nn:

ω(nn) = a × nb
n. (9)

The parameters a = 0.6435 and b = 0.0411 are taken from the
calculations in Ref. [40]. The abundances for each r-process compo-
nent are calculated within the waiting-point approximation. In this
model, the abundance distribution in an isotopic chain is given by
the Saha equation and is entirely determined by neutron separa-
tion energies for a given temperature T (in this work, T = 1.5 GK)
and a neutron density nn . The nuclear β-decay rates control mat-
ter flow between neighboring isotopic chains. Therefore, in this
model, the r-process path is only dependent on nuclear masses,
Table 1
The half-lives of r-process bottleneck nuclei near N = 82 predicted by RHFB + QRPA
and FRDM + QRPA approaches. For comparison, the experimental values [10] are
also shown if available.

Nucleus Half-life (s)

RHFB + QRPA FRDM + QRPA Exp.
124Mo 0.0108 0.0106 –
126Ru 0.0205 0.0342 –
128Pd 0.0486 0.1251 –
130Cd 0.1685 1.1232 0.162 ± 0.007
134Sn 0.7530 3.5410 1.050 ± 0.011

from which neutron separation energies are determined. In this
work, nuclear masses are taken from the mass evaluation [10] if
available, otherwise predictions of RMF mass model [38] are em-
ployed. The corresponding r-process path is shown in Fig. 2.

In Fig. 4, we display four snapshots of r-process abundances at
different neutron irradiation times τr . One notices that the half-
lives calculated with RHFB + QRPA model (solid curves) produce a
faster r-matter flow in the N = 82 region, and thus yield higher
r-process abundances of nuclei with A � 140. To understand this
difference, the half-lives of nuclei forming the major bottlenecks
of the r-matter flow (r-process bottleneck nuclei) near N = 82
are given in Table 1. Clearly, the experimental half-lives of 130Cd
and 134Sn are better reproduced by RHFB + QRPA approach, while
the FRDM + QRPA approach remarkably overestimates these half-
lives. By merely replacing half-lives of 130Cd and 134Sn in the
FRDM + QRPA approach by the corresponding RHFB + QRPA re-
sults, the calculated r-process abundances are shown by the dotted
curves in Fig. 4. It is clear that the differences of the calculated
abundances are mainly due to the differences of predicted half-
lives of 130Cd and 134Sn between RHFB + QRPA and FRDM + QRPA
approach. Furthermore, if we replace the FRDM + QRPA half-lives
of all nuclei in Table 1 by the corresponding RHFB + QRPA re-
sults, almost the same abundances are obtained for nuclei around
and beyond the second abundance peak. Moreover, by summing
up the half-lives of r-process bottleneck nuclei near N = 82, one
can roughly estimate the time when the r-process passes the
second abundance peak. Based on the RHFB + QRPA results this
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time is speeded up to 1.00 s, from the 4.83 s predicted by the
FRDM + QRPA calculation. This is an important result for the es-
timate of the duration of the r-process, and hence the origin of
heavy elements in the universe. In addition, using the RHFB+QRPA
results, higher abundances are found at A ∼ 80. This can easily be
understood because it takes more time to pass the r-path nuclei
78Ni and 80Zn and, as a result, higher abundances are accumulated.

In summary, we have introduced a fully self-consistent proton–
neutron quasiparticle random phase approximation (QRPA) for
spherical nuclei, based on the relativistic Hartree–Fock–Bogoliubov
(RHFB) framework. By employing an isospin-dependent proton–
neutron T = 0 pairing interaction, the RHFB + QRPA model has
been applied to a study of β-decay half-lives of neutron-rich nuclei
with 20 � Z � 50, extending over the entire r-process path from
N = 50 to N = 82. It has been found that the RHFB + QRPA calcu-
lations reproduce the experimental β-decay half-lives for neutron-
rich nuclei, especially for nuclei with half-lives less than one
second. Using the calculated β-decay half-lives of neutron-rich nu-
clei a remarkable speeding up of r-matter flow has been predicted.
This leads to an enhancement of r-process abundances of ele-
ments with A � 140. It should be pointed out that the speeding
up of r-matter flow mainly results from shorter half-lives of r-path
nuclei close to N = 82, which are spherical or nearly spherical.
Therefore, the spherical approximation in this work does not in-
fluence our key conclusions. Of course, to quantitatively reproduce
the r-process abundances in the whole region the deformed QRPA
approach should be employed, and we leave this further refine-
ment for future consideration.
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