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Abstract

We continue to investigate various diagonalization properties for sequences of open covers
of separable metrizable spaces introduced in Part 1. These properties generalize classical ones of
Rothberger, Menger, Hurewicz, and Gerlits—Nagy. In particular, we show that most of the properties
introduced in Part I are indeed distinct. We characterize two of the new properties by showing
that they are equivalent to saying all finite powers have one of the classical properties above
(Rothberger property in one case and in Menger property in the other). We consider for each
property the smallest cardinality of a metric space which fails to have that property. In each case
this cardinal turns out to equal another well-known cardinal less than the continuum. We also
disprove (in ZFC) a conjecture of Hurewicz which is analogous to the Borel conjecture. Finally,
we answer several questions from Part I concerning partition properties of covers.

Keywords: Rothberger property C”; Gerlits—Nagy property -y-sets; Hurewicz property; Menger
property; y-cover: w-cover: Sierpirfiski set; Lusin set
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0. Introduction

Many topological properties of spaces have been defined or characterized in terms
of the properties of open coverings of these spaces. Popular among such properties
are the properties introduced by Gerlits and Nagy [6], Hurewicz [7], Menger [12], and
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Sin(I, 1) Sin(1 2) Sin (1, A) Sin (1, O)
Sin(12,17) Sin(£2, £2) Sin (12, 4) Si(£2,0)
—_—— e ] L _||
Sen(4, 1) Sin(A, £2) ——:—» Sin(4, 4) Sen(4,0)
S R
|
Sﬁn(07 F) Sﬁn(ov Q)

Sﬁn(o7 A) __—i—’ Sﬁn(oy O)

Fig. 1. Basic diagram for Sn.

Rothberger [14]. These are all defined in terms of the possibility of extracting from a given
sequence of open covers of some sort, an open cover of some (possibly different) sort.

In Scheepers [16] it was shown that when one systematically studies the definitions
involved and inquires whether other natural variations of the defining procedures produce
any new classes of sets which have mathematically interesting properties, an aesthetically
pleasing picture emerges. In [16] the basic implications were established. It was left open
whether these were the only implications.

Let X be a topological space. By a “cover” for X we always mean “countable open
cover”. Since we are primarily interested in separable metrizable (and hence Lindelof)
spaces, the restriction to countable covers does not lead to a loss of generality. A cover U
of X is said to be

(i) large if for each z in X the set {U € U: = € U} is infinite;
(1) an w-cover if X is not in U and for each finite subset F' of X, there is a set
U € U such that F C U;

(iii) a «y-cover if it is infinite and for each x in X the set {U € U: = ¢ U} is finite.

We shall use the symbols O, A, 2 and I" to denote the collections of all open, large,
w and y-covers, respectively, of X. Let A and B each be one of these four classes. We
consider the following three “procedures”, S;, Sg, and Ug,, for obtaining covers in B
from covers in A:

(i) Si(A, B): for a sequence (Un: n = 1,2,3,...) of elements of A, select for each n
a set U, € U, such that {U,: n=1,2,3,...} is a member of B;
(i1) San(A, B): for a sequence (U,: n = 1,2,3,...) of elements of A, select for
each n a finite set V,, C U, such that UZ"ZI V, is an element of B;
(iii) Ugn(A, B): for a sequence (U,: n = 1,2,3,...) of elements of A, select for
each n a finite set V,, C U, such that {{JV,: n=1,2,3,...} is a member of B
or? there exists an n such that |V, = X.

4 This is similar to the * convention of [16].
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For G one of these three procedures, let us say that a space has property G(A, BB)
if for every sequence of elements of 4, one can obtain an element of B by means of
procedure G. Letting A and B range over the set {O, A, 2, I'}, we see that for each G
there are potentially sixteen classes of spaces of the form G(.A, B). Each of our properties
is monotone decreasing in the first coordinate and increasing in the second, hence we
get the diagram in Fig. 1 for G = S4p,.

It also is easily checked that Sg, (A, £2) and Sg, (O, A) are impossible for nontrivial X .
Hence the five classes in the lower left corner are eliminated. The same follows for the
stronger property S;. In the case of Ug, note that for any class of covers B, U, (O, B)
is equivalent to Ug, (I, B) because given an open cover {U,: n € w} we may replace
it by the y-cover, {lJ,.,, Ui: n € w}. This means the diagram of Uy, reduces to any of
its rows. Now clearly S; implies Sqp. Also it is clear that

Sﬁn(F, A) — Ufm(F, .A)
for A =1, £2, O. The implication
Sin(1, A) = Usn (I, A)

is also true, but takes a little thought since when we take finite unions we might not
get distinct sets. To prove it, assume U, are y-covers of X with no finite subcover.
Applying Sun we get a sequence of finite V,, C Uy, such that for any x there exists
infinitely many n such that z € | JV,. But since the U,,’s have no finite subcover we
can inductively choose a finite W,, with

Vn CWn CUn

and W, # Wi, for any m < n. Hence [ J{W,: n =1,2,3,...} is a large cover
of X.

In the three-dimensional diagram of Fig. 2 the double lines indicate that the two prop-
erties are equivalent. The proof of these equivalences can be found in either Scheepers
[16] or Section 1 of this paper. After removing duplications we obtain Fig. 3.

For this diagram, we have provided four examples {C,S, H, L} which show that
practically no other implications can hold. C is the Cantor set (2*), S is a special
Sierpinski set such the S + S can be mapped continuously onto the irrationals, L is a
special Lusin set such that L + L can be mapped continuously onto the irrationals, and
H is a generic Lusin set. Thus the only remaining problems are:

Problem 1. Is Uy, (I, 2) = Sqp([, 12)?
Problem 2. And if not, does Ugo(I, I') imply Sun(I, £2)?

All of our examples are subsets of the real line, but only one of them (the Cantor set) is
a ZFC example. Thus, the following problem arises:

Problem 3. Are there ZFC examples of (Lindeldf) topological spaces which show that
none of the arrows in Fig. 3 can even be consistently reversed?
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Hurewicz Menger
Uﬁn(F, F) —_— Uﬁn(F, .Q) — Uﬁn(F, /1) _— Uﬁn(F, O)
Sﬁn(F F Shn(F Q) Slm(F A) Sﬁn(Fy O)
S|, 2) 1 Syl A) ——— “ S|T,0)
S(m -Q F) — i Siln(‘Qv‘Q) - - Shn Q,A) = | = Sﬁn(QyO)
S1(82,I) S1(12,02) Si(02,A) 1(2,0)
~-set Gerlits—Nagy ”
Siin(Aa A) = :/Sﬁn(A» O)
SI(A, A) SI(A: O)
/Sﬁn(07 O)
S1(0,0)

C"" Rothberger

Fig. 2. Full 3D diagram.

The paper is organized as follows: In Section 1, we prove the equivalences of our
properties indicated in Fig. 2. We prove that S$1(I,I") = S4(I, ") and Sgn(A, A4) =
Sin (I, A). The other equivalences are either trivial or were proved in Scheepers [16]. In
Section 2 we present the four examples C, S, H, L indicated in Fig. 3. In Section 3
we study the preservation of these families under the taking of finite powers and other
operations.

In Section 4 we study for each of these eleven families the cardinal

non(P) := the minimum cardinality of a set of reals that fails to have property P.

We show that each is equal to either b, D, p, or the covering number of the meager
ideal cov(M). We also show that v = non(Split(A4, A)) and u = non(Split(12, §2)).
(Split(.A, B) holds iff every infinite cover from A can be split into two covers from B).

In Section 5 we give a ZFC counterexample to a conjecture of Hurewicz by showing
that there exists an uncountable set of reals in U, (I, I') which is not o-compact. We
also show the any Uy, (I, I") set which does not contain a perfect set is perfectly meager.
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Usn (1, 1) Usn( T, 12) Usn(I, O)
{C, S} {C,8,H} {C,S, L, H}

Sun(T 2)
{c,s,H}
S, T) S|, ) Si(I, A)
{S} {H,S} {L,H,5}
Sin(12,92)
{¢,H}
S1(2,1) S1(12,02) $1(0,0)

{} {H} {L, H}

Fig. 3. After removing equivalent classes.

In Section 6 we consider other properties from Scheepers [16] and settle some questions
about Ramsey-like properties of covers that were left open in [16]. We show that S, (2, £2)
implies Q({2, 2) and hence

S1(£2,02) = P(£2,02) + Q(£2, 2).

We also show that £2 — [£2]3 is equivalent to Ssq (42, £2) (see Section 6 for the defini-
tions).

1. Equivalences

In this section we show S{(I', I") = Sqn (I, I') and Sqn (I, A) = Ssin(A, A).

The equivalence S; ({2, I") with the y-set property (every w-cover contains a y-cover)
was shown by Gerlits and Nagy [6]. But it is easy to see that S, (§2, I') implies the ~y-set
property and hence S;(£2,I') = Sgn (92, I'). In Scheepers [16, Corollary 6] it was shown
that S, (I, 4) = $i(I, O).

All of the other equivalences are either to the Rothberger property C” or the Menger
property. For the Menger property, in Scheepers [16, Corollary 5] it was shown that
Sin(I, A) = Usn(, O). Sin(L, A) = Sgn(A, A) by Theorem 1.2 and note also that
Siin(O, O) easily follows from Ugn (I, O) and hence all nine classes (see Fig. 2) are
equivalent to the Menger property. In [16, Theorem 17] it was shown that all five classes
(see Fig. 2) are equivalent to the Rothberger property (C"').

Theorem 1.1. S;(I,I") = Sgn (I, ).
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Proof. Note that the class 5;(/, ") is contained in the class Sqn (7, I"). The difficuity
with showing that these two classes are in fact equal is as follows: when we are allowed
to choose finitely many elements per y-cover, we are allowed to also pick no elements;
for S (I, I') we are required to choose an element per -y-cover.

Let X be a space which has property Sq,(I', I'), and for each n let U, be a y-cover
of X, enumerated bijectively as (U}, U, U7, .. ).

For each n define V, to be {V;*, V;*, Vi*, ...}, where

Vi =UNUINU{N---NUP.

For each n, V, is a y-cover: For fix n. For each z, and for each ¢ € {1,...,n}
there exists an NN; such that z is in U}, for all m > N,. But then z is in V? for all
m > max{N;: i=1,...,n}

Now apply Sua(L, ) to (Vi n=1,2,...). We get a sequence (W,: n € w) such
that W, is a finite subset of V, for each n, and such that | J,_, W, is a y-cover of X.

Choose an increasing sequence n; < n, < --- < ng < --- such that for each j,
Wn, \ U; <j YWn, is nonempty. This is possible because each W, is finite, while the
union of these sets, being a y-cover of X, is infinite. For each j, choose m; such that
Vi’ is an element of W, \ Uicj Wh.. Then {V2r: k =1,2,...} is a y-cover of X.

For each n in (1, ng41| we define U, = U{ij. Then {U,: n = 1,2,...} is a y-cover
of X. O

Theorem 1.2. S4, (I, A) = Siin(A, A).

Proof. Since I' C 4, it is clear that Sga(A, A) implies Sqn (I, A). We prove the other
implication.

Assume Sg, (I, A) and let (U,: n € w) be a sequence of large covers of X. Without
loss of generality we may assume that for every finite F' C (J,.,,Un we have that
U, N F = { for all but finitely many k. (This can be accomplished by throwing out
finitely many elements from each U,,.)

For each n enumerate U/, bijectively as (U': k € w), and define

Ve = U{Ui": 1< m}.

Since each V, = (V*: m € w) is a nondecreasing open cover of X, either there
exists m, such that V' = X or V, is a y-cover. So there must be an infinite A for
which one or the other always occurs. Suppose V,, is a y-cover for every n € A. Apply
Sun([, A) to obtain W, a finite subset of V,, such that | J{Whr: n € A} is a large cover
of X. Let P,, be a finite subset of I, such that every element of W,, is a union of
elements of P,,. Since P, is disjoint from all but finitely many of the Uy, it follows that
U{Pn: n € A} is a large cover of X. In the case that V7 = X for every n € A just
take P, = {U]: i < m,} and the same argument works. O
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2. Examples
The Cantor set C

We shall check that every o-compact space (the union of countably many compact
sets) belongs to Ug, (I ") and Sga(£2, £2). We also show that the Cantor set, 2%, is not
in the class S1(I, A).

For the sake of conciseness, let us introduce the following notion. An open cover U
of a topological space X is a k-cover iff there is for every k-element subset of X an
element of 2/ which covers that set.

Lemma 2.1. Let k be a positive integer. Every w-cover of a compact space contains a
finite subset which is a k-cover for the space.

Proof. Let I/ be an w-cover of the compact space X and let £ be a positive integer.
Then the set V = {U*: U € U} of kth powers of elements of U is a collection of open
subsets of X*, and it is a cover of X* since U is an w-cover of X. Since X is compact,
so is X*. Thus there is a finite subset of V which covers X*, say {UF,...,UF}. But
then {U},...,U,} is a k-cover of X. O

Theorem 2.2. Every o-compact topological space is a member of both the class
Shn (2, 2) and U (I, T).

Proof. Let X be a o-compact space, and write X = [ K,, where

new

KoCK ) C---CKpCoov

is a sequence of compact subsets of X.

Let (U,: n € w) be a sequence of w-covers of X. For each n apply Lemma 2.1 to
the w-cover U, of the space K,, to find a finite subset V,, of U4, which is an n-cover
of K,,. Then Un@) V,, is an w-cover of X. This shows that X has property Sq,((2, £2).

Now suppose that (U,,: n € w) is a sequence of y-covers of X. Since any infinite
subset of a -y-cover is a -y-cover, we may assume that our covers are disjoint. Since
each K, is compact we may choose V,, € [U,|<* so that K,, C |JV,. Either there
exists . such that | JV,, = X or {{JVn: n € w} is infinite and hence a y-cover of X. It
follows that X has property Uy, (I, I"). O

Theorem 2C of [3] shows that if X is not compact, then X“ is not in the class
Sin (O, O). For compact X we have the following.

Theorem 2.3. For every nontrivial compact space X, the product X% is not in the class
S (I, 0).
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Proof. If | X| > 2, then the Cantor set 2 embeds as a closed subset of X*“. Therefore
it suffices to prove the theorem for 2. There exists an w X w-matrix (AT: m,n < w)
of closed subsets of the Cantor set such that

(1) for each fixed m € w the sets A} for n < w are pairwise disjoint and

(2) whenever m; <my < --- < my and ny,ny,...,nk are given, then A7 N ---N

AT £ 0,

To see that such a matrix exists think of the Cantor set as the homeomorphic space
2% instead.

Let {(z,, n < w) be a sequence of pairwise distinct elements of 2*. Also, for each m,
let

T 1 297 — 2%

be defined so that for each y in 2¢*“ and for each m, 7, (y)(n) = y(m, n). Then 7,
is continuous. We now define our matrix.
For each m and n we define

AT = {y € 2 mn(y) = zn )}

Each row of the matrix is pairwise disjoint since the z,,’s are pairwise distinct. Each
entry of the matrix is a closed set since each 7, is continuous. We must still verify
property (2). Thus, let (my,n(),..., (mg,ng) be given such that m; < --- < my. Let
the element y of 2“*“ be defined by y(m;, j) = @y, (j) for i € w and for each j € w.
Then y is a member of the set AT"' N --- N ATk, whence this intersection is nonempty.

For each m put Uy, = {2*\ A™: n < w}. Then by property (1) we see that each Uy,
is a y-cover of 2%,

For each m choose a Uy, from U,,,. Then Uy, = 2%\ AT . By the property (2) and the
fact that all the A™’s are compact, we see that the intersection | AT is nonempty.
But then {U,,: m < w} not a cover of 2°*%. O

m<w

It follows from Theorems 2.2 and 2.3 that the Cantor set C' must lie exactly in those
classes indicated in Fig. 3 in our introduction.

Theorem 2.4. No uncountable F, set of reals is in S|(I,I").

Proof. Such a set contains an uncountable compact perfect set. The Cantor set is a
continuous image of such perfect sets. O

The special Lusin set L

Recall that a set L of real numbers is said to be a Lusin set iff it is uncountable but
its intersection with every first category set of real numbers is countable. Sierpirski [17]
showed that assuming CH there exists a Lusin set L such that L 4+ L is the irrationals
(see also Miller [13, Theorem 8.5]).

We will construct similarly a Lusin set L C Z* with the property that L + L = Z*.
Here Z* is the infinite product of the ring of integers and addition is the usual pointwise
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addition, i.e., (z + y)(n) = z(n) + y(n). Our construction is based on the following
simple fact:

Lemma 2.5. [f X is a comeager subset of Z*, then for every x € Z* there are elements

a and b of X such that a+ b=z

Proof. Since multiplication by —1 and translation by = are homeomorphisms, the set
r-X={z-y ye X}

is also comeager. But then X N {z — X) is nonempty. Let z be an element of this
intersection. Then z = a for some a in X, and z = z — b for some b in X. The lemma
follows. DO

Lemma 2.6 (CH). There is a Lusin set L C Z¥ such that L + L = Z*.

Proof. Let (M,: « < w;) bijectively list all first category F,-subsets of Z“. Let
(rq: @ < wy) bijectively list Z*. Using Lemma 2.5, choose elements x,,y, from Z*
subject to the following rules:

(i) for each @, 7o = To + Yo, and

(i) zo and y, are not elements of g, MsU{zg,ys: B < a}.

Letting L be the set {z4: & < wi} U {ya: @ < w;} completes the proof. O

For a proof of the following result see Rothberger [14].
Theorem 2.7 (Rothberger). Every Lusin set has property S;(0, Q) = C".

Theorem 2.8. If L is our special Lusin set (i.e., L + L = Z*), then L does not satisfy
Usn (T, £2).

Proof. Let {U,: n € w} be the sequence of open covers defined by
Uy = {Upni: k € w},

where
Uni = {f €2 |f(n)| < k}.

Then each Uy, is a y-cover of L. Let {V,,: n € w} be a sequence such that V,, € [U,]<%,
and let h € w* be such that

h(n) > 2 -max{k: U, € V,,}
for all n € w. Let f,g € L be such that h = f + g. Then
1
max {|#(n)], |g(m)[} > 3h(n)

for all » € w, and hence {f,g} Z\JV, foranyncw. O
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The special Sierpiriski set S

A Sierpiriski set is an uncountable subset of the real line which has countable intersec-
tion with every set of Lebesgue measure zero. In Theorem 7 of Fremlin and Miller [4]
it was shown that every Sierpiniski set belongs to the class U, (I, I"). Sets with the
property that every Borel image in the Baire space is bounded were called A;-sets in
Bartoszynski and Scheepers [1].

Theorem 2.9. Every Sierpiriski set is an Ap-set.

Proof. Let X be a subset of the unit interval, and assume that X is a Sierpiriski set. We
may assume that X has outer measure one (else, replace it with the set of points in the
unit interval which are rational translations of elements of X). Let a Borel function ¥
from X to “w be given. Extend it to a Borel function I" from the unit interval to “w.

For each m and n, define ST* = {x: I'(z)(j) < n whenever j < m}. Then each S}’
is a Borel set and thus Lebesgue measurable. Moreover, for each m, if j < k then
S C S and [0,1] = Une, sm.

Choose for each m an n,, such that the measure of [0, 1] \ S]* is at most (1/10)™
Then the set Sy = ﬂfnoz ST has measure at least 1 —9- (1/10)*. Consequently the set
S = U(Zo:l Sk has measure 1. Then X \ S is a countable set. For each z in X N S, for
all but finitely many m, ¥(z)(m) < n,. For the remaining countable set X \ § we can
find a single sequence g such that for all m, n,, < g(m), and for each z € X \ S, for
all but finitely many m, ¥(z){(m) < g(m). Then g witnesses that ¥[X] is bounded. O

Theorem 2.10. Every A,-set (hence every Sierpiriski set) belongs to the class S1(I',I").

Proof. Let X be an Aj-set, and let (4,,: n € w) be a sequence of ~y-covers of it.
Enumerate each U, bijectively as (U: m € w).
Define a function ¥ from X to w* so that for each z € X and for each n,
¥(z)(n) = min {m: (Vk >m) (z € U})}.

Then ¥ is a Borel function. Choose a strictly increasing function g from w* which
eventually dominates each element of ¥[X]. Then the sequence (Uj,y: n € w) is a
v-cover of X. O

Clearly no Sierpiniski set is of measure zero. Since every S;(O0, O) set is of measure
zero, X fails to be S, (O, O). Therefore we have established the following theorem:

Theorem 2.11. If X is a Sierpiriski set of reals, then X is S;(I',I") but not $;(O, O).

We call a Sierpifiski set .S special iff S+ .5 is the set of irrationals. (Here we are using
ordinary addition in the reals.) Using an argument similar to Lemma 2.6 one can show
that assuming CH there exists a special Sierpiriski set.

Theorem 2.12. A special Sierpiriski set is not in the class S (92, £2).
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Proof. By Theorem 3.1 all our classes are closed under continuous images. Note that
S + S is the continuous image of S x S. Also w* is not in Ug, (I, O) (see proof of
Theorem 2.8). Hence w“ is not in S, (2, £2) and therefore S x S is not in S, (2, £2).
But by Theorem 3.5 the class Sqn{{2, £2) is closed under finite products and therefore S
is not in the class Sg,(£2,£2). O

These results show that the special Sierpiniski set (denoted \S) is in exactly the classes
indicated in Fig. 3 of the introduction.

The generic Lusin set H
The fact that no Lusin set satisfies Ug, (I, I') follows from Theorem 4.3.
Theorem 2.13 (CH). There exists a Lusin set H which is S|({2, 12).

Proof. To construct an S;(f2, £2) Lusin set in the reals enumerate all countable sequences
of countable open families as {(142),,<,: B < w; }. Also enumerate all dense open subsets
of the reals as (Dg)a<w,- We construct X recursively as {zg: 3 < w;} as follows. At
stage « of the construction we have

{zg: B <a} and {(Uff) 'ﬁ<a}

n<w’

satisfying for each 8 <
(i) zg € ({Ds: 6§ < 8},
(ii) {UP: n < w} is an w-cover of {z5: § < a} UQ,
(ii1) if (UP)n<. was a sequence of w-covers of {z5: § < B} UQ, then U? € UP for
every n.

To see how to choose 24 and (UZ)n <, consider the ath sequence of open families: if
(Up )n<w is a sequence of w-covers of {z5: § < a}UQ first extract an w-cover (U2), <y
so that UY € U for each n < w (countable sets are S;(£2, 2)). If (U3 )n<w is not a
sequence of w-covers of {z5: § < a}UQlet UZ = R for each n < w.

Enumerate the finite subsets of {zs: 6 < a} UQ as {Ag: k < w}. For each k and
each 8 < a let

Orp = J{UZ: A, C U}

Then Oy g is dense and open. We choose

To € m Ds N ﬂ Ok,g

i<a k<w,B<a

different from all zs with § < . To see that (U),,.<,, is an w-cover of {z5: § < a}UQ
for each 8 < « it suffices to show that each Ay U{zq} is covered by some UP for some
n < w. But x4 € O g implies that there is an n such that ©, € Uff and A C Uf. We let
H = {z5: § <w }UQ. To see that H is S;(§2, 12), fix a sequence of w-covers (Up Jncw.
There is an « such that (Up)ncw = U2 )n<w- Then at stage o of the construction we
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extracted an appropriate w-cover of {zs: § < a} and inductive hypothesis (ii) assures
that it is also an w-cover of H. O

The proof of Theorem 2.13 only requires that the covering number of the meager ideal
is equal to the continuum (cov(M) = ¢). This requirement is equivalent to Martin’s axiom
for countable posets. Adding Cohen reals over any model yields an S;(2, £2) Lusin set
and hence our name—generic Lusin set.

3. Preservation of the properties

Each of the properties in the diagram is inherited by closed subsets and continuous
images. The preservation theory is more complicated for other topological constructions.

Theorem 3.1. Let G be one of Sy, Sqn, or Uy, and let A and B range over the set
{0,2,A, '} If X has property G(A, B) and C is a closed subset of X, then C has
property G(A, B). If f : X — Y is continuous and onto and X has the property G(A, B),
then so does Y.

Proof. The closure under taking closed subspaces is clear since if U is a cover of C in
one of the classes {O, 2, A, I'} for C, then
V={UU(X\C): UeclU}

is in the same class for X.
To prove the closure under continuous images use that if I/ is a cover of ¥ in one of
the classes {O, 2, A, I"} for Y, then

Vv={f'U): Ueu}

is in the same class for X. O

Finite powers

We show that the classes S;(£2, 12). Sun(£2, £2), and S1(¥2, I') are the only ones closed
under finite powers.

Lemma 3.2. Let X be a space and let n be a positive integer. If U is an w-cover of X,
then {U™: U € U} is an w-cover of X™.

Proof. Observe that if F is a finite subset of X ™, then there is a finite subset G of X
such that ' C G™. O

Lemma 3.3. Let X be a topological space and let n be a positive integer. If U is an
w-cover for X", then there is an w-cover V of X such that the open cover {V": V € V}
of X™ refines U.
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Proof. Let U/ be an w-cover of X™. Let F' be a finite subset of X. Then F™ is a
finite subset of X™. Since U/ is an w-cover of X, choose an open set U € U such that

F™ C U. For any n-tuple (x),...,%,) in F™, find for each 7 € {1,...,n} an open
set Upy{z1,...,2,) C X such that z; € Ug(zy,...,zp), and [[, Ulzy,...,zn) C U.
Then, for each x in F, let U be the intersection of all the U,(xy,...,xz,) which have

= as an element. Finally, choose V¢ to be the set | ). » Us, an open subset of X which
contains F', and which has the property that F™ C Vg C U. Put

V= {Vp: FelX]<“}.

Then V is as required. O

While Lemma 3.2 is also true of y-covers, Lemma 3.3 is not. The latter follows from
the proofs of Theorems 3.4 and 3.7.

Theorem 3.4. Let n be a positive integer. If a space X has property S\(£2,82), so
does X™.

Proof. Let n be a positive integer and let (U,,: m = 1,2,3,...) be a sequence of w-
covers of X™. By Lemma 3.3 for each m, we can choose V,,, an w-cover of X such that
{V™: V €V} is an w-cover of X" which refines Up,.

Now apply the fact that X is in S;({2, £2) to select from each V,, a set V,, such that
{Vm: m =1,2,3,...}is an w-cover of X. Then, since for each m the set {V™: V € V,,,}
refines U,,,, we see that we can select from each U,, a set U, such that V' C U,,. But
then the set {U,: n=1,2,3,...} is an w-cover for X. O

Theorem 3.5. Let n be a positive integer and let X be a space. If X has property
San(92, £2), then X also has this property.

Proof. Let (U,,: m =1,2,3,...} be a sequence of w-covers of X™. For each m, choose
an w-cover V,, of X such that {V"™: V € V,,} refines Up,. Now apply the fact that
X satisfies Sgn($2, £2): For each m we find a finite subset W,, of V,, such that the
collection Uiz | Wh is an w-cover of X. For each m, choose a finite subset Z,, of U4,
such that there is for each W in W,,, a Z in Z,, such that W™ C Z. Then Ufnozl Zm 18
an w-cover of X", 0O

Theorem 3.6. Let n be a positive integer and let X be a space. If X has property
Sin(£2, ), then X™ also has this property.

Proof. This is similar to the last two proofs. O
Theorem 3.7 (CH). None of the other classes (see Fig. 3) are closed under finite powers.

Proof. Note the examples L and S are such that their sums L + L and S + S are
homeomorphic to the irrationals.
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The function ¢ from L x L which assigns to (z,y) the point ¢(z,y) = z + y is con-
tinuous. But the space of irrationals does not have property Us, (I, O). Since Ug, (T, O)
is closed under continuous images (see Theorem 3.1) L x L does not have property
Usn (I, O).

Similarly, S x S does not have property Ug,(I", O). So none of the classes containing
either one of them is closed under finite powers. 0O

We have seen that the inclusion S;(£2, £2) C 5;{O, O} may be proper, e.g., the spe-
cial Lusin set L is in §;(O, O) but not in S1(§2,12). The following theorem, which
characterizes S;(§2, £2) as a subset of $,(O, @), is due to Sakai [15].

Theorem 3.8. Let X be a space. Then the following are equivalent:
(1) X satisfies S1(§2, 12).
(2) Every finite power of X satisfies S;(O, O) (Rothberger property C").

The Borel Conjecture, that every strong measure zero set is countable, implies that
the two classes S1(£2, 2} and S;{O, O) coincide. The Borel Conjecture was proved
consistent by Laver.

Problem 4. Is it true that if there is an uncountable set of real numbers which has
property S1(12, 12), then there is a set of real numbers which has property S;(O, O) but
does not have property S|(£2, 12)?

We shall now prove the analogue of Theorem 3.8 for Sq (O, O) and Sun (12, 2).

Theorem 3.9. For a space X the following are equivalent:
(1) Every finite power of X has property S, (O, O).
(2) X has property S (52, 2).

Proof. The implication (2) = (1): this follows from Theorem 3.5.

We now work on the implication (1) = (2). Let (U,: n € w) be a sequence of
w-covers of X. Let (Yi: k € w) be a partition of the set of positive integers into infinite
sets. For each m and for each k in Y,,, put Vi, = {U™: U € Uy}. Then for each m,
Lemma 3.3 implies that the sequence (Vi: k € Y,,,) is a sequence of w-covers of X™.

Applying (1) for each m, we find for each m a sequence {Wk: k € Yy,,) such that

— for each k € Y,,,, Wy is a finite subset of U, and

— Ugkey, {U™: U € Wi} is an open cover of X™.

But then (J;2, Wk is an w-cover of X. O

None of our classes are closed under finite products. Todorcevic [19] showed that there
exist two (nonmetrizable) topological spaces X and Y that satisfy S;(§2, ") (y-set), but
whose product does not satisfy Usn(I, O) (Menger). Thus none of our properties are
closed under finite products.
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If we restrict our attention to separable metric spaces it also is the case assuming CH
that none of our classes are closed under finite products. For the class S; ({2, I") note that
Galvin and Miller [5] using a result of Todoréevi¢ showed that there are ~y-sets whose
product is not a y-set. For the classes S; ({2, £2) and Sgq(£2, £2) construct a pair of generic
Lusin sets Hy and H; such that Hy + Hy = Z*.

Remark 3.10. The special Lusin set L gives a partial answer to a problem of Lelek
(see [11]). It shows that it is relatively consistent with ZFC that there exists a separable
metrizable space L that has property Ug, (I, @), but does not have property Ug,(I", O)
in each finite power. In Lelek, Ug, (I, O) is referred to as the “Hurewicz property” in
contrast to our naming it the “Menger property”.

Remark 3.11. It is relatively consistent with ZFC that for every n > 1 there exists a
separable metric space X such that X™ has property Us, (I, O), but X! does not have
property Usn (I, O) (see Just [10] and Stamp [18]).

Remark 3.12. It was shown in Just [9] that preservation of Ug, (I, 2) under direct sums
is independent of ZFC.

Finite or countable unions

It is well known and easy to prove that each of the classes

~ S4n (O, O) (Rothberger property C*),

— Ugn (I, I') (Hurewicz property), and

— Ugn (I, ©) (Menger property)
are closed under taking countable unions. It also easy to prove that Sy(I", A) is closed
under taking countable unions. The class S;(£2,I") (y-sets) is not closed under taking
finite unions (see Galvin and Miller [6]).

Problem S. Which of the remaining classes are closed under taking finite or countable
unions?

4. Cardinal equivalents

We now consider the connection between the properties and some well known cardi-
nal invariants of P(w)/Fin. See Vaughan [20] for the definitions, but briefly: p is least
cardinality of a family of sets in {w]* with the finite intersection property but no pseu-
dointersection; 0 is the minimal cardinality of a dominating family in w*; b the minimal
cardinality of an unbounded family in w*; and cov(M) is the minimal cardinality of a
covering of the real line by meager sets.

In particular, if P is one of the eleven properties in the diagram (Fig. 3) or is one of
the splitting properties Split({2, {2) or Split(4, A), we will determine:

non(P) := the minimum cardinality of a set of reals that fails to have property P.
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Uﬁn(F7 F) . Ulin(['7 -Q) > Uﬁn(F: O)
[4 0

I

Sin(, £2)
0
ST, T) Si(I, ) )
b 0 0
Sin (42, 2)
/ D
S1(2,T) $1(£2,02) 5,(0,0)
p cov(M) cov(M)

Fig. 4. Cardinals non(P).

Note obviously that if P — @, then non(P) < non(Q). Some of these cardinals are well
known and we simply state the results and refer the reader to the appropriate sources.

Theorem 4.1 (Galvin and Miller [5]). non(S(£2,I")) = p.
Theorem 4.2 (Fremlin and Miller [4]). non(S;(O, O)) = cov(M).

Theorem 4.3 (Hurewicz [8]). A set X is Ug,(I', I') if and only if every continuous image
of X in w* is bounded. Hence non(Us, (I, ")) = b.

Theorem 4.4 (Hurewicz [8]). A set X is Ug,, (I, O) if and only if every continuous image
of X in w¥ is not dominating. Hence non{Ug, (I, ©)) = 0.

Next we determine non(P) for all the other properties in Fig. 3 in the introduction.
Theorem 4.5. non(S; (I, 2)) = 0.

Proof. Since S1(I, £2) C U, (I, O) we have that
non(S; (I, 12)) < non(Ug, (1, 0)).

Also by Theorem 4.4 we have non(Us, (I, O)) = 0, so non(S (I, £2)) < 0.

Conversely, suppose that X is a set of reals that fails to be S; (I, £2). Fix a sequence of
y-covers (U, )new witnessing the failure of S (I, £2). Fix an enumeration of each cover
Uy, = {U%: i € w}. For each finite set F C X define fr € w* by

fr(n) =min{i: Vj >4, FCU.}.
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As each U, is a y-cover, if ¢ > fr(n), then F' C UT"L. Therefore,
{fp: F e [X}<“’}

must be a dominating family. Otherwise there is a g not dominated by any such fg. for
each finite I’ C X, there is an integer n such that g(n) > fr(n). This implies that

{Uﬁ("): new}
is an w-cover, contradicting the failure of S{(I, £2). So non(5(I, §2)) >v. O
Theorem 4.6. non(Sg, (12, 2)) = 0.
Proof. Identical to the proof of Theorem 4.5. One only needs to modify the definition
of fr to

fr(n) = min{i: F CU;}
and take V,, = {U}: i < g(n)}. O

Theorem 4.7. non(S;(I,I")) =b.

Proof. Using S|(I",I") C Ugn(I, I") and Theorem 4.3 it follows that
non(S((I, 1) < b.

Conversely, suppose that X is a set of reals and that (U, ). is a sequence of y-covers
witnessing the failure of (I, I'). For each z € X define f; € w* by

fe(n) =min {i: Vj >4, z € U}

If g were to dominate each f,, then (Uﬂ("))nEw would be a ~y-cover, a contradiction.
Therefore {f,: z € X} is an unbounded family. Hence non(S;(I, 1)) > b. O

Theorem 4.8. non(S; (2, £2)) = cov({M).

Proof. The inclusion S;(2,£2) C $;(O,0) and Theorem 4.2 give us the inequality
non(S; ({2, 2)} < cov(M).

Conversely fix X a set of reals and (I, )ne, @ sequence of w-covers witnessing the
failure of S1(2, £2). For each finite F C X let

Kr={fecw (Vnew) (FgZU,{("))}.

Since for each f € w® there is a finite F C X such that ' ¢ U,{("), we have that
w* = |J{KF: F € [X]<*}. Furthermore, each K is closed and nowhere dense. Hence
non{S; ({2, 2)) = cov(M). O

Our results are summarized in Fig. 4. Classical results about the relationships between
the cardinals p, b, 0 and cov(M) give alternative proofs that many of the implications
in our diagram cannot be reversed.
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Split(A, A) and Split(£2, §2)

These properties were defined in Scheepers [16]: for classes of covers A and B, a
space has property Split(4, B) iff every open cover If € A can be partitioned into two
subcovers Uy and U both in B. Recall that a family R C [w]“ is said to be a reaping
family if for each x € [w]* there is a y € R such that either y C* z or y C* w \ z. The
minimal cardinality of a reaping family is denoted by t, and the minimal cardinality of a
base for a nonprincipal ultrafilter is denoted by u. In the proofs of the next two theorems
we will use the families

U:{B,'I: n€w} and V={BY neuw},
where
B,={zecw”: nez} and B)={zecw* n¢az}

Note that I and V are large covers of any subset of [w]*“ and &/ UV is a subbase for the
topology. We will refer to U as the canonical large cover.

Theorem 4.9. non(Split(A, 4)) =t

Proof. Suppose that X C [w]“ is a reaping family. Therefore the cover I/ cannot be
partitioned into two large subcovers. Conversely, suppose that X is a set of reals and
{U,: n € w} is a large cover of X that cannot be split. For each z € X let

Ay ={ncw: zelU,}

If F is the collection of all such A,’s, then F is a reaping family. For if A C w is such
that for all z € X both A, N A and A, \ A are infinite, then

{Up: n€e A} U{Up: n ¢ A}

is a splitting of {U,: n € w} into disjoint large subcovers. O
The proof yields a bit more.

Theorem 4.10. A set of reals X is Split(A, A) with respect to clopen covers if and only
if every continuous image of X in [w]¥ is not a reaping family.

Proof. Suppose that X is a set of reals, f: X — [w]“ is continuous and that f(X)
is a reaping family. The canonical large cover is in fact a clopen family. Therefore
the collection f~'(U) = {f ' (BL): n € w} is a large clopen cover of X. Suppose
fHU) = VUV is a partition. Then we have the corresponding partition of w = AgUA,
where V; = {f~1(U,.): n € A;}. As f(X) is a reaping family, there is an z € X such
that for either 7 = 0 or 1, f(z) C* A,. Then V; is not large at z. Therefore X is not
Split(A, A) with respect to the clopen cover f~'(U).

Conversely, suppose that X is not Split(A, A) with respect to some large clopen cover
{Un: n € w}. For each z € X define f; € [w]* by n € f; iff x € U,. Since the cover is



W. Just et al. / Topology and its Applications 73 (1996) 241-266 259

large, each f, is infinite. As above, since {U,: n € w} cannot be split, {f,: z € X}isa
reaping family. Therefore it suffices to check that the mapping f:x — f; is continuous.
But the collection of {B{: n € w, i = 0,1} forms a subbase for [w]*, and clearly
f1(BL) =U, and f~1(B2) = X \ U, therefore f is continuous (this is the only place
where we need the restriction to clopen covers). O

Theorem 4.11. non(Split(§2, 2)) = u.

Proof. Suppose that X C [w]“ is a filter-base. Then the canonical large cover in [w]*
is in fact an w-cover of X. If X is a base for an ultrafilter, then this cover cannot be
partitioned into two w-subcovers.

Conversely, suppose that X is a set of reals and W is an w-cover of X. For each
z € X let

Wy ={UeW: zeU}.

If F is the collection of all such W, ’s, then F forms a filterbase on W and if W cannot
be split into two w-covers, then F generates a nonprincipal ultrafilter. O

Analogously to Theorem 4.10 we can prove:

Theorem 4.12. A ser of reals X is Split({2, £2) with respect to clopen covers if and only
if every continuous image of X in |w|* does not generate an ultrafilter.

Note that a base for an ultrafilter is a reaping family, and therefore v < u. In [2] it is
proven consistent that this inequality may be strict. Therefore Split(A, A) # Split(£2, 2).
Similarly neither v nor u are comparable to 9, therefore there are no implications between
either Split(A, A} or Split(§2, £2) and any of the six classes in Fig. 4 whose ‘non’ is
equivalent to 9. In Scheepers [16] it is shown that

— Unn(I, I') = Split(A, A) (Corollary 29), and

- 5,(0,0) = Split(A, A) (Theorem 15).

Note that while both b < ¢ and cov(M) < t, it is consistent that these inequalities are
strict (see Vaughan [20]). So neither of these implications can be reversed.

Problem 6. Does Split(£2, 2) = Split(A, A)?

5. The Hurewicz conjecture and the Borel conjecture

Every o-compact space belongs to Ug, (I, I'). It is also well-known that not every space
belonging to Us, (I, I') need be o-compact. We now look at the traditional examples of
sets of reals belonging to Uy, (I, I"), and show that some of these belong to S, (I, I'),
while others do not. Since S;([, I") is contained in S;(I, A), and the unit interval is not
an element of S;(I', A}, we see that the o-compact spaces do not in general belong to
the class S (I, I").

In [7, p. 200] Hurewicz conjectures:
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Conjecture (Hurewicz). A set of real numbers has property U, (I, I') if and only if it
is o-compact. 3

The existence of a Sierpifiski set violates this conjecture. As we have seen earlier,
Sierpiriski sets are elements of S;(I, I).
The following result shows that Hurewicz’s conjecture fails in ZFC.

Theorem 5.1. There exists a separable metric space X such that |X| = wy, X is not
o-compact and X has property Un (I, I"). This X also has properties S;(I",2) and
Sin($2, 2).

Proof. Case 1. b > wi. In this case every X of size w is in S; (I, I") and Sy, (42, £2),
hence in both Uy, (I, I') and Sy (I, A) (by Theorems 4.6 and 4.7).

Case 2. b = wy. In this case we will use a construction similar to one in [5]. Build an
wy-sequence (Z,: « < wy) of elements of [w]* such that & < G implies zg C* x4 and
if fo:w — x4 is the increasing enumeration of z,, then for every g € w* there exists
o such that for infinitely many n we have g(n) < fqo(n).

Claim 5.2. For any S € [w|¥ there exists a < w such that there exists infinitely many
n such that |[fo(n), fa(n +1))NS| = 2.

Proof. To prove Claim 5.2 suppose not and let g eventually dominate all the increasing
enumerations of sets S* such that S* =* S. Then ¢ eventually dominates the f,’s.
contradiction. This completes the proof of Claim 5.2. O

Claim 5.3. Let X = [w]~¥ U {za: & < wi}. Then for every sequence (Up: n € w) of
w-covers of X (or even just of |w]<%) there exists an A € [w]|*, (V,, € Un: n € A) and
o < wy such that for all B = « we have xg € V,, for all but finitely many n € A.

Proof. To prove Claim 5.3 construct a sequence (k,: n € w) in w, such that there exists
V.. € U, with the property that

{ax Cw: zN(kn, kny1) =0} CV,.

To do this use that U, is a w-cover to pick V,, D [k, + 1]<*“ and then for each s €
[kn, + 1]<* fix a basic open set V, such that s € V, C V,, and let n, be the maximum
of the support of V;. Then k| = max{ng: s € [k, + 1]<“} suffices. It follows from
Claim 5.2 that there exist a < w;, A € [w]* and an increasing sequence (m,: n € A)
such that for every n € A

{z Cw: zN (falmn), falmn +1)) = 0} C Vi
It follows zg € V,, for all 3 > « for all but finitely many n € A. This completes the
proof of Claim 5.3. O

5 “Eg entsteht nun die Vermutung dass durch die (warscheinlich schirfere) Eigenschaft £** die halbkompakten
Mengen F,; allgemein charakterisiert sind.”
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Now we show that our set X in this case is in both Ug, (I, I") and S,(£2, 2) (and
hence S; (I, A)). First we show that it satisfies a property we might call $(I", I")*.

Given any sequence (Uy: n € w) of y-covers of X, there exist (V;, € U,,: n € w)
and a countable Y C X such that (V,,: n € w) is a y-cover of X \ Y.

If Shn(I, I")* is defined analogously, then it is easy to see using the same proof as
for Theorem 1.1 that Sg, (I, I')* is equivalent to S;(I, I")*. Clearly Claim 5.3 implies
Sﬁn (Fv F)*

Si(I, I')* implies Usn (I, I'} because we may first pick a y-cover (V,, € Uy,: n € w)
of X \'Y and then pick a y-cover (W, € Up: n € w) of Y. Then (V, UW,,: n € w) is
a~y-coverof X. 0

To see that X is in S1(f2, £2) we need the following claim:

Claim 5.4. For every B € [w]¥, sequence (Un: n € B) of w-covers of X, and countable
Y C X there exist A € [B]¥, (Vo € Un: n € A) and a countable Z C X such that Y
and Z are disjoint and (V,, € Uy: n € A) is a y-cover of X \ Z.

Proof. Let Y = {y,: n € w} and apply Claim 5.3 to the w-covers defined by
U, ={U €eUyn: {y:: i<n}CU}

for n € B. This completes the proof of Claim 54. O

Using Claim 5.4, for every sequence (U,: n € w) of w-covers of X inductively
construct 4; € [w]¥, (V, € U,: n € A;) and ¥; C X countable such that

- AN A; =0 for i # j;

-Y,nY; =0 for:i#j;

- (V. €U, n€ A;)is a~y-coverof X \Y,.

(Atstage ntake Y = | J{¥;: i < n}and B = w\ (U{A:: ¢ <n}.) Apply Claim 5.3 and
let Y;, = Z and cut down A,, if necessary, to ensure that | J{A;: 7 < n} is coinfinite.)

Since the {Y;: ¢ < w} and the {A;: i < w} are pairwise disjoint families, letting
A =Uie, Aiy (Va: n € A) is an w-cover of X. Hence X has property S; ({2, §2). This
completes the proof of Theorem 5.1. O

Problem 7. Is the set X constructed in Case 2 of Theorem 5.1 a y-set, i.e., in S, (£2,I')?
The Borel conjecture implies that every set in S;(O, O) is countable (hence every set
in S;(£2,92) or S;(42,I") is countable). Theorem 5.1 and the Cantor set along with the

last example rules out an analogous conjecture for all except Si(I,I"). So we ask:

Problem 8. Is it consistent, relative to the consistency of ZF, that every set in S1(I', I')
is countable?
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One may also ask if all the pathological examples of sets having property Ug, (I, I")
occur because of the presence of such sets in S;(I", I'); here is one formalization of this
question.

Problem 9. Let X be a set of real numbers which does not contain a perfect set of real
numbers but which does have the Hurewicz property. Does X then belong to S;(I', I")?

Usn (I, I') and perfectly meager sets

We now prove a theorem which implies that the Sy (I, I")-sets are contained in another
class of sets that were introduced in the early parts of this century. Recall that a set X
of real numbers is perfectly meager (also called “always of first category”) if, for every
perfect set P of real numbers, X N P is meager in the relative topology of P.

Theorem 5.5. If a set of reals X is in Uy (I, I") and contains no perfect subset, then
X is perfectly meager.

Proof. Let P be a perfect set of real numbers. Since X contains no perfect set, P\ X
is a dense subset of P. Let D be a countable dense subset of P which is contained in
P\ X, and enumerate D bijectively as (d.: n=1,2,3,...).

Fix k. For each z in X choose open intervals I* and J¥ such that

(1) IF is centered at z,

(2) JE is centered at dj, and

(3) the closures of these intervals are disjoint.

Let {I¥.: n =1,2,3,...} be a countable subset of {I¥: & € X} which covers X.
Then for each n define IF = Ujen I5, and JF = N, JE. Then Uy = {I}: n =
1,2,3,...} is a y-cover of X. ’ ’

Apply U (I, I') to the sequence (Ug: k =1,2,3,...). For each k we find an ny such
that (I¥ : k = 1,2,3,...) is a y-cover for X. For each j put G; = U, Jr,. Then
each G; N P is a dense open subset of P (as it contains all but a finite piece of D). The
intersection of these sets is a dense G subset of P, and is disjoint from X N P. Thus,
X N P is a meager subset of P. O

Corollary 5.6. Every element of Si(I',I"} is perfectly meager.

Proof. We have seen (Theorem 2.4) that sets in S, (I, I") do not contain perfect sets of
real numbers. But S;(I,I") C U, (I, I7). O

In Theorem 2 of Galvin and Miller [5] it was shown that if a subset X of the real line
is in S1(£2, I"), then for every Gs-set G which contains X, there is an Fy-set F' such
that X C F C G. In fact, this property characterizes Ugo (I, I").

Theorem 5.7. For a set X of real numbers, the following are equivalent.
(1) X has property U, (I, I');
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(2) For every Gs-set G which contains X, there is a F,-set F such that X C F C G.

Proof.

(1) = (2). Write G = (.., Gn., where each Gy, is open. Fix n, and choose for each
z in X an open interval I7 which contains z, and whose closure is contained in G,.
Choose a countable subcover {I%,: j =1,2,3,...} of X from the cover {I?: z € X}.
For each n and k define I = ;¢ I

Then U, = {I}: k=1,2,3,...} is a y-cover of X such that for each & the closure
of I} is contained in Gy,.

Apply the fact that X is a Ug, (I, I')-set to the sequence

Un: n=1,2,3,...).

For each n choose a k, such that (I : n=1,2,3,...) is a y-cover of X. For each n
let F, be the intersection of the closures of the sets I7* , m > n. For each n we have
the closed set F,, contained in G. But then the union of the F,’s is an F,-set which
contains X and is contained in G.

(2) = (1). Let (Un: 7 < w) be a sequence such that each U, is a cover of X by open
subsets of the real line. By assumption there exist closed sets F}, such that

xcJme N (Uth):
n<w n<w
Since the real line is o-compact we may assume that the F;, are compact. For each n
choose V,, € [Up]<¥ such that (|J,,, Fm) © UUVn for each n. Either there exists n
such that |V, = X or {{JV,,: n € w} is infinite and hence a y-cover of X. O

6. Ramseyan theorems and other properties

Other classes of spaces motivated by diagonalization of open covers are related to
(2-point ultrafilters, P-point ultrafilters and Ramsey-like partition relations. If .4 and B
are classes of open covers, then a space has the property

(1) Q(A, B) iff for every open cover U € A and for every partition of this cover into
countably many pairwise disjoint nonempty finite sets Fy, Fi, F,..., there is a subset
YV C U which belongs to B such that |V N F,| < | for each n, and

(2) P(A, B) iff for every sequence {U,: n € w} of open covers of X from A such
that U4, C U, for each n, there is an open cover V which belongs to B such that
Y C* U, for each n.

In Scheepers [16] the partition relation 2 — (§2)3 was defined: a space X is said to
satisfy 2 — (£2)3 iff for every w-cover U of X, if

fiuP —{0,1}

is any coloring, then there is an ¢ € {0, 1} and an w-cover V C U such that f({A4, B}) =+
for all A and B from V. It is customary to say that V is homogeneous for f.
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Also in [16] it was shown that for a set X of real numbers, the following statements
are equivalent:
(i) X is both 5;(42,2) and Q(£2, 12);
(ii) {12, the collection of w-covers of X, satisfies the following partition relation: 2 —
()3
The next theorem shows that indeed, the partition relation characterizes the property
of being a S; (2, 2)-set.

Theorem 6.1. S;(12, 2) C Q(§2, £2).

Proof. Let X be a S;({2, £2)-set and let U be an w-cover of it. Let (P,: n < w) be a
partition of this cover into pairwise disjoint finite sets. Enumerate the cover bijectively
as (Un: n < w) such that, letting for each n the set I, be the j’s such that U; € P,.
We get a partition (I,: n < w) of w into disjoint intervals such that if m is less than n,
then each element of Iy, is less than each element of I,. For each £, let my = 3., |I;].
Now define an w-cover V of X such that V' is in V iff

V=U,N0 NUs,

where
(i) 7 = my, and
(ii) £y < --- < £, are such that for each j, k; is in I, and
(iii) V is nonempty.
Since S;(£2, 2) implies Split(§2, £2) (see Corollary 22 of [16]), we may choose a
partition (V,: n < w) such that each V, is an w-cover of X, and V is the union of these
sets. Then, discard from each V,, all sets of the form

Uknﬁ"'ﬂUkr,

where ko is an element of Iy U--- U I,; let W, denote the resulting family. Observe that
each W,, is still an w-cover.

Since X is an S1(2, £2)-set, we find for each n a W, in W, such that the set {W,,: n €
w} is an w-cover of X . For each n we fix a representation

Wn:Uk(v)iﬂ'--mUkn

r(n)’
where kf < - < kf(n). On account of the way W, was obtained from V,,, we see that
n < k§ and n < r(n). Now choose recursively sets

Uk(()), Uk(l)’ ey Uk(n): Ce
so that Uy = Uk(n) 2 Wi. Suppose that Uy (gy, - - -, Ug(n) have been chosen such that
for 7 < n we have
- k() e {K,... ,ki(i)},
- Wi - Uk(i)a and
— the k(z)’s belong to distinct I;’s.
To define Uy 41) We consult

Whe1 = Uk;"“ n--- ﬂUkn+1

r(n+1)
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Since we have so far selected only .+ 1 numbers and since 7(n+ 1) is larger than n+ 1,
and since the k;“” come from r(n + 1) disjoint intervals I;, we can find one of these
intervals which is disjoint from {k(0),...,k(n)}, and select k(n + 1) to be the k;””
from that interval. This then specifies Uy (4.1

Because the sequence of Wy, ’s refines {Up(n): n < w}, the latter is an w-cover of X,
and by construction it contains no more than one element per P,,. O

In Scheepers [16] it was shown that if X satisfies Sg, ({2, £2), then its family of w-
covers, {2, satisfies the partition relation

2 - [2]5.
Satisfying this partition relation means that for every w-cover U of X, if
f:u? - {01}

is any coloring, then there are ¢ € {0, 1}, an w-cover ¥V C I and a finite-to-one function
¢:V — w such that for all A and B from V, if g(A) # ¢(B), then f({A,B}) =4 Itis
customary to say that V is eventually homogeneous for f.

We now show that these two properties are equivalent.

Theorem 6.2. For any space X, 2 — [§213 is equivalent to Sgn (12, £2).

Proof. It is shown in [16] that Sg,(£2, £2) implies £2 — [£2]3. To prove the other direction
suppose that U, = {U": m € w} is an w-cover for each n € w. Let

U={UINUf: kl€w}

U is an w-cover, since given a finite ' C X we can first pick k¥ with F' C U,g and
then pick [ with F' C Uzk- For each element of I/ we pick a pair as above and define
frUP? —{0,1} by

0, if ko = ki,
ko k ?
f({U}(»)o 0 Uln ’ UI?I n Ulll }) =
1, if ko # k.
By applying 2 — [£2]3 there exist a sequence (k;,l;) and a finite-to-one function
q:w — w such that
V={U nU: icw}
is an w-cover of X and either
(a) q(i) # q(j) implies k; = k; or
(b) q(i) # q(4) implies k; # k;.
In case (a), since g is finite-to-one, we get that k; = k; for every 4,7 € w. This
would mean that every element of V refines U,(C)(), but this contradicts the fact that V is

an w-cover. Thus this case cannot occur.
In case (b), let

W = {Ul’f’: i <w}.
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Since V refines W and X ¢ W, W is an w-cover of X. Define
Wi = {U}": ki =n} CU,.

To finish the proof it is enough to see that each W, is finite. If not, there would be an
infinite A C w such that k&, = n for each i € A. Since q is finite-to-one, there would be
i # j € Awith g(i) # ¢(j). But k; = k; = n contradicts the assumption of case (b). O

Note added in proof. Problem 6 has been solved in the negative by Just and Tanner.
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