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1. Introduction

In this paper, we are concerned with the positive solutions to the following second-order multi-point boundary value
problem

X'() +qOf (¢, x(t) =0, te],,

m—2 1
x(0) = Y aix(E), X(00) = xx = 0, (D
i=1

where ] = [0, +00),J+ = (0,400),a; € Jand & € J, with0 < & < & < -+ < &y < +00,0 < Z;’:lzai < 1.
Throughout this paper, we always assume that the following conditions are satisfied.

(Hy) f eCd x],]),f(t,0) £ 0on any subinterval of ] and, when u is bounded, f (t, (1 + t)u) is bounded on J;
(Hy) q(t) is a nonnegative measurable function defined in J; and q(t) does not identically vanish on any subinterval of ]
and

+00 +oo
0< / q(t)dt < +o0, 0 < / tq(t)dt < 4o0.
0 0

Boundary value problems on a half-line arise quite naturally in the study of radially symmetric solutions of nonlinear elliptic
equations and models of gas pressure in a semi-infinite porous medium; see [1-5], for example. In the past few years, the
existence and multiplicity of positive solutions to nonlinear differential equations on the half-line have been studied by
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using several different techniques; we refer the reader to [1-7] and references therein. For example, using a fixed point
theorem of cone expansion and compression of norm type, Liu [5] investigated the existence of solutions of the following
second-order two-point boundary value problems on the half-line:

X'(t) +f(t,x(t) =0, te]y,
x(0) =0, X (00) =ys >0,

where f € C[J;+ x J+,]J]. Most of these papers only considered the existence of positive solutions of various boundary value
problems. A natural question which arises is “How can we find the solutions when they are known to exist?” More recently,
Ma, Du and Ge [8], and Sun and Ge [9,10] proved the existence of positive solutions for some second-order p-Laplacian
boundary value problems which are defined on finite intervals by virtue of the iterative technique.

To the best of our knowledge, up until now, no results in the literature are available for the computation of positive
solutions for boundary value problems on the half-line. On the other hand, the multi-point boundary value problems arising
from applied mathematical and physical problems have been studied extensively in the literature and there are many
excellent results about the existence of positive solutions for multi-point boundary value problems (see, for instance, [11-
16] and references therein). Motivated by the above-mentioned papers, the purpose of this paper is to fill this gap. As we
know, it is very important to check the compactness of the corresponding operator when we use the monotone iterative
technique, and the Ascoli-Arzela theorem plays a very important role. However, the Ascoli-Arzela theorem is not suitable
for operators on the half-line. So, we need to list some new conditions to meet the requirement of compactness.

2. Preliminaries and several lemmas
In this section, we give some preliminaries and definitions.

Definition 1. Let E be a real Banach space. A nonempty closed set P C E is said to be a cone provided that:

(1) au+bv e Pforallu,v e Pandalla > 0,b > 0;
(2) u, —u € P impliesu = 0.

In this paper, we will use the following space E which is denoted by

] [x(6)|
E=1{x€C[0,400) :sup —— < o0,
tef t+1

to study BVP (1). Then E is a Banach space equipped with the norm |[|x|| = sup,¢; ‘;‘fﬂ'. Let E; = {x € E|x(t) > 0}. Define
the cone P C E by

P = {x € E|x is concave and nondecreasing on [0, +00) and . liT X (t) = x(00)}.
—+00

Lemma 1. Let conditions (H;) and (H;) be satisfied; then x € E, N C2[],, ] is a solution of BVP (1) if and only if x € C[], E] is
a solution of the following integral equation

1 m—2 m—2 & +00
x(t) = ——— [(Z a,»s,-) Xoo + ) / f a(0f (z, x(r))drds]
i=1 i=1 0 Js

1-— Z o
i=1
t +00
+ / / q(o)f (7, x(t))d7ds + tXeo.- (2)
0 Js
Proof. Suppose thatx € E, N C?[J,, ] is a solution of BVP (1). For t € J, integrating (1) from t to 400, we have
+0o0
X () = X0 + f(s,x(s))ds. (3)

t

Integrating (3) from O to t, we get

t +o00
x(t) = x(0) + txoo + / / q(0)f (z, x(7))dtds. (4)
0 s

Thus, we obtain

& +00
x(&) = X(0) + Etoo + / f 4(0)f (z. x(z))deds,
0 s



530 X. Zhang / Computers and Mathematics with Applications 58 (2009) 528-535

which together with the boundary value condition implies that

1 m—2 m—2 & +o0
X0 = —— {(Z afsf) ety [ aore x(r))drds} . 5)
1— Z o i=1 i=1 0 Js

i=1

Substituting (5) into (4), we have

m—2 m—2 &  ptoo t ptoo
xX(t) = % [(Z a,f,) Xoo + Z(x,-[ f q(r)f(r,x(r))drds:| +f / q(Of (t, X(1))dTds + oo
1- Y o i=1 i=1 0 Js 0 Js

i=1

Next, we show that the integrals [, fs+°° q(t)f (t, x(t))drds and fot fs+°° q(t)f (t, x(t))drds are convergent.
Since x € E,, then there exists ry such that ||x|]| < ro. Set B, = sup{f(t, (1 4+ t)u)|(t,u) € J x [0, rp]}, and we have by
interchanging the order of integration

t p+oo 400 p+oo +o0
/ f q()f (z, x(7))dzds 5/ / q()f (z, x(7))dzds 5/ sq(s)ds - By,. (6)
0 s 0 s 0

By (H,), we know that |, f5+°° q(t)f (r, x(t))drds is convergent. Since [;' ["™ q(v)f (r, x(7))dzds < & 0+°° q(t)dt - By,

by (H;), we know that foi f;roo q(t)f (z, x(t))drds is also convergent. Thus, we have proved that the right term in (2) is
well defined.

Conversely, if x is a solution of the integral equation, then direct differentiation gives the proof. O

Now, we define an operator A : P — C[0, +00) by

1 m—2 m—2 & +o00
A = ——— [(Z a@-) Xoo + ) f / q(f (z, x(r))drds}
1_ Z o i=1 i=1 0 Js

i=1
t +o00
+ / / q()f (7, x(t))drds + tXeo. (7)
0 Js
To obtain the complete continuity of A, the following lemma is still needed.

Lemma 2 (See [5]). Let W be a bounded subset of P. Then W is relatively compact in E if {W (t)/(1+ t)} are equicontinuous on
any finite subinterval of [0, +00) and for any € > 0, there exists N > 0 such that

x(t)  x(t2)
1+6 1+t

uniformly with respect tox € W as t1, t; > N, where W (t) = {x(t)|x € W}, t € [0, +00).
Lemma 3. Let (H,) and (H,) be satisfied. Then A : P — P is completely continuous.
Proof. It is clear that (Ax)(t) > Oforanyx € P, t € J. By (7), we have
+00
(Ax)'(t) = / qs)f (s, x(s))ds + Xo0 > 0, (8)
t
and

A)"() = —q(Of (£, x(1)) < 0. (9)

(8) and (9) imply that (AP) C P. Now, we prove that A is continuous and compact respectively. Let x, — xasn — oo in P;
then there exists ro such that sup,epy oy [l%nll < r0. Let Byy = sup{f (¢, (1 + t)u)[(¢t, u) € ] x [0, ro]}. By (Hz), we have

t ptoo +oo  p+oo
/ f q(O)If (r, x.(7)) — f(z, x(1r))|drds < / / q(O)If (., x.(7)) — f(z, x(7))|drds
0 s 0 s

+00
< 2B, - / sq(s)ds < +o0. (10)
0
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By (7), (10) and the Lebesgue dominated convergence theorem, we get

‘1 & +00
1A%, — Ax|| = sup | —— [ / / 4O (0 x(0) — f (2. x(r)))drds}

1
tef 1+t om2

L

t —+00
+ / / 4O ( (2. xa(2) — F(z, x(2)))deds
0 s

1 1 &t
< sup{ o ;afof 4O (. 30() — (2, x(2))ldeds
1-— > o
i=1
t +00
+// q(O)If (z, (7)) — f(r,x(7))|drds ¢ — 0, n — oo. (11)
0 Js

Therefore, A is continuous.
Let £2 be any bounded subset of P. Then, there exists r > 0 such that ||x|| < r for any x € §2. Therefore, we have

1 1 m—2 m—2 & ptoo
jaxl = sup 1 |~ | (Lo )t Yo [ [ aorexconares
tef + t 1 o i=1 i=1 0 s

i=1

t +o0
+ / / q(o)f (x, x(t))dtds + txoo
0 Js

m—2 m—2 )
= % <Z oar‘?i) Xoo r: 3 (Za S,) / q(r)dr - B, + ](; q(t)dt - B, + Xoo

T— > o V= Z
i=1 =
m—2
> ik . .
i=1 1
= |1+ [t | (et )+ e,
1- > o 1— Y o V=
i=1 i=1

So, T£2 is bounded. Notice that the integral f0+°° f;LOO q(t)drds is convergent. So, forany T € J, and ¢y, t; € [0, T], by the
absolute continuity of the integral, we have

Ax)(t)  (Ax)(t2) 1 & ptoo ; )
_ 2 |:(Z alsl) Xoo + ZOH\/O l q(f)f(f, X(‘[))d‘[ds:| . ’ T . _ m

1+t 1+t m

-5
+0o0 1 t +oo
+ ‘]+t1/ / Q(t)f(r,x(r))drds—mfo /s q(0)f (z, x())drds
=
1+t 1+ Xoo

— [(mZ za>x +Zaf€if+mq(r)drds3]’ -
= 00 10 : r 1+6 1+6
1—20{,
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400 1
dtdsB, -
/ / 9(r)dz ’ 1+t2

Xso — 0, uniformly as t; — t,.

+o00
q(t)drdsB,

l+t

+‘1+t1 1+t2

Thus, we have proved that T2 is equicontinuous on any finite subinterval of [0, 4+00).
Next, we prove that for any ¢ > 0, there exists a sufficiently large N > 0 such that

Ax)(t Ax)(t
A0 (t) — (A0 (&) < ¢ forallt;,t > N, Vx e £2. (12)
1+ 4 1+¢6
For any x € §2, we have
. [ Ax)() ; oo
tll>oo’ T+t Hoo1+ q(o)f (7, x(7))dTds + Xoo. (13)

Similarly to (6), we get

t ptoo +o0
f / q(o)f (r, x(r))drds < Brf 7q(v)dt < +o0,
0 s 0

which shows that

+oo
tlirgol—_H/ f q(v)f (v, x(z))drds = 0. (14)

It follows from (13) and (14) that ‘ WO

tend to x., uniformly as t — o¢. So, for any € > 0, x € Q there exists N > 0 such

that
Ax)(t
’< ><>_xm‘ <& vemn
1+t 2
Consequently, for any t{, t; > N, we have
(Ax)(t1) € (Ax)(t2) €
g x| < L (15)
1+t 2 1+t 2

Therefore, (12) can be easily seen from (15). In conclusion, by Lemma 2 we know that A : P — P is completely
continuous. O

3. Main results

For notational convenience, we denote

m—2 m—2
Z aiéi Z a’fi +0oo +00 +00
m=|1+ % Xoos n= %/ q(t)dr + max {/ q(t)dr, / rq(r)dt} )
1— Z o 1— Z o 0 0 0
i=1 i=1

We will prove the following existence results.

Theorem 1. Assume that (H;) and (Hy) hold, and there exists a > 2m such that:

(S1) f(t, %1) <f(t,x2) forany0 <t < 400, 0 <x; <X < @;

(S2) ft, 1+ 0)u) < 5., (t,u) € [0, +00) x [0, a].

Then the boundary value problem (1) has two positive nondecreasing on [0, +00) and concave solutions w* and v*, such that
0 < ||lw*|| < a,and lim,_, s w, = lim,_, ,c A"wy = w*, where

m—2
> ik
i=1

m—2

1-— Z o
i=1

and 0 < ||[v*|| < a, limy_ o0 vy = limy_ oo A"vg = v*, Where vg(t) =0, t €.

a
U)o(t)=5—|— Xoo T oo, t €],
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Proof. By Lemma 3, we know thatA : P — P is completely continuous. For any x1, x, € P with x; < x,, from the definition
of A and (S;), we can easily get that Ax; < Ax,. We denote

Py = {x € P||Ix|| < a}.

Then, in what follows, we first prove that A : P, — P,.Ifx € P, then ||x|| < a.By (2), (S1) and (S,), we get

1 1 m—2 m—2 & +00
Ax|| = —_— i&i | Xoo + i ) drd
IAx = sup = T ;as X ;“/o / q(0)f (z, x())dds

-2
— o
i=1

t p+oo
+ / / q(o)f (z, x(7))drds + txeo
0 Js

1 m—2 1 m—2 +00 a
? Zai&' +1 Xoo + T Za,—%‘i +1 \/0 q(f)df . %
1—20[1' i=1 1—20[,‘ =1

i=1 i=1

a
=m+n-— =<a
2n

Hence, we have proved thatA : P, — P,,.
m-2 _
F’El%xoo + tXo, 0 < t < +00; then wo(t) € Py Let w; = Awg, wy = A%wp; then by Lemma 3,
T i=1 % _ — —
we haveﬁthat w1 € Pq and w, € P, We denote w,+1 = Aw, = A"wg,n = 0,1,2,....Since A : P, — P, we have
wy € A(Pg) C Pg,n=1,2,3,....Itfollows from the complete continuity of A that {w,}; , is a sequentially compact set.
By (2) and (S;), we get

m—2 m—2 & ptoo
wi () L{(Zma)wam N Q(f)f(f,wo(f))dde}
i=1 0 Js

Let wo(t) = % +

1= > a =1
i=1
t +00
+ [ / q(0)f (r, wo(r))drds + txeo
0 s
m—2
1 m—2 Z} Olié:i +oo +oo .
< — | b Xt _,117,2/ q(t)dr +/ Tq(r)d7 | -+t
T— ) =1 1—20[,»0 0
=1 i=1
m—2
a > aibi
- 7+%X°°+txoo=wo(f), 0<t < +oo. (16)
1- Z o
i=1

So, by (16) and (S1) we have
wa(t) = Aw(t) < Awg(t) = wq(t), 0=t < +oo.
By induction, we get
Wpt1 < wy, 0<t<+4o00,n=0,1,2,....
Thu*s, theie exists w* € Pq such that w, — w* asn — oo. Applying the continuity of A and w,; = Aw,, we get that
AwLezv:)(t.) = 0,0 <t < +oo; then vy(t) € P,. Let v; = Avg, v, = A%vp; then by Lemma 3, we have that v; € P, and

v, € P, We denote v,,; = Av, =A™, n=0,1,2,....Since A : P, — Po, we have v, € A(P,) C P;,n=1,2,3,....1t
follows from the complete continuity of A that {v,}72 , is a sequentially compact set.
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Since v; = Avg € P, we have
v1(t) = (Avg)(t) = (A0)(t) =0, 0 <t < +o0.
So, we have
v2(t) = Avy(t) > (A0)(t) = v1(t), 0 <t < +oo0.
By induction, we get
Une1 > Uy, O0<t<+4o00,n=0,1,2,....

Thus, there exists v* € P, such that v, — v* asn — oo. Applying the continuity of A and v,,; = Av,, we get that Av* = v*.
Iff(t,0) %0, 0 <t < oo, then the zero function is not the solution of BVP (1). Thus, v* is a positive solution of BVP (1).
It is well known that each fixed point of A in P is a solution of BVP (1). Hence, we assert that w* and v* are two positive,
nondecreasing on [0, +00) and concave solutions of the BVP (1). O

Z 71 i
1- Z,m 12 o
and vo(t) = 0, vy = Avy, = A"y, n = 0,1, 2, .... They start off with a known simple linear function and the zero
function respectively. This is convenient for application.

Remark 1. The iterative schemes in Theorem 1 are wq(t) = % + Xoo + tXoo, Wyt1 = Awy, = A"we,n=0,1,2,...
4. An example

Example 1. Consider the boundary value problem of the differential equation

X(6) - ———f(tx() =0, tels.

1«/E(l + tl)2 (17)
x(0) = gX(l) + EX(3), X' (00) =0,
where
X 4
10~ 3|cos(t—|—2)|—|—(l_}_t) , X<2,
f(ta X) = 2 4
cos(t + 2 , X>2.
s+ (1) s
Setq(t) = W It is clear that (H;) and (H;) hold. Let ¢y = ap = %, & =1,& = 3, x, = 0. By direct computation, we
can obtain
+o0 +oo +00 8
q(t)dt = / —dt +/ = -, (18)
/o o Vi +1o? (1 + t)2 NG ! J 24 =3
and
+oo +oo t 1 +o0 \/’ 8
tq(t)dt = - dt< / Vede + ~dt = (19)
/o o Nt(1+ t)2 0 T 3’

By (18)and (19) we have m = 0, n < 8. Take a = 300. In the following we check (S,).

Since the nonlinear term f satisfies
300 300

it
2% 2n

1
ft,A+10)x) < 0 +2% < , tel0,+00),x € [0,300],

the conditions in Theorem 1 are all satisfied. Therefore, the conclusion of Theorem 1 holds.
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