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Abstract

Scale effect on transverse wave propagation in double-walled carbon nanotubes (DWNTs) is studied via nonlocal elastic
continuous models. The nonlocal Euler–Bernoulli and Timoshenko beam models are proposed to study the small-scale
effect on wave dispersion results for DWNTs with respect to the variation of DWNT’s wavenumbers and diameters by
theoretical analyses and numerical simulations. The cut-off frequency, asymptotic phase velocity, and asymptotic fre-
quency are also derived from the nonlocal continuum models. A rough estimation on the scale coefficient used in the non-
local continuum models is proposed for the study of carbon nanotubes (CNTs) in the manuscript. The diameter-dependent
dispersion relations for DWNTs via the nonlocal continuum models are observed as well. In addition, the applicability of
the two beam models is explored by numerical simulations. The research work reveals the significance of the small-scale
effect on wave propagation in multi-walled carbon nanotubes.
� 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

Carbon nanotubes (CNTs) have become one of the most promising new materials for nanotechnology
(Ball, 2001; Baughman et al., 2002; Ajayan and Zhou, 2001) due to their novel electronic and mechanical
properties. Some of the examples of CNTs applications are atomic-force microscope, field emitters, nano-fill-
ers for composite materials, nanoscale electronic devices, and even frictionless nano-actuators, nano-motors,
nano-bearings, and nano-springs (Lau, 2003). The modeling for CNTs is classified into two main categories.
The first one is the atomic modeling, including the techniques such as classical molecular dynamics, tight bind-
ing molecular dynamics and density functional model (Iijima et al., 1996; Yakobson et al., 1997; Hernandez
et al., 1998; Sanchez-Portal et al., 1999). These atomic methods are only limited to systems with a small
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number of molecules and atoms and therefore only restrained to the study of small-scale modeling. Unlike
classical molecular dynamics, continuum model is practical in analyzing CNTs for large-scale systems. Yak-
obson et al. (1996) studied the unique features of fullernes and developed a continuum shell model in studying
different instability patterns of a CNT under different compressive load. Ru (2000b) proposed the buckling
analysis of CNTs with shell models. Krishnan et al. (1998) estimated Young’s modulus of singled-walled car-
bon nanotubes (SWNTs) by observing their freestanding room-temperature vibrations in a transmission elec-
tron microscope. Wang (2004) proposed the effective in-plane stiffness and bending rigidity of armchair and
zigzag CNTs through the analysis of a representative volume element of the graphene layer via continuous
elastic models. Wang et al. (2005) studied the bending instability characteristics of DWNTs of various config-
urations using a hybrid approach. The research showed that the bending instability may take place through
the formation of a single kink in the midpoint of a DWNT or two kinks, placed symmetrically about the mid-
point, depending upon both the tube length and diameters.

The small-size scales associated nanotechnology are often sufficiently small to call the applicability of clas-
sical continuum models into question for nano-structures with very small dimensions. Classical or local con-
tinuum models, such as beam and shell models, do not admit intrinsic size dependence in the elastic solutions
of inclusions and inhomogeneities. At nanometer scales, however, size effects often become prominent, the
cause of which need to be explicitly addressed with an increasing interest in the general area of nanotechnol-
ogy (Sharma et al., 2003). The modeling of such a size-dependent phenomenon has become an interesting sub-
ject of some researches in this field (Sheehan and Lieber, 1996; Yakobson and Smalley, 1997). It is thus
concluded that the applicability of classical continuum models at very small scales is questionable, since the
material microstructure at small size, such as lattice spacing between individual atoms, becomes increasingly
important and the discrete structure of the material can no longer be homogenized into a continuum. There-
fore, newly proposed continuum model rather than the classical continuum models may be an alternative to
take into account the scale effect in the studies of nanomaterials.

The scale effect was accounted for in elasticity by assuming the stress at a reference point is considered to be
a functional of the strain field at every point in the body by theory of NONLOCAL elasticity (Eringen, 1976).
In this way, the internal size scale could be considered in the constitutive equations simply as a material
parameter. The application of nonlocal elasticity models in nanomaterials was proposed by Peddieson
et al. (2003). They applied the nonlocal elasticity to formulate a nonlocal version of Euler–Bernoulli beam
model, and concluded that nonlocal continuum mechanics could potentially play a useful role in nanotechnol-
ogy applications. Further applications of the nonlocal continuum mechanics have been employed in studying
the mechanical behavior of CNTs. Sudak (2003) studied the infinitesimal column buckling of multi-walled
nanotubes (MWNTs) incorporating not only van der Waals forces but also the effects of small length scales.
His results showed that as the small length scale increases in magnitude the critical axial strain decreases com-
pared to the results with classical continuum mechanics. Zhang et al. (2004) proposed a nonlocal multi-shell
model for the axial buckling of MWNTs under axial compression. Their results showed that the influence of
the small scale on the axial buckling strain is related to the buckling mode and the length of tubes.

Growing interest in terahertz physics of nanoscale materials and devices (Sirtori, 2002; Jeon and Kim, 2002;
Antonelli and Maris, 2002; Brauns et al., 2002) opens a new topic on wave characteristics of CNTs, especially
on the terahertz frequency range. Yoon et al. (2003, 2004) studied the wave propagation of MWNTs. In their
studies, van der Waals force was modeled via their multiple-beam model. In structural analysis of one-dimen-
sional beam-like structures, two models are usually employed, namely Euler–Bernoulli and Timoshenko beam
models. Both models assume that plane sections remain plane. But in Euler–Bernoulli beam model, the sec-
tions remain perpendicular to the neutral axis whereas this assumption is removed in Timoshenko beam model
(1921) to account for the effect of shear and rotary effect. Euler–Bernoulli beam model normally provides
over-estimated wave phase velocity at higher wavenumber. Timoshenko beam model, on the other hand, is
proved to be able to provide more accurate wave solution even at higher frequency range, although it is more
complicated than Euler–Bernoulli beam model. The above investigations conducted the feasibility of the two
local beam models in analysis of wave propagation of CNTs on terahertz frequency range. However, the
small-scale effect was never considered in the published results. Since terahertz physics of nanoscale materials
and devices are the main concerns in the wave characteristic of CNTs, the small-scale effect must be obvious as
the wavelength in the frequency domain is in the order of nanometer.
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The research in this manuscript will study the scale effect on wave propagation of DWNTs via nonlocal
continuum mechanics. Two nonlocal beam modes, i.e. Euler–Bernoulli and Timoshenko models, are proposed
for the analysis. The wave characteristic solution is studied with respect to the wavenumbers, the scale coef-
ficient, and diameters of DWNTs. It is hoped the research in the manuscript will provide benchmark results on
nonlocal continuum mechanics in wave propagation of MWNTs.
2. Nonlocal continuum models of CNTs

In theory of nonlocal elasticity (Eringen, 1976), the stress at a reference point x is considered to be a func-
tional of the strain filed at every point in the body. This observation is in accordance with atomic model of
lattice dynamics and experimental observations on phonon dispersion.

The basic equations for linear, homogeneous, isotropic, nonlocal elastic solid with zero body force are given
by
rij;j ¼ 0 ð1aÞ

rijðxÞ ¼
Z

aðjx� x0j; sÞCijkleklðx0ÞdV ðx0Þ 8x 2 V ð1bÞ

eij ¼
1

2
ðui;j þ uj;iÞ ð1cÞ
where Cijkl is the elastic modulus tensor of classical isotropic elasticity; rij and eij are stress and strain tensors
respectively, and ui is displacement vector. a(jx � x 0j, s) is the nonlocal modulus or attenuation function incor-
porating into the constitutive equations to characterize the nonlocal effects at the reference point x produced
by local strain at the source x 0. jx � x 0j is the Euclidean distance, and s = e0a/l (Eringen, 1983), where e0 is a
constant appropriate to each material, a is an internal characteristic length (e.g. length of C–C bond, lattice
parameter, granular distance), and l is an external characteristic length (e.g. crack length, wavelength). It is
noted that the value of e0 needs to be determined from experiments or by matching dispersion curves of plane
waves with those of atomic lattice dynamics. In the limit when the effects of strains at points other than x is
neglected, one obtains classical (local) model of elasticity by setting e0 = 0.

Integral–partial differential equations of the above linear nonlocal elasticity has been proposed leading to
singular partial differential equations of a special class of physically admissible kernel (Eringen, 1983). In addi-
tion, Hook’s law for an unaxial stress state was determined by
rðxÞ � ðe0aÞ2 d2rðxÞ
dx2

¼ EeðxÞ ð2Þ
where E is Young’s modulus of the material. Thus, the scale coefficient e0a in the modeling will lead to small-
scale effect on the response of structures in nano-size.

To investigate the small-scale effect on the wave solutions of DWNTs, nonlocal Euler–Bernoulli and Tim-
oshenko beam models are proposed hereinafter.

2.1. Nonlocal Euler–Bernoulli beam model

The equilibrium equations on the force in vertical direction and the moment on a free body diagram of an
infinitesimal element of a beam structure shown in Fig. 1 can be easily provided below:
oV
ox
� qA

o
2u

ot2
¼ 0 ð3aÞ

V � oM
ox
¼ 0 ð3bÞ
where V(x, t) and M(x, t) are resultant shear force and bending moment on the beam; q is the mass density of
the material, A is the cross-area, and u(x, t) is the flexural deflection of the beam.



Fig. 1. Free body diagram of a beam element.
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Consider definitions of the resultant bending moment and the kinematics relation in a beam structure:
M ¼
Z

A
yrdA ð4aÞ

e ¼ �y
o

2u
ox2

ð4bÞ
where y is the coordinate measured from the mid-plane in the height direction of the beam.
Substituting Eqs. (4a) and (4b) into the nonlocal constitutive relation Eq. (2) leads to
M � ðe0aÞ2 o2M
ox2
¼ �EI

o2u
ox2

ð5Þ
where EI is the bending rigidity of the beam structure. Eq. (5) will become the following expression by con-
sidering Eqs. (3a)–(4b):
EI
o

4u
ox4
þ qA

o
2

ot2
u� ðe0aÞ2 o

2u
ox2

� �
¼ 0 ð6Þ
from which the local Euler–Bernoulli beam model is recovered if the scale coefficient e0 is identically zero.

2.2. Nonlocal Timoshenko beam model

In Timoshenko beam model, a new variable u is introduced to measure the slope of the cross-section due to
bending. Now the slope of the centroidal axis, ou

ox, is made up of two contributions, i.e. u representing the effect
of bending and c0 representing shear effects. The essence of Timoshenko argument is that the shear force at the
cross-section is given in terms of the shear strain c as
V ¼ G
Z

A
cdA ð7Þ
where G ¼ E
2ð1þtÞ is the shear modulus of CNTs. If c0 is the shear strain at the centroidal axis, then Gc0A will

give a shear force. However, it will not be equal to the value given in Eq. (7). To bring the value into balance,
the adjustment coefficient j is introduced such that
V ¼ G
Z

A
cdA ¼ jðGc0AÞ ¼ AGj

ou
ox
� /

� �
ð8Þ
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j is the adjustment coefficient which is suggested to take as 10/9 for a circular shape of the cross-area
(Timoshenko, 1921).

The motion equation of beams based on the nonlocal Timoshenko beam model can be given as follows:
oV
ox
¼ qA

o2u
ot2

ð9aÞ

V � oM
ox
¼ qI

o2/
ot2

ð9bÞ
where the term on the right-hand side of Eq. (9b) is the rotary effect considered in the Timoshenko beam
model.

Substitution of Eqs. (5) and (8) into Eqs. (9a) and (9b) leads to the following nonlocal Timoshenko beam
model:
GAj
ou
ox
� o2u

ox2

� �
þ qA

o2u
ot2
¼ 0 ð10aÞ

GAj 1� ðe0aÞ2 o2

ox2

� �
ou
ox
� u

� �
þ EI

o2u
ox2
� qI

o2

ot2
u� ðe0aÞ2 o2u

ox2

� �
¼ 0 ð10bÞ
It is again seen that the local Timoshenko beam model is recovered when the parameter e0 is identically zero.

3. Wave propagation of DWNTs by nonlocal continuum mechanics

In linear analysis of DWNT’s wave propagation, the van der Waals interaction pressure at any point
between two adjacent tubes was modeled by a linear function of the deflection jump at that point (Yoon
et al., 2004). In terms of the above model of the van der Waals interaction, the governing equations for the
inner and outer tubes can be proposed accordingly. The solution for wave propagation of CNTs will thus
be derived via the nonlocal Euler–Bernoulli and Timoshenko beam models hereinafter.

3.1. Nonlocal Euler–Bernoulli beam model

The governing equation for DWNT’s wave propagation by considering van der Waals effect via nonlocal
continuum mechanics provided in Eq. (6) is given as:
EI1

o4u1

ox4
þ qA1

o2

ot2
u1 � ðe0aÞ2 o2u1

ox2

� �
¼ cðu2 � u1Þ ð11aÞ

EI2
o

4u2

ox4
þ qA2

o
2

ot2
u2 � ðe0aÞ2 o

2u2

ox2

� �
¼ cðu1 � u2Þ ð11bÞ
where EIi, i = 1, 2, stand for the bending rigidities of the inner and outer tubes, u1(x, t) and u2(x, t) the bending
deflections of the inner and outer tubes, Ai, i = 1, 2, the cross-area of the tubes, c = Cd and C = 1.0 · 1020

J/m4 the energy constant, d = (d1 + d2)/2 the average diameter. The coefficient C is actually a curvature-
related variable in CNT analysis (Wang et al., 2005). However, in the manuscript, it is assumed to be a con-
stant and the van der Waals force is given on the right-hand sides of Eqs. (11a) and (11b).

The wave propagation solution for Eqs. (11a) and (11b) can be expressed as follows:
uiðx; tÞ ¼ Uie
iðkx�xtÞ; i ¼ 1; 2 ð12a; bÞ
where Ui is the amplitude of the wave motion, k is the wavenumber, and x is the frequency of the wave
motion.

Substitution of Eqs. (12a,b) into Eqs. (11a) and (11b) yields the following equation in matrix form:
EI1k4 � qA1x2ð1þ ðe0aÞ2k2Þ þ c �c

�c EI2k4 � qA2x2ð1þ ðe0aÞ2k2Þ þ c

" #
U 1

U 2

� �
¼

0

0

� �
ð13Þ
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from which the wave solution can be derived from an eigen-value problem for non-trivial solution of Ui

(i = 1, 2) as follows:
det
EI1k4 � qA1x2ð1þ ðe0aÞ2k2Þ þ c �c

�c EI2k4 � qA2x2ð1þ ðe0aÞ2k2Þ þ c

" #
¼ 0 ð14Þ
where det(Æ) stands for determinant of a matrix.
The two-mode phase velocity, v = x/k, for the DWNT can thus be explicitly determined from Eq. (14)

as
v1 ¼
P �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P 2 � 4QR

p
2

 !1=2

ð15aÞ

v2 ¼
P þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P 2 � 4QR

p
2

 !1=2

ð15bÞ
where P ¼ qA1ð1þ ðe0aÞ2k2ÞEI1k2 þ qA2ð1þ ðe0aÞ2k2ÞEI2k2 þ c
k2 ðqA1ð1þ ðe0aÞ2k2Þ þ qA1ð1þ ðe0aÞ2k2ÞÞ,

Q = qA1(1 + (e0a)2k2) * qA1(1 + (e0a)2k2), R = c(EI1 + EI2) + EI1 * EI2k4.
The cut-off frequency derived for the DWNT by both local and nonlocal Euler–Bernoulli beam models is

thus derived as
x2
c ¼ c

1

qA1

þ 1

qA2

� �
ð16Þ
Two asymptotic phase velocities can be determined as well from Eqs. (15a) and (15b) as follows:
va1 ¼
1

e0a

ffiffiffiffiffiffiffiffi
EI1

qA1

s
ð17aÞ

va2 ¼
1

e0a

ffiffiffiffiffiffiffiffi
EI2

qA2

s
ð17bÞ
As is known, appropriate expressions of mechanical and material properties are critical in determining
accurate solutions. Ru (2000a) proposed that the effective bending rigidity of a SWNT should be regarded
as an independent material parameter not related to the equilibrium thickness by the elastic bending stiffness
formula. Actually in all the lower-order models for beams, plates and shells, the common assumption used is
the ‘‘straight normal postulate’’ which states that the longitudinal deformation at any point in the flexural
direction is proportional to the distance between this point to the mid-plane of mid-surface of the structure.
However, the atomic layer in a SWNT cannot be divided into different layers and the flexural strain or defor-
mation are actually concentrated on a narrow region around the center-line of the atom layer, rather than dis-
tributed linearly over the thickness direction (Ru, 2000a). Based on the above discussion, the expressions for
mechanical and material properties of both SWNTs and DWNTs were proposed in a reference (Wang and
Varadan, 2005) which will be adopted in the current research.

The dispersion curves for two modes of the transverse wave propagation of the DWNT with the mid-sur-
face diameter d = 5 nm are plotted in Fig. 2 at e0a = 0 nm, 1 nm, 2 nm respectively to study the scale effect. As
is seen from the figure that the two-mode phase velocities from the local or classical Euler–Bernoulli beam
model, i.e. e0a = 0 nm, show a virtual linear variation at large wavenumbers, whereas, the velocities from
the nonlocal model have their asymptotic values as given in Eqs. (17a) and (17b). On the other hand, the
derived phase velocities decrease with increase of the scale coefficient e0a. The difference of the phase velocities
becomes more obvious at larger wavenumbers, although this difference is almost invisible at very small wave-
numbers, e.g. k < 2 · 108/m, from the simulations in Fig. 2. From the simulations, the scale effect on dispersive
solution of DWNT via nonlocal Euler–Bernoulli beam model is clearly observed.
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Fig. 2. Dispersive curves from Euler–Bernoulli beam models.
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Since, in Timoshenko beam model, effect of shear and rotary inertia is accounted, it was concluded by Tim-
oshenko (1921) that the wave propagation solution by this model is in better agreement with those using exact
theory. Next, the scale effect on DWNT’s wave solution is examined via the nonlocal Timoshenko beam
model.

3.2. Nonlocal Timoshenko beam model

The governing equation for DWNT’s wave propagation by considering van der Waals effect via the non-
local Timoshenko beam model provided in Eqs. (10a) and (10b) is given as
GA1j
ou1

ox
� o

2u1

ox2

� �
þ qA1

o
2u1

ot2
¼ cðu2 � u1Þ ð18aÞ

GA1j 1� ðe0aÞ2 o2

ox2

� �
ou1

ox
� u1

� �
þ EI1

o2u1

ox2
� qI1

o2

ot2
u1 � ðe0aÞ2 o2u1

ox2

� �
¼ 0 ð18bÞ

GA2j
ou2

ox
� o2u2

ox2

� �
þ qA2

o2u2

ot2
¼ cðu1 � u2Þ ð19aÞ

GA2j 1� ðe0aÞ2 o2

ox2

� �
ou2

ox
� u2

� �
þ EI2

o2u2

ox2
� qI2

o2

ot2
u2 � ðe0aÞ2 o2u2

ox2

� �
¼ 0 ð19bÞ
Similarly, the subscript i (i = 1, 2) indicates the variables on inner and outer tubes separately.
The above four equations can be reduced to two equations about u1(x, t) and u2(x, t) as follows through

careful differential operations which are omitted in the current manuscript:
EI1

qA1

o4u1

ox4
� I1

A1

1þ E
Gj

� �
o4u1

ox2ot2
þ o2u1

ox2
þ qI1

GA1j
o4u1

ot4

þ c
GA1j

�GA1j
qA1

ðu2 � u1Þ þ
EI1

qA1

o2u2

ox2
� o2u1

ox2

� �
� qI1

qA1

o2u2

ot2
� o2u1

ot2

� �� �

þ ðe0aÞ2 I1

A1

o6u1

ox4ot2
� o4u1

ox2ot2
� qI1

GA1j
o6u1

ox2ot4
þ c

qA1

o2u2

ox2
� o2u1

ox2

� �
þ c

GA1j
qI1

qA1

o4u2

ox2ot2
� o4u1

ox2ot2

� �� �

¼ 0 ð20aÞ
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EI2

qA2

o4u2

ox4
� I2

A2

1þ E
Gj

� �
o4u2

ox2ot2
þ o2u2

ox2
þ qI2

GA2j
o4u2

ot4

þ c
GA2j

�GA2j
qA2

ðu1 � u2Þ þ
EI2

qA2

o2u1

ox2
� o2u2

ox2

� �
� qI2

qA2

o2u1

ot2
� o2u2

ot2

� �� �

þ ðe0aÞ2 I2

A2

o6u2

ox4ot2
� o4u2

ox2ot2
� qI2

GA2j
o6u2

ox2ot4
þ c

qA2

o2u1

ox2
� o2u2

ox2

� �
þ c

GA2j
qI2

qA2

o4u1

ox2ot2
� o4u2

ox2ot2

� �� �
¼ 0

ð20bÞ

Substitution of Eqs. (12a,b) into Eqs. (20a) and (20b) yields the following equation in matrix form:
D1 D2

D3 D4

� �
U 1

U 2

� �
¼

0

0

� �
ð21Þ
where
D1 ¼
EI1

qA1

k4 � I1

A1

1þ E
Gj

� �
k2x2 1þ ðe0aÞ2k2

1þ E=Gj

 !
� x2ð1þ ðe0aÞ2k2Þ þ qI1

GA1j
x4ð1þ ðe0aÞ2k2Þ

þ c
qA1

ð1þ ðe0aÞ2k2Þ þ c
GA1j

EI1

qA1

k2 � c
GA1j

qI1

qA1

x2ð1þ ðe0aÞ2k2Þ

D2 ¼ �
c

qA1

ð1þ ðe0aÞ2k2Þ � c
GA1j

EI1

qA1

k2 þ c
GA1j

qI1

qA1

x2ð1þ ðe0aÞ2k2Þ

D3 ¼ �
c

qA2

ð1þ ðe0aÞ2k2Þ � c
GA2j

EI2

qA2

k2 þ c
GA2j

qI2

qA2

x2ð1þ ðe0aÞ2k2Þ

D4 ¼
EI2

qA2

k4 � I2

A2

1þ E
Gj

� �
k2x2 1þ ðe0aÞ2k2

1þ E=Gj

 !
� x2ð1þ ðe0aÞ2k2Þ þ qI2

GA2j
x4ð1þ ðe0aÞ2k2Þ

þ c
qA2

ð1þ ðe0aÞ2k2Þ þ c
GA2j

EI2

qA2

k2 � c
GA2j

qI2

qA2

x2ð1þ ðe0aÞ2k2Þ
The wave solution can therefore be derived from an eigen-value problem to find non-trivial solutions for Ui

(i = 1, 2) in Eq. (21) which is given as
D1D4 � D2D3 ¼ 0 ð22Þ

Three cut-off frequencies for the DWNT by both local and nonlocal Timoshenko beam models are thus

derived:
x2
c1 ¼

GA1j
qI1

; x2
c2 ¼

GA2j
qI2

; x2
c3 ¼ c

1

qA1

þ 1

qA2

� �
ð23a–cÞ
It can be found that the third cut-off frequency of DWNT via the nonlocal Timoshenko beam model is
exactly the same with the sole cut-off frequency for DWNT via the nonlocal Euler–Bernoulli beam model
shown in Eq. (16).

Two asymptotic phase velocities at k!1 are derived as follows via the local or classical Timoshenko
beam model:
vTL1 ¼
ffiffiffiffiffiffiffi
Gj
q

s
ð24aÞ

vTL2 ¼
ffiffiffiffi
E
q

s
ð24bÞ
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By comparing the two asymptotic velocities with those in Eqs. (17a) and (17b), it can be concluded that
wave solution for the DWNT via the nonlocal Euler–Bernoulli beam model is equivalent to that via the local
Timoshenko beam model if the scale coefficient is set e0a ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jþ jt
p

d1 to accommodate the first phase wave
velocity, or e0a ¼ 2

ffiffiffi
2
p

d2 to accommodate the second phase wave velocity, where d1 and d2 are mid-surface
diameters for inner and outer tubes separately.

One asymptotic phase velocity via the nonlocal Timoshenko beam model is observed from calculations in
Eq. (22) and is shown below:
vTNL ¼
ffiffiffiffiffiffiffi
Gj
q

s
ð25Þ
This solution indicates that only one asymptotic velocity is expected to be observed for DWNT in future
studies.

Another characteristic to be emphasized is the asymptotic frequency of the DWNT derived as
�xnT ¼
1

e0a

ffiffiffiffiffi
Et
qt

s
¼ 1

e0a

ffiffiffiffiffi
C
qt

s
ð26Þ
where the in-plane stiffness is Et = 360 J/m2 (Yakobson et al., 1996) which is a virtually constant parameter.
This asymptotic frequency can thus be calculated as �xnT ¼ 21456

e0a if the mass density q = 2.3 g/cm3 and the

thickness of CNT t = 0.34 nm are chosen (Yoon et al., 2004). It is easily proven that the value is also valid
for a SWNT.

As indicated, parameter a describes internal characteristic length, and it was chosen as the length of a C–C
bond, which is 0.142 nm, for analysis of CNTs (Sudak, 2003). On the other hand, the parameter e0 was given
as 0.39 (Eringen, 1983). This value has to be determined from experiments by matching dispersion curves of
plane waves. But this has not yet been achieved for CNTs. It was speculated (Peddieson et al., 2003) that the
value might even be a value on the order of hundreds. Based on Eq. (26), a rough estimate of the scale coef-
ficient e0a becomes possible as long as the highest frequency of a SWNT or a DWNT can be available since
vibration of a bounded medium can be seen as a standing wave phenomenon in the medium. An available
experimental work on the vibration of CNTs in reference (Krishnan et al., 1998) provides the fundamental
frequency is around 0.1 THz. If this value is substituted in Eq. (26), it can be derived that e0a < 210 nm.
As stated in references (Yoon et al., 2004), the frequency in CNTs is in the terahertz range. A conservative
evaluation on the scale coefficient can be obtained as e0a < 2.1 nm if the maximum frequency value for a
known SWNT or a DWNT is assessed to be greater than 10 THz. It is note that the coefficient is a
diameter-dependent variable.
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Fig. 3a. Dispersive curves from Timoshenko beam model at e0a = 0 nm.
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Fig. 3b. Dispersive curves from Timoshenko beam model at e0a = 1 nm.
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Fig. 3c. Dispersive curves from Timoshenko beam model at e0a = 2 nm.
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Dispersion curves for the DWNT with the inner diameter d1 = 5 nm are plotted in Figs. 3a–3c at
e0a = 0 nm, e0a = 1 nm, and e0a = 2 nm respectively. First observation verifies the conclusions from Eqs.
(24a), (24b) and (25) that there are two asymptotic phase velocities from the LOCAL Timoshenko beam
model shown in Fig. 3a, whereas there is only one asymptotic velocity via the NONLOCAL Timoshenko
beam model shown both in Figs. 3b and 3c. In Fig. 3a, the phase velocities for the first and second modes
converge to the asymptotic value given in Eq. (24a), while the velocities for the third and the fourth modes
converge to the asymptotic value given in Eq. (24b). However, when the nonlocal continuum model is applied,
it is seen that the velocities for the first and the second modes decrease with increase of wavenumbers seen
from Figs. 3b and 3c. However, the velocities for the third and fourth mode of wave come to the asymptotic
value as shown in Eq. (25). In addition, from all the three figures, it is found that all the velocities from the
three higher modes of wave propagation of the DWNT decrease from higher values at small wavenumbers.

The phase velocity of the DWNT with d1 = 5 nm versus the scale coefficient e0a via the nonlocal Timoshenko
beam model is plotted in Figs. 4a–4c at k = 5 · 108/m, k = 1 · 109/m, and k = 5 · 109/m respectively. First
observation is that the scale effect is almost invisible at smaller wavenumbers, such as k = 5 · 108/m in
Fig. 4a. However, the scale effect becomes more obvious in Fig. 4b and 4c from which it is seen the phase velocities
for all the four modes decrease with increase of the scale coefficient. However, this decreasing variation for the
third and fourth mode end at larger wavenumbers such as k = 5 · 109/m seen in Fig. 4c, whereas, velocities for
the first and the second modes decrease to zero as discussed in Figs. 3b and 3c previously.
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Fig. 4a. Dispersive curves from Timoshenko beam model at k = 5 · 108 m�1.

0.00E+00

5.00E+03

1.00E+04

1.50E+04

2.00E+04

2.50E+04

3.00E+04

0.00E+00 5.00E-10 1.00E-09 1.50E-09 2.00E-09

Scale coefficient e0a (m)

Mode 1

Mode 2

Mode 3

Mode 4

P
h

as
e 

ve
lo

ci
ty

 (
m

/s
)

Fig. 4b. Dispersive curves from Timoshenko beam model at k = 1 · 109 m�1.
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Fig. 4c. Dispersive curves from Timoshenko beam model at k = 5 · 109 m�1.
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In Figs. 5a–5c, the scale effect on the phase velocities versus the inner diameter of the DWNT at e0a = 2 nm
is studied at different wavenumbers k = 5 · 108/m, k = 1 · 109/m, and k = 5 · 109/m respectively. It is seen
0.00E+00

2.00E+04

4.00E+04

6.00E+04

8.00E+04

1.00E+05

0.00E+00 3.50E-09 7.00E-09 1.05E-08 1.40E-08

Inner diameter D1 (m)

Mode 1

Mode 2

Mode 3

Mode 4
P

h
as

e 
ve

lo
ci

ty
 (

m
/s

)

Fig. 5a. Dispersive curves from at k = 5 · 108 m�1 and e0a = 2 nm.
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Fig. 5b. Dispersive curves from at k = 1 · 109 m�1 and e0a = 2 nm.
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Fig. 5c. Dispersive curves from at k = 5 · 109 m�1 and e0a = 2 nm.
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that at the lower wavenumber k = 5 · 108/m in Fig. 5a the velocity for the first mode increase with increase of
the diameter, whereas, the velocities for the third and fourth modes decrease with increase of the diameter.
Such variation becomes more obvious when the wavenumber arrives at k = 1 · 109/m in Fig. 5b. However,
when wavenumber increases further to k = 5 · 109/m seen in Fig. 5c, the diameter-dependence of the velocities
becomes almost invisible. In all the three figures, the velocity for the second mode is relatively insensitive to the
diameter compared to those for other modes. The diameter-dependence of wave solution for CNTs is first
observed in the manuscript as all previous studies (Sudak, 2003; Zhang et al., 2004) indicated the diameter
independent buckling solution of CNTs via nonlocal continuum models.

4. Conclusions

The scale effect on DWNT’s wave propagation is studied in the research via the nonlocal continuum beam
models. Two-mode solutions and four-mode solutions are obtained via the nonlocal Euler–Bernoulli and
Timoshenko beam models respectively. It is shown that the solution via the nonlocal Euler–Bernoulli beam
model is equivalent to that via the local Timoshenko beam model if the scale coefficient is adjusted accord-
ingly. The results of dispersion velocities via the nonlocal Timoshenko beam model show that one asymptotic
velocity exists. The scale effect becomes more obvious with increase of the scale coefficient for four modes, but
tends to invisible for the third and fourth modes at higher wavenumbers. It is also concluded that at lower
wavenumbers the velocity for the first mode increase with increase of the diameter, whereas, the velocities
for the third and fourth modes decrease with increase of the diameter. However, when wavenumber becomes
very high, the dependence of the velocities becomes almost invisible. In addition, the velocity for the second
mode is relatively insensitive to the diameter compared to those for other modes. A rough estimation on the
scale coefficient used in the nonlocal continuum mechanics is proposed for CNT analysis the first time in the
manuscript.
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