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Abstract

The n-dimensional hypercube Qn is a graph having 2n vertices labeled from 0 to 2n− 1. Two
vertices are connected by an edge if their binary labels di-er in exactly one bit position. In this
paper, we consider the faulty hypercube Qn with n¿ 3 that each vertex of Qn is incident to at
least two nonfaulty edges. Based on this requirement, we prove that Qn contains a hamiltonian
path joining any two di-erent colored vertices even if it has up to 2n−5 edge faults. Moreover,
we show that there exists a path of length 2n − 2 between any two the same colored vertices
in this faulty Qn. Furthermore, we also prove that the faulty Qn still contains a cycle of every
even length from 4 to 2n inclusive.
c© 2004 Elsevier B.V. All rights reserved.
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1. Introduction

Network topology is usually represented by a graph, G=(V; E), where the set of
vertices V (G) represents processors, and the set of edges E(G) represents links be-
tween processors. Many interconnection network topologies have been proposed in the
literature for the purpose of connecting hundreds or thousands of processing elements.
Among these topologies, the binary n-cube (abbreviated as hypercube) [9], denoted by
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Qn is one of the most popular topologies. On the other hand, linear arrays and rings,
which are two of the most fundamental networks for parallel and distributed compu-
tation, are suitable for developing simple algorithms with low communication costs.
Many eFcient algorithms designed on linear arrays and rings for solving a variety of
algebraic problems and graph problems can be found in previous works [1,6].
It is useful to consider faulty networks because node faults or link faults may occur

in networks. Studying faulty hypercubes has received many researchers’ attention in
recent years [2,3,5,8,11]. LatiH et al. [5] proved that Qn has a hamiltonian cycle even
if it has (n − 2) edge faults. Saad [9] proved that any fault-free Qn is bipancyclic.
Tsai et al. [8] showed that Qn is bipancyclic even if it has up to (n− 2) edge faults.
Harary and Hayes [3] proved that Qn is strongly hamiltonian laceable if and only if
n¿2. Tsai et al. [11] considered the hamiltonian laceability in the faulty n-dimensional
hypercube, showing that any Qn with n¿3 is strongly hamiltonian laceable even if it
has (n− 2) edge faults.
Every component in a network may have di-erent reliability, so it can be safely

assumed that in some subsets of components, all the components will not fail simul-
taneously. These reasons have motivated research on hamiltonian properties of con-
ditional faulty hypercubes. Chan and Lee [2] considered the existence of hamiltonian
cycles in the n-dimensional hypercube where each vertex is incident to at least two
nonfaulty edges, showing that any Qn with n¿3 still has a hamiltonian cycle even if
it has (2n − 5) edge faults. In this paper, we consider the faulty hypercube Qn with
n¿3 that each vertex of Qn is incident to at least two nonfaulty edges. Based on this
requirement, we prove that such Qn contains a cycle of every even length from 4 to
2n inclusive, even if it has up to (2n − 5) edge faults. We also prove that the faulty
Qn contains a hamiltonian path joining any two vertices which are in di-erent partite
sets. Furthermore, we prove that there exists a path of length 2n− 2 in such faulty Qn
joining any two vertices which are in the same partite set.
The rest of the paper is organized as follows. In the next section, some necessary

deHnitions and notations are introduced, and some initial results are proposed. Section 3
proves that linear arrays are embedded into conditional faulty hypercubes. Embedding
cycles in the hypercube are shown in Section 4. Finally, conclusions are given in
Section 5.

2. Preliminaries

Throughout this paper, for the graph theoretical deHnitions and notations we follow
[6]. A graph G=(V0 ∪V1; E) is bipartite if V (G) is the union of two disjoint sets V0
and V1, such that every edge joins V0 with V1. Two vertices, u and v, have the same
color if and only if u and v are in the same partite set. If e and f are distinct edges
that are incident with a common vertex, then e and f are adjacent edges. A path is
a sequence of adjacent vertices, written as 〈v0; v1; v2; : : : ; vm〉, in which all the vertices
v0; v1; : : : ; vm are distinct except that possibly v0 = vm. We also write the path 〈v0; P; vm〉,
where P= 〈v1; v2 : : : ; vm−1〉. Two paths are vertex-disjoint if and only if they do not
have any vertices in common. A hamiltonian path in a graph G is a spanning path in G.
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A bipartite graph G=(V0; V1; E) is said to be equitable if and only if |V0|= |V1|,
and Simmons [10] introduced the concept of hamiltonian laceability for those equi-
table bipartite graphs. An equitable bipartite graph G=(V0 ∪V1; E) is hamiltonian lace-
able if there is a hamiltonian path between any two di-erent colored vertices. Hsieh
et al. [4] further extended this concept in to that of strongly hamiltonian laceable. A
hamiltonian laceable graph G=(V0 ∪V1; E) is strongly laceable if there is a path of
length |V0 ∪V1|−2 between any two vertices which have the same color. Lewinter and
Widulski [7] also introduced the concept of hyper-hamiltonian laceable. A hamiltonian
laceable graph G=(V0 ∪V1; E) is hyper-hamiltonian laceable if for any vertex v∈Vi,
i=0; 1, there is a hamiltonian path of G − v between any two vertices of V1−i. A
hamiltonian laceable graph G is k-edge fault-tolerant hamiltonian laceable if G − F
remains hamiltonian laceable for every F ⊂E(G) with |F |6k. Similarly, we may de-
Hne that G is k-edge fault-tolerant strongly hamiltonian laceable when G and G − F
are both strongly hamiltonian laceable. A bipartite graph is bipancyclic if it contains a
cycle of every even length from 4 to |V (G)| inclusive. Furthermore, a bipartite graph
is edge-bipancyclic if every edge lies on a cycle of every even length from 4 to |V (G)|
inclusive. A bipancyclic graph G is k-edge fault-tolerant bipancyclic if G−F remains
bipancyclic for every F ⊂E(G) with |F |6k. An edge-bipancyclic graph G is k-edge
fault-tolerant edge-bipancyclic if G−F remains edge-bipancyclic for every F ⊂E(G)
with |F |6k.
An n-dimensional hypercube can be modeled as a graph Qn, with the vertex set

V (Qn) and the edge set E(Qn). There are 2n vertices and n2n−1 edges in Qn. Each
vertex u of Qn can be distinctly labeled by binary n-bit strings, un−1un−2 : : : u1u0. There
is an edge between two vertices if and only if their binary labels di-er in exactly one
bit position. If u(i) is the neighbor vertex across dimension i of the vertex u, then
the edge between them is said to be on dimension i. We will refer to the edge on
dimension i incident with u as ei(u). Let Di= {ei(u)|u∈V (Qn)}. Therefore, Di is said
to be dimension i edge set of Qn. Consequently, |Di|=2n−1 for all 06i6n − 1. For
convenience, we use Q0

n−1 to denote the subgraph of Qn induced by {u∈V (Qn) | ui=0}
and Q1

n−1 to denote the subgraph of Qn induced by {u∈V (Qn) | ui=1} for some
i6n − 1. Consequently, Qn is decomposed to Q0

n−1 and Q1
n−1 by dimension i. Thus,

Q0
n−1 and Q1

n−1 are isomorphic to Qn−1.
This paper is aimed at embedding maximum size of linear arrays and all possible

length of rings into the hypercubes under faulty conditions. Naturally, the problem is
modeled as Hnding hamiltonian laceability and bipancyclicity of the graph. We use
induction to prove our main results. Lemmas 1–3 contribute to the induction basis for
inductive proof of our main results.

Lemma 1 (Lewinter and Widulski [7]). The hypercube Qn, n¿3, is hyper-hamiltonian
laceable.

Lemma 2 (Tsai [11]). The hypercube Qn, n¿2, is (n−2)-edge fault-tolerant strongly
hamiltonian laceable.

Lemma 3 (Li et al. [8]). The hypercube Qn, n¿2, is (n−2)-edge fault-tolerant edge-
bipancyclic.
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3. Linear array embeddings

We observe that each vertex of a hamiltonian laceable graph is incident with at
least two fault-free edges. Consequently, we introduce a new measure of hamiltonian
laceability for bipartite graphs by requiring each vertex to be incident to at least two
nonfaulty edges in the graph. A faulty graph is said to be conditional if each vertex is
incident to at least two nonfaulty edges in this graph. A hamiltonian laceable graph G
is k-edge fault-tolerant conditional hamiltonian laceable if G − F is conditional and
hamiltonian laceable for every F ⊆E(G) with |F |6k. Similarly, we may deHne that G
is k-edge fault-tolerant conditional strongly hamiltonian laceable when G and G− F
are both strongly hamiltonian laceable.
The next two lemmas contribute to the construction of a long path connecting any

two vertices in a hypercube with up to (2n− 5) faulty edges.

Lemma 4. Assume n¿2. Let X and Y be the partite sets of Qn. In addition, x and
u are two distinct vertices of X ; and y and v are two distinct vertices of Y . Then
there exist two vertex-disjoint paths P1 and P2 such that: (1) P1 connects u to v, (2)
P2 connects x to y, and (3) V (P1)∪V (P2)=V (Qn).

Proof. We prove this lemma by induction on n. For this, we Hrst observe that the
lemma holds on n=2. As the inductive hypothesis, we assume that the lemma is true
for n¡k, for all k¿3. Let u= uk−1uk−2 : : : u0 and x= xk−1xk−2 : : : x0. Hence ui �= xi
for some i. Accordingly, Qk can be decomposed into two subcubes Q0

k−1 and Q1
k−1

by dimension i. Without loss of generality, we may assume that u∈V (Q0
k−1) and

x∈V (Q1
k−1). Therefore, the proof is divided into two major cases.

Case I: v; y∈V (Q0
k−1) or v; y∈V (Q1

k−1). (v and y are in the same subcube.)
Without loss of generality, we may assume that v; y∈V (Q0

k−1). Since there are
2k−2 − 1 vertices in Q0

k−1 which have the same color as u, and k¿3; then let w
and u be distinct vertices in Q0

k−1 with the same color. By inductive hypothesis, there
are two vertex-disjoint paths P1 connecting u to v and R1 connecting w to y such
that V (P1)∪V (R1)=V (Q0

k−1). Clearly, w
(i) and x are di-erent colored vertices. Since

Q1
k−1 is strongly hamiltonian laceable, let R2 be a hamiltonian path of Q1

k−1 joining x
and w(i). Therefore, the path P2 = 〈x; R2; w(i); w; R1; y〉 and P1 are vertex-disjoint, and
V (P1)∪V (P2)=V (Qk).
Case II: v∈V (Q0

k−1) and y∈V (Q1
k−1), or v∈V (Q1

k−1) and y∈V (Q0
k−1). (v and y

are in di-erent subcubes.)
Suppose that v∈V (Q0

k−1) and y∈V (Q1
k−1). Since Qk−1 is strongly hamiltonian

laceable, let P1 be a hamiltonian path of Q0
k−1 joining u and v, and P2 be a hamiltonian

path of Q1
k−1 joining x and y. Consequently, P1 and P2 are vertex-disjoint and V (P1)∪

V (P2)=V (Qk).
Suppose that v∈V (Q1

k−1) and y∈V (Q0
k−1). In order to show this subcase, we divide

the proof into two subcases: k¿3 and k =3.
(a) k¿3. Let R be a hamiltonian path of Q0

k−1 joining u and y. Hence the length of
R is (2k−1 − 1)¿7. There is at least one edge (w; z) in R satisfying the following
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Fig. 1. Illustration for Case II of Lemma 4.

conditions, such that the path R is divided into two sections R1 and R2, where R1
connects u to w and R2 connects z to y.
(1) w and u are di-erent colored vertices.
(2) w(i) �= x and z(i) �= v.
Consequently, z and y are di-erent colored vertices. Obviously, w(i) and x (z(i)

and v, respectively) have the same color. Since x, v, w(i) and z(i) are four dis-
tinct vertices of Q1

k−1, there are two disjoint paths R3 and R4 such that R3 con-
nects x to z(i), R4 connects v to w(i), and V (R3)∪V (R4)=V (Q1

k−1). Therefore,
P1 = 〈u; R1; w; w(i); R4; v〉 and P2 = 〈x; R3; z(i); z; R2; y〉 are vertex-disjoint, and V (P1)
∪V (P2)=V (Qk).

(b) k =3. We observe that Figs. 1(a)–(d) lists all possible situations for this subcase.
We directly list the solution of each situation of this subcase by bold lines in
Fig. 1. The lemma is completely proved.

Lemma 5. Assume n¿3. Let X and Y be the partite sets of Qn. In addition, x, u,
and v are three distinct vertices of X and y is a vertex of Y . Then there exist two
vertex-disjoint paths P1 and P2 such that: (1) P1 connects u to v, (2) P2 connects x
to y, and (3) V (P1)∪V (P2)=V (Qn) except one vertex.

Proof. The proof is similar to that of Lemma 4 and hence the detailed proof is omitted.

In order to prove the linear array embeddings result, we propose Lemma 6, as
follows.

Lemma 6. Assume n=3; 4. Let F be the faulty edge set of Qn, |F |=2n − 4, and
let any two edges in F be lying on di4erent dimensions. Then, Qn − F contains a
hamiltonian cycle if the degree of every vertex in Qn − F is at least two.

Proof.
(a) n=3 (see Fig. 2(a,b)).

In this case, |F |=2. Let e0 and e1 be elements of F such that the degree of
each vertex of Q3 − F is at least two. Without loss of generality, we may assume
that e0 ∈D2 and e0 = (000; 100). Therefore, e1 =∈{(000; 001); (100; 101); (000; 010),
(100; 110)} and e1 ∈D0 or e1 ∈D1. If e1 ∈D0, the hamiltonian cycle 〈(000); (001),
(011), (111); (101); (100), (110); (010); (000)〉 of Q3 does not pass e1 (see
Fig. 2(a)). If e1 ∈D1, the hamiltonian cycle 〈(000); (001); (101), (100); (110); (111),
(011); (010); (000)〉 of Q3 does not pass e1 (see Fig. 2(b)). Hence the lemma holds
for n=3.
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Fig. 2. Illustration for Case (a) of Lemma 6.

(b) n=4.
In this case, |F |=4. Let F = {e0; e1; e2; e3 | ei ∈Di, 06i63} such that the degree
of every vertex of Q4 − F is at least two. We can split Q4 into two subcubes,
namely Q0

3 and Q1
3, by dimension 0. Without loss of generality, we assume that

|Q0
3 ∩F |¿|Q1

3 ∩F |. Consequently, |Q0
3 ∩F |63 and |Q1

3 ∩F |61. Since the degree
of each vertex of Q4−F is at least two, at most one edge in {e1; e2; e3} is adjacent
to e0. We may assume that e1 ∈E(Q0

3 ∩F) and that it is not adjacent to e0. By
Case (a), there exists a hamiltonian cycle C in Q3 that does not pass e2 and e3.
We may choose an edge according to the following rules:
(1) If the edge e1 lies on the cycle C, the edge e1 is chosen.
(2) Otherwise, we choose any edge on the cycle C such that it is not adjacent to

the edge e0.
Let the chosen edge be denoted by (u; v). Therefore, C − {(u; v)} forms a hamil-
tonian path of Q0

3, denoted by P, joining u and v that does not pass any edge in
F . Since |Q1

3 ∩F |61 and by Lemma 2, there exists a hamiltonian path R of Q1
3

joining u(0) and v(0). Therefore, 〈u; P; v; v(0); R; u(0); u〉 forms a hamiltonian cycle of
Q4 − F . The proof is complete.

By Lemma 2, Q3 is 1-edge fault-tolerant strongly hamiltonian laceable. Since each
vertex of Q3 is adjacent to at least two nonfaulty edges even if it has one edge fault,
Q3 is 1-edge fault-tolerant conditional strongly hamiltonian laceable. In the following
proof, we use induction to prove Theorem 1.

Theorem 1. The hypercube Qn, n¿3, is (2n−5)-edge fault-tolerant conditional hamil-
tonian laceable.

Proof. We prove this lemma by induction on n. By Lemma 2, we observe that the
lemma holds for n=3. For k¿4, we assume that the lemma is true for every integer
n¡k. Let x and y be two di-erent colored vertices in Qk . Let F be any faulty edge
set with |F |62k − 5 such that each vertex of Qk is incident to at least two nonfaulty
edges. In order to prove this theorem, we must construct a fault-free hamiltonian path
joining x and y.
Let Di be the dimension i edge set of Qk . Suppose that Fi=F ∩Di. Since |F |62k−

5, there are at most two vertices in Qk incident to (k − 2) faulty edges. It is easy to
see that if there are two vertices in Qk incident to (k− 2) faulty edges, then these two
vertices are connected by a faulty edge. We choose a faulty edge e∈F according to
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Fig. 3. Illustration for the Subcase I-1 of Theorem 1.

the following rules:
(1) If there are two vertices incident to (k − 2) faulty edges, then we choose a faulty

edge e that connects to these two vertices.
(2) If there exists only one vertex u incident to (k − 2) faulty edges, then we choose

a faulty edge e that connects to the vertex u.
(3) If every vertex is incident to at most (k − 3) faulty edges, then we choose any

one faulty edge e from the faulty set F .
Without loss of generality, assume that the chosen faulty edge e is on dimen-

sion 0, i.e., e∈F0. Therefore, we decompose Qk into two subcubes, Q0
k−1 and Q1

k−1,
by the dimension 0. Hence Q0

k−1 and Q1
k−1 are isomorphic to Qk−1. Consequently,

each vertex in these two subcubes is incident to at least two nonfaulty edges which
are not on dimension 0. By inductive hypothesis, Q0

k−1 and Q1
k−1 are (2k − 7)-edge

fault-tolerant conditional hamiltonian laceable. Without loss of generality, we may as-
sume that |F ∩E(Q0

k−1)|¿|F ∩E(Q1
k−1)|. Hence |F ∩E(Q0

k−1)|62k−6. We claim that
|F ∩E(Q1

k−1)|6k−3. Suppose not, then |F ∩E(Q1
k−1)|¿k−3, so |F ∩E(Q0

k−1)|¡2k−
6− (k−3)= k−3. Therefore, |F ∩E(Q0

k−1)|¡|F ∩E(Q1
k−1)|, which is a contradiction.

The proof is divided into two major cases: |F ∩E(Q0
k−1)|=2k − 6 and |F ∩E(Q0

k−1)|
62k − 7.
Case I: |F ∩E(Q0

k−1)|=2k − 6.
In this case, Q1

k−1 is fault-free and F0 contains only one element, the chosen faulty
edge e. Let Fe= {(w; z)∈F ∩E(Q0

k−1) | (w; z) is not adjacent to e}. Since each vertex
of Q0

k−1 is incident to at least two nonfaulty edges in Q0
k−1, there are at most k − 3

faulty edges adjacent to e in Q0
k−1. Hence |Fe|¿2k − 6− (k − 3)= k − 3.

Subcase I-1: x; y∈V (Q0
k−1) (see Fig. 3).

Since k¿4, |Fe|¿1. Let e1 ∈Fe. We may assume that this edge e1 is fault-free.
By inductive hypothesis, Q0

k−1 is (2k − 7)-edge fault-tolerant conditional hamiltonian
laceable. Based on this assumption, Q0

k−1 has 2k − 7 edge faults and we can Hnd a
path P joining x and y spanning Q0

k−1. We choose an edge from the path P according
to the following rules:
(1) If the path P passes the edge e1, the edge e1 is chosen.
(2) Otherwise, we choose any one edge from the path P such that it is not adjacent

to e.
Let the chosen edge be denoted by (u; v). Therefore, the path P can be divided into

two disjoint sections P1 and P2, where P1 connects x to u and P2 connects y to v.
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Fig. 4. Illustration for the Subcase I-2 of Theorem 1.

Since Q1
k−1 is hamiltonian laceable, there is a hamiltonian path R of Q1

k−1 joining u(0)

and v(0). Consequently, the path 〈x; P1; u; u(0); R; v(0); v; P2; y〉 forms a hamiltonian path
of Qk joining x and y.
Subcase I-2: x; y∈V (Q1

k−1).
In this subcase discussion, we assume that u and x are di-erent colored vertices.

Since |Fe|¿k − 3 and k¿4, |Fe|¿1. The proof of this subcase is classiHed in three
parts.
(a) There exists one faulty edge (u; v)∈Fe such that u(0) �= x and v(0) �=y (see

Fig. 4(a)).
Since there are (2k − 7) faulty edges in Q0

k−1 in addition to the edge (u; v),
we can Hnd a path P joining u and v, and spanning Q0

k−1. Obviously, u
(0) and

v(0) are di-erent colored vertices. By Lemma 4, there are two vertex-disjoint
paths R1 and R2 such that R1 connects x to v(0), R2 connects y to u(0), and
V (R1)∪V (R2)=V (Q1

k−1). Therefore, the path 〈x; R1; v(0); v; P; u; u(0); R2; y〉 forms
a fault-free hamiltonian path of Qk .

(b) There exists one faulty edge (u; v)∈Fe such that exactly one of u(0) = x and
v(0) =y holds (see Fig. 4(b)).
Suppose that u(0) = x. Since there are (2k − 7) faulty edges in Q0

k−1 except the
edge (u; v), we can Hnd a path P joining u and v spanning Q0

k−1. Obviously, y and
v(0) have the same color. By Lemma 2, there exists a path R joining y and v(0)

spanning Q1
k−1 except x. Therefore, the path 〈x; u; P; v; v(0); R; y〉 forms a fault-free

hamiltonian path of Qk . Similarly, the same method can be used to prove the case
v(0) =y.

(c) There is only one element (u; v) in Fe, and u(0) = x and v(0) =y (see Fig. 4(c)).
In this case, |Fe|=1. Since |Fe|¿k − 3, this case occurs when k =4. Since there
are two faulty edges in Q0

3, by inductive hypothesis, we can Hnd a hamiltonian
path P in Q0

3 joining u and v. Since the length of P is 7, there are two distinct
sections 〈w; z; u〉 and 〈w′; z′; v〉 in P. Hence (w; z) or (w′; z′) is not adjacent to
the faulty edge e. Without loss of generality, we may assume that (w; z) is not
adjacent to the faulty edge e. Hence the path P can be divided into two sections
P1 and (u; z) where P1 joins v and w. In the subcube Q1

3, we can construct a
path R joining w(0) and z(0) spanning Q1

3 except x and y. (In Fig. 5, we list all
possible paths R of Q1

3.) Therefore, the path 〈x; u; z; z(0); R; w(0); w; P1; v; y〉 forms a
fault-free hamiltonian path of Q4.

Subcase I-3: x∈V (Q0
n−1) and y∈V (Q1

n−1).
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Fig. 5. An illustration for the Subcase I-2(c) of Theorem 1.
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We recall that e is the chosen faulty edge on dimension 0 and |Fe|¿k − 3. In the
following discussion, we assume that u and x are di-erent colored vertices.
(a) There exists a faulty edge (u; v)∈Fe, in which u and y have the same color, such

that v(0) �=y (see Fig. 6(a)).
Since k¿4, there are 2k−2¿4 vertices in Q0

k−1 that have the same color as y. Let
s∈Q0

k−1 have the same color with y and e0(s) be a fault-free edge. By inductive
hypothesis, Q0

k−1 is (2k − 7)-edge fault-tolerant conditional hamiltonian laceable.
If (u; v) is a fault-free edge, we can Hnd a path P joining x and s spanning Q0

k−1.
Then we choose an edge from the path P according to the following rules:
(1) If the path P passes the edge (u; v), we choose this edge (u; v).
(2) Otherwise, we choose any one edge from the path P, such that this chosen

edge is not adjacent to the chosen faulty edge e and the edge e0(y).
Let the edge chosen by the above rules be denoted by (u; v) where u and y
have the same color. Therefore, the path P can be divided into two sections P1
and P2 such that P1 connects x to v, and P2 connects s to u. Obviously, u(0)

and v(0) (s(0) and y, respectively) are di-erent colored vertices. By Lemma 4,
there are two vertex-disjoint paths, R1 and R2, such that R1 connects u(0) to
v(0), R2 connects s(0) to y, and V (R1)∪V (R2)=V (Q1

k−1). Consequently, the path
〈x; P1; v; v(0); R1; u(0); u; P2; s; s(0); R2; y〉 forms a hamiltonian path of Qk , joining x
and y.

(b) Every faulty edge (u; v) in Fe is adjacent to the edge e0(y), i.e., v(0) =y (see Fig.
6(b)).

Let the chosen faulty edge e=(w; z) and w∈V (Q0
k−1). We recall that Fi de-

notes the faulty edge set on dimension i. Hence |F0|=1. In this subcase, we
observe that Q1

k−1 is fault-free. Therefore, all faulty edges in Fe have a common
vertex v=y(0) and all faulty edges in F − Fe have a common vertex w. This
subcase is divided into two small subcases: (b1) and (b2).
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Fig. 7. Illustration for Case II of Theorem 1.

(b1) |Fj|61 for all 06j6k − 1.
In this case, any two faulty edges in Q0

k−1 are in di-erent dimensions. Since k¿4,
this situation will only occur in the case of k =4; 5. By Lemma 6, Q0

k−1 contains
a fault-free hamiltonian cycle C = 〈w; : : : ; xi; x; xj; : : : ; w〉. Hence at least one vertex
in {xi; xj} is not w. Let xj be not an endpoint of e, i.e., e0(xj) is a fault-free edge.
Hence there exists a hamiltonian path P of Q0

k−1 joining x and xj. Obviously,

y and x(0)j are di-erent colored vertices. By Lemma 1, there exists a hamiltonian

path R of Q1
k−1 joining y and x(0)j . Therefore, the path 〈x; P; xj; x(0)j ; R; y〉 forms

a hamiltonian path of Qk joining x and y (see Fig. 6(b)).
(b2) |Fj|¿2 for some 06j6k − 1.

In this case, there exists a dimension j such that |Fj|¿2. We can re-split Qk into
two subcubes, namely Q0

k−1 and Q1
k−1, by dimension j. Hence Q0

k−1 and Q1
k−1

contains at most (2k − 7) faulty edges. Therefore, the proof of this situation is
the same as Case II.

Case II: |F ∩E(Q0
k−1)|62k − 7.

Since each vertex of Q0
k−1 is incident to at least two nonfaulty edges in Q0

k−1, by
inductive hypothesis, Q0

k−1 is (2k− 7)-edge fault-tolerant conditional hamiltonian lace-
able. Furthermore, by Lemma 2, Q1

k−1 is (k−3)-edge fault-tolerant strongly hamiltonian
laceable. Therefore, the proof of this case is divided into two subcases.
Subcase II-1: x; y∈V (Q0

k−1) or x; y∈V (Q1
k−1) (see Fig. 7(a)).

Suppose that x; y∈V (Q0
k−1). Let P be a hamiltonian path of Q0

k−1 joining x and
y. The length of P is 2k−1 − 1. Since 2k−2¿2k − 5 for all k¿3, there exists an
edge (u; v) in P such that e0(u) and e0(v) are two fault-free edges. Hence the path
P can be divided into two vertex-disjoint paths P1 and P2 such that P1 connects x
to u, and P2 connects v to y. Let R be a hamiltonian path of Q1

k−1 joining u(0) and
v(0). Consequently, the path 〈x; P1; u; u(0); R; v(0); v; P2; y〉 forms a hamiltonian path of
Qk joining x and y. Similarly, the same method can be used to prove that x; y∈Q1

k−1.
Subcase II-2: x∈V (Q0

k−1) and y∈V (Q1
k−1) or x∈V (Q1

k−1) and y∈V (Q0
k−1)

(see Fig. 7(b)).
Without loss of generality, assume the former case occurs. Since there are 2k−2

vertices in Q0
k−1 with di-erent colors from x and 2k−2¿2k − 5 for all k¿3, we can

choose a vertex u in Q0
k−1 with di-erent colors from x such that the edge e0(u) is fault-

free. Hence u(0) and y are di-erent colored vertices in Q1
k−1. There is a hamiltonian
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path P of Q0
k−1 connecting x to u. And also, there exists a hamiltonian path R of Q1

k−1

joining y and u(0). Therefore, the path 〈x; P; u; u(0); R; y〉 forms a hamiltonian path of
Qk . The proof is complete.

Theorem 2. The hypercube Qn, n¿3, is (2n − 5)-edge fault-tolerant conditional
strongly hamiltonian laceable.

Proof. We prove this lemma by induction on n. By Lemma 2, we observe that the
lemma holds for n=3. For k¿4, we assume that the lemma is true for every integer
n¡k. Let x and y be two the same colored vertices in Qk . Let F be any faulty edge set
with |F |62k−5 such that each vertex of Qk is incident to at least two nonfaulty edges.
By Theorem 1, Qk is (2k − 5)-edge fault-tolerant conditional hamiltonian laceable. In
order to prove this theorem, we must construct a fault-free path of length 2n−2 joining
x and y.
The construction of this path between x and y in Qk − F is similar to the method

of Hnding a hamiltonian path between two di-erent colored vertices in Qk − F . In
the proof of Theorem 1, it is described how to Hnd a hamiltonian path between two
di-erent colored vertices in Qk − F . Hence the detailed proof is omitted.

4. Cycle embeddings

A bipancyclic graph G is k-edge fault-tolerant conditional bipancyclic if G − F ,
in which each vertex of G − F is incident to at least two nonfaulty edges, remains
bipancyclic for every F ⊂E(G) with |F |6k. By Lemma 3, Q3 is 1-edge fault-tolerant
edge-bipancyclic. Since each vertex of Q3 is incident to at least two nonfaulty edges
even if it has one edge fault, then Q3 is 1-edge fault-tolerant conditional bipancyclic.

Theorem 3. The hypercube Qn, n¿3, is (2n− 5)-edge fault-tolerant bipancyclic.

Proof. We prove this lemma by induction on n. By Lemma 3, we observe that the
lemma holds for n=3. For k¿4, we assume that the lemma is true for every integer
n¡k. Let F be any faulty edge set such that |F |62k − 5 and each vertex of Qk is
incident to at least two nonfaulty edges. We may choose a faulty edge e with the same
way of the proof of Theorem 1 to split Qk into two subcubes Q0

k−1 and Q1
k−1 such that

each vertex in Qik−1 is incident with at least two nonfaulty edges in Qik−1 for i=0; 1.
Without loss of generality, we may assume that the chosen edge e is on dimension

0, i.e., e∈F0. Therefore, we split Qk into two subcubes, Q0
k−1 and Q1

k−1, by the
dimension 0. Consequently, each vertex in these two subcubes is incident to at least
two nonfaulty edges which are not on dimension 0. By inductive hypothesis, Q0

k−1 and
Q1
k−1 are (2k−7)-edge fault-tolerant conditional bipancyclic. Without loss of generality,

we may assume that |F ∩E(Q0
k−1)|¿|F ∩E(Q1

k−1)|. Therefore, |F ∩E(Q0
k−1)|62k− 6

and |F ∩E(Q1
k−1)|6k−3. In order to prove this theorem, we need to construct a cycle

of length l, for any even integer l with 46l62k . The proof is divided into two major
cases: 46l62k−1 and 2k−1 + 26l62k .
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Fig. 8. Illustration for Case II of Theorem 3.

Case I: 46l62k−1.
Since |F ∩E(Q1

k−1)|6k − 3, by Lemma 3, there exists an even cycle of length l in
Q1
k−1 for all 46l62k−1.
Case II: 2k−1 + 26l62k (see Fig. 8).
In the subcube Q0

k−1, we choose an edge according to the following rules:
(1) If |F ∩E(Q0

k−1)|=2k−6, there exists at least one faulty edge in Q0
k−1 not adjacent

to the chosen faulty edge e. Therefore, we choose a faulty edge in Q0
k−1 such that

it is not adjacent to e.
(2) Otherwise, we choose any one edge in Q0

k−1 such that it is not adjacent to any
edge in F0.

Let the edge chosen by the above rules is denoted by (u; v). By Theorem 1, there
exists a hamiltonian path P joining u and v. Obviously, the length of P is 2k−1 − 1.
By Lemma 3, there exists a path Ri in Q1

k−1 joining u(0) and v(0) such that the length
of Ri is 2i − 1 for all 16i62k−2. Consequently, 〈u; P; v; v(0); Ri; u(0); u〉 forms a cycle
of length 2k−1 + 2i for all 16i62k−2. The proof is complete.

5. Conclusions

Since every component in the network may have di-erent reliability, it is important
to consider properties of a network with some conditional faults. We consider the n-
dimensional hypercube with some faulty edges such that each vertex is incident to at
least two nonfaulty edges. We use induction to prove that the n-dimensional hypercube
Qn, n¿3, is both (2n−5)-edge fault-tolerant conditional strongly hamiltonian laceable,
and also (2n− 5)-edge fault-tolerant conditional bipancyclic.
There exists an n-dimensional hypercube with (2n−4) edge faults, in which each ver-

tex incident to at least two nonfaulty edges, such that for any pair of vertices does not
exist a hamiltonian path joining them. For example, let u=00 · · · 0 and v=100 · · · 1.
One can consider the (2n− 4) faulty edges in Qn: ei(u) and ei(v) for all 16i6n− 2
(see Fig. 9). Obviously, vertices u and v each have exactly two nonfaulty edges inci-
dent to them. Hence the four edges e0(u), en−1(u), e0(v), and en−1(v) form a 4-cycle
by themselves. Therefore, in this Qn, n¿3, it is impossible to make a fault-free hamil-
tonian path joining any pair of vertices. On the other hand, it is also impossible to
make a hamiltonian cycle for n¿3. Therefore, our results are optimal. In our future



C.-H. Tsai / Theoretical Computer Science 314 (2004) 431–443 443

u

v

u(0) u(n-1)

faulty edges

faulty edges

Fig. 9. Illustration for the Qn with (2n− 4) edge faults.

work, there are two directions to be studied:
(1) If each vertex of the faulty Qn is incident to at least k nonfaulty edges, then how

many faulty edges can be tolerated such that Qn is strongly hamiltonian laceable?
(2) If each vertex of the faulty Qn is incident to at least k nonfaulty edges, then how

many faulty edges can be tolerant such that Qn is bipancyclic?
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