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Abstract

Let (Z;,) be a supercritical branching process in a random environment &€, and W be the limit of the
normalized population size Z,, /[E[Z,|§]. We show large and moderate deviation principles for the sequence
log Z,, (with appropriate normalization). For the proof, we calculate the critical value for the existence of
harmonic moments of W, and show an equivalence for all the moments of Z;. Central limit theorems on
W — W,, and log Z,, are also established.
© 2011 Elsevier B.V. All rights reserved.
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1. Introduction and main results

As an important extension of the Galton—Watson process, the model of branching process in
a random environment was introduced first by Smith and Wilkinson [22] for the independent
environment case, and then by Athreya and Karlin [4] for the stationary and ergodic environment
case. See also [3,23,24] for some basic results on the subject. The study of asymptotic properties
of a branching process in a random environment has recently received attention; see for example,
[1,2,15,5,6,8,7], among others. Here, for a supercritical branching process (Z,) in a random
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environment, we shall mainly show asymptotic properties of the moments of Z,, and prove
moderate and large deviation principles for (log Z,). In particular, our result on the annealed
harmonic moments completes that of Hambly [12] on the quenched harmonic moments, and
extends the corresponding theorem of Ney and Vidyashanker [21] for the Galton—Watson
process; our moderate and large deviation principles complete the results of Kozlov [15],
Bansaye and Berestycki [5], Bansaye and Boinghoff [6] and Boinghoff and Kersting [8] on large
deviations.

Let us give a description of the model. Let & = (§p, &1, &2, .. .) be a sequence of independent
and identically distributed (i.i.d.) random variables taking values in some space ©, whose
realization determines a sequence of probability generating functions

o oo
F28) = fe,(9) = piEn)s’. s €011, piEn) 2 0. Y pi(En) = 1. (1.1)
=0 i=0
A branching process (Z,),>0 in the random environment £ can be defined as follows:
Zn
Zo=1.  Zyi=) Xni n=0, (1.2)
i=1
where given the environment &, X,;(i = 1,2,...) are independent of each other and

independent of Z,,, and have the same distribution determined by f;,.

Let (I', P¢) be the probability space under which the process is defined when the environment
& is given. As usual, P is called quenched law. The total probability space can be formulated
as the product space (I" x oN , P), where P = P¢ ® 1 in the sense that for all measurable and
positive function g, we have

/gdP://g(é,y)dps(y)dr(é),

where 7 is the law of the environment £. The total probability P is usually called annealed law.
The quenched law P may be considered to be the conditional probability of the annealed law P
given &. The expectation with respect to P (resp. ) will be denoted E¢ (resp. E).

For & = (&, &1,...) and n > 0, define

o0

mu(p) = ma(p, &) = Y i’pi(&) forp >0, (1.3)
i=0

m, = my(1l), Ily=1 and I, =mqo---m,_; forn > 1. (1.4)

Then m, (p) = Eg¢X 5, ; and I, = [E¢ Z,,. It is well known that the normalized population size

Zn
W, =2
n 1,

is a nonnegative martingale under Pz (for each &) with respect to the filtration F, =
o0&, Xri,0<k<n-—1,i=1,2,...), so that the limit

W = lim W,

n—oo

exists almost sure (a.s.) with EW < 1. We shall always assume that
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z
Elogmg € (0,00) and EZLlogh Z; < oo. (1.5)
mo

The first condition means that the process is supercritical; the second implies that W is non-
degenerate. Hence (see e.g. [4])

Pe(W > 0) = P¢(Z, - 00) = lim P¢(Z, > 0) a.s.

For simplicity, we write often p; for p;(&y) and assume always
po=0 a.s.

Therefore W > 0 and Z,, — o0 a.s.
It is known that IOgTZ” — Elogmyg a.s. on {Z,, — o0} (see e.g. [23]). We are interested in the
asymptotic properties of the corresponding deviation probabilities. Notice that

log Z, = log I, 4+ log W,,. (1.6)

Since W,, — W > 0 a.s., certain asymptotic properties of log Z, would be determined by those
of log II,,. We shall show that log Z,, and log II, satisfy the same limit theorems under suitable
moment conditions.

At first, we present a large deviation principle. Let A(¢) = log Emg. Assume that mq is not a
constant a.s. and that A(¢) < oo forall r € R. Let

A*(x) = sup{tx — A1)}
teR
be the Fenchel-Legendre transform of A. It is well known [10, Lemma 2.2.5] that A*(E log
mg) = 0, A*(x) is strictly increasing for x > Elogmg and strictly decreasing for x < Elogmy;
moreover,

tx — A(t) ifx = A'(¢t) forsome ¢t € R,
%) ifx > A'(00) or x < A'(—00).

A (x) = {

In fact, A* is the rate function with which log I, satisfies a large deviation principle. We
introduce the following assumption.
(H) There exist constants 6 > 0 and A > Ay > 1 such that a.s.

Ay <mg and mo(l1+68) < AT, (1.7)

(recall that mq and mqo(1 4 8) were defined in (1.3) and (1.4)). Notice that the second condition
implies that my < A a.s.
The theorem below shows that log Z,, and log I, satisfy the same large deviation principle.

Theorem 1.1 (Large Deviation Principle). Assume (H). If EZ} < oo forall s > 1 and py =0
a.s., then for any measurable subset B of R,

1 log Z
—inf A*(x) < liminf—log[P’( 08 %n B)
xeB° n—-oo n n

1 log Z
< 1imsup—logIP’( Of Zn IS B) < — inf A*(x),
n

n—oo N X€EB

where B denotes the interior of B, and B its closure.
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From Theorem 1.1, we obtain immediately the following corollary.
Corollary 1.2. Assume (H). If EZ] < oo forall s > 1 and p; = 0 a.s., then
lim 1 logP <lmgTZ,, < x) = —A*(x) forx < Elogmy,

n—-oon
log Z,
n

1
lim —logP

n—oo n

> x) = —A*(x) forx > Elogmy.

Remark. This result was shown by Bansaye and Berestycki [5] when (H) holds with § = 1. If
P(p1 > 0) > 0, the rate function for the lower deviation is no longer A*(x): in this case, Bansaye
and Berestycki [5] proved that under certain hypothesis,

. 1 log Z,
lim —logP <x|=—x(x) forx <Elogmy,
n—-oon n
where y (x) = infieo,11{—110g Ep; + (1 — 1) A*(y=;)}. Obviously, x (x) < A*(x).
For the upper deviation and for branching processes with special offspring distributions, more
precise results can be found in [15,8,6].
Notice that the Laplace transform of log Z,, is

Ee'l0¢Zn — 7!

Therefore, Theorem 1.1 is a consequence of the Girtner—Ellis theorem (see e.g. [10]) and
Theorem 1.3 below.

Theorem 1.3 (Moments of Z,). Let t € R. Suppose that one of the following conditions is
satisfied:
(i) t € (0, 1] and IEmf)*]Zl logt Z < oo;
(i) t > 1 and EZ < oo;
(i) t <0, Epy < Emf), Il P1llco = esssup p1 < 1 and (H) holds.

Then for some constant C(t) € (0, 00),

li EZ, C(t)
im —— = .
n—00 (Em(f))"

For t < 0, Theorem 1.3 is an extension of a result of Ney and Vidyashanker [21] on the
Galton—Watson process. Theorem 1.3 can also be used to study the convergence rate in a central
limit theorem for W — W,, (see Theorem 1.7).

A key step in the proof of Theorem 1.3 is the study of the harmonic moments (moments of
negative orders) of W, which is of interest of its own. The following result is our main result on
this subject.

Theorem 1.4 (Harmonic Moments of W). Let a > 0. Assume (H) and || p1llcc < 1. Then
EW™ < oo ifandonlyif Epymg < 1.
Theorem 1.4 reveals that under certain conditions, the number ag satisfying E plmgo =1lis

the critical value for the existence of the harmonic moments EW ~%(a > 0). More precisely, we
have the following corollary.
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Corollary 1.5. Assume (H) and || p1llcc < 1. If Eplm(a)o =1, thenEW ™ < 0 if 0 <a < ay
and EW™ = 0 if a > ay.

Remark. Hambly [12] proved that under an assumption similar to (H), the number ¢y =

_115113% is the critical value for the a.s. existence of the quenched moments Es W™%(a > 0):

namely, EsW™¢ < coas.ifa < agand Ec W™¢ = oo ass.if a > ag. Here, we obtain the critical

value for the existence of the annealed moments instead of the quenched ones. Notice that by

Jensen’s inequality and the equation Ep 1m6’° = 1, we see the natural relation that ag < .

Now we consider moderate deviations. Let (a,,) be a sequence of positive numbers satisfying

an an

— —>0 and — — o0 asn — o0. (1.8)
n Jn

Similar to the case of large deviation principle, log Z,, and log II, satisfy the same moderate

deviation principle.

Theorem 1.6 (Moderate Deviation Principle). Assume (H) and ot = var(logmg) € (0, 00).
Then for any measurable subset B of R,

2
log Z, — nEl
— inf X < l1m1nf—log]P’< 98 Zn — MR 10870 € B)
xeB? 20 a2 an
log Z, — nE1 2
< limsup — logP( 08 Zn — MR 1080 € B> < —inf x_z’
n—00 a ap xeB 20

where B? denotes the interior of B, and B its closure.

Here and throughout the paper, var(log mg) denotes the variance of log my.

As in the case of large deviation principle, the proof of Theorem 1.6 is based on the
Girtner—Ellis theorem.

As another application of Theorem 1.3, we shall also establish a central limit theorem for
W — W, with exponential convergence rate. Let

X1 (m,(2)
52 =Y — (”— - 1) (1.9)
o ngo 11, m%
(recall that m, (2) = Z;’il i’ p;i(€,) by (1.3)). Then 8?,0 is the variance of W under P (see e.g.

[14]) if the series converges. As usual, we write 7”& = (§,, &,41,...) if § = (&, &1, ...) and
n=>0.

Theorem 1.7 (Central Limit Theorem on W — W,)). Assume (H) and ||pi1llcc < 1. If Ep1 <

]Emaeﬂ, essinf mr(,)l_(zz) > 1 and IEZ%+€ < oo for some € € (0, 1], then for some constant C > 0,
0

(W= W) _ )
P — @
<¢_ Znboo (T7E) ~ 0

sup
xeR

<cC (Em(f/z)". (1.10)

Notice that the condition || p1|lc < 1 is automatically satisfied when € > 0 is small enough.
Theorem 1.7 shows that W — W,, (with appropriate normalization) satisfies a central limit
theorem with an exponential convergence rate; it improves a recent result of Wang et al. [25]. For
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Galton—Watson process, Theorem 1.7 improves the convergence rate of Heyde and Brown [13],
and coincides with that of Ney and Vidyashanker [21].

Finally, as log 11, satisfies a central limit theorem, it is natural that the same would hold for
log Z,,. In fact we have the following theorem.

Theorem 1.8 (Central Limit Theorem on log Z,). Assume that o? = var(logmg) € (0, 00).
Then

log Z, — nE1
fim IP’( OF £n = W08 M0 §x> = B(x), (1.11)
n—00 ﬁa

2 . NPT .
where &(x) = \/%7 ffoo e~ 2dy is the standard normal distribution function.

The rest of the paper is organized as follows. In Section 2, we consider the harmonic moments
of W and prove Theorem 1.4. Section 3 is devoted to the study of the moments of Z,, of all orders
(positive or negative) and the large deviations of log Z,,, where Theorems 1.1 and 1.3 are proved
with additional information. In Section 4, we consider the moderate deviations of log Z,, and
prove Theorem 1.6. In Section 5, we deal with central limit theorems and prove Theorems 1.7
and 1.8. We end the paper by a short Appendix showing a general result on large deviations.

2. Harmonic moments of W

In this section, we shall study the harmonic moments of W, i.e. EW (s > 0), which are
closely related to the corresponding moments of W,,. The following lemma reveals their relations.

Lemma 2.1. Assume (1.5). Then for any convex function ¢ : Ry — R,

nlingoEg¢(Wn) =supEgp(W,) =Ee(W) a.s.,
n

and

lim Ep(W,) = supEp(W,) = Ep(W).
n—oo n

In particular, for all s > 0,

lim EeW, " =supE:W,° =E:W™° a.s.,
n

n—>oo
and

n—o0

lim EW,* =supEW,* = EW ™.
n

Proof. Recall that by (1.5), W, — W in L!. Therefore, W,, = E(W|F,) a.s. By the conditional
Jensen’s inequality,

E(e(W)|Fn) = oEW|F,) = (W)  a.s.,

so E@(W) > sup, E@(W,). The other side comes from Fatou’s lemma. The equality
lim Eo(W,) = sup Egp(W,)
n—>oo n

is obvious by the monotonicity of E¢(W,,). For the quenched moments, it suffices to repeat the
proof above with ¢ in the place of E. [
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Recall that we can estimate the harmonic moments of a positive random variable through its
Laplace transform.

Lemma 2.2 ([16, Lemma 4.4]). Let X be a positive random variable. For 0 < a < 0o, consider
the following statements:

() EX™? < oo; (i) Ee™X = 0t~ (t — 00);
(i) P(X < x) = 0(x%)(x — 0): (v) Vb € (0,a), EX " < .
Then the following implications hold: (i) = (ii) < (iii) = (@iv).
Set

¢: (1) =Eee™V and  ¢(t) = Egs(r) =Ee™V  (t > 0).

Lemma 2.3. Assume (H). Then there exist constants 8 € (0, 1) and K > 1 such that

1
P:(t) < B as.Vt> ra

Proof. Let p = 1 4 §. By a similar argument to the one used in the proof of [18, Proposition
1.3], we have Vk > 0,

27 11 P (p) ifl1 <p<2,

2.1
(B I PR W Py (p) it p > 2, @1

Ee|Wiy1 — Wil? < {

where B, = 24/[p/2] with [p/2] = min{k € N : k > p/2}, and my(p) = Z?i&# -
17 pi (&k).

The assumption (H) implies that ||mo(p)|lec = ||]Eg|r€—:) — 11?00 < 00 and that Il > A’l‘
a.s. Using the inequality (2.1) and an induction argument on [ p] (see [18, Proposition 1.3]), we
obtain

Ee W't = supEe W) < C  a.s.
n

for some constant C. In fact we shall only use the result for § < 1. Assume that § € (0, 1],

otherwise we consider min{§, 1} instead of §. Notice that the function e_;;rl;”‘ is positive and

bounded on (0, c0). So there exists a constant C > 1 such that

C
e <l—-—x+ 1_’_8xl+’S Vx > 0. (2.2)

Take K = (C[|Ee W'*||o.)""* € [1, 00). By (2.2), we obtain

C
) =E —tW <1—¢ _t1+5E W1+5
¢ (1) ge < + T3 £

§
Sl_[+1+8t1+6 a.s.
Let g(r) = 1 — t + £=¢1*5. Obviously,
1
ing)=g(—)=1-—"— = Be(01
min g () g(K) K+ PO
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(it can be seen that 8 > %). Since ¢ (¢) is decreasing, we have for t > %,

1 1
¢s(t)§¢s(E)§g<E)=ﬁ as. O

Denote
m =essinf Z; = inf{j > 0:P(Z; = j) > 0} 2.3)
Notice that P(Z; = j) = 0if and only if P(p;(§0) > 0) = 0, so an alternative definition of m is
m =inf{j > 0:P(p; () > 0) > 0}. 2.4)
The following theorem gives an uniform bound for the quenched harmonic moments of W.

Theorem 2.1. Assume (H).

@A) If Ip1lloo < 1, then for some constants a > 0 and C > 0, we have a.s.,

P (1) <Ct™* (¥t > 0), Pe(W <x) <Cx (Vx>0) and E:W™* <C.
@1i) If p1 = 0a.s., then a.s.

Pe(t) < Crexp(—=Cit?) (V1> 0),  Pe(W <x) < Coexp(=Cix? 1) (Y > 0),

and Ec W™ < C; (Vs > 0), where y = llgi% € (0, 1), C1, Cy and Cy are positive constants
independent of &.

Proof. We only prove the results about ¢¢ (), from which the results about P: (W < x) and
E¢ W™ can be deduced by Lemma 2.2 for (i), and by Tauberian theorems of exponential type
(see [20]) for (ii).

(1) It is clear that ¢¢ (¢) satisfies the functional equation

¢:(t) = fo <¢T5 (m%))) 2.5)

(recall that T"& = (&,, &,41, .. .) if &€ = (§0, &1, ...) and n > 0). Hence a.s.,

Pe (1) < p16o)ore (mL()) + (1 = p1(€0)p7: < t )

mo

< dre (nfo) (m(so) + (1= prEo)dre (mio»
o2

Similarly, we have a.s.,

b1 (mlo) < bro (H%) (m(sl) + (= prENdr (1%)) =0 (HLZ)

Consequently, we get a.s.,

be(t) < Prag (Hi) (pl(sl) (0= piEDras (H%))

x (m(so) + (1= prEo)drae (Hiz)) .
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By iteration, we obtain that Vi > 1, a.s.

t\ = t
Qs (1) < Pprng <F> l—[ (Pl(%‘j) + (1 — p1(§;))Prne <F>> . (2.6)

J=0

By Lemma 2.3, a.s., ‘PT"E(H%) < Bifr> Afn and n > 0, since II, < A". Let p1 .= || p1lloo- AS
p1&o0) < p1 a.s., it follows that a.s.,

n

A
¢:(1) < Ba" fort > ya and n > 0,

where @ = p1 + (1 — p1)B € (0,1). Fort > L, take ng = no(r) = [2XL] > 0. Clearly,

log A
log(Kt)
log A

log

tzA—[;Oand —lfn()g%.Thusfortzi,a.s.

loga
(1) < o™ < Ba~ (Kr)oed = Cor™

log o
where Cop = ,Ba_lK logd > Qand a = —% > (; therefore, we can choose a constant C > 0

such that a.s., ¢¢ (1) < Ct™* (Yt > 0). Thus the first part of the theorem is proved.
(ii) By Eq. (2.5),

$:(t) = fo (m (mio)) < <¢Tg (mi()))m as.

By iteration, using Lemma 2.3 we have

s (1) < («zms (%)) <p™ as fort> %

log(K't)

Like the proof of the first part, take no = no(¢) = [535 oA

1 > 0. Then for r > %,

logm

g (1) < B < exp <m—1(logﬂ>(1<r> ) <exp(—Cit") as.,

logm
where C; = —m ™ 'K™e4 Jog8 > Oand y = fé% € (0, 1). It follows that we can choose

Cy > Osuch that as., g (f) < Crexp(—C1tY), Vt > 0. This completes the proof. [

We now study the annealed moments of W.

Theorem 2.2. Assume (H).
(i) Then there exist constants a > 0 and C > 0 such that
o) <Ct™@ (¥t > 0), P(W<x)<Cx* (Vx>0) and
EW™ < oo (Vs € (0,a)). 2.7
If additionally ||p1llcc < 1, then for each a > 0 with Epymg < 1, (2.7) holds for some
constant C > 0.

(i) If p1 =0 a.s., then

4

¢ (1) < Crexp(—=Ci1t") (V1 > 0), P(W = x) < Caexp(=Cx71) (Vx> 0),

and EW ™ < oo (Vs > 0), where y = }gi% € (0, 1), and Cy, C; are positive constants.
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Notice that when || p1]lco < 1, the conclusion that (2.7) holds for some a > 0 is also a direct
consequence of Theorem 2.1(i). But Theorem 2.2(i) gives more precise information.
To prove Theorem 2.2, we need the following lemma.

Lemma 2.4 ([17], Lemma 3.2). Let ¢: Ry — R be a bounded function and let A be a positive
random variable such that for some 0 < p < 1,1ty > 0and all t > t,

¢(t) < pEg(Ar).
If pEA™? < 1 for some 0 < a < oo, thenp(t) = O™ %) (t — o0).

Proof of Theorem 2.2. Part (ii) is from Theorem 2.1(ii) by taking expectation E. For part (i), we
first consider the special case where p; < p a.s. for some constant p; < 1. By Theorem 2.1(i),
we have ¢¢ () < Cit™% a.s. (¥t > 0) for some positive constants C; and a;. So for all
0 < € < 1, there exists a constant #. > 0 such that ¢z (¢) < € a.s. for t > f.. Thus by (2.5),

Pe (1) = (p1 + (1 — pe)ore ( t ) as.ift > Ate. (2.8)

mo

Notice that &y is independent of 7T'&. Taking expectation in (2.8), we see that for r > Az,

| gl

=E|(p+d-pne)¢ (mLO)} = pEg(Acn),

¢t < E|(p1+ (1 — pe)dre (mlo)}

—E|(p1 + (1 - pnOE [«m (mLO)

where p. = E(p; + (1 — p1)e) < 1 and Acisa positive random variable whose distribution is
determined by

- 1 1
Eg(Ae) = —E |:(P1 + (1= p1eg (—>]
Pe mo

for all bounded and measurable function g. If peEAe_“ < 1, by Lemma 2.4, we have ¢(t) =
O™ (t — 00), or equivalently, ¢(r) < Ct= (Vt > 0) for some constant C > 0. Since
E plmg < 1, we can take € > 0 small enough such that

pEAY =E[(p1 + (1 — ppemf] < 1.

Therefore, we have proved that ¢ () = O (t~%) whenever ||p1|lcc < 1 and ]Ep1m8 <1 (a>0).
Now consider the general case where || p1]loo may be 1. By Lemma 2.3, we have ¢¢(f) < B a.s.
fort > tg = % So we can repeat the proof above with 8 in place of €, showing that if a > 0
small enough such that

E[(p1 + (1 = p)B)mgl < A(Ep1 + (1 —Ep)p) < 1,

then ¢ (1) = O(t~%). Now we have proved the results about ¢ (¢). By Lemma 2.2, we obtain the
results about P(W < x) and EW=5. [0

We now prove our main result on the harmonic moments of W already stated in the introduc-
tion at the beginning of this paper.
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Proof of Theorem 1.4. If Epymg < 1, then there exists € > 0 such that ]Ep1m8+€ < 1. So by
Theorem 2.2(i), EW ~% < oo. Conversely, assume that a > 0 and EW ~¢ < oo. Notice that

RN
W=— w. a.s.,

where (Wi(l)) r when & is given, are conditionally independent copies of W whose
1>

distribution is Pz (W € -) = Py (W € -). Since P(Z] > 2) > 0, we have
—a
EW™ > Emg (Wl(l)) 1iz,—1y = EpymgEW ™.

Therefore, Epymg < 1. [
3. Moments of Z, and large deviations for log Z,,

We first recall some preliminary results for the existence of moments of W.
Guivarc’h and Liu [11] gave a sufficient and necessary condition for the existence of moments
of positive orders of W: fors > 1,

Z1\

\)
0 < EW® < oo ifandonly if E( > < oo and IEm(])_‘Y < 1. 3.1

mo
In particular, if pg = 0 a.s. and EZ] < oo forall s > 1, then 0 < EW* < oo forall s > 0.

For the existence of moments of negative orders of W, Theorem 1.4 shows that, assuming (H)
and || p1lleo < 1, we have for s > 0,

EW™ < oo ifandonlyif Epimy < 1. (3.2)

In particular, if pg = p; = 0 a.s., it is clear that EW ™ < oo, for all s > 0.
These results will be applied in the proof of Theorem 1.3.

Proof of Theorem 1.3. Denote the distribution of &y by t9. Fix + € R and define a new
distribution T as

m(x) 7o(dx)

To(dx) =
Em{,

9

where m(x) = E[Z]& = x] = Z?io ipi(x). Consider the new branching process in a random
environment whose environment distribution is T = f(;@N instead of T = r(?N. The corresponding

probability and expectation are denoted by P= P: ® 7 and IE, respectively. Then
EZ, -
=EW!.
(Emp)" !

It is easy to see that underﬁ”, we still have pg = 0 a.s. Moreover, if (H) holds and || p1|lco < 1,
then the same hold under PP. Notice that
Em{ logmg

E]og my = ol
0

€ (0, oo].

We distinguish three cases as considered in the theorem.
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() Ift € (0, 11and Em}'Z1 logt Z; < oo, then

Em6_1Z1 IOgJr Z1
Em{

-7
E—l log+ Z| = < 00,
mo

so that W,, — W in L! under P (cf. [4,24]). Therefore,

lim EW! = EW' € (0, 00). (3.3)

n—oo

(i) If t > 1 and EZ| < oo, then

- (Z1\'" EZ -
E{— ) = ;<00 a.s. under P,
mo Emo

so that W, — W in L' under P (cf. (3.1)).
(i) Ifr <0,Ep; < Em’o, lP1lloo < 1 and (H) holds, then
Epi

Epimy' = B <1,

so that EW’ < oo from Theorem 1.4. Using Lemma 2.1, we obtain again (3.3).
Therefore, we have proved Theorem 1.3 with C(t) = EW'. O

Using Theorem 1.3, we can easily prove Theorem 1.1.

Proof of Theorem 1.1. It is clear that the hypothesis of Theorem 1.1 ensures that EZ| < oo for
all € R. Hence by Theorem 1.3,
EZ!
lim — =C() € (0,00) VteR,

5 o)

which implies that

1
lim —logEZ! =logEm{ = A(r) Vit eR. (3.4)

n—oon

Notice that the Laplace transform of log Z,, is Ee/10¢%n = EZ!. As A(z) is finite and deriv-
able everywhere, from (3.4) and the Girtner—Ellis theorem ([10], p. 52, Exercise 2.3.20), we
immediately obtain Theorem 1.1. [J

Theorem 1.3 can also be used to study the large deviation probabilities P (% > x) (resp.

]P’(logTZ” < x)) for a finite interval of x, when EW¢ (resp. EW ™) (a > 0) exists only in a finite
interval of a. To this end, we shall use the following version of the Girtner—Ellis theorem adapted
to the study of tail probabilities.

Lemma 3.1 ([19, Theorem 6.1]). Let () be a family of probability distribution on R and let
(a,) be a sequence of positive numbers satisfying a, — 00. Assume that for some ty € [0, 00]
and for every t € [0, tp), as n — 00,

1
L,(1) = —log/e””’xu,l(dx) — (1) < o0.
an
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For x € R, set
I*(x) = sup{tx — I(t); t € [0, to)}.

If 1 is continuously differentiable on (0, ty), then for all x € (I'(0+),I'(tg—)) (where I'(x%) =
hmy—))c:t l/()’)),

1
lim — log i1, ([x, 00)) = —I*(x).
n—oo ay

From Theorem 1.3 and Lemma 3.1, we immediately obtain the following theorem.

Theorem 3.1. Let a € R.

(i) Leta > 0. If a € (0, 1] and Emg_lZl 10g+ Z1 <oo,0ora > 1and EZ? < 00, then

1 log Z
lim —logIP< OfZn o x) — _A*(x), Vx e (Elogmg, A'(a)). (3.5)
n—-oon n
(ii) Let a < 0. Assume (H) and || p1llco < 1. If Epy < Emg, then
1 log Z
lim —10g[P’< 08 Zn x) — —A*(x), Vx e (A (a), Elogmo). (3.6)
n—-oon n

IfEZ{ < ocoforalla > 1 (resp. p; = 0 a.s.), then Theorem 3.1 suggests that the limit in (3.5)
(resp. (3.6)) would hold for any x > Elogmg (resp. x < Elogmy). This leads to the following
theorem which is more precise than Corollary 1.2. It was proved by Bansaye and Berestycki [5]
when (H) holds with § = 1.

Theorem 3.2. (i) If EZ] < oo forall s > 1, then

1 log Z,
lim —logP (ﬁ > x) = —A*(x) for x > Elogmy.
n

n—oon

(ii) Assume (H) and p1 = 0 a.s., then

1 log Z
lim —10g]P’< 08 £n < x) = —A*(x) for x < Elogmy,
n

n—>o0o n

If A/(c0) = oo and A'(—o0) = 0, then Theorem 3.2 can be directly deduced from
Theorem 3.1. But it is possible that A'(c0) < oo or A'(—o0) > 0. So we will give a direct
proof of Theorem 3.2, following [5].

According to the large deviation principle for i.i.d. random variables, we have

. 1 log 11, "
lim —logP| —— <x | =—-A%() forx < Elogmy, 3.7
n—oon n
1 log 1T,
lim —logIP’< 08 n x) — _A*(x) forx > Elogmy. (3.8)
n—oon n

Lemma 3.2 below gives the lower bound for both the lower and upper deviations.
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Lemma 3.2 (/5, Proposition 1]). Assume (1.5). Then

1 log Z
lim inf — log P <& < x> > _A*(x) for x < Elogmo, (3.9)
n—oo n n
1 log Z,
liminf—logIE”< O %n o x) > _A*(x) forx > Elogmo. (3.10)
n—-oo n n
We remark that in Lemma 3.2, the original moment condition in [5, Proposition 1], namely,

s
]E(r,ZTl) < oo for some s > 1, is weaken to EﬂlogJr Z] < 00.
0 mo

The following lemma gives the upper bound for both the lower and upper deviations.

Lemma3.3. (i) [f EW™ < ooforalls > 1, then

1 log Z
limsup—logIP’< 08 Zn < x) < —A*(x) for x < Elogmy. (3.1D
n

n—oo N

(i) If EW® < oo forall s > 0, then
log Z,
n

1
limsup — logP

n—oo N

> x) < —A*(x) for x > Elogmy. (3.12)

The inequality (3.12) was proved by Bansaye and Berestycki [5]. For readers’ convenience,
we shall prove simultaneously (3.11) and (3.12).

Proof of Lemma 3.3. By the decomposition (1.6), for x € R, ¢ > 0 and s > 0, we have
P(logZ,, §x> E]P’<10gnn Ex—i-e) +IE"<10gﬂ < —6>.
n n n

By Markov’s inequality and Lemma 2.1,

—s —s
IP)<log Wy - —e) - Ew, - Ew

n - esen - esen .

Thus

. 1 log Z,
limsup —logP | —— <«x
n

n—oo N

IA

. 1 log II,
max jlimsup — logP | —— <x+¢€ ), —se¢
n

n—oo N

= max{—A*(x + €), —s¢}.

Letting s — oo and € — 0, we obtain (3.11). For (3.12), we use a similar argument. For € > 0
ands > 1,

P(% Zx) S]I”(l()gﬂn 2x—e)+]P’<lOg—ane)

n n n
log I, EwS
< ]P’( 08 T >x — e) + .
n esen
Thus
1 log Z 1 log 11,

limsup—log]P’<M > x) < max {limsup—logIP’<& >x —e) , —se}
n—oo N n n—oo N n

= max{—A*(x — €), —s¢€}.

Again letting s — oo and € — 0, we obtain (3.12). O
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Proof of Theorem 3.2. It is just a combination of Lemmas 3.2 and 3.3. [

Notice that Theorem 3.2 implies Corollary 1.2. By Lemma 4.4, we see that Corollary 1.2 is in
fact equivalent to Theorem 1.1. So the direct proof of Theorem 3.2 leads to an alternative proof
of Theorem 1.1.

4. Moderate deviations for log Z,

Now we turn to the proof of moderate deviation principle (Theorem 1.6). Similar to the

proof of large deviation principle (Theorem 1.1), we can study the convergence rate of %
log 11,

by considering those of ==

(1.8). Let

. Recall that (a,) is a sequence of positive numbers satisfying

- tS
S, :=log I, —nElogmy and A,(t) =logEexp <_n> .

dn

By the classic moderate deviation results for i.i.d. random variables (see [10], Theorem 3.7.1 and
its proof), it is known that, if f(¢) = Emf) < o0 in a neighborhood of the origin, then

2
_ 1
lim A, <“—”t> - Eozﬂ, 4.1

n—oo arzl n

and for any measurable subset B of R,

2 log I, — nEl
—inf X < 1iminfilog1@< 08 T T NE08M0 B)
xeBo 20 n—o0 g2 an
log 1T, — nE1 2
< limsup%logﬂ”( 08 I — NE0BM0 B) < —inf 2. 42)
n—oo ay an xeB 20
Lemma4.1. Lett € R.
@) If (H) holds and || p1llcc < 1, then forall t < 0,
£z,
lim —7— = 1. (4.3)
n— 00 E1l,"

(i) If (H) holds, then there is a constant ¢ > 0 such that for all t > 0,

a, a,
b Pt
. . n .
¢ < liminf -— < limsup
n—->oo

<1. 4.4)

ap =

EH"TI n—o00 EHnT

Proof. (i) Lets, = ‘:1—"t. For t < 0, we have #, < 0. By Jensen’s inequality,
EeW/r > (E¢W,)" =1 a.s.
Thus
EZlr = EII"E¢ W) > EIL", 4.5)
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which leads to

th
. . n
lim inf — > 1.
n—00 ]EHn"

On the other hand, if (H) holds and || p{|loc < 1, then by Theorem 2.1, we have Ec W™ < C;
a.s. for some constants s > 0 and Cy > 0. Noticing that —¢,/s € (0, 1) for n large enough and
that by Lemma 2.1, Es W,”° < £ W™° a.s., again by Jensen’s inequality, we have

Ee Wyt = Ee (W, )™ < (BeW, )™/ < BeW ™)™/ = 7",
so that
EZl» < C; " B!

Letting n — 00, we obtain

In

. n
lim sup <
E In
n— 00 n

(i1) For t > 0, we have 1,, = %t € (0, 1) for n large enough, so by Jensen’s inequality,
EsWr < (EeW,)" =1 a.s.
Thus

In

. n
lim sup — =<
n— 00 EHnn

On the other hand, from the proof Lemma 2.3, we know that the assumption (H) ensures that
EsW?* < Csas.forl <s <1+ 8 and some constant C; > 0. By Holder’s inequality,
1= ]EE W, < ]EE Wl’tln/p Wr}_tn/p

_ 1/q
< @wi)"? (mew! ) s, .6)

s—ty s—ty

for p,qg > 1,1/p+1/qg = 1. Take p = p(n) = =} and ¢ = q(n) = =0 SO that

(1 —=t,/p)g = s and p/q = l;tl”. Notice that by Lemma 2.1, E¢ W, < E: W™ a.s. We
deduce from (4.6) that

BWlr = (B W)™ = (Bew?) S =
Thus

-

EZlr > ¢, “TEITM

Letting n — oo, we obtain

I
. . n
liminf — >,
n—>oo ]EHn"

1
where ¢ = C; !

€ (0, 1]. This completes the proof. [
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Theorem 4.1. Let A, (1) = log Eexp (WQ and 1,(1) = log Eexp (%) If (H)
holds, then

a2
A, #t)
lim ——2 =1, Vi#0 4.7
n—>00 7 a;
Ay (%)
and
g
. logEZ)
lim ——""— =1, Vi#0. (4.8)
"% log EIL,"

Proof. We only need to prove (4.7), which implies (4.8). For t > 0, (4.7) is a direct consequence
of Lemma 4.1(ii). For ¢ < 0, if additionally || p1]lcc < 1, then (4.7) is also a direct consequence
of Lemma 4.1(i); we shall prove that the condition || p1]loc < 1 is not needed for (4.7) to hold.
Assume (H) and let ¢t < 0. Notice that (4.5) implies that

It remains to show that

A, (%t)

lim sup —

msup — (”n—zt) <1. (4.9)

By Holder’s inequality,

2
exp (/ln (%"t)) = Eexp (C;—"t(log Z, —nElog mo))

an 4

— ]Ee(%nlsn Wnn

an 1/p any\ 14
(Be s <IEWn” ’q)
1_ 2 an . \ 1/4
ol () (o)
p n

where p, g > 1 are constants satisfying 1/p 4+ 1/g = 1. By Theorem 2.2, there exists s > 0
such that EW ™ < oo. Noticing that t,g > —s for n large, we have

IA

IA

EWy? <1 +EW,* <1+EW™,

Hence for n large enough,

2 l- 2 1
Ay (“—"z) <1, (“-”,n) T ~log(1 + EW™).
n p"\n q



C. Huang, Q. Liu / Stochastic Processes and their Applications 122 (2012) 522-545 539

Therefore, considering (4.1), we have

lim sup —

2
n—oo A, (%t)
Letting p — 1, (4.9) is proved. [
Proof of Theorem 1.6. From (4.7) and (4.1), we have

2 2
. n a . n- (a 1
lim — A, Lt ) = lim — An L) = 022
n—00 a; n n—>00 af n 2

Applying the Gértner—Ellis theorem ([10], p. 52, Exercise 2.3.20), we obtain Theorem 1.6.  [J

The following theorem about the tail probabilities is a direct consequence of Theorem 1.6.

Theorem 4.2. Assume (H) and 6% = var(log mo) € (0, 00). Then for all x > 0,

log Z, — nE1 2
lim L logp (8L “MROEMO ) T (4.10)
n—00 g2 an 202

log Z, — nEl 2
lim L logPp (8L TMEOEMO ) T @.11)
n—00 g2 an 202

It is also possible to give a direct proof of Theorem 4.2. We shall give such a proof in
the following, as it will give additional one-side results on the tail probabilities under weaker
assumptions.

Lemmad4.2. If f(t) = Emf) < o0 in a neighborhood of the origin, then for all x > 0,

log Z, — nE1 2
liminf%logIP’< 08 Zn —NET0BMO _ _x> S 4.12)
n—oo a; an 20

log Z, — nEl 2
limsup%logIP< 08 Zn —NEOSMO x) <= (4.13)
n—oo 4 an 20

Proof. Let x > 0. By (4.2), the moderate deviation principle for log I1,, we have

log IT, — nE1 2
lim %logﬂj’( Of n TR 0EMO —x> - (4.14)
n—00 a2 an 20
and
log I, — nE1 2
im %log]P’< Of “n THET0EMO x) S—— (4.15)
n—00 q, an 20

For every € > 0,
P (log Z, — nElogmyg - —x) ~p (log I, — nElogmyg <

an an

—X — e> —P(W, > %)

= Uy — vy = up(l — vy /uy).

By (4.14), we have V&' > 0, for n large enough,
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2 2
u, > exp (—% (% +8/>> .

Furthermore, by Markov’s inequality,

v, = P(W,, > e¥€) < e %€,

Hence,
2 2
0=t <CXP<—Cln +—"<(x+6) +5>> — 0 asn— oo,
Un n 202
since
—ane + % <(x+€) +6 )
lim =—€ <0.
n—oo an
Therefore,
log Z,, — nElo )2
1iminfiz1°g]?< SO T RTOR —x) > liminf - log u, = __(x+2) .
n—00 qg an n—o0 g2 20

Letting € — 0, we obtain (4.12). For (4.13), the proof is similar. For every € > 0,
P (log Z, — nlElogmg - x)

An

<P(W, > ¢™¢) 1 P (log II, — nElogmg _— e)

an
=:Vp + iy = Uy (1 + vy /ity).
Since lim;,_, o0 2 = 0, we have
n o iy

log Z, — nEl — )2
lim sup — logP’(Og L 0gm02x><hmsup 10gun——u.

n—soo A2 an n—oo df 202

Letting e — 0, we get (4.13). O

To prove Theorem 4.2, we need to estimate the decay rate of the probabilities P(W,, < e¢™%€)
fore > 0.

Lemmad4.3. If EW™ < oo for some s > 0, then for any positive sequence (a,) satisfying
a, — 0o, we have for all € > 0,

1
limsup — log P(W,, < e~ %€) < —se. (4.16)
n—oco dp

Proof. By Markov’s inequality and Lemma 2.1,
Ew, S EW™
— <

eSan€ T pSape

P(W, < efa,,e) =<

Thus

1 1
— logP(W, < e ) < —logEW ™" —

n dn

Taking the limit superior in the above inequality gives (4.16). O
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Another Proof of Theorem 4.2. Lemma 4.2 gives one side of the desired results, so we only
need to prove the other side. By Theorem 2.2, there exists s > 0 such that EW ™ < o0, so (4.16)
holds for this s. For x > 0, we have for every € > 0,

P (log Z, — nlElogmg - —x)

an

log II, — nEl
s]P’(Wnse“”E)HP(Og " 0gm°s—x+e>

dn
=:V; + Uy,.

By (4.14) and (4.16), hmn_mo = 0, thus,

log Z, — nE1 —€)?
lim sup — logIP’( Of £n — BB OB M0 < - > < limsup n2 logu, = _—(x 26) .
n—o00 an ap n—oo 4y 20
Letting ¢ — 0, we obtain
log Z, — nE1 2
lim sup — logIP’ Of £n = NE 08 M0 < —x|< _x__ “4.17)
n—o00 Cl ay 2(72

(4.12) and (4.17) yield (4.10). To prove (4.11), on account of (4.13), it remains to show that

log Z, — nE1 2
hmlnf—log]P(Og n — %08 M0 2x> >—x__ (4.18)

n—oo g2 an - 202

Similarly, for every € > 0,

P <log Z, — nlElogmyg . x) > P (log II, — nElogmyg

an an

>x+ e> —P(W, < e %)
=il — V.

Again by (4.14) and (4.16), lim,,_, ;—Z = 0, thus,

>x | < lhnigfa—log "=

lim 1nf — logP

n— 00 a

<log Z, — nlElogmyg > (x +¢)?

dn
Letting € — 0, we obtain (4.18). [

We remark that, by Lemma 4.4 below, Theorem 4.2 is in fact equivalent to Theorem 1.6. So
the direct proof of Theorem 4.2 leads to another proof of Theorem 1.6.

Lemma 4.4. Let I be a continuous function on R satisfying
(a) 1(b) = infycr I (x) = 0 for some b € R;
(b) I is strictly increasing on [b, 00) and strictly decreasing on (—oo, b].
Let (uy) be a family of probability distribution on R and let (a,) be a sequence of positive
numbers satisfying a, — 00. Then the following statements (i) and (ii) are equivalent.
(i) For x < b,

1

lim — log st ((—00, x1) = —I (x);

n—oo ay
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for x > b,
. 1
lim — log w, ([x, +00)) = —1(x).
n—oo ay,

(1) (un) satisfies a large deviation principle: for any measurable subset B of R,

1
— inf I(x) < liminf — log w, (B) 4.19)
X€B? n—>oo ay
1
< limsup — log u, (B) < — inf I(x), (4.20)
n—oo dp X€B

where B denotes the interior of B and B its closure.

This is a general result on large deviations. It shows that the large deviation principle holds
if and only if the corresponding limit exists for tail events, when the rate function is continuous
and strictly monotone. This result would be known; as we have not found a reference, we shall
give a proof in an Appendix by the end of the paper.

5. Central limit theorems for W — W,, and log Z,,

In this section, we shall prove the results about central limit theorems.
We first prove the central limit theorem on W — W,, with exponential convergence rate, using
the results about the harmonic moments of Z,, (i.e. Theorem 1.3 with ¢ < 0).

Proof of Theorem 1.7. Notice that

Z n

W -wy =3 (W -1),
i=1
where under P, the random variables Wl.(")(i = 1,2,...) are independent of each other and
independent of Z,, and have common conditional distribution IPg(Wl.(") € ) =Preg(W € ).

Notice that if ag := essinf m":l—(f) > 1, then Bgo > ap — 1 > 0. Therefore, the condition

0
2+e

]EZ%JFG < oo implies that E ‘%‘ < 00. By the Berry—Esseen theorem (see [9, Theorem

9.1.3]), for all x € R,

IL,(W — W, W1
P; (—_() < x) ~ ¢(x)| < C1Eqng Ee¢Z, ", G.1)
ansoo(TnS) ee}

where Cj is the Berry—Esseen constant. Taking expectation in (5.1), we obtain for all x € R,

I,(W — Wa) W1 e

Since Ep; < [mg/ 2, lP1lloc < 1 and (H) holds, the condition (iii) of Theorem 1.3 is satisfied, so
that by Theorem 1.3, there exists a constant C > 0 such that
—€/2
EZ, <

P (i, Y

Combining this with (5.2), we obtain (1.10). [
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We then prove the central limit theorem on log Z,,, using the central limit theorem on log I1,.

Proof of Theorem 1.8. Let x € R. By the standard central limit theorem for i.i.d. random
variables,

log IT, — nE1
lim ]P’< O 1n T NEOEMO _ x) — B(x). (5.3)
n—00 ﬁg

By (1.6), we have for every € > 0,

P (log Z, — nElogmg < x) <P <1og W, - —eo)

ﬁa ﬁ
log 11, — nElogmy
P < . 54
" ( Jio =rre o
Since lim;,_, 5o lof/gv" = 0 a.s., we have
log W,
lim IP’( 08 Tn —ea) —o. (5.5)
n—00 ﬁ

Taking the limit superior in (5.4), and applying (5.3) and (5.5), we obtain
<log Z, — nElogmg
Jno

Letting € — 0, we get the upper bound. For the lower bound, observe that
P (loan — nElogmy < x) > P <1ogﬂn — nElogmyg o e)

limsup P

n—oo

§x> < &(x +¢€).

Jno Jno
log W,
_IED( Oiﬁn > EO') . (5.6)
Similarly,
I
lim IP( ogWn 60) —0.
n—00 ﬁ

Taking the limit inferior in (5.6) and letting ¢ — 0, we get

log 1T, — nEl
liminf]P<0g n %0810
no>00 Jno

So (1.11) is proved. [

< x> > P(x).

Acknowledgments

The authors would like to thank an anonymous referee for valuable comments and remarks.
The work has been partially supported by the National Natural Science Foundation of China,
Grant No. 11101039 and Grant No. 11171044.

Appendix. Proof of Lemma 4.4

Proof of Lemma 4.4. It is clear that (ii) implies (i) since / is continuous. We need to prove (i)
implies (ii). First, we show (4.19). For x € B?, consider the case where x > b. Then B° contains
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an interval [x + €1, x + €) for some 0 < €; < €. Consequently, by (i), Ve > 0, there exists
ne > 0 such that Vi > ne,

Un(B) > wu([x + €1, x + €2))
= un([x + €1, 00)) — un([x + €2, 00))

> e_an(l(x+5])+€) _ e_an(l(x""GZ)_é)_

Since [ is strictly increasing on [b, 00), we can take € > 0 small enough such that 7 (x+€1)+€ <
I(x + €p) — €. Therefore,

1
liminf —log u,(B) > —I(x + €1) — €.
n—>o0o a,
Letting €, e — 0, we get
1
liminf — log u, (B) > —1(x). (A.1)
n—oo ay,

If x < b, we obtain (A.1) by a similar argument. So (A.1) holds for all x € B?, which yields
(4.19).

Now we show (4.20). If b € l_?,_then (4.20) is obvious since wu,(B) < 1 and the right side
of (4.20) is 0. Assume that b ¢ B. Let By = B[ )(—oo,b] and By = B( (b, 00) so that
B = B UBZ. Then

Bi C (—oco,by] (fBy #%) and B C [by,00) (if By # ),

where by := sup By and by := inf B>. Assume that B] # #and By # (. Asb & B, we have
by < b < by. By (i), Ve > 0, there exists n > 0 such that Vn > n.,

pn(B) = pn([—00, b1]) + pn([b2, 00))
e—an1(b)=6) 4 ,=an(I(b)=€)

A

A

2e—anlo—6).

IA

where Iy := min{l (b1), I (b)} = inf__5 I (x). Therefore,

xeB

1
limsup — log u,(B) < —Iy + €.

n—oo dp

Letting ¢ — 0, we obtain

1
limsup — log w, (B) < —Iy = — inf I (x).

n—oo dp XEB

If By = 0 or By = ), we obtain (4.20) by a similar argument. [l
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