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MATCHING AND SYMMETRY OF GRAPHS 

HARUO HOSOYA 
Department of Chemistry, Ochanomizu University, Bunkyo-ku, Tokyo 112, Japan 

Abstract--Matching is a mathematical concept that deals with the way of spanning a given graph 
network with a set of pairs of adjacent points. It is pointed out that in many different areas of science 
and culture (e.g., physics, chemistry, games, etc.), computing the perfect and imperfect matching 
numbers is commonly performed but under different names, such as partition function for dimer statistics, 
Kekul6 structures of molecules, paving domino problem. This paper demonstrates the mathematically 
beautiful but somewhat mystic relation between the symmetry of a graph and the factorable nature of 
its perfect matching number. There is introduced another interesting relation between the certain series 
of graphs and a family of orthogonal polynomials through the matching polynomial and topological index 
that are defined for counting the matching numbers. 

1. INTRODUCTION 

Matching is an important concept both in the graph theory and combinatorial theory[ l -4] .  
Although different terminologies are given, this is also the case in chemistry and phys ics- - in  
realization and quantification of indistinguishable objects of  one or two species[5,6]. Chemists 
have long used the concept of  the electron pair for describing and predicting the structure of  a 
molecule[7]. For example, non-existence or very low stability of molecular species Fig. 1 and 
Fig. 2 can be predicted easily just by noticing that these two graphs have no Kekul6 structure 
or perfect matching, or are not l-factorable.~" The diagrams are drawn so as to span as many 
points (atoms) as possible with double bonds but are not necessarily determined uniquely (See 
Fig. 1 (a) and Fig. 1 (b)). 

The dot in these diagrams represents an unpaired electron, which cannot contribute to the 
stability of  the molecular species but also can easily react with other chemical species. Further, 
one may safely conclude that the molecule in Fig. 3 is more stable than the isomer Fig. 4 just 
by comparing the number K(G) of  the Kekul6 structures. 

A number of chemistry papers have been published on the systematic enumeration of K(G), 
especially for polyhex graphs (polycyclic aromatic hydrocarbons), which are composed only of 
hexagons[8-15].  The followings are interesting examples: 

m + n)  (m + n)! (Fig. 5) (1) 
K(P~,,) = = m! n! n 

~-I1 (n + k)/m~-I' ( n + k) K(H,.,.) = (Fig. 6) 
k=m n t k =  l n 

(2) 

On the other hand, solid state physicists are very eager to count the number of  perfect 
(and also imperfect) matchings, such as Fig. 7(a), of  the network of rectangular lattices (or 
polyominoes)[ 16-19]. Each matching pattern represents a distinctive mode of nearest-neighbor 
interaction among the o~ and 13 spins alternately located in the anti-ferromagnetic metal lattice 
(Fig. 7(b)). The set of  perfect and imperfect matchings for these types of  graphs, when ex- 
trapolated to an infinitely large network, gives the partition function for the magnetic and 
thermodynamic properties of  the crystal and also the function for the kinetics of adsorption of 
diatomic, say, oxygen molecules onto a clean surface of metal, while each matching pattern 
can be deemed to represent a pattern of  domino tiling or that of  tatamis (flooring mats) for a 
room of  a typical Japanese house (Fig. 7(c)). 

To avoid confusion in this paper, we will consider mainly the "matching pat tern" rather 
than the "til ing pattern".  Temperley and Fisher[20] and Kasteleyn[21 ] independently discovered 

tThe diagram Fig. l(a) is a short-hand notation of the molecular structure Fig. l(c), but is more convenient. 
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Fig. 6. 
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fascinating formulas of  K(G) number for n × m rectangular lattice by using the technique of  
Pfaffian as follows:t 

K(2m x 2n) = 22~" ,=1 l~I /=~ ~ ( c°s2 - -  
krr 

2 m +  1 + c°s2 2n + 1 (3) 

k=,~=z ~m + c°sZ 2n + 1 ' (4) 

which include the famous Fibonacci sequence for the series of  graphs {2 × n} as 

n 0 l 2 3 4 5 

K(2 x n) 1 1 2 3 5 8 

with the recursion relation of  

K(2 × n) = K. = K._l  + Kn-2 
Ko=Ki  = 1, 

(5) 

where ~b denotes the vacant graph. 
It has been observed that K(G) of square 2n × 2n graph is either a perfect square or twice 

a perfect square[22] as follows: 

n 1 2 3 4 5 

K(2n x 2n) 2 62 2 x 582 (4 x 17 x 53) 2 2 × (4 x 241 × 373) 2. 

: , - - - , .  ~ , / ,  ot , ,-- , ,--  13 ~t - ~ - - .  13 

I i - - i  I i I 
, ,  1 3 - - - - , ,  13 

(a) (b) (c)  

Fig. 7. 

tin [22] it is stated that Knuth has derived an equation quite similar to (3) and (4) for the first time, but they 
seem to have been unaware of the physics papers[20,21]. 
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Fig. 8. 

This can be explained by the form of (3) and (4). The number of ways for the domino tiling 
on a chessboard is thus turned out to be 12988816, while the number of perfect matchings for 
a " g o "  board (18 x 18) is estimated to be as large as a 40-digit number. 

From the experimental point of view, no dramatic difference can be expected between the 
properties of two compounds with prime and highly composite K(G) numbers. However, as 
will be shown later in this paper, the distribution of the numbers of perfect and imperfect 
matchings for certain series of graphs has very interesting mathematical consequences. It is one 
of the main motivations of this work to look into the details of the relation between the matching 
and symmetry of graphs. Thus, all the discussions in this paper have been performed from 
purely mathematical and, if possible, aesthetic points of view. 

2. PERFECT MATCHING 

Various methods for the enumeration of the perfect matching or K(G) number are introduced 
elsewhere[14]. Let us here expose the K(G) numbers of several series of graphs of relatively 
high symmetry. 

Polyomino graphs 
The K(G) numbers for smaller n x m rectangular lattices (n × m =< -150)  have been 

tabulated[22-24], each line of which (K(n x m)'s with a fixed n or m) is known to obey an 
individual recursion formula such as (5) for 2 x n graphs. Inspection of these tables reveals 
that although these K(G) numbers are highly factorable in general no specially interesting series 
of graphs come out except for the square lattices introduced above. If a pair of corner points 
facing diagonally are deleted from a 2n x 2n lattice, no perfect matching can be attained. This 
is easily explained by the different numbers of a and 13, or "starred" and "unstarred" points 
as in Fig. 8: 

8 starred points 
6 unstarred points 

non-zero ~ no perfect matching 

Then what if an equal number of c~ and 13 points are deleted? Let us consider those subgraphs 
of square lattices which have the same number of c~ and 13 points and still retain the D4h (square) 
symmetry. Remarkably interesting results come out as in Fig. 9(a--c). All the studied graphs 
of this category have K(G) of either a perfect square or its double. 

Especially, the K(G) of the graphs denoted by {Xn} in Fig. 9(b) was found to be expressed 
simply as 2 n~n÷ w2, which, however, could not yet be proved. For the series of graphs {On} the 
Kn = K(G) was found to be expressed as (2an) 2, where an obeys the following recursion relation 

a~ = 2 a,_~ + 2 a , -2  - an-3. (6) 

By using the three roots of the equation x 3 - 2x 2 - 2x + 1 = 0 one can obtain the general 
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O 
2x1942 1022 202 2x62 0 

expression for a.  as 

Fig. 9(a). 

All the K(G) 's  of  the subgraphs a - f  of X5 shown in Fig. 9(c) also have either a perfect square 
or its double. Among them the values for the networks a and b are smaller than that of  smaller 
graph c. It is possibly due to the fact that both the former two graphs contain as many as four 
odd-square units of  3 × 3. 

{o.) 

62 

m 

I !  

142 3e z 

Kn = ( 2 a n ) 2  

123 --. n 

i l l  

,m ,=q 

- -1 
11111 

9 82 2 5 82 6 7& 2 

an = 2 a n - I  + 2 a n - 2  - an -3  

(xo) 
D ~H 

J 
°% 

I ! 
! 

i1 

2 23 26 

C . @ N A 1 2 : l / 2 ( B ) ° $  

21o 

Kn = 2 n in+ l ) /2  

2~s 

Fig. 9(b). 

Fig. 9. Perfect matching numbers of polyomino graphs with square symmetry. 
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r •  (d) n O N  (e) 
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(b) (c) 

I I  } ! 
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I I  
I I  

Fig. 9(c). 

802 

0 

Polyhex graphs 
As has been demonstrated in (1) and (2), several series of  polyhex graphs have highly 

composite K(G) numbers. Two examples are shown in Fig. 10, where K(G) ' s  of  hexagonal 
honeycombs {/4,.,} are directly obtained from (2), and K(G) 's  of  hexagonal rings {R,} are found 
to be expressed by 

K(R.)  = K.  = (n ~ - 2n + 5)(n 2 - 2n + 2) 2 (8) 

= (n - 1) 6 + 6(n - 1 )  4 + 9(n - 1 )  2 + 4. (8') 

Hnpt~ 

5.22 22.5.72 24.33.72.11 22.33-114.132 

5x2 2 8x 52 13x 102 20x 17 2 

Fig. 10. Perfect matching numbers of polyhex graphs with hexagonal symmetry. 
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Expression (8')  reminds us of  the characteristic polynomialt ,  

x 6 - 6x 4 + 9x 2 - 4, 

of benzene, or a hexagonal graph. The reason for this mystic coincidence, however, is not 
known. It is straightforward to get the recursion formula of  K, from (8'): 

K,, = 6K,_1 - 15K,,_2 + 2 0 K n -  3 - 15Kn_ 4 + 6K,_5 - Kn_6 + 720. (9) 

The hydrocarbon molecules corresponding to R2 -- H2.2 and R3 have been synthesized and 
found to be stable. They are respectively named as coronene (after corona) and kekulene (after 
famous organic chemist Kekulr).  One can extend the polyhex network of D6h symmetry by a 
symmetrical addition to hexagons to the coronene skeleton. Among them hexabenzocoronene 
(Fig. 11 (a)) is a highly stable compound. Its melting point is reported to be higher than 700°C 
but not accurately determined yet[25]. The glass capillary for the melting point measurement 
had melted away before the crystal of Fig. 11 in it did not undergo any change. According to 
Clar this extraordinarily high stability is due not only to its large K(G)  value of 250 but also 
to its large number of conjugated "aromatic sextets" as depicted in Fig. 1 l(b), where a circle 
represents a cooperative movement  of  six free electrons stabilizing the hexagonal structure[25]. 
This classical theory has been proved and reinterpreted both by quantum chemical and graph 
theoretical analyses[26-30].  

Further extension of the network Fig. 11 gives a variety of  snowflake graphs such as Figs. 
12-14. Note their highly composite K ( G )  numbers. On the other hand, the network Fig. 14 
does not have any perfect matching. Thus the corresponding hydrocarbon molecule, if ever, is 
predicted to be unstable. To the author's knowledge this is the smallest polyhex graph of D6h 
symmetry with the same number of  et and 13 points. An algorithm for designing this type of 
graph will be published elsewhere[31]. 

No polyhex network of D6h symmetry composed of an even number of  points but with 
different numbers of a and 13 points is possible, whereas the molecule of  D3h symmetry in Fig. 
15 is predicted to be unstable due to the different numbers of  ot and 13 points. This hypothetical 
molecule is called as triangulene or Clar 's hydrocarbon. 

Polycube  graphs 

In Fig. 16 are given some examples of  the K(G)  numbers for the polycube graphs of 2 × 
m x n type. Although a limited number of  K(G) 's  for 3-dimensional lattices have been obtained, 
it seems that the higher the symmetry of a graph the higher the K(G)  is factored. Up to now 
recursion formulas of K(G) ' s  have been obtained only for the following two series of  graphs: 

K(2 x 2 x n) = K. = 3K.-1 + 3K._2 - K,,-3 (Ref. 32) (10) 

K(2 x 3 x n) = K. = 6K._~ + 21K._z  - 42K._3 

- 89K._4 + 68K._5 + 89K._6 - 42K._7 

- 21K._8 + 6K.-9 + K. -m.  (Ref. 24) (11) 

(a) (b) 

Fig. 11. 

tCharacteristic polynomial Pc(x) is defined as follows for graph G composed of N points being connected as in 
the adjacency matrix E: Pc(x) = ( - 1) s det(A - xE), where E is the N × N unit matrix. The matrix element of A is 
defined as A o = 1 for neighbors ij and 0 otherwise. 
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F~g. ,2. l O x ( S x 3 3 ) 2  

Fig. 13. 

0 
Fig. 14. 

S 11 

11 

z Z 

Fig. 15. 

\ \ \  \ \ ' \  

9 32 121 450 

\ ~  l " r , . \ \ \ \  

32 229 1845 14320 

~ F'~-.\\ I~C'C'( ". 

121 1845 32000 535229 

Fig. 16. Perfect matching numbers of 2 x m x n polycube graphs, 
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Further, we found that K(2 x 2 × n) can be expressed as 
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K(2 x 2 x 2m) = 2 2" cos2 k'tr + 
k=~ 2m + 1 

= 2"-lel (cos /,9 - -  + C O S  2 - -  

k=J 2 m + l  2 + 1  

) 2 
+ COS 2 

(12) 

(13) 

However, attempts to get these types of formulas for larger series of polycube lattices have 
not yet succeeded. It is pointed out that for non-planar graphs, straightforward application 
of the Pfaffian method fails and no simple formula for K(G) can be expected[16]. The lattice 
{2 x 2 x n} is planar, while {2 x 3 x n} is not planar for n _-> 3. 

In Fig. 17 are given the K(G) numbers of three graphs with Oh (cubic or octahedral) 
symmetry. The K(G) values for them are all highly composite. Among them the value 3 m for 
Fig. 17(c) is remarkable. Graph Fig. 17(a) is a non-planar graph having a cube inside the 
skeleton of (c), but still has a rather composite K(G) number of 32 x 134. The K(G) numbers 
for such larger graphs as Fig. 17(b) and 4 x 4 x 4 (Rubik's cube) are very likely to be highly 
composite, but not yet obtained. 

All the regular (Platonic) polyhedra also have highly composite K(G)'s except for the 
tetrahedron, and this is also the case with the semiregular (Archimedian) polyhedra. However, 
the results will be introduced later together with their imperfect matching numbers. 

3. IMPERFECT MATCHING AND TOPOLOGICAL INDEX 

The numbers of imperfect matching of a given graph also provide us of important infor- 
mation on the mathematical and physicochemical features of the graph. The present author 
defined the non-adjacent number p(G, k) for graph G as the number of ways for choosing k 
disjoint lines for characterizing the topological nature of the structural isomers of saturated 

3 z 21o.3 2 ? 
(a) (b) 

wi thout  ~ 310 ! {c) 

with [ ~  3 2. |3/~ (d) 

Fig. 17. Perfect matching numbers of polycube graphs with cube symmetry. 
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hydrocarbon molecules[33-35]. With the set ofp(G,  k)'s the Z-counting polynomial Q~(x) and 
topological index Za are defined as 

Qa(x) = ~ p(G, k)x k (14) 
k = 0  

Zc = ~ p(G, k) = Qc(1) (15) 
k = 0  

with m = [N/2]. Later it was found that several researchers in statistical physics have also 
independently proposed quite the same ideas for obtaining the partition function for the lattice 
dynamics problems[36-39]. 

The matching polynomial ere(x), 

ra 

eta(x) = ~ ( -  l)l 'p(G, k) x N-2k 
k = 0  

(16) 

has also a similar history of competition. Aihara[40] and Gutman et al.[41], respectively, with 
the name of reference polynomial and acyclic polynomial, proposed (16) for characterizing the 
stability of aromatic hydrocarbon molecules. From the graph-theoretical point of view, Far- 
rell[42] extended the theory of the matching polynomial[43]. 

These quantities have been shown to be effective not only for characterizing the topological 
features of graphs, networks, and molecules, but also for correlating them with various phys- 
icochemical properties. The matching polynomial for a tree graph is identical to its characteristic 
polynomial[33]. For non-tree graphs the latter can be shown to be constructed by adding the 
ring correction terms to the former: all the correction terms are also the matching polynomials 
of a certain set of subgraphs[34, 44]. By the aid of several recursion formulas[24, 33-35] and 
with an effective algorithm[15] one can obtain these quantities for fairly large networks. The 
results reveal that although the topological index Z6 does not seem to reflect the symmetry of 
a graph the individual p(G, k) numbers for a highly symmetrical graph are highly composite 
as well as the p(G, m), or the perfect matching number K(G). 

Regular and semiregular polyhedra 
In Fig. 18 and Table 1 and Fig. 19 are given the coefficients {p(G, k)} of the Z-counting 

polynomial Qc(x) or the matching polynomial ere(x) for the regular (Platonic) and semiregular 
(Archimedian) polyhedra. Except for the tetrahedron (Fig. 18(a)) the K(G) number is either a 
perfect square or its multiple. Further all the p(G, k) numbers studied except for k = 0 are 
composite. Among them the K(G) values for the octahedron (Fig. 18(c)), truncated tetrahedron 
(Fig. 19(a)), cuboctahedron (Fig. 19(b)), truncated cube (Fig. 19(c)), icosidodecahedron (Fig. 
19(f)), truncated cuboctahedron (Fig. 19(g)), and truncated dodecahedron (Fig. 19(h)) are all 
2 n. Truncation of the apices of a polyhedron naturally yields a fair amount of increase in the 
numbers of the apices and edges, but it does not necessarily mean an acceleration of factorization 
as observed in the above results. For example, the effect of truncation of the dodecahedron 
(Fig. 18(d)) and icosahedron (Fig. 18(e)) yields remarkable changes in K(G) value as from 62 
to 2 t~ and from 53 to 2 ~t, respectively. By the way, it is interesting to note that the perfect 
matching number for the soccer ball network (Fig. 19(i)) is as large as 12500 = 22 • 55. 

Besides these regular and semiregular polyhedra, the rhombo-dodecahedron in Fig. 20 
and rhombotriacontahedron in Fig. 21 are known for their special feature of symmetry. Namely, 
they are respectively composed of the equivalent rhombi but with two kinds of apices of different 
degrees. As evident from Figs. 20 and 21 these two kinds of apices are alternately joined but 
differ in number. This is the reason why these two rhombohedra do not have any perfect 
matching. 
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(a) 
I + 6x + 3xZ 

(b) 1 + 12 x + 42 x2 + 44x3 + 9x4 

~c~ ~ 1+12x+30x2+8x3 

1 + 30X +375X2 +2540x 3 

+ 10155x4 + 24474x5 

+ 34805x6 + 27300x7 
(d) 

+ 10260xe + 1400x9 + 36x 1° 

1 + 30x+315x2 +1400x3 

(eJ + 2535X4 +1482X5 
+ 125X 6 

Fig. 18. Z-counting polynomials of regular polyhedra. The perfect matching numbers are underlined. 
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Table 1. N•n-adjacentnumbers•fsemiregu•arp••yhedra(theperfectmatchingnumberisunderli•edandfact•red 
out below). See Fig. 19 

Truncated Cubocta- Truncated Truncated Rhombi- Icosi- 
Name Tetra- Octa- cubocta- dodeca- 

hedron hedron Cube hedron hedron hedron 

Fig. 19(a) Fig. 19(b) Fig. 19(c) Fig. 19(d) Fig. 19(e) Fig. 19(f) 

Sym- Td Oh Oh Oh Oh Ih 
metry 

k p(G,k) p(G,k) p(G,k) p(G,k) p(G,k) p(G,k) 

0 1 1 1 1 1 1 

I 18 24 36 36 48 60 

2 117 204 558 558 984 1590 

3 332 744 4876 4884 11288 24540 

4 390 1116 26421 26619 79806 244965 

5 144 528 92016 94008 361248 1661220 

6 8 32 206676 217172 1054328 7825660 

7 292872 323976 1951272 25749300 

8 249420 301203 2196753 58723620 

9 117600 163444 1394608 90939600 

10 26928 46182 436608 92286432 

11 2304 5508 51552 58006560 

12 32 169, 1088 20645280 

13 3573120 

14 222720 

15 2048 

Factor 2 3 2 5 2 5 13 2 1 7 . 2  6 211 

Z G 1010 2649 1019740 1183760 7539584 359906716 

Four-dimensional polyhedra 
One can go on to survey the relation between the symmetry and matching polynomial for 

four-dimensional networks. The results on the 4D-tetrahedron (Fig. 22(b)), cube (Fig. 22(a)) 
and octahedron (Fig. 22(c)) are shown in Table 2. While the p(G, k) numbers (k => 1) for these 
4D-polyhedra are generally highly composite, the K(G) value of the 4D-octahedron (Fig. 22(c)) 
is found to be prime. This might possibly be due to the fact that this 4D-network is not planar. 

4. O R T H O G O N A L  P O L Y N O M I A L S  

As the final topics of this essay the most mystic relation between the symmetry of a graph 
and the matching polynomial or the Z-counting polynomial will be presented[37,43,45-47]. 

The Chebyshev polynomials of the first and second kinds are defined for non-negative 
integer n as 

T.(cos 0) = cos nO (lst kind) 

U.(cos 0) = sin(n + l)0/sin 0 (2nd kind). 

(17) 

(t8) 
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Truncated Truncated Truncated 
Name Cuboctahedron Dodecahedron Icosahedron 

Ftg. 19(g) Fig. 19(h) Ftg. 19(t) 
Symmetry Oh Ih Ih 

k p(G,k) p(G,k) p(G,k) 

0 1 1 1 

1 72 90 90 

2 2412 3825 3825 

3 49944 102100 102120 

4 716250 1920480 1922040 

5 7555128 27073548 27130596 

6 60763172 297017670 298317860 

7 381211272 2599271940 2619980460 

8 1893125565 18452804370 18697786680 

9 7509594912 107509368860 109742831260 

10 23910938376 518092164744 534162544380 

11 61201444128 2075424449400 2168137517940 

12 125732080364 6929555927025 7362904561730 

13 206409077952 19297656051090 20949286202160 

14 268773016464 44774805188205 49924889888850 

15 274626007968 86315702921360 99463457244844 

16 216971087556 137639652148260 165074851632300 

17 129962010528 180432784692900 227043126274260 

18 57489983904 192895567767700 256967614454320 

19 18129337440 166490504865960 237135867688980 

20 3881510208 114582353107800 176345540119296 

21 525971200 61926709855920 104113567937140 

22 40481856 25792171457280 47883826976580 

23 1465536 8085072744000 16742486291340 

24 16384 1850294700320 4310718227685 

25 296798234112 783047312406 

26 31509790080 94541532165 

27 2030914560 6946574300 

28 68820480 269272620 

29 921600 4202760 

30 2048 12500 

Factor 214 211 22-55 

Z G 1397507448592 1050065644287728 1417036634543488 

The modified polynomials C.(x) and S.(x) are defined as[48.49] 

C,,(x) = 2 T,,(x/2) (19) 

and 

S.(x) = U,,(x/2). (20) 

Interestingly enough, these two polynomials not only coincide with the matching polynomials 
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(a) (b) (c) 

(d) (e) (f) 

(g) (h) (i) 

Fig. 19. Semiregular polyhedra. See Table 1. 

8 starred and 20 starred and 

6 unstarred 12 unstarred 
Fig. 20. Fig. 21. 



(b) 

(c) 
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Fig. 22. Four-dimensional polyhedra. See Table 2. 

eto(x) of the cycle graph C. and path graph $. as shown in Tables 3 and 4, respectively, but 
also have exactly the same symbols as those currently used for these series of graphs[3], 

Otc,,(x) = C.(x) (21) 

Ots,,(x) = S,,(x). (22) 

It is known that the sums of the absolute values of the coefficients of these two polynomials 
form the well-known Fibonacci and Lucas series[33,35]. 

Table 2. Non-adjacent numbers of four-dimensional polyhedra. See Fig. 22 

Name 4D-Tetrahedron 4D-Cube 4D-Octahedron 

Fig. 22(b) Fig. 22(a) Fig. 22(c) 

k p(G,k) p(G,k) p(G,k) 

0 I I I 

I 16 32 30 

2 72 400 315 

3 88 2496 1404 

4 16 8256 2571 

5 14208 1518 

6 11648 137 

7 3712 

8 272 

Factor 24 24 . 17  137 

Z G 193 41025 5976 
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Table 3. Matching polynomials of path graphs and Chebyshev polynomials of the second kind 

n S n a S (x) = Un(X/2) Un(X ) Z G 
n 

0 ~ I 1 I 

I • x 2x I 

2 ~ x 2 - I 4x 2 - I 2 

3 A x 3 - 2x 8x 3 - 4x 3 

4 ~ x 4 - 3x 2 + I 16x 4 - 12x 2 + I 5 

5 ~ x 5 - 4x 3 + 3x 32x 5 - 32x 3 ÷ 6x 8 

6 ~ x 6 - 5x 4 + 6x 2 - I 64x 6 - 80x 4 ÷ 24x 2 - 1 13 

The next example is the Hermite polynomial, which is defined as, 

d . 
H.(x )  = ( -  1)" exp(x 2) ~-~ e x p ( - x  2) 

or as[48] 

(23) 

h,,(x) = 2 -"'2 H , , ( x / V 2 ) .  (24) 

As is evident from Table 5, this is nothing else but the matching polynomial of the complete 
graph K., which is composed of n points and all the possible n(n - 1)/2 lines joining them, 

ctK,,(x) = h.(x).  (25) 

Table4. Matchingpolynomialsofcyclegraphsand Chebyshevpolynomialsofthefirstkind 

n Cn n ~C (x) = 2T n(x/2) T n(x) Z G 

0 # 2 1 2 

I • x x I 

2 O x 2 - 2 2x 2 - I 3 

3 ~ 4x 3 - 3x 4 

4 ~ x 4 8x 4 - 8x 2 + I 7 

5 O x5 16x5 - 20x3 + 5x 11 

6 4 "~ x 6 32x 6 - 48x 4 + 18x 2 - I 18 
"--,4 

x 3 - 3x 

- 4x 2 ÷ 2 

- 5x 3 + 5x 

- 6x 4 + 9x 2 - 2 
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n 

Table 5. Matching  polynomia ls  o f  complete  graphs and hermite polynomia ls  

K n c~ K (x) -- h n(x) H n(x) 
n 

I 1 

• x 2x 

x 2 - I 4x 2 - 2 

x - 3x 8x 3 - 12x 

x - 6 x  2 + 3 1 6 x  4 - 4 8 x  2 ÷ 1 2  

x - 1 0 x  3 ÷ 1 5 x  3 2 x  5 - 1 6 0 x  3 + 1 2 0 x  

x - 1 5 x  4 ÷ 4 5 x  2 - 1 5  6 4 x  6 - 4 8 0 x  4 ÷ 7 2 0 x  2 - 1 2 0  

Table 6. Matching  polynomials  o f  complete  bipartite graphs  and Laguerre  polynomials  

Kn,n ~K (x) -- (-1) n n! Ln(X 2) 
n,n 

o ¢ i 

I I x 2 - I 

2 ~ x 4 - 4x 2 + 2 

3 ~ x 6 - 9x 4 + 18x 2 - 6 

m n Km, n eK (x) = (-I) n n! x m-n Lm-n(x2)n - - 
m,n 

2 1 ~ x 3 - 2x 

3 I ~ x 4 - 3x 2 

3 2 W x5 - 6x3 + 6X 

4 2 ~ x 6 - 8x 4 + 12x 2 
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Table 7. Correspondence between the orthogonal polynomials and special series of graphs through matching 
polynomials 

Orthogonal Polynomial Series of Graphs Quantum Chemical 
Aspects 

HMO a of cyclo- 
Chebyshev(Ist) Tn, C n Cycle graph polyene 

Chebyshev(2nd) Un, S n 
HMO of linear 

Path graph polyene 

Hermite H n, h n Complete graph K n Harmonic oscillator 

Complete bipartite 
Laguerre L n graph K 

ntn 

Associated Lm-n Complete bipartite 
Laguerre n graph Km, n 

Legendre Pn Not known 

Radial part of the 

H-atom wavefunction 

Angular part of the 
H-atom wavefunction 

a H~ckel molecular orbital. 

The complete bipartite graph Kin., is defined as the graph composed of two distinct sets 
of m and n points and all the possible mn lines joining the two sets. The matching polynomial 
of K,,.,, is found to be identical to the associated Laguerre polynomial L',"-"(x 2) as shown in 
Table 6, 

otr..(x) = ( -  1)" n! x m-" L, ~- ' (x 2) (m - n). (26) 

where 

(: :) L'~(x) = ~ ( -  1) k + xk/k!.  
k=0 

(27) 

For the special case of m = n the matching polynomial etx..(x) represents the graphical inter- 
pretation of the Laguerre polynomial L,(x).  

The perfect matching numbers for the complete graph K, and complete bipartite graph K.., 
are obtained as follows: 

K(K2,,) = (2n - l)(2n - 3)(2n - 5 ) . . .  3"  1 = (2n - 1)!! (28) 

K(K2,+I) = 0 (29) 

K(K, . , )  = n!. (30) 

These novel coincidence between the matching polynomials of special series of graphs and 
the typical orthogonal polynomials are summarized in Table 7, where the quantum chemical 
aspects of these orthogonal polynomials are also given. However, no special series of graphs 
has even been known whose matching polynomial is identical to the Legendre polynomial, the 
most typical of the family of the orthogonal polynomials. This is an open question. 
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