=

View metadata, citation and similar papers at core.ac.uk brought to you by i CORE

provided by Elsevier - Publisher Connector

Journal of Number Theory 130 (2010) 1560-1570

Contents lists available at ScienceDirect

Journal of Number Theory

www.elsevier.com/locate/jnt

On the modularity level of modular abelian varieties over
number fields

Enrique Gonzalez-Jiménez®* 1, Xavier Guitart -2

2 Universidad Auténoma de Madrid, Departamento de Matemdticas and Instituto de Ciencias Matemdticas (CSIC-UAM-UC3M-UCM),
Madrid, Spain
b Departament de Matematica Aplicada II, Universitat Politécnica de Catalunya, Jordi Girona 1-3 (Edifici Omega), 08034, Barcelona, Spain

ARTICLE INFO ABSTRACT
Article history: Let f be a weight two newform for Ij(N) without complex
Received 1 March 2010 multiplication. In this article we study the conductor of the

Communicated by Mark Kisin absolutely simple factors B of the variety Ay over certain number

fields L. The strategy we follow is to compute the restriction

K ds: .
ng;:abelian varieties of scalars Res;/q(B), and then to apply Milne’s formula for the
Conductors conductor of the restriction of scalars. In this way we obtain an

expression for the local exponents of the conductor N (B). Under
some hypothesis it is possible to give global formulas relating this
conductor with N. For instance, if N is squarefree, we find that
N1(B) belongs to Z and Ni(B)f{imB = N4mB where f; is the
conductor of L.

© 2010 Elsevier Inc. All rights reserved.

1. Introduction

Let C be an elliptic curve defined over Q. The Shimura-Taniyama-Weil conjecture, also known
as the modularity theorem after its proof by Wiles et al. [17,3] asserts that there exists a surjective
morphism Jq(N) — C defined over Q, where Jo(N) is the Jacobian of the modular curve Xp(N).
Moreover, the minimum N with this property is equal to Ng(C), the conductor of C.

A generalization of the modularity theorem, which as Ribet showed in [14] is a consequence of the
recently proved Serre’s conjecture on residual Galois representations [9,10], characterizes the modular
abelian varieties over Q; that is, the Q-simple abelian varieties A defined over Q with a surjective
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morphism J1(N) — A. They are the so-called (simple) varieties of GL,-type: those whose endomor-
phism algebra Q ® Endg(A) is a number field of degree over Q equal to dim A.

From the modular form side, one can start with a weight two newform f for I';(N). A construction
of Shimura attaches to such an f an abelian variety Ay over Q, which is a quotient of J;(N); in fact,
all quotients of J{(N) over Q are of this form. For these varieties Carayol [5] proved that NQ(Af) =
NdmA; The generalization of Shimura-Taniyama-Weil asserts that each abelian variety of GL,-type
is isogenous over Q to an Ay for some f, therefore the formula Ng(A) = NdimA is valid for all A of
GL,-type.

The modular abelian varieties Ay are simple over Q, but they are not absolutely simple in general:
they are isogenous over @ to a power of an absolutely simple variety, which is called a building block
for As. To be more precise, if L is the smallest number field where all the endomorphisms of Ay are
defined, then Ay is isogenous over L to a variety of the form B", for some absolutely simple variety
B defined over L. In this article we discuss possible generalizations of Carayol’s formula for these
modular abelian varieties over number fields B/L, in the case where they do not have CM.

More concretely, in Section 2 we recall the notation and basic facts regarding modular abelian va-
rieties and building blocks. Afterwards, we give the explicit decomposition of the restriction of scalars
Res;,p(B) as product of modular abelian varieties up to isogeny over Q. We use this in Section 3 in
order to give an expression for the local exponents of A (B), in terms of the levels of certain twists
of f by Dirichlet characters related to the field L. In some cases, the conductor N (B) turns out to
be a rational integer and we obtain similar formulas to the ones for the varieties Ay; we remark that
in this situation the conductor of L, that we denote by f;, also appears in the expressions. We have
collected all these formulas, that appear in the text as Propositions 5, 6 and 7, in the following

Main Theorem. Let f € Sy(N, €) be a weight two newform for I'1 (N) with Nebentypus € and without com-
plex multiplication. Let A ¢ be the modular abelian variety attached to f, let L be the smallest field of definition
of the endomorphisms of Ay, and let B/L be a simple quotient of A over L.

(1) Suppose that one of the following conditions is satisfied:
e Nisoddand ord(e) < 2,
e N is squarefree.
Then N1 (B) belongs to Z and

(2) If f is a newform for I'y(N), that is if € = 1, then N (B) belongs to 7. Moreover,
(a) if va(fr) =3 and v (fx) = 2 for some K C L then

2NL(B)ffhmB — NdimB’

(b) in the remaining cases for L then

Finally, in Section 4 we provide some examples of building blocks of dimension one and two with
their corresponding equations. Concretely, for the case of dimension one we compute their conductors,
in order to show the different behaviors when the hypotheses of the above theorem are not satisfied.
We observe that, although the conductor can be a rational integer sometimes, formulas as the ones in
the theorem do not always hold; we also give examples where the conductor is not a rational integer.
For the case of dimension two, the level-conductors local formula provided at Proposition 4 allows
us to compute the conductor of the Jacobian of a genus two curve defined over a number field that
corresponds to a building block.
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2. Modular abelian varieties

We begin this section by recalling the basic facts about modular abelian varieties and their abso-
lutely simple factors that we will use. In particular, we introduce the type of varieties that we will
be dealing with in the rest of the article: the building blocks. Our goal is to prove a formula for the
restriction of scalars of building blocks, which will be the base for our analysis of their conductors in
the subsequent sections.

Let f =) ayq" € S2(N, €) be a normalized newform without complex multiplication of weight 2,
level N and Nebentypus ¢, and let E = Q({a,}) and F = Q({a%e(p)*l}pm). These number fields will
be denoted by E¢ and Fy if we need to make the newform from which they come from explicit. The
extension E/F is abelian, and for each s € Gal(E/F) there exists a single Dirichlet character xs such
that °f = f ® xs, where f ® xs is a newform whose p-th Fourier coefficient coincides with ap xs(p)
for almost all p (see [13, §3]). Since °f has level N, the conductor of ys is divisible only by primes
dividing N. We will also consider another number field attached to f, namely L = Q(kerXs where s
runs through Gal(E/F).

Shimura [15, Theorem 1] attached to f an abelian variety Af/Q constructed as a quotient of
J1(N), the Jacobian of the modular curve X;(N), and with an action of E as endomorphisms defined
over Q. In fact, Q ®z Endg(Af) >~ E and since dim Ay = [E : Q], the modular abelian varieties Ay are
of GLp-type; as a consequence of Serre’s conjecture all varieties of GL-type are isogenous to some Ay.

The variety Ay is simple over Q, but it is not necessarily absolutely simple. In general, Af is
isogenous over Q to a power of an absolutely simple abelian variety B, which is called a building
block of Ays. This B has some remarkable properties; for instance, it is isogenous to all of its Galois
conjugates. In addition, its endomorphism algebra Q ® End(B) is a central division algebra over a
number field isomorphic to F, it has Schur index t =1 or t =2 and its reduced degree t[F : Q] is
equal to dim B. The building blocks of dimension one are the Q-curves, i.e. the elliptic curves B/Q
that are isogenous to all of their Galois conjugates.

There are infinitely many varieties Ay with the same absolutely simple factor up to isogeny. How-
ever, by a result of Ribet [13, Theorem 4.7] if this happens for two varieties Ay and Ag; we can
suppose that g is the twist of f by some Dirichlet character. We will need a more precise version of
this result, which already appears implicitly in Ribet’s proof.

Proposition 1. Let f, g be two normalized newforms without complex multiplication such that A ~x B" and
Ag ~x B™ for some absolutely simple abelian variety B over a number field K. Then there exists a character
X :Gal(K/Q) — C* suchthat g = f ® x.

Proof. Let Vi =T(Af) ® Q and Vg =T¢(Ag) ® Q, where T¢(Af) and T,(Ag) are the Tate modules
attached to Ay and Ag respectively, and let H = Gal(Q/K). Under the hypothesis of the proposi-
tion we have Hompy(Vy, Vg) # 0. By [13, Theorem 4.7], there exists a character x : Gog — C* such
that f = g ® x. Ribet already asserts in the proof of his theorem that x is necessarily trivial on H.
Therefore, x comes from a character y : Gal(K/Q) - C*. O

Gonzalez and Lario proved in [7] that L is the smallest number field where all the endomorphisms
of Ay are defined. This implies that Ay ~ B", with B/L a building block with the endomorphisms de-
fined over L and which is L-isogenous to all of its Galois conjugates. From now on B will denote such
a building block obtained by decomposing Ay over the field L defined above, and t will denote the
Schur index of End(B). Using the results in [8] one can show that the restriction of scalars Resy,q(B)
is isogenous over QQ to a product of modular abelian varieties. Indeed, one has the following

Proposition 2. The restriction of scalars Resy ;o (B) decomposes into simple abelian varieties up to isogeny as

Res/o(B) ~q [ [(Ar)  x -+ x (Ap), (1)

where Ay, , ..., Ay, are non-isogenous modular abelian varieties.
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Proof. There exists a map « : Gal(L/Q) — E* such that °¢p = a(c) o ¢ o a(c)~!. The a(o) can be
identified with an element of Q ® Endg(Ay), and together with an isogeny Ay ~; B" it can be used
to construct an isogeny (s : B — B compatible with End(Ay) (see [12, Proposition 1.5]). It turns out
that (e 0%l oM;} =a(o)oa(t)oa(ot)”! as elements of the center of Q ® End(B). Therefore, the
cocycle cp/r(0,T) =g 0%pug 0 ,u;} is symmetric, since Gal(L/Q) is abelian. Now [8, Theorem 5.3]
implies that Res;,p(B) is isogenous over Q to a product A'lh x --- x A, where the A; are non-
isogenous abelian varieties of GL,-type. But each of these varieties of GL,-type A; is isogenous to
some modular abelian variety Ay, and by [8, Lemma 5.1] each n; is equal to t. O

The rest of the section is devoted to give an explicit expression for the modular forms that appear
in (1), in terms of a certain action of Gal(E/F) on a group of characters that we now define. For
s € Gal(E/F) let xs be the Galois character such that °f = f ® xs, and let G € Hom(Gg, C*) be the
group generated by all such xs. Since L is the fixed field of Q by (N ker xs, it is also the fixed field
of Q by ﬂx <c ker x. However, we remark that a character x € G is not necessarily of the form s,
but a product of elements of the form xs in general. An element x € G is trivial when restricted to
Gal(Q/L), so it can be identified with a character Gal(L/Q) — C*. In fact, G can be identified with
Hom(Gal(L/Q), C*) and therefore we have that |G| =[L: Q] (cf. [16, pp. 21-22]). We define an action
of Gal(E/F) on G by

Gal(E/F) x G — G,
S X)) S X=X"X-

The cocycle identity of the characters s [13, Proposition 3.3] implies that it is indeed a group action,
since for s,t € Gal(E/F) we have that s- (t- x) =s- (x*x) = xs"xc>x = xst™x = (st) - x. Let G be a
system of representatives for the orbits of G, and for x € G let I, be the isotropy subgroup of G at x.

Lemma 1. dim(Afg,) < [Gal(E/F) : I ][F : Ql.

Proof. For s € Gal(E/F) the character xs takes values in E, since xs(p) ="‘ap/ap, for almost all p.
Therefore, any x € G also takes values in E. This implies that E gy, the field of Fourier coefficients of
f ® x, is contained in E. For any se, we have that (f @ x) ="f @ X =f @ xs’ s =f® (s- x) =
f ® x. By Galois theory we find that Iy € Gal(E/Efgy) and so |Iy| <[E: QI/[Efgy : Ql, which gives
that

[E:Q] [E:F]

dim(Afgy) =[Efgy : QI < =
Hxl Hxl

[F:Q]=[Gal(E/F): I][F:Q]. O

Now we can give explicitly the modular forms appearing in Proposition 2, and we can also give
the dimension of the corresponding modular abelian varieties.

Proposition 3. The inequality in Lemma 1 is in fact an equality and

Rest/o(B) ~q [ [ (Arax)" 2)
x<G

Proof. Let A =Res; g B. Since B is L-isogenous to all of its Galois conjugates and A ~; ]_[Gecal(L/Q) °B,

we have that A is L-isogenous to BI-“Ql, Therefore, if Ag is a simple factor of A over Q it is isogenous
to a power of B over L. Since Ay is also isogenous to a power of B over L, Proposition 1 implies that
g = f ® x for some Galois character x € G. Hence, the modular forms f; of the decomposition (1) are
of the form f ® x for some y belonging to G. But if x, x’ € G are in the same orbit for the action
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of Gal(E/F), the varieties Afg, and Afg, are isogenous over Q. Indeed, in this case s- y = x’ for
some s € Gal(E/F), and then (f ® x) = f ® x’. This, together with the fact that the modular abelian
variety attached to *(f ® x) is isogenous over Q to the one attached to f ® x implies that Asg, is
isogenous to Afg, over Q.

Therefore, Proposition 2 implies that there exists an exhaustive morphism over Q

A 1_[ (Arex) — A,
x<G

so we have that

t[F:Q]|G| = |G|dimB =dimA < ) dim(Asgy)"
Xef;

<t[F:Q] ) _[Gal(E/F): 1] =t[F:Q]|G].

xX€G

We see that each inequality is in fact an equality, and A is an isogeny since the dimensions of the
source and the target are the same. 0O

3. Level-conductors formulas

As in the previous section we consider a newform f € S3(N,¢) and a decomposition Ay ~ B"
of Ay into a power of a building block B defined over the field L, and we continue with the same
notation as before with respect to the endomorphism algebra of B; namely, F is its center and t
its Schur index. In this section we use the decomposition (2) to compute the local exponent of the
conductor of B. In some particular cases we prove that the conductor belongs to Z (i.e. it is a principal
ideal generated by a rational integer), and we are able to give a global formula for it involving the
conductor of L and the level of f. We denote by N (B) the conductor of B over L, by §; the conductor
of L and by N,q the norm in the extension L/Q. If x is a character belonging to G, we also denote
by N, the level of the newform f ® x and by §, the conductor of x. For a prime q, v4(x) denotes
the valuation of x at q and x4 the g-primary component of .

Proposition 4. For each rational prime q we have that

vg(Nig(NL(B))) +2(dimB) Y~ vq(fx) = (dimB) > " vg(Ny). 3)

X€G X€G

Proof. By applying the formula of [11, Proposition 1] for the conductor of the restriction of scalars to
(2) we obtain that

Niyo(NL(B))(dr/)*4mE = 1_[ No(Afgy)",
xeG

where d,q is the discriminant of L/Q. By a theorem of Carayol [5] the conductor of a modular

abelian variety Ag is NgimAg, where Ny is the level of the newform g. Using this property and the

conductor-discriminant formula (cf. [16, p. 28]) we find that

i t[Gal(E/F):1, 1[F:Q]
xeG xe@
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But t[F : Q] =dim B, and the orbit of x contains [Gal(E/F) : I, ] elements, each one giving a modular
abelian variety of the same dimension. Thus we have that

NL/Q(NL(B)) l_[ (fx)zdimB — l_[ N;i(imB

xeG xeG
from which (3) follows by taking valuations at g. O

Each prime q dividing q appears in N (B) with the same exponent (see the proof of Lemma 3).
This observation together with (3) gives a way of computing the local exponents of A/ (B) in terms of
the levels Ny . In almost all cases [1, Theorem 3.1] can be used to compute the levels of the twisted
newforms. Under some hypothesis one can also perform directly the computation, as in the following:

Lemma 2. [f ord(¢) < 2 then for all primes q # 2 we have that

vq(NLyjo(NL(B))) + [L : QI(dim B)vg(f) = [L : QI(dim B)v4(N). (4)

Proof. First of all suppose that v4(f ) = 0. Then for each x € G we have that v4(j,) =0 and (4)
follows from (3) since vq(Ny) =vq(N) for all x € G and |G| =[L:Q].

Suppose now that vq(fy) # 0. This means that there exists an element s € Gal(E/F) such that
vq(fy,) # 0. But xs is a quadratic character since the relation °f = f ® xs implies that st =%/e=1.
So xs,q, the g-primary part of x5, is the unique character of order 2 and conductor a power of g, that
we denote by &;. Since &; has conductor g we see that v4(f ) = 1. For i =0, 1 define Gg ={xeG|
Xg =£b}. We have that G =G LIG, and that the map x — x xs is a bijection between G) and Gj.
Hence |GJ| = |G4| =G|/2. For x € GJ we have that vg4(fx) =0 and vq(Ny) = vq(N). For x € G} we
have that vq(fy) =1=vgq(f) and vq(Ny) = vq(Ny,) = vq(N), because the level of f ® xs is the level
of f which is N. Plugging all this into (3) one obtains (4). O

Lemma 3. N (B) belongs to Z if and only if [L : Q] divides vq(Ny (N1 (B))) for all rational primes q.

Proof. Suppose that g decomposes in L as gfqj---q5. For each o € Gal(L/Q) we have that B is L-
isogenous to B, so NV (B) =N (°B) =°N|(B). This means that if q] exactly divides N (B) then the
rest of q? also exactly divide Ny (B) and then vq(Nr,g(N;(B))) =nfg, where f denotes the residual
degree of g;. Now N (B) belongs to Z if and only if for all primes g the exponent e divides n, and
because of the relation efg =[L : Q] this is equivalent to the fact that v4(N,(N1(B))) is divisible
by [L:Q]. O

Proposition 5. If N is odd and ord(e) < 2 then Ny (B) belongs to Z and

Proof. By Lemma 2 for each prime g we have that vq(Ny/o(\i(B))) is multiple of [L: Q], and by
Lemma 3 this implies that N (B) belongs to Z. In consequence, Ny /g(N.(B)) = N (B)EQ), and using
this in (4) we have that vq(N(B)) + (dim B)vq(fr) = (dim B)v4(N). Since this holds for all g, the
proposition follows. O

Remark 1. If dim Ay =2 and ord(¢) < 2, then either Ay is absolutely simple or it is isogenous over
a quadratic number field L to the square of a Q-curve B/L. In the second case it is always true that
N1 (B) belongs to Z and N (B)f; = N. This follows by applying Milne’s formula to the restriction of
scalars of B, for which we have that Res;;q(B) ~q Ay.
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Proposition 5 might be seen as a generalization of Carayol's formula Ng(Af) = N4mAs for modu-
lar abelian varieties. As we will see this formula does not generalize to arbitrary newforms; in other
words, our hypotheses on the parity of N and on the order of the character are necessary. However,
for modular forms on I'p(N) and with arbitrary N it is still true except for a factor 2, that appears or
not depending on the field L.

Proposition 6. Suppose that £ = 1. Then N (B) is an integer and

(1) 2N (B)fdimB = N4mB iy, (5,) = 3 and v2(fk) = 2 for some K C L.
(2) Ni(B)ffimB — NAmB otherwise.

In particular, if vo (N) < 4 the second formula holds.

Proof. Since ¢ is trivial the character xs is quadratic for all s € Gal(E/F), so that any x € G is
quadratic. Define the set P, = {x2 | x € G}, which has cardinal < 4 because the set of quadratic char-
acters of conductor a power of 2 is isomorphic to Z/2Z x Z/27.. Observe that the condition v, (f;) =3
and v, (fx) =2 for some K C L is equivalent to |P2| = 4. We begin by proving the second formula in
the statement, which corresponds to the case |Py| < 2.

If 21, then |P;| =1 and

v2 (N (Vi (B))) + [L : Q1(dim B)v5 (1) = [L : Q1(dim B)v(N). (6)

If 2| 1, then for each s € Gal(E/F) the character xs is either trivial or quadratic, so that the set P;
can have cardinal 2 or 4. Suppose first that |P| =2, and fix an s such that x5 € P. Then for i =0, 1
define Gi2 ={xeCG|lx2= X;,z}' Observe that if x € Gg then v(fy) =0 and if x € G% then vy (fy) =
v2(fL). Moreover, for all x € G we have that vo(N,) = v(N), since va(Ny) = v2(Ny,) = v2(N). Now
with the same reasoning as in Lemma 2 we find that (6) also holds in this case. This, together with
Lemma 2 implies that the formula

vq(NL/@(NL(B))) + L : Ql(dim B)vq(f1) = [L : Q](dim B)vq(N) (7)

is true for all g. Arguing as in the proof of Proposition 5 this implies the second formula of the
statement.

Suppose now that |P3| = 4. If we denote by & and ¢ the quadratic characters of conductor 8, then
&4 is the quadratic character of conductor 4 and P, = {1, &, ¥, £y}. Define G¢ ={x € G | x2 =&}, and
similarly for the other characters define Gy, G¢y and Gi. Each one of these sets has cardinal |G|/4.
If x belongs to G¢ or Gy, then v, (fx) =3, while if x belongs to Gy then v, (fy) = 2. Therefore the
relation (3) gives

v2(No(NL(B))) +2(dim3)<2% +3|i—| +3|j—|> =|G|(dim B)v(N),

and since now v;(f;) =3 we arrive at

v2(NLyo(VL(B))) + [L : Q1(dim B) (va(f1) + 1) = [L : QI(dim B)va(N).

We see that in this case vz(NL/Q(NL(B))) is also multiple of [L : Q]. As before, for q # 2 formula (7)
also holds in this case, so we conclude that now 2N (B)f, = NdimB

To prove the last statement, let s € Gal(E/F) and let xs be the corresponding quadratic character.
Then va(Ny,) = v2(N), and if ¢ =1 and v2(N) <4 by [1, Theorem 3.1] this is not possible if the
conductor of s is 8. Therefore x; is either trivial or the quadratic character of conductor 4, and
we see that |P|<2. O
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We remark that the first case in (6) does occur. For instance, let f be the unique (up to conju-
gation) normalized newform for I'n(512) such that Ay has dimension 4. Using Magma [4] one can
compute the characters associated to the inner twists of f; it turns out that some of them have con-
ductor divisible by 8 and some of them have conductor exactly divisible by 4 and therefore |Py| = 4.

Proposition 7. If N is squarefree then for all primes q dividing N we have that

(1) vg(NjoNL(B)) = (dimB)[L : Q] if g 1 fe.
(2) vg(NjoNL(B)) =0ifq | f.

In particular, N1 (B) belongs to Z and

Proof. If q1fe then vq(f,) =0 for all x € G and then the formula follows easily from (3).

Suppose that q | f. Let s € Gal(E/F) and let s be the character such that °f = f ® xs. Observe that
Vq(N) =vq(Ny,), and by [1, Theorem 3.1] under our hypothesis this is possible if and only if xsq =1
O Xsq = sq_1. This means that for each x € G, the character xq is of the form sé for some i. In
particular, vq(f) = vq(f¢). Let n =ord(&q), and for i =0,...,n — 1 define G; ={xeGCG|x= 821}. The
map x +— x¢€ is a bijection between GfJ and Gf]“, and since G = |_|'17;01 G; we see that \Gé| =|G|/n.

If x eG}2 then vq(f;)=1fori=1,...,n—1, while vq(f,) =0 for i =0. If eG(’J fori=0,n—1
then vq(Ny) = vq(N); if x € Gg this is clear, and if x € Gg‘l this is because vq(Ny) = vq(qu_l) =
Vq(Ng-1) = vg(N) since f=f®e1. On the other hand, for the rest of the values i =2,...,n —2

then vg(Ny) =2 if x € Gl this follows from [1, Theorem 3.1]. Gathering all this information we can
rewrite (3) in this case as

n—1 n—1
vg(NLy(NL(E))) +2(dimB) Y~ > vg(fx) = (dimB) Y >~ vq(Ny),
i=0 yeG} i=0 yeG},
and this gives

G G
vq(Nrjo(WNL(E))) + 2(dim B)|n—|(n —1) = (dim B)(|G| + 'n—l(n - 2)),

which is directly the formula for the second case.
Finally, the two formulas in the statement can be written as the following expression, which is
valid for all g:

vq(Nyo(WNL(B))) + [L : QI(dim B)vq(f) = [L : QI(dim B)v4(N).
This implies that A (B) belongs to Z and also the formula (8). O

Remark 2. Observe that for squarefree N Proposition 7 completely characterizes the places of good
reduction of B: a prime q | q is a prime of good reduction of B if and only if g/ N or q | fe.
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4. Examples

In this section we show explicit examples of building blocks of dimension one and two where
we compute their conductors. As in the rest of the paper, all the newforms we consider are without
complex multiplication.

Q-curves. All the examples in this paragraph come from modular abelian varieties Ay where the
corresponding building block B has dimension one. An algorithm to compute equations of building
blocks of dimension one is provided by Gonzilez and Lario in [7]. The equations for the first three
examples were computed using that algorithm, and the equations for Examples 2 and 3 have been
provided by Jordi Quer. The conductors of these elliptic curves have been computed using Magma.

Example 1. Let f be the unique (up to conjugation) normalized newform of weight two, level 42 and
Nebentypus of order 2 and conductor 21. We have dimAy =4 and L = Q(v—3,+/—7). In [7] it is
proved that an equation for B is given by y? = x> — 27 c4x — 54 cg, where

-3 /57
C4ZT(69+43«/—3+29«/—7+17 21),
c6 = —3(207 — 84v/ =3 — 544/ =7 + 46+/21).

We have N[ (B) =2 and f; = 21. Therefore we have that Proposition 5 holds although N is even in
this case.

Example 2. Let f be the unique (up to conjugation) normalized newform of weight two, level 64 and
Nebentypus of order 4 and conductor 16. In this case, Ay is an abelian surface and L = Q(«), where
a* — 402 +2 = 0. An equation for B is given by y2 = x3 — 27 c4x — 54 ¢ where

c4=16(5— 8 + 140® — 60°) and cg = 64(—124 + 74a + 1940” — 107c%).
We have N (B) =2 and f; = 16. Therefore we have that 2A/; (B)§{imB = NdimB,

Example 3. Let f be the unique (up to conjugation) normalized newform (without complex mul-
tiplication) of weight two, level 81 and Nebentypus of order 3 and conductor 9. In this case,
dimAf=4and L = Q(+v/=3, ), where o> — 3 + 1 =0. An equation for the building block is given
by y? =x3 — 27 c4x — 54cg, where

3 27
ca=3 (=54 +14v=3+2(12 + 5V -3)a + 27 - 7V/-3)a?),  cs= T(37 +194/-3).

We have N[ (B) =3 and f; = 9. Therefore we have that 3./\/L(B)f£“m3 = NdimB,

In the above examples the conductors N (B) turned out to be rational integers. The following
example shows that this is not always the case.

Example 4. There are two normalized newforms of weight two, level 98 and Nebentypus ¢ of order 3
and conductor 7 such that the associated abelian variety is a surface. In both cases L = Q(«), where
a3+ a? —2a —1=0. To obtain an equation for the building block we are going to proceed in a dif-
ferent way than above. Let f be one of these two newforms. Then, Af ~| B? and by Proposition 3 we
have that Res;/q(B) ~g Af x Afge. Therefore dim Afge = 1. In particular, B ~| Afg,. Then, instead
of computing an equation of B/L using the Gonzalez-Lario algorithm [7] we are going to compute an
equation of Afg, over Q. In this case the results of Atkin and Li [1] do not provide the exact level
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of f ® ¢, although they assert that the level is a divisor of 98 of the form 2 - 7". One of the twisted
newforms corresponds to the unique (up to Q-isogeny) elliptic curve defined over Q of level 14 and
the other one to the unique (up to Q-isogeny) elliptic curve defined over Q of level 98 (they are
labelled as 14A and 98A respectively in Cremona’s tables [6] or in Antwerp tables [2]). The equations
for these building blocks are:

Bi: y*+xy+y=x>+4x—86,
By: y*4xy=x>4+x*—-25x—111.

For i = 1,2, we have N{(Bj) = 2(a? —«a — 2)! - O, which is not an ideal generated by a rational
integer.

Genus 2 curves. In the opposite to the elliptic curve case, there is no implementation of an algorithm
to compute the conductor of a genus 2 curve over a number field. For that purpose, Proposition 4
allows us to compute the conductor of a genus 2 curve that corresponds to the building block of a
modular abelian variety.

Example 5. Let C be the genus 2 curve defined over Q(+/—6) defined by

C: y?=(27v/—6 —324)x® — 15876x° + (—7938+/—6 — 222264)x* — 345 744x°
+ (—259308+/—6 + 7260 624)x*> — 16941 456x + 941 192/—6 + 11294 304.

The Jacobian B = Jac(C) is a building block with quaternionic multiplication, and in [8] it is proved
that Res; /p(B) is isogenous to a product of modular abelian varieties over Q, where L = QW2,v=3).
In fact, there are numerical evidences suggesting that Res;,g(B) ~q A2, where f is a newform of level

N = 283> and Nebentypus & of order 2 and conductor 8 with dim Ay =4. Assuming this we are going
to prove that N (B) = 2'°3%, and therefore the formula N (B)f{imB = N4m5 would hold again. The

subfields of L are the quadratic fields Q(+/2), Q(~+—3) and Q(+/—6), and they correspond to the non-
trivial homomorphisms from G to C*. Therefore the conductors of these quadratic fields correspond
to the conductors of the non-trivial elements at G. On the other hand, by the decomposition of
Res; /@ (B) given above and by [1, Theorem 3.1] we have that N, = N for all x € G. Now, Proposition 4
at the primes g =2 and q = 3 gives us the stated conductor of B over L.
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