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Abstract

For the quantum integer ½n�q ¼ 1þ q þ q2 þ?þ qn�1 there is a natural polynomial

multiplication such that ½m�q#q½n�q ¼ ½mn�q: This multiplication leads to the functional
equation fmðqÞfnðqmÞ ¼ fmnðqÞ; defined on a given sequence F ¼ f fnðqÞgNn¼1 of polynomials.
This paper contains various results concerning the construction and classification of

polynomial sequences that satisfy the functional equation, as well open problems that arise

from the functional equation.
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1. A polynomial functional equation

Let N ¼ f1; 2; 3;yg denote the set of natural numbers, and N0 ¼ N,f0g the set
of nonnegative integers. For nAN; the polynomial

½n�q ¼ 1þ q þ q2 þ?þ qn�1

is called the quantum integer n: With the usual multiplication of polynomials, we
observe that ½m�q½n�qa½mn�q for all ma1 and na1: We would like to define a
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polynomial multiplication such that the product of the quantum integers ½m�q and
½n�q is ½mn�q:
Consider polynomials with coefficients in a field. Let F ¼ f fnðqÞgNn¼1 be a

sequence of polynomials. We define a multiplication operation on the polynomials in
F by

fmðqÞ#qfnðqÞ ¼ fmðqÞfnðqmÞ:

We want to determine all sequences F that satisfy the functional equation

fmnðqÞ ¼ fmðqÞ#qfnðqÞ ¼ fmðqÞfnðqmÞ ð1Þ

for all m; nAN: If the sequence F ¼ f fnðqÞgNn¼1 is a solution of (1), then the
operation#q is commutative on F since

fmðqÞ#qfnðqÞ ¼ fmnðqÞ ¼ fnmðqÞ ¼ fnðqÞ#qfmðqÞ:

Equivalently,

fmðqÞfnðqmÞ ¼ fnðqÞfmðqnÞ ð2Þ

for all natural numbers m and n:1

Here are three examples of solutions of the functional equation (1). First, the
constant sequence defined by fnðqÞ ¼ 1 for all nAN satisfies (1).
Second, let

fnðqÞ ¼ qn�1

for all nAN: Then

fmnðqÞ ¼ qmn�1 ¼ qm�1qmðn�1Þ ¼ fmðqÞfnðqmÞ

and so the polynomial sequence fqn�1gNn¼1 also satisfies (1).
Third, let fnðqÞ ¼ ½n�q for all nAN: Then

½m�q#q½n�q ¼ fmðqÞ#qfnðqÞ

¼ fmðqÞfnðqmÞ

¼ ð1þ q þ q2 þ?þ qm�1Þð1þ qm þ q2m þ?þ qmðn�1ÞÞ

¼ 1þ q þ?þ qm�1 þ qm þ qmþ1?þ qmn�1

¼ ½mn�q
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1Note that (1) implies (2), but not conversely, since the sequenceF ¼ f fnðqÞgNn¼1 with fnðqÞ ¼ 2 for all
nAN satisfies (2) but not (1).
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and so the polynomial sequence f½n�qg
N

n¼1 of quantum integers satisfies the functional

equation (1).
The identity

½m�q#q½n�q ¼ ½mn�q

is the q-series expression of the following additive number theoretic identity for
sumsets

f0; 1; 2;y;mn � 1g ¼ f0; 1;y;m � 1g þ f0;m; 2m;y; ðn � 1Þmg:

This paper investigates the following problem.

Problem 1. Determine all polynomial sequences F ¼ f fnðqÞgNn¼1 that satisfy the

functional equation (1).

2. Prime semigroups

A multiplicative subsemigroup of the natural numbers, or, simply, a semigroup, is a
set SDN such that 1AS and if mAS and nAS; then mnAS: For example, for any
positive integer n0; the set f1g,fnXn0g is a semigroup. If P is a set of prime
numbers, then the set SðPÞ consisting of the positive integers all of whose prime
factors belong to P is a multiplicative subsemigroup of N: If P ¼ |; then SðPÞ ¼ f1g:
If P ¼ fpg contains only one prime, then SðPÞ ¼ fpk: kAN0g: A semigroup of the
form SðPÞ; where P is a set of primes, will be called a prime semigroup.

Let F ¼ f fnðqÞgNn¼1 be a sequence of polynomials that satisfies the functional
equation (1). Since

f1ðqÞ ¼ f1ðqÞ#qf1ðqÞ ¼ f1ðqÞf1ðqÞ;

it follows that f1ðqÞ ¼ 1 or f1ðqÞ ¼ 0: If f1ðqÞ ¼ 0; then

fnðqÞ ¼ f1ðqÞ#qfnðqÞ ¼ f1ðqÞfnðqÞ ¼ 0

for all nAN; andF is the sequence of zero polynomials. If fnðqÞa0 for some n; then
f1ðqÞ ¼ 1:
Let F ¼ f fnðqÞgNn¼1 be any sequence of functions. The support of F is the set

suppðFÞ ¼ fnAN : fnðqÞa0g:

The sequence F is called nonzero if fnðqÞa0 for some nAN; or, equivalently, if

suppðFÞa|: IfF satisfies the functional equation (1), thenF is nonzero if and only
if f1ðqÞ ¼ 1:
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For every positive integer n; let OðnÞ denote the number of not necessarily distinct
prime factors of n: If n ¼ pr1

1?prk

k ; then OðnÞ ¼ r1 þ?þ rk:

Theorem 1. Let F ¼ f fnðqÞgNn¼1 be a nonzero sequence of polynomials that satisfies

the functional equation (1). The support of F is a prime semigroup. If

suppðFÞ ¼ SðPÞ;

where P is a set of prime numbers, then the sequence F is completely determined by the

set of polynomials FP ¼ f fpðqÞgpAP:

Proof. Since F is nonzero, we have f1ðqÞ ¼ 1 and so 1AsuppðFÞ: If mAsuppðFÞ
and nAsuppðFÞ; then fmðqÞa0 and fnðqÞa0; hence

fmnðqÞ ¼ fmðqÞfnðqmÞa0

and mnAsuppðFÞ: Therefore, suppðFÞ is a semigroup.
Let P be the set of prime numbers contained in suppðFÞ: Then SðPÞDsuppðFÞ: If

nAsuppðFÞ and the prime number p divides n; then n ¼ pm for some positive integer
m: Since F satisfies the functional equation (1), we have

fnðqÞ ¼ fpmðqÞ ¼ fpðqÞfmðqpÞa0;

and so fpðqÞa0; hence pAsuppðFÞ and pAP: Since every prime divisor of n belongs

to suppðFÞ; it follows that nASðPÞ; and so suppðFÞDSðPÞ: Therefore, suppðFÞ ¼
SðPÞ is a prime semigroup.
We use induction on OðnÞ for nAsuppðFÞ to show that the sequence FP ¼

f fpðqÞgpAP determines F: If OðnÞ ¼ 1; then n ¼ pAP and fpðqÞAFP: Suppose that

FP determines fmðqÞ for all mAsuppðFÞ with OðmÞpk: If nAsuppðFÞ and OðnÞ ¼
k þ 1; then n ¼ pm; where pAP; mAsuppðFÞ; and OðmÞ ¼ k: It follows that the
polynomial fnðqÞ ¼ fpðqÞfmðqpÞ is determined by FP: &

Let P be a set of prime numbers, and let SðPÞ be the semigroup generated by P:

Define the sequence F ¼ f fnðqÞgNn¼1 by

fnðqÞ ¼
½n�q if nASðPÞ;
0 if neSðPÞ:

�

ThenF satisfies (1) and suppðFÞ ¼ SðPÞ: Thus, every semigroup of the form SðPÞ is
the support of some sequence of polynomials satisfying the functional equation (1).
The following theorem provides a general method to construct solutions of the

functional equation (1) with support SðPÞ for any set P of prime numbers.

Theorem 2. Let P be a set of prime numbers. For each pAP; let hpðqÞ be a nonzero

polynomial such that

hp1ðqÞhp2ðqp1Þ ¼ hp2ðqÞhp1ðqp2Þ for all p1; p2AP: ð3Þ
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Then there exists a unique sequence F ¼ f fnðqÞgNn¼1 with suppðFÞ ¼ SðPÞ such that

F satisfies the functional equation (1) and fpðqÞ ¼ hpðqÞ for all pAP:

The proof uses three lemmas.

Lemma 1. Let p be a prime number and hpðqÞ a nonzero polynomial. There exists a

unique sequence of polynomials f fpkðqÞgNk¼0 such that fpðqÞ ¼ hpðqÞ and

fpkðqÞ ¼ fpiðqÞfp j ðqpiÞ ð4Þ

for all nonnegative integers i; j and k such that i þ j ¼ k:

Proof. We define f1ðqÞ ¼ 1; fpðqÞ ¼ hpðqÞ; and, by induction on k;

fpkðqÞ ¼ fpðqÞfpk�1ðqpÞ ð5Þ

for kX2: The proof of (4) is by induction on k: Identity (4) holds for k ¼ 0; 1; and 2,
and also for i ¼ 0 and all j: Assume that (4) is true for some kX1; and let k þ 1 ¼
i þ j; where iX1: From the construction of the sequence f fpkðqÞgNk¼0 and the
induction hypothesis we have

fpkþ1ðqÞ ¼ fpðqÞfpkðqpÞ

¼ fpðqÞfpði�1Þþj ðqpÞ

¼ fpðqÞfpi�1ðqpÞfp j ððqpÞpi�1
Þ

¼ fpiðqÞfp j ðqpiÞ:

Conversely, if the sequence f fpkðqÞgNk¼0 satisfies (4), then, setting i ¼ 1; we obtain (5),
and so the sequence f fpkðqÞgNk¼0 is unique. &

Lemma 2. Let P ¼ fp1; p2g; where p1 and p2 are distinct prime numbers, and let SðPÞ
be the semigroup generated by P: Let hp1ðqÞ and hp2ðqÞ be nonzero polynomials such

that

hp1ðqÞhp2ðqp1Þ ¼ hp2ðqÞhp1ðqp2Þ: ð6Þ

There exists a unique sequence of polynomials f fnðqÞgnASðPÞ such that fp1ðqÞ ¼ hp1ðqÞ;
fp2ðqÞ ¼ hp2ðqÞ; and

fmnðqÞ ¼ fmðqÞfnðqmÞ for all m; nASðPÞ: ð7Þ

Proof. Every integer nASðPÞ can be written uniquely in the form n ¼ pi
1p

j
2 for some

nonnegative integers i and j:We apply Lemma 1 to construct the sets of polynomials
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f fpi
1
ðqÞgNi¼0 and f fp

j

2
ðqÞgNj¼0: If n ¼ pi

1p
j
2 for positive integers i and j; then we define

fnðqÞ ¼ fpi
1
ðqÞfp

j

2
ðqpiÞ: ð8Þ

This determines the set f fnðqÞgnASðPÞ .

We shall show that

fpi
1
ðqÞfp

j

2
ðqpi

1Þ ¼ fp
j

2
ðqÞfpi

1
ðqp

j

2 Þ ð9Þ

for all nonnegative integers i and j: This is true if i ¼ 0 or j ¼ 0; so we can assume
that iX1 and jX1:
The proof is by induction on k ¼ i þ j: If k ¼ 2; then i ¼ j ¼ 1 and the result

follows from (6). Let kX2; and assume that Eq. (9) is true for all positive integers i

and j such that i þ jpk: Let i þ j þ 1 ¼ k þ 1: By Lemma 1 and the induction
assumption,

fpi
1
ðqÞf

p
jþ1
2

ðqpi
1Þ ¼ fpi

1
ðqÞfp

j

2
ðqpi

1Þfp2ðqpi
1
p

j

2 Þ

¼ fp
j

2
ðqÞfpi

1
ðqp

j

2 Þfp2ðqp
j

2
pi
1Þ

¼ fp
j

2
ðqÞfp2ðqp

j

2 Þfpi
1
ðqp

jþ1
2 Þ

¼ f
p

jþ1
2

ðqÞfpi
1
ðqp

jþ1
2 Þ:

Similarly,

fpiþ1
1
ðqÞfp

j

2
ðqpiþ1

1 Þ ¼ fp
j

2
ðqÞfpiþ1

1
ðqp

j

2 Þ:

This proves (9).
Let m; nASðPÞ: There exist nonnegative integers i; j; k; and c such that

m ¼ pi
1p

j
2 and n ¼ pk

1p
c
2:

Then

fmðqÞfnðqmÞ ¼ fpi
1
ðqÞfp

j

2
ðqpi

1Þfpk
1
ðqpi

1
p

j

2 Þfpc
2
ðqpiþk

1
p

j

2 Þ

¼ fpi
1
ðqÞfpk

1
ðqpi

1Þfp
j

2
ðqpiþk

1 Þfpc
2
ðqpiþk

1
p

j

2 Þ

¼ fpk
1
ðqÞfpi

1
ðqpk

1 Þfpc
2
ðqpiþk

1 Þfp
j

2
ðqpiþk

1
pc
2Þ

¼ fpk
1
ðqÞfpc

2
ðqpk

1 Þfpi
1
ðqpk

1
pc
2Þfp

j

2
ðqpiþk

1
pc
2Þ

¼ fnðqÞfmðqnÞ:
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Setting m ¼ pi
1 and n ¼ p

j
2 in (7) gives (8), and so the sequence of polynomials

f fnðqÞgnASðPÞ is unique. &

Lemma 3. Let P ¼ fp1;y; prg be a set consisting of r prime numbers, and let SðPÞ be

the semigroup generated by P: Let hp1ðqÞ;y; hpr
ðqÞ be nonzero polynomials such that

hpi
ðqÞhpj

ðqpiÞ ¼ hpj
ðqÞhpi

ðqpj Þ ð10Þ

for i; j ¼ 1;y; r: There exists a unique sequence of polynomials f fnðqÞgnASðPÞ such that

fpi
ðqÞ ¼ hpi

ðqÞ for i ¼ 1;y; r; and

fmnðqÞ ¼ fmðqÞfnðqmÞ for all m; nASðPÞ: ð11Þ

Proof. The proof is by induction on r: The result holds for r ¼ 1 by Lemma 1 and
for r ¼ 2 by Lemma 2. Let rX3; and assume that the Lemma holds for every set of
r � 1 primes. Let P0 ¼ P\fprg ¼ fp1;y; pr�1g: By the induction hypothesis, there
exists a unique sequence of polynomials f fnðqÞgnASðP0Þ such that fpi

ðqÞ ¼ hpi
ðqÞ for

i ¼ 1;y; r � 1; and

fm0n0 ðqÞ ¼ fm0 ðqÞfn0 ðqm0 Þ for all m0; n0ASðP0Þ:

Every nASðPÞ\SðP0Þ can be written uniquely in the form n ¼ n0par
r ; where n0ASðP0Þ

and ar is a positive integer. We define fpar
r
ðqÞ by Lemma 1 and

fn0par
r
ðqÞ ¼ fn0 ðqÞfpar

r
ðqn0 Þ: ð12Þ

We begin by proving that

fn0 ðqÞfpar
r
ðqn0 Þ ¼ fpar

r
ðqÞfn0 ðqpar

r Þ ð13Þ

for all n0ASðP0Þ and arAN:
By Lemma 2, Eq. (13) is true if n0 ¼ pas

s for some prime psAP0: Let n0 ¼ n00pas
s ;

where n00ASðP\fps; prgÞ: By the induction assumption,

fn00 ðqÞfpar
r
ðqn00 Þ ¼ fpar

r
ðqÞfn00 ðqpar

r Þ

and so

fn0 ðqÞfpar
r
ðqn0 Þ ¼ fn00 ðqÞfpas

s
ðqn00 Þfpar

r
ðqn00pas

s Þ

¼ fn00 ðqÞfpar
r
ðqn00 Þfpas

s
ðqn00par

r Þ

¼ fpar
r
ðqÞfn00 ðqpar

r Þfpas
s
ðqn00par

r Þ

¼ fpar
r
ðqÞfn0 ðqpar

r Þ:

This proves (13).

ARTICLE IN PRESS
M.B. Nathanson / Journal of Number Theory 103 (2003) 214–233220



Let m; nASðPÞ: We write n ¼ n0par
r and m ¼ m0pbr

r ; where m0; n0ASðP0Þ and ar; br

are nonnegative integers. Applying (13) and the induction assumption, we obtain

fmðqÞfnðqmÞ ¼ fm0 ðqÞfpbr
r
ðqm0 Þfn0 ðqm0pbr

r Þfpar
r
ðqm0n0pbr

r Þ

¼ fm0 ðqÞfn0 ðqm0 Þfpbr
r
ðqm0n0 Þfpar

r
ðqm0n0pbr

r Þ

¼ fn0 ðqÞfm0 ðqn0 Þfpar
r
ðqm0n0 Þfpbr

r
ðqm0n0par

r Þ

¼ fn0 ðqÞfpar
r
ðqn0 Þfm0 ðqn0par

r Þfpbr
r
ðqm0n0par

r Þ

¼ fnðqÞfmðqnÞ:

This proves (11).
Applying (11) with m ¼ n0 and n ¼ par

r ; we obtain (12). This shows that the
sequence f fnðqÞgnASðPÞ is unique, and completes the proof of the lemma. &

We can now prove Theorem 2.

Proof of Theorem 2. If P is a finite set of prime numbers, then we construct the set of
polynomials f fnðqÞgnASðPÞ by Lemma 3, and we define fnðqÞ ¼ 0 for neSðPÞ: This
determines the sequence F ¼ f fnðqÞgNn¼1 uniquely.
If P is infinite, we write P ¼ fpigNi¼1: For every positive integer r; let Pr ¼ fpigr

i¼1
and apply Lemma 3 to construct the set of polynomials f fnðqÞgnASðPrÞ: Since

P1D?DPrDPrþ1D?DP

and

SðP1ÞD?DSðPrÞDSðPrþ1ÞD?DSðPÞ;

we have

f fnðqÞgnASðP1ÞD?Df fnðqÞgnASðPrÞDf fnðqÞgnASðPrþ1ÞD? :

Define

f fnðqÞgnASðPÞ ¼
[N
r¼1

f fnðqÞgnASðPrÞ:

Setting fnðqÞ ¼ 0 for all neSðPÞ uniquely determines a sequence F ¼ f fnðqÞgNn¼1
that satisfies the functional equation (1) and fpðqÞ ¼ hpðqÞ for all pAP: This

completes the proof. &
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For example, for the set P ¼ f2; 5; 7g; the reciprocal polynomials

h2ðqÞ ¼ 1� q þ q2;

h5ðqÞ ¼ 1� q þ q3 � q4 þ q5 � q7 þ q8;

h7ðqÞ ¼ 1� q þ q3 � q4 þ q6 � q8 þ q9 � q11 þ q12

satisfy the commutativity condition (3). There is a unique sequence of poly-

nomials F ¼ f fnðqÞgNn¼1 constructed from fh2ðqÞ; h5ðqÞ; h7ðqÞg by Theorem 2.

Since

fpðqÞ ¼ hpðqÞ ¼
½p�q3
½p�q

for pAP ¼ f2; 5; 7g;

it follows that

fnðqÞ ¼
½n�q3
½n�q

for all nASðPÞ:

We have degð fnÞ ¼ 2ðn � 1Þ for all nASðPÞ:
We can refine Problem 1 as follows.

Problem 2. Let P be a set of prime numbers. Determine all polynomial sequences

F ¼ f fnðqÞgNn¼1 with support SðPÞ that satisfy the functional equation (1).

Problem 3. Let P and P0 be sets of prime numbers with PDP0; and let F ¼ f fnðqÞgNn¼1
be a sequence of polynomials with support SðPÞ that satisfies the functional equation

(1). Under what conditions does there exist a sequence F0 ¼ f f 0
nðqÞg

N

n¼1 with support

SðP0Þ such that F0 satisfies (1) and f 0
pðqÞ ¼ fpðqÞ for all primes pAP?

Problem 4. Let S be a multiplicative subsemigroup of the positive integers. Determine

all sequences f fnðqÞgnAS of polynomials such that

fmnðqÞ ¼ fmðqÞfnðqmÞ for all m; nAS:

This formulation of the problem of classifying solutions of the functional equation
does not assume that S is a semigroup of the form S ¼ SðPÞ for some set P of prime
numbers.

ARTICLE IN PRESS
M.B. Nathanson / Journal of Number Theory 103 (2003) 214–233222



3. An arithmetic functional equation

An arithmetic function is a function whose domain is the set N of natural numbers.
The support of the arithmetic function d is

suppðdÞ ¼ fnAN : dðnÞa0g:

Lemma 4. Let S be a semigroup of the natural numbers, and dðnÞ a complex-valued

arithmetic function that satisfies the functional equation

dðmnÞ ¼ dðmÞ þ mdðnÞ for all m; nAS: ð14Þ

Then there exists a complex number t such that

dðnÞ ¼ tðn � 1Þ for all nAS:

Proof. Let dðnÞ be a solution of the functional equation (14) on S: Setting m ¼ n ¼ 1
in (14), we obtain dð1Þ ¼ 0: For all m; nAS\f1g we have

dðmÞ þ mdðnÞ ¼ dðmnÞ ¼ dðnmÞ ¼ dðnÞ þ ndðmÞ

and so

dðmÞ
m � 1 ¼

dðnÞ
n � 1:

It follows that there exists a number t such that dðnÞ ¼ tðn � 1Þ for all nAS: This
completes the proof. &

Note that if dðnÞ ¼ 0 for some nAS\f1g; then dðnÞ ¼ 0 for all nAS:
Let degð f Þ denote the degree of the polynomial f ðqÞ:

Lemma 5. Let F ¼ f fnðqÞgNn¼1 be a nonzero sequence of polynomials that satisfies the

functional equation (1). There exists a nonnegative rational number t such that

degð fnÞ ¼ tðn � 1Þ for all nAsuppðFÞ: ð15Þ

Proof. Let S ¼ suppðFÞ: The functional equation (1) implies that

degð fmnÞ ¼ degð fmÞ þ m degð fnÞ for all m; nAS;

and so degð fnÞ is an arithmetic function on the semigroup S that satisfies the
arithmetic functional equation (14). Statement (15) follows immediately from
Lemma 4. &
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We note that, in Lemma 5, the number t is rational but not necessarily integral.

For example, if suppðFÞ ¼ f7k: kAN0g and

f7kðqÞ ¼ q2ð1þ7þ7
2þ?þ7k�1Þ ¼ qð7k�1Þ=3;

then t1 ¼ 1
3
:

An arithmetic function lðnÞ is completely multiplicative if lðmnÞ ¼ lðmÞlðnÞ for all
m; nAN: A function lðnÞ is completely multiplicative on a semigroup S if lðnÞ is a
function defined on S and lðmnÞ ¼ lðmÞlðnÞ for all m; nAS:

Theorem 3. Let F ¼ f fnðqÞgNn¼1 be a nonzero sequence of polynomials that satisfies

the functional equation

fmnðqÞ ¼ fmðqÞfnðqmÞ:

Then there exist a completely multiplicative arithmetic function lðnÞ; a nonnegative

rational number t; and a nonzero sequence G ¼ fgnðqÞgNn¼1 of polynomials such that

fnðqÞ ¼ lðnÞqtðn�1ÞgnðqÞ for all nAN;

where

(i) the sequence G satisfies the functional equation (1),
(ii)

suppðFÞ ¼ suppðGÞ ¼ suppðlÞ;

(iii)
gnð0Þ ¼ 1 for all nAsuppðGÞ:

The number t; the arithmetic function lðnÞ; and the sequence G are unique.

Proof. For every nAsuppðFÞ there exist a unique nonnegative integer dðnÞ and
polynomial g0

nðqÞ such that g0
nð0Þa0 and

fnðqÞ ¼ qdðnÞg0
nðqÞ:

Let lðnÞ ¼ g0
nð0Þ be the constant term of g0

nðqÞ: Dividing g0
nðqÞ by lðnÞ; we can write

g0
nðqÞ ¼ lðnÞgnðqÞ;

where gnðqÞ is a polynomial with constant term gnð0Þ ¼ 1: Define gnðqÞ ¼ 0 and
lðnÞ ¼ 0 for every positive integer nesuppðFÞ; and let G ¼ fgnðqÞgNn¼1: Then
suppðFÞ ¼ suppðGÞ ¼ suppðlÞ: Since the sequence

flðnÞqdðnÞgnðqÞgNn¼1

ARTICLE IN PRESS
M.B. Nathanson / Journal of Number Theory 103 (2003) 214–233224



satisfies the functional equation, we have, for all m; nAsuppðFÞ;

lðmnÞqdðmnÞgmnðqÞ ¼ lðmÞqdðmÞgmðqÞlðnÞqmdðnÞgnðqmÞ

¼ lðmÞlðnÞqdðmÞþmdðnÞgmðqÞgnðqmÞ:

The polynomials gmðqÞ; gnðqÞ; and gmnðqÞ have constant term 1, hence for all
m; nAsuppðFÞ we have

qdðmnÞ ¼ qdðmÞþmdðnÞ;

lðmnÞ ¼ lðmÞlðnÞ

and

gmnðqÞ ¼ gmðqÞgnðqmÞ:

It follows that lðnÞ is a completely multiplicative arithmetic function with suppðFÞ;
and the sequence fgnðqÞgNn¼1 also satisfies the functional equation (1). Moreover,

dðmnÞ ¼ dðmÞ þ mdðnÞ for all m; nAsuppðFÞ:

By Lemma 4, there exists a nonnegative rational number t such that dðnÞ ¼ tðn � 1Þ:
This completes the proof. &

4. Classification problems

Theorem 3 reduces the classification of solutions of the functional equation (1) to

the classification of sequences of polynomials F ¼ f fnðqÞgNn¼1 with constant term
fnð0Þ ¼ 1 for all nAsuppðFÞ:

Theorem 4. Let F ¼ f fnðqÞgNn¼1 be a nonzero sequence of polynomials that satisfies

the functional equation (1).

(i) Let cðqÞ be a polynomial such that cðqÞm ¼ cðqmÞ for every integer mAsuppðFÞ:
Then the sequence f fnðcðqÞÞgNn¼1 satisfies (1).

(ii) For every positive integer t; the sequence f fnðqtÞgNn¼1 satisfies (1).

(iii) The sequence of reciprocal polynomials fqdegð fnÞfnðq�1ÞgNn¼1 satisfies (1).

Proof. Suppose that cðqÞm ¼ cðqmÞ for every integer mAsuppðFÞ: Replacing q by
cðqÞ in the polynomial identity (1), we obtain

fmnðcðqÞÞ ¼ fmðcðqÞÞfnðcðqÞmÞ ¼ fmðcðqÞÞfnðcðqmÞÞ

for all m; nAsuppðFÞ: This proves (i).
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Since ðqtÞm ¼ ðqmÞt for all integers t; we obtain (ii) from (i) by choosing cðqÞ ¼ qt:
The reciprocal polynomial of f ðqÞ is

f̃ðqÞ ¼ qdegð f Þf ðq�1Þ:

Then

f̃mnðqÞ ¼ qdegð fmnÞfmnðq�1Þ

¼ qdegð fmÞþm degð fnÞfmðq�1Þfnðq�mÞ

¼ qdegð fmÞfmðq�1Þqm degð fnÞfnððqmÞ�1Þ

¼ f̃mðqÞf̃nðqmÞ:

This proves (iii). &

For example, setting

½n�qt ¼ 1þ qt þ q2t þ?þ qðn�1Þt;

we see that f½n�qtgNn¼1 is a solution of (1) with support N:

The quantum integer ½n�q is a self-reciprocal polynomial of q; and ½n�qt is self-

reciprocal for all positive integers t: The reciprocal polynomial of the polynomial

qn�1 is 1.
The polynomials cðqÞ ¼ qt are not the only polynomials that generate solutions of

the functional equation (1). For example, let p be a prime number, and consider

polynomials with coefficients in the finite field Z=pZ and solutions F ¼ f fnðqÞgNn¼1
of the functional equation with suppðFÞ ¼ SðfpgÞ ¼ fpk: kAN0g: Applying the
Frobenius automorphism z/zp; we see that cðqÞm ¼ cðqmÞ for every polynomial
cðqÞ and every mAsuppðFÞ:
Here is another example of solutions of (1) generated by polynomials satisfying

cðqÞm ¼ cðqmÞ for mAsuppðFÞ:

Theorem 5. Let P be a nonempty set of prime numbers, and SðPÞ the multiplicative

semigroup generated by P: Let d be the greatest common divisor of the set

fp � 1: pAPg: For za0; let

fnðqÞ ¼
Xn�1
i¼0

ziqi ¼ ½n�zq for nASðPÞ;

and let fnðqÞ ¼ 0 for neSðPÞ: If z is a dth root of unity, then the sequence of

polynomials

F ¼ f fnðqÞgNn¼1
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satisfies the functional equation (1). Conversely, if F satisfies (1), then z is a dth root of

unity.

Proof. Let z be a dth root of unity, and cðqÞ ¼ zq: Since p � 1 ðmod dÞ for all pAP;
it follows that m � 1 ðmod dÞ for all mASðPÞ: Therefore, if mASðPÞ; then

cðqÞm ¼ ðzqÞm ¼ zmqm ¼ zqm ¼ cðqmÞ:

It follows from Theorem 4 that the sequence of polynomialsF ¼ f fnðqÞgNn¼1; where

fnðqÞ ¼ ½n�zq ¼
Xn�1
i¼0

ziqi for nASðPÞ

and fnðqÞ ¼ 0 for neSðPÞ; satisfies the functional equation (1).
Conversely, suppose that F satisfies (1). Let m; nASðPÞ\f1g: Since

fmðqÞfnðqmÞ ¼
Xm�1

i¼0
ziqi

 ! Xn�1
j¼0

z jqmj

 !
¼
Xm�1

i¼0

Xn�1
j¼0

ziþjqiþmj;

fmnðqÞ ¼
Xmn�1

k¼0
zkqk ¼

Xm�1

i¼0

Xn�1
j¼0

ziþmjqiþmj

and

fmnðqÞ ¼ fmðqÞfnðqmÞ;

it follows that

ziþj ¼ ziþmj

for 0pipm � 1 and 0pjpn � 1: Then

z jðm�1Þ ¼ 1

and

zm�1 ¼ 1 for all mASðPÞ:

Thus, z is a primitive cth root of unity for some positive integer c; and c
divides m � 1 for all mASðPÞ: Therefore, c divides d; the greatest common
divisor of the integers m � 1; and so z is a dth root of unity. This completes the
proof. &
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Let F ¼ f fnðqÞgNn¼1 and G ¼ fgnðqÞgNn¼1 be sequences of polynomials. Define the
product sequence

FG ¼ f fngnðqÞgNn¼1

by fngnðqÞ ¼ fnðqÞgnðqÞ:

Theorem 6. Let F and G be nonzero sequences of polynomials that satisfy the

functional equation (1). The product sequence FG also satisfies (1). Conversely, if

suppðFÞ ¼ suppðGÞ and if F and FG satisfy (1), then G also satisfies (1). The set of

all solutions of the functional equation (1) is an abelian semigroup, and, for every prime

semigroup SðPÞ; the set GðPÞ of all solutions F ¼ f fnðqÞgNn¼1 of (1) with suppðFÞ ¼
SðPÞ is an abelian cancellation semigroup.

Proof. If F and G both satisfy (1), then

fmngmnðqÞ ¼ fmnðqÞgmnðqÞ

¼ fmðqÞfnðqmÞgmðqÞgnðqmÞ

¼ fmgmðqÞfngnðqmÞ

and so FG satisfies (1). Conversely, if m; nAsuppðFÞ ¼ suppðGÞ;

fmnðqÞgmnðqÞ ¼ fmðqÞgmðqÞfnðqmÞgnðqmÞ

and

fmnðqÞ ¼ fmðqÞfnðqmÞ;

then

gmnðqÞ ¼ gmðqÞgnðqmÞ:

Multiplication of sequences that satisfy (1) is associative and commutative. For every

prime semigroup SðPÞ; we define the sequence IP ¼ fInðqÞgNn¼1 by InðqÞ ¼ 1 for
nASðPÞ and InðqÞ ¼ 0 for neSðPÞ: Then IPAGðPÞ and IPF ¼ F for every
FAGðPÞ: If F;G;HAGðPÞ and FG ¼ FH; then G ¼ H: Thus, GðPÞ is a
cancellation semigroup. This completes the proof. &

Let SðPÞ be a prime semigroup, and let F ¼ f fnðqÞgNn¼1 and G ¼ fgnðqÞgNn¼1 be
sequences of polynomials with support SðPÞ: We define the sequence of rational
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functions F=G by

F

G
¼ fn

gn

ðqÞ
� �

N

n¼1
;

where

fn

gn

ðqÞ ¼ fnðqÞ
gnðqÞ

if nASðPÞ

and

fn

gn

ðqÞ ¼ 0 if neSðPÞ:

ThenF=G has support SðPÞ: IfF and G satisfy the functional equation (1), then the
sequence F=G of rational functions also satisfies (1).
We recall the definition of the Grothendieck group of a semigroup. If G is an

abelian cancellation semigroup, then there exists an abelian group KðGÞ and an
injective semigroup homomorphism j : G-KðGÞ such that if G is any abelian group
and a a semigroup homomorphism from G into G; then there exists a unique group
homomorphism *a from KðGÞ into G such that *aj ¼ a: The group KðGÞ is called the
Grothendieck group of the semigroup G:

Theorem 7. Let SðPÞ be a prime semigroup, and let GðPÞ be the cancellation semigroup

of polynomial solutions of the functional equation (1) with support SðPÞ: The

Grothendieck group of GðPÞ is the group of all sequences of rational functions F=G;
where F and G are in GðPÞ:

Proof. The set KðGðPÞÞ of all sequences of rational functions of the form F=G;
whereF and G are in GðPÞ; is an abelian group, andF/F=IP is an imbedding of
GðPÞ into KðGðPÞÞ: Let a : GðPÞ-G be a homomorphism from GðPÞ into a group G:
We define *a : KðGðPÞÞ-G by

*a
F

G

� �
¼ aðFÞ

aðGÞ :

If F=G ¼ F1=G1; then FG1 ¼ F1G: Since a is a semigroup homomorphism, we
have aðFÞaðG1Þ ¼ aðF1ÞaðGÞ; and so

aðFÞ
aðGÞ ¼ aðF1Þ

aðG1Þ
:

This proves that *a : KðGðPÞÞ-G is a well-defined group homomorphism, and
*aj ¼ a: &
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Problem 5. Does every sequence of rational functions that satisfies the functional

equation (1) and has support SðPÞ belong to the group KðGðPÞÞ?

We recall that if F is a sequence of nonconstant polynomials that satisfies (1),
then there exists a positive rational number t such that degð fnÞ ¼ tðn � 1Þ is a
positive integer for all nAsuppðFÞ: In particular, if suppðFÞ ¼ N; or if 2AsuppðFÞ;
or, more generally, if fn � 1: nAsuppðFÞg is a set of relatively prime integers, then t

is a positive integer.
The result below shows that the quantum integers are the unique solution of the

functional equation (1) in the following important case.

Theorem 8. Let F ¼ f fnðqÞgNn¼1 be a sequence of polynomials that satisfies the

functional equation

fmnðqÞ ¼ fmðqÞfnðqmÞ

for all positive integers m and n: If degð fnÞ ¼ n � 1 and fnð0Þ ¼ 1 for all positive

integers n; then fnðqÞ ¼ ½n�q for all n:

Theorem 8 is a consequence of the following more general result.

Theorem 9. Let F ¼ f fnðqÞgNn¼1 be a sequence of polynomials that satisfies the

functional equation

fmnðqÞ ¼ fmðqÞfnðqmÞ

for all positive integers m and n: If degð fnÞ ¼ n � 1 and fnð0Þ ¼ 1 for all nAsuppðFÞ;
and if suppðFÞ contains 2 and some odd integer greater than 1, then fnðqÞ ¼ ½n�q for all

nAsuppðFÞ:

Proof. Since 2AsuppðFÞ; we have degð f2Þ ¼ 1 and f2ð0Þ ¼ 1; hence

f2ðqÞ ¼ 1þ aq

for some aa0: If n ¼ 2r þ 1X3 is an odd integer in suppðFÞ; then

fnðqÞ ¼ 1þ
Xn�1
j¼1

bjq
j; with bn�1a0:

ARTICLE IN PRESS
M.B. Nathanson / Journal of Number Theory 103 (2003) 214–233230



We have

fnðqÞf2ðqnÞ ¼ 1þ
Xn�1
j¼1

bjq
j

 !
ð1þ aqnÞ

¼ 1þ
Xn�1
j¼1

bjq
j þ aqn þ

Xn�1
j¼1

abjq
nþj

¼ 1þ b1q þ b2q
2 þ?þ ab1q

nþ1 þ ab2q
nþ2 þ?

and

f2ðqÞfnðq2Þ ¼ ð1þ aqÞ 1þ
Xn�1
j¼1

bjq
2j

 !

¼ 1þ aq þ
X2r
j¼1

bjq
2j þ

X2r
j¼1

abjq
2jþ1

¼ 1þ aq þ b1q
2 þ?þ brþ1q

nþ1 þ abrþ1q
nþ2 þ? :

The functional equation with m ¼ 2 gives

fnðqÞf2ðqnÞ ¼ f2ðqÞfnðq2Þ: ð16Þ

Equating coefficients in these polynomials, we obtain

a ¼ b1 ¼ b2;

brþ1 ¼ ab1 ¼ a2

and

abrþ1 ¼ ab2 ¼ a2:

Since aa0; it follows that

a ¼ 1

and

f2ðqÞ ¼ 1þ q ¼ ½2�q:

By the functional equation, if f2k�1ðqÞ ¼ ½2k�1�q for some integer kX2; then

f2kðqÞ ¼ f2k�1ðqÞf2ðq2
k�1Þ

¼ ð1þ q þ q2 þ?þ q2
k�1�1Þð1þ q2

k�1Þ
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¼ 1þ q þ q2 þ?þ q2
k�1

¼ ½2k�q:

It follows by induction that f2kðqÞ ¼ ½2k�q for all kAN:

Let n ¼ 2r þ 1 be an odd integer in suppðFÞ; nX3: Eq. (16) implies that

1þ b1q þ
Xn�1
j¼2

bjq
j þ qn ¼ 1þ q þ

Xr

i¼1
biðq2i þ q2iþ1Þ

and so 1 ¼ b1 ¼ br ¼ bn�1 and

bi ¼ b2i ¼ b2iþ1 for i ¼ 1;y; r � 1:

If n ¼ 3; then b1 ¼ b2 ¼ 1 and f3ðqÞ ¼ ½3�q: If n ¼ 5; then r ¼ 2 and b1 ¼ b2 ¼ b3 ¼
b4 ¼ 1; hence f5ðqÞ ¼ ½5�q:
For nX7 we have rX3: If 1pkpr � 2 and bi ¼ 1 for i ¼ 1;y; 2k � 1; then

kp2k � 1 and so

1 ¼ bk ¼ b2k ¼ b2kþ1:

It follows by induction on k that bi ¼ 1 for i ¼ 1;y; n � 1; and fnðqÞ ¼ ½n�q for every
odd integer nAsuppðFÞ:
If 2knAsuppðFÞ; where n is odd, then

f2knðqÞ ¼ f2kðqÞfnðq2
kÞ ¼ ½2k�q½n�q2k ¼ ½2kn�q:

This completes the proof. &

Problem 6. Let tX2; and let F ¼ f fnðqÞgNn¼1 be a sequence of polynomials satisfying

the functional equation (1) such that fnðqÞ has degree tðn � 1Þ and fnð0Þ ¼ 1 for all

nAN: Is F constructed from the quantum integers? More precisely, do there exist

positive integers t1;y; tk and integers u1;y; uk such that

t ¼ t1u1 þ?þ tkuk

and, for all nAN;

fnðqÞ ¼
Yk

i¼1
ð½n�qti Þui?

5. Addition of quantum integers

It is natural to consider the analogous problem of addition of quantum integers.
With the usual rule for addition of polynomials, ½m�q þ ½n�qa½m þ n�q for all positive
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integers m and n: However, we observe that

½m�q þ qm½n�q ¼ ½m þ n�q for all m; nAN:

This suggests the following definition. Let F ¼ f fnðqÞgNn¼1 be a sequence of
polynomials. We define

fmðqÞ"qfnðqÞ ¼ fmðqÞ þ qmfnðqÞ: ð17Þ

If hðqÞ is any polynomial, then the sequence F ¼ f fnðqÞgNn¼1 defined by fnðqÞ ¼
hðqÞ½n�q is a solution of the additive functional equation (17), and, conversely, every
solution of (17) is of this form. This is discussed in [1].
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