=

View metadata, citation and similar papers at core.ac.uk brought to you by i CORE

provided by Elsevier - Publisher Connector

Available online at www.sciencedirect.com

Nt d
oo’ . . DIFFERENTIAL
*»” ScienceDirect GEOMETRY AND ITS
- APPLICATIONS
ELSEVIER Differential Geometry and its Applications 26 (2008) 391-403

www.elsevier.com/locate/difgeo

Pfaffian systems from twistor fibrations

Ramiro Carrillo-Cataldn *', Akio Yabe

Department of Mathematics and Information Sciences, Tokyo Metropolitan University,
Minami-Ohsawa 1-1, Hachioji-shi, Tokyo 192-0397, Japan

Received 13 September 2006; received in revised form 27 February 2007
Available online 10 January 2008
Communicated by D.V. Alekseevsky

Abstract

Canonical twistor fibrations lead to Pfaffian systems by means of their superhorizontal distribution. The aim of this note is to
identify explicitly the Pfaffian systems of five or less variables that arise in this way in terms of the classification given in [A. Awane,
M. Goze, Pfaffian Systems, k-Symplectic Systems, Kluwer Academic Publishers, Dordrecht, ISBN 0-7923-6373-6, 2000].
© 2008 Elsevier B.V. All rights reserved.
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1. Introduction

A Pfaffian system on an n-dimensional differentiable manifold is a collection of 1-forms which are linearly inde-
pendent at each point. Geometrically this system gives rise to a subbundle of the tangent space, that is a distribution.
Conversely a distribution induces an equivalence class of Pfaffian systems (see [1,3,6] or [9]). For n < 5 such systems
were investigated in detail by E. Cartan.

On the total space of any canonical twistor fibration (see [2] or [5]), there is a natural “superhorizontal” distribution,
which is important in the theory of harmonic maps. The total space is a flag manifold, and a corresponding Pfaffian
system on the big cell of the flag manifold can be constructed by using Lie-theoretic local coordinates to express
integral curves of the distribution. The equations for these holomorphic curves are solved explicitly in [4].

In this paper we identify explicitly all Pfaffian systems with n < 5 which arise from twistor fibrations in this way,
in terms of the known classification. It is of interest to consider the significance of these twistor Pfaffian systems, and
we discuss briefly one aspect here, namely the Lie algebra of infinitesimal symmetries. Cartan observed that the Lie
algebra of the exceptional group G, can be characterized as the symmetry algebra of such a system. However, all the
other systems with n < 5 arising from twistor fibrations have infinite-dimensional symmetry algebras. In the simplest
example, we present an explanation for this phenomenon.
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The paper is organized as follows. In Section 2 we describe the basic definitions and theorems concerning Pfaffian
systems. In addition, the classification of low dimensional Pfaffian systems from [1] is reproduced at the end of this
section (Tables 1, 2 and 3). Section 3 reviews some facts from structure theory of Lie algebras as well as the concept of
twistor fibration. The construction of Pfaffian systems from twistor fibrations is explained in Section 4. Sections 4.1—
4.3 contain detailed computations for three representative examples: 7 : F3(C) — CP?, 7 : SO(5)/U(1) x SO(2) —
SO(5)SO(2) x SO(3) and 7 : G2/ U(2) — G2/SO(4). The complete list of results is given in Table 4. Finally in the
last section we discuss the Lie algebra of infinitesimal symmetries.

2. Pfaffian systems

In this section we will review some basic concepts and facts on Pfaffian systems theory (see [3]). Let M be an
n-dimensional differentiable manifold. Let T M and T*M denote the tangent and cotangent bundle respectively.

In the following QK (M) will denote the space of all differentiable k forms on M. We have QKM =T( /\k T*M),
where I'( A T* M) denotes the space of sections of AX T*M.

A (local) Pfaffian system of rank r is a set:

S={w;...0r}, w; EQI(MNU

where the r differential 1-forms are defined on an open subset U of M and are required to be linearly independent at
each point.

Given a Pfaffian system S, the vector subbundle D of T M|y with (n — r)-dimensional fibers D), = ﬂle ker w; (p)
forallw; € S, p € U C M is adistribution on U. Conversely, a distribution give rise to an equivalence class of Pfaffian
systems, since the annihilator subbundle of D, with fibers

Dy ={weTiM|o(X)=0VX € D,},

is locally spanned by r linearly independent I-forms i.e. Df; = span{(w1)p ... (w;)p} C T;‘M . The ideal of
I'(\* T*M) generated by the system is:

n r
I(D) =PI D) ={> i noi | wi €. € 2*(M) §.
k=1 i=1
with Z8(D) = {w € QK(M) |o(X1 ... X3) =0VX; € D} fork > 1.
At a point p € M the characteristic space of Z(D) is defined as:

A(I(D))p ={X, eTyM|X,|Z(D), CI(D),}
={X, eTyM | wi(Xp)=0, Xpldwo;=0mod S, i=1...r}.

Its annihilator C(Z(D)), := A (D))Iﬁ C T;M , called the retracting subspace at p, is the smallest subspace of T;‘M
such that /\* C(Z(D)) contains a finite set S of elements generating Z(D) as an ideal. The dimension of C@(D))p
is called the class of S at p.

A symmetry of S is a local biholomorphism ¢ on U which preserves D (or S), i.e. ¢.(D) = D (or ¢*(S) = S).
An infinitesimal symmetry is a vector field X over U which generates a local one parameter transformation group of
symmetries of S. Namely X satisfies: [ X, I"(D)] € I"' (D), or equivalently: Lyw; =0 mod S with w; € S. The set of
all infinitesimal symmetries of § is denoted L(S).

Then the characteristic space A(Z(D)) = J peU A(Z(D)), of Z(D) can be described (cf. [6]) in terms of infini-
tesimal symmetries as:

A(Z(D)) = L(S) N (D). (1)

A submanifold N of M is called an integral manifold of S (or D) if T,N C D, for any p € N. Equivalently an
integrable manifold is given by an immersion i : N —> M such that i *(«) = 0 for all « € Z(D).

A Pfaffian system S (or the distribution D) is said to be completely integrable if there exists an integrable manifold
of dimension dim(M) — rank(S), passing through every point.

The integrability of Pfaffian systems can be characterized in various ways:
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Table 1

Pfaffian systems of dimension 3

Pfaffian system S rank(S) class(S)
S) ={dz} 1 1

2 ={dzy + 22dz3} 1 3

83 ={dz1.dz) 2 2

8§ =1{dzy.dz.dz3} 3 3

Theorem 1 (Frobenius). Let M be a differentiable manifold. Let S = {w;}/_, be a Pfaffian system of rank r with
induced (n — r)-dimensional distribution D defined over U C M. Let Z(D) be the ideal generated by the system as
above. Then the following are equivalent:

(i) S (or D) is completely integrable.
(i) D is involutive: [I"' (D), I'(D)] C I"'(D).
(iii) Z(D) is a differential ideal: dZ(D) C Z(D), i.e. dw; = Y__, aj. Awj for wj € S and aj. e QK(M)|y. Briefly
we write: dw; =0mod S.
(iv) Locally there exists a coordinate system (yy ...yn) such that (D) is generated by (dy ...dy,).
(v) rank, (S) = class, (S) for every p € U C M. In this case A(Z(D)) = D and C(Z(D))=S.

A natural problem in Pfaffian systems theory is the classification of systems with constant rank, which requires the
study of invariants. The class and the rank are fundamental invariants that entirely determine the local classification
of completely integrable systems by the Frobenius theorem.

For a nonintegrable Pfaffian system S of rank r and corresponding distribution D, we define the subbundle D’
which has fibers spanned by all elements of 7}, M of the form X, +[Y,, Z,] with X, Y, Z € I'(D), i.e.

r(D=r(D)+[I(D), (D).

Notice that D, C D;,. A representative S’ of the equivalence class of Pfaffian systems corresponding to this distribu-
tion is called (with abuse of notation) the derived system of S. This leads to the notion of higher derived systems. The
kth derived system S* is defined successively by:

Skl — sy, sV.=§.

It follows that the rank and the class of S are invariants of such a Pfaffian systems. S is called regular if all derived
systems are of constant rank. For a regular system S, there exists u € Z>( such that:

SHtl—ghc...cSkcsklc...cs"cS cS.

SH is always 0 or completely integrable; It is the smallest completely integrable subsystem of S. (See [1,10].)

The basic idea to achieve the classification of nonintegrable Pfaffian systems of constant rank is to look for com-
pletely integrable subsystems of S and use the defined invariants to determine a local model of the system.

In [1] the equivalence classes of low dimensional (n < 5) Pfaffian systems of constant rank and class are presented
by giving local models of those systems. Nevertheless this is a partial classification, since for the cases S511 (f) and

S515 (f) the local equivalence classes are not specified. For the sake of reference this classification is reproduced in
Tables 1, 2 and 3.

3. Twistor fibrations

The aim of this section is to review the twistor fibration concept. We start by recalling some facts from the structure
theory of Lie algebras.

Let g be a Lie algebra of a compact semisimple Lie group with Cartan subalgebra t. Let g€ be the complexification
of g, and tC that of t.

A functional o € (tc)* is called a root of g(C (with respect to t(c) if gy # {0}, where g, = {X € gC |ad(H)X =
a(H)X forall H € tC} is the root space of a. The Lie algebra g(C has then a root decomposition into the Cartan
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Table 2
Pfaffian systems of dimension 4

Pfaffian system S rank(S) class(S) rank(S") class(S")
83 =1{dz1}

52 ={dzy.dzp.dz3}

83 = (dz1. dzp. dz3, dza)

S§ = {dzy +22dz3)

Sz ={dz1,dzp}

Sf ={dzy,dzp +z3dz4}

S} ={dz1 +22dz3.dz + 24 dz3)

NSRS IS
B S N O R S N

Table 3
Pfaffian systems of dimension 5

Pfaffian system § rank(S) class(S) rank(S’) class(S") rank(S”) class(S")
83 ={dz1)
85 = {dz1 +z22dz3)
Sg’ ={dz1 +2pdz3 + z4dzs}
={dz1,dzp,dz3,dz4,dzs5}
Sg ={dz1,dzp,dz3,dz4}
={dzy,dzp,dz3}
SI=1{dzy.dzp. dz3 + 24 dzs)
Sg ={dzy,dzp +73dz4,dz3 + 25dz4}
S59 ={dz1 +z2pdz3,dzo + 24dz3,dz3 + z5dz4}
S;O ={dz1 +20dz3,dzp + z4dz3,dz4 + z5dz3}
S31(f) = dz1 + 3324, dzy +35.dz3 +  dag.dzs + - dzg)
832 = (dz1. dz)
S13 {dz1,dzo + z3dz4}
514 ={dz1 +z2dz3.dzy + 24 dz3)
5515(f) ={dz1 +z3dz4,dzp + z5dz3 + fdz4}

[\ SRS SN S B
S
w

(O R N N S Y Y Y Y Y N R Y TV, B O B
—_
—_

NN NN W W W W W Wk = ==

subalgebra and the root spaces:

_Cq <@ ga)
aeA
Here A denotes the set of roots of gC. This is a finite subset of (t©)*.

It is also necessary to recall the existence of a subset [T = {¢] ...} (r =dimc tC) of A such that every root can
be expressed uniquely as o« = Zé:l n;o; where the n; are integers, either all nonnegative (« is then a positive root) or
all nonpositive (« is a negative root). Such a set is called set of simple roots for A. Each subset I = {o;,, ..., a; } of
IT defines on A a height function n; by nj(a) = Z e M-

According to this any parabolic subalgebra of g& can be expressed as:

~Co (@) win = D
i<0 ny(a)=i
Given a parabolic subalgebra p;, there exists a unique element & € tC such that (&) = v/—1ns(a). i.e.
@ Ga = giI~
a(§)=v=Ti

This element is called the canonical element of p;. This element defines an involutive automorphism 7z =
Ad(exp(&)) of g (the complex linear extension to g(c) called the canonical involution for p;.
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The facts mentioned above are intimately related with the concept of generalized flag manifolds, which are homo-
geneous spaces of the form G/H where G is a compact Lie group and H is the centralizer of a torus in G. We have a
natural isomorphism GC/P; = G/H where GC is the complexification of G and P; ={g € GC | Ad(g)p; Cp;)isa
parabolic subgroup of GC.

Let G/H = G/ P; be a generalized flag manifold and let & be the canonical element of the Lie algebra p; of P;
with canonical automorphism . Then the following is true:

e GC/P; = Ad(G)E.
e H=P/NG.
e For g =expm§ define 0y = R,-1 0 L,. If K is a closed subgroup of GCsuchthat HC K € G, Ggg C K € G,

then G/K is a symmetric space. Here G, denotes the set of fixed points of o, and Ggg its identity component.
Finally we have:

Definition 1. The natural map n¢ : G/H —— G/K is called the canonical (Burstall-Rawnsley) twistor fibration
associated to the generalized flag manifold G/H = G©/ P;.

For details we refer to [2,5] and [7].

4. Pfaffian systems from twistor fibrations

Now we are in a position to describe how Pfaffian systems and twistor fibrations are related. The key is to consider
a certain subbundle of the tangent bundle of the generalized flag manifold of the twistor fibration.

Let GC/ P; be a generalized flag manifold. Recall that as a homogeneous space its tangent bundle is isomorphic to
G© X p, (a®/p1). An explicit isomorphism f : G© X py @%/p;) — TGC/ Py is given by:

d
F([(g.1Y])]) = 780 expsYP;| . @)
§ s=0

Definition 2. The subbundle SH of T G®/P; which corresponds to
G® xp, (01 ®g))/p1)

is called the superhorizontal distribution.

This concept arises from the study of harmonic maps that come from twistor fibrations.

We shall construct a particular Pfaffian system corresponding to the superhorizontal distribution by expressing in-
tegral curves of the distribution in Lie theoretic local coordinates. The equations for integral curves of this distribution
are solved explicitly in [4] (see page 561).

It is well known that local coordinates for the generalized flag manifold, GC/P; are provided by the “big cell”
[expD;-o gl.l ] = C™. Locally therefore we can construct any complex integral curve @ : C — GC/P; by giving a
holomorphic map C : C— @, giI and setting @ = p(exp C), where p denotes the projection G —> GC/P;.

The condition for this integral curve to be tangent to the superhorizontal distribution, i.e. d @ (887) € SH, is that:

((expC)~!(exp C))gr =0 >2). 3)

In other words, (exp —C)(exp C)’ should have zero component in @i>2 gl.] .
Using the formula for the derivative of the exponential map one has:

I — efadC

adC
1 1
! / - 20 L
=C 2!adCC +3!(adC)C

/

(exp—C)(expC) =

=C’ ]CC/ 1C c,c’
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Applying this to (3), the resultant expression determines n differential equations in m functions, C; = F(C1, ...,
Ci_1) (i = 2) for an integral curve of the superhorizontal distribution, where n = Zi>2 dim giI and m = Zi>1 dim gl.l .

These equations can be written in local coordinates corresponding to €, giI as 1-forms of m-variables giving in
this way a Pfaffian system S on C™ with rank(S) = n.

Proposition 1. The Pfaffian system S just obtained satisfies the following properties:

e class(S) =) ;> dim g/ =m.
o The first derived system S’ of S corresponds to:

G® xp, ((p; D g} ®9d)/p1).

Proof. Notice first that dim A(Z(SH)) = 0 is equivalent to A(Z(SH)) = L(S)NT'(SH) =0, ie.if X € '(SH)
satisfies

[X.I'(SH)] < I'(SH), 4)

then X = 0. We show that this is the case. Take X € SH satisfying (4). Then X is expressed as X = [(g, [Z])] with
geGCand [Z] € g{ /pr. Now under the isomorphism f, the condition (4) is equivalent to having Z € g{ such that
[Z, g{] € g{. But since [gil, gg] € 91‘1+j we must have Z = 0.
Similarly, SH’ = ker(S’) is spanned by:
I'(SH) + [I'(SH), I'(SH)],

which under the isomorphism f is equivalent to:

SH' =G xp, (pr @ (af + 1o, 911)/p1)
=G xp, (pr ® gl ®gs/p1). O
Now we concentrate entirely on the case when m < 5 and compute all Pfaffian systems that arises from twistor
fibrations of semisimple Lie algebras by using the above construction and identifying the obtained system—after a
suitable change of local coordinates—with a model in the classification of low dimensional Pfaffian system mentioned
in Section 1 (Tables 1, 2 and 3).

Theorem 2 collects these results in a detailed list. Since the proof is purely computational, in order to illustrate how
the calculation is carried out we present three representative examples:

4.1. w:F3(C)— CP?

Let G = SU3, then G© = SL3C with Lie algebra s(3C consisting of all endomorphisms of C? with zero trace. Let
€= {H € sl3C | H =diag(ay, az, az)} be the corresponding Cartan subalgebra.
The set of roots is then given by:

A={£0i —rp) | 1<i, j <3i#j}

where r; denotes the linear functional r; : t€ — C defined by r;(H) = a;. In this case the set of simple roots is
IT1 ={o1 =r1 — r2, ap =rp — r3} and the corresponding root spaces are:

go; =C- Eq2, 9o, =C - En3, o+, =C- Eq3 (5)

where E;; stands for the matrix whose (i, j) entry is 1 and all others 0.

If we choose I = [T, then:
0 0 w3
wl,wze(C}, g§={<o 0 0)
00 O

0 w1 0
g{:l(o 0 wz)
0 0 0

w3€(C}
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and the corresponding parabolic subalgebra is:

*x 0 0
Pz=tc@g—a.@g—az@g—a3={(* 0)65[36}

* ok ok

*

with parabolic subgroup:

*+ 0 0
P1={86G(C|Ad(g)p1§p1}={<* * 0>€SL3<C}. (6)

* ok k
Since H = P; NG = S(U; x Uy x Uj) the generalized flag manifold G/H is SU3/S(U; x Uy x Uy) = F3(C).
The canonical element is calculated as follows. Taking £ € € as

&= diag(\/—_lal , \/—_1a2, «/—_1a3)

with a; € R, Y a; =0, since o; (§) = v/ —1ns(a;) we get 1 (§) = a2(§) = 1 and w3(§) = 2, which implies a; = 1,
ar=0,a3=—1.
We have g =expré = diag(eﬁ” e V-ln ) and therefore the set of fixed points of oy is:

air 0 a3
G% = 0 axpn 0 )eSU;

az1 0 az

ar
as]

azzEUl,( Z;i)EUz}ES(U1 x U»).

Here since H C G%, setting K = G°¢ we can write:
G/K = SU3/S(U; x Uy) = CP>.

Thus in this case the twistor fibration is precisely 7 : F3(C) — CP?.
Now, the integral curve is constructed defining the map C : C — @12: 1 gi’ as:

0 a(@ c(
C(Z)=<O 0 b(z)).

0O 0 0
Since
0 w; wj
g{@géz{(O 0 w2> wl,wz,w3e(C}
0O 0 O
we have:
0 d@ @ —31a@b(2)+3d (@)b()
exp(—=C)(expC) = (0 0 b'(2) > )
0 0 0

After applying the condition (3) we obtain the following ordinary differential equation:
/ 1 / 1 /
€(2) = 5a@)b'(2) + 5a'(2)b(z) =0.
In terms of local coordinates of exp @iz:o gl.l this becomes

1 1
dws — Ewl dwy + szdwl =0.

Since

1 1 1
dws — Ewldwz + szdwl =d<w3 — §w1w2> + wydwy,
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the change of coordinates

1
(z1,22,23) = (ws — SWiwz, wy, wl)
identifies this Pfaffian system with:

3 ={dz +22dz3).
4.2. 7:5005)/U1) x SO2) — SO(5)/SO(2) x SO3)

Let G = SO(5). By definition the corresponding Lie algebra is given by:
505 = {X € Hom(C, C%) | (Xv, w) + (v, Xw) = 0}.
After choosing a basis:

vi=e; ++/—ley, vy =ey ++/—les, v3 =e3,
U4=€2—\/—165, V5 261—\/—164,

where {ei}f:l denotes the canonical basis of C?, a suitable matrix representation is obtained:

r X f y 0
x r [5) 0 -y
EU(S,C)I 2;1 2;2 0 =2t =2t rl,Vz,x,y,tl,tz,)z,f,fl,fzE(C
y 0 - -rn —x
0 —)Nl —t~1 —X —r

In this case the set of roots is: A = {F(r; £ 7;), £ | 1 <1, j, k <2,i # j} with simple roots [T = {1 =71 —rp,
an = ra}, and the root spaces are:
gy =C-(E2— Ess), 0o, =C - (E23 — 2E34),
Oaj4ar =C - (E13 —2E35), Oo1+20; = C - (E14 — Ens).
Setting I = I1, we have:

9{ =0a; D Gay» gé = Qo +as gé = Bo+2as -
The map C : C — P;_,g! can be defined as:
0 x(z) n@ y@ 0
0 0 n@® 0 —y(2)
C=|0 o0 0 —2n() -21()
0O o0 0 0 —x(z)
0 O 0 0 0

In the same way as above, calculating (exp —C)(exp C)’ under the condition (3), we obtain the following system
of differential equations:

1 1 1 1
t— —xth+ —trx' =0, "+ 1t — ot + —taxth — —t2x' = 0.
1~y T ok y 1 — Il 32 27 3R

In terms of local coordinates these are: df; — %x dt + %tz dx=0anddy+t1dtp —trdt; + %tzx dty — %tzz dx =0.
The associated Pfaffian system S = {w1, w;} is given by:

1 1
w]:=dt — Exdtz + §l2dX,

1 1
wr:=dy+t1dtry —trdt) + §t2th2 — g zzdx.
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Notice that S is not completely integrable and that the derived system is §" = {w,} since dwy A w; A wy = 0.
Moreover, since dwy A wy # 0 we have class(S") = 3 and the system must be equivalent to SZ. We shall find an
explicit change of coordinates. First, w, can be expressed as:

wy = d(y —tty — %xt%) + (211 + x12) dn,
to obtain:
(z1,22,23) = (y —titr — %xt%, 2t + xto, t2>.
On the other hand:
w] = %(d(zﬁ + x12) + (—=2x) dny)
hence the change of coordinates:
(21,22,23,24) = (y — 1t — %xtzz, 2t + xh, h, —Zx)
shows that the Pfaffian system is:
Si={dz1 +z2dz3, dzo + z4dz3).
4.3. w:G2/UR) — G2/SO4)
In this example we consider Gy = {X € SO(7,R) | X (v x w) = Xv x Xw}, with Lie algebra:
g5 ={X es0f | X(v x w) =Xvx w+vx Xw).
As for the last example, in order to obtain a matrix representation for SO(7) we choose a basis:
vi=el+v—les, wm=er++—leg, vi=ez+/—le;,  vi=eu,
vs=e3—+/—ler,  ve=er—+—les, vi=el —~/—1.

Then under this representation any element of gg can be expressed as:

rn+ry X X2 Y3 2 1 0
X r X3 —Xx2 3 0 -y
X2 X3 r3oX 0 -y -»
2y3 —2X2  2Xi 0 —2x1 2x» —2y3
2 V3 0 —x - —-x3 —X2
V1 0 =y X —X3 -n —X1
0 -y =Y =y —X2 X -rn-r;

In this case the set of roots is:

A ={Fa), too, £(o1 + @2), Qa1 + a2), £Ga; + a2), £(Ba; + 2a2) }

with simple roots IT = {a, ap}, where o; = r3 and ap = rp — r3. Here the root spaces are:

go; =C - (E12+ E34 — 2E45 — Eg7),

0o, = C - (E23 — Esp),

Ooy+ay = C- (E13 — Eoa +2E46 — Es7),
9201+, = C - (E14 + Ezs — E36 — 2E47),
Bay+a, = C - (E15 — E37),

9301 +20, = C - (E16 — E27).
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Taking I = {o1} we have:

1 1 1
91 = B ® Ho+ays 92 = o +as> 93 = 93a1+a @ 9301 +20 -

Thus the map C : C — P, giI takes the form:

0 x1(2 x(@ @ 2(2) y1(2) 0

0 0 0 -x@ y@ 0 —y1(2)

0 O 0 x1(2) 0 -y3(2)  —y2(2)
Ciz=]0 0 0 0 —2x1(z) 2x2(z) —2y3(2)

0 0 0 0 0 0 —x2(2)

0 0 0 0 0 0 —x1(2)

0 0 0 0 0 0 0

This time the condition to be an integral curve of the superhorizontal distribution gives the following system of
differential equations:

y5 — x2x] +x1x5 =0,

/ 3 / 3 / 2./ /
vy — §x1y3 + §y3x1 — x7x5 + x1x2x7 =0,

3 3
Y+ JX2¥5 = SV3x F xixx; — x3x] =0,
After expressing them in terms of local coordinates we set
w1 :=dy3 —xpdx; + x1dx,

3 3
wr :=dyy — E)q dys + §y3 dx —x% dx) + x1xpdxy,

3 3
w3 :=dy; + Exzdy3 5% dxy 4+ x1x2dx3 —x% dxy.

Then the induced Pfaffian system is S = {w;, w2, w3} which is not completely integrable. Now, for i = 2,3 we have
that:

dw;i Awi Awy A wz =0.

Therefore, the derived system is S’ = {w, w3}. Moreover since dwy; = —3w; A dxp and dws = 3w A dx; we have
class(S") = 5, and then the system S is identified to be 55“ ).
Now w3 can be written as:

3
w3 =d<)’2 — X3 —xlzm) + (By3 + 3x1x2) dxy

hence:

3
(w1, w3, wg) = <yz —5%1)3 —xx2,3y3 + 3x1x2,x1).

In the same way:

3
Wy = d(yl — 5%2y3 — xw%) + (x2)d(3y3 + 3x1x2) — 3x3 dx,

1
) = g(d(3y3 + 3x1x2) — 6x2dx1),

implies:

3 3
(w1, wa, w3, wy, ws) = (yz — 5%1Y3 — x{x2, y1 — 7 %23 — x1x3, 3y3 + 3x1x2, x1, x2>.
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Therefore we must have SSU( f) with f = —3w§. But in general, the change of coordinates corresponding to
Sal(c-w3) is:

1
(21,22, 23,24, 25) = (wl,wz, %wz, Jews, %w5>-

Thus we can identify our Pfaffian system to be of the form 55” (zg). Explicitly this can be expressed as

S3'(z3) = {dz1 + z3dza, dzo +z5dz3 + 23 dza, dz3 + 2z5dzal,

under the change of coordinates:
3 2
21= Y2 = 5X1Y3 — X{X,

3 2
2= y1 = 5X2y3 — X1X3,

2
3 3
3= _%)’3 - %XIXL
24 = —~/3x1,
5 = —\3/§XZ.

After the examples finally we are in position to state the main theorem of this section:

Theorem 2. The Pfaffian systems of at most five variables that arise from superhorizontal distributions of twistor
fibrations of semisimple Lie algebras are given explicitly in Table 4.

Proof. By direct calculation. 0O

Remark. Since sos is isomorphic to sp, and sog to suys, the corresponding Pfaffian systems must be equivalent.
However since in each case the details of the calculation are different and for the sake of confirmation their description
is also included in the list.

5. Application: infinitesimal symmetries

The remainder of this note presents an example of how the twistor Pfaffian systems discussed above are related to
the corresponding Lie algebra of infinitesimal symmetries, which in general is infinite-dimensional.

It is well known that gfc C L(S), because the superhorizontal distribution is a GC-invariant distribution, i.e. G¢
acts on GC/ Py by left translations preserving SH. More precisely, for any X € g€ the infinitesimal symmetries of SH
are given in a canonical way by the vector fields:

d
Xig = L lexp10g] |y o

with [g] € B, the big cell of G©/P;.

Secondly, E. Cartan observed (see [8]) that the Pfaffian system SSU(zg) on C has the property L(5511 (zg)) = gg
and therefore dim L(S1!(z2))c = 14.

More generally, K. Yamaguchi in [10] considered examples of regular differential systems, which turn out to agree
with the Pfaffian systems arising from twistor fibrations. For any such system S, the main result of [10] asserts that
L(S) = g except for the following three cases:

M ¢“ =g  @gl @9l
@) ¢ =P;__,g! (ifdimg’, =dimgl =1).
3) g(C is a Lie algebra of type A; such that I = {o, oy, }, or type C; such that I = {1, 04} (1 <m <1).
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Table 4
Low dimensional Pfaffian systems that arise from twistor fibrations
Lie group Decomposition of T7,0G/H Pfaffian system
ol ol
e e, —_——
SU3 9o 9D oatp 532:{dZ1 +z2dz3}
(w3 — %wlw}wz,wl)
gl o
SUy G © 95 ® 0p+y D Uatp ® Gatpry S13(0) = {dz + 23dz4, dzy + 25 dz3)
(s + Swiws, wg — W W, Wi, —Ww3, W)
1 1
9] 9
98 © 0y ® Ga+p DOty © otpy S13(0) = {dz + 23dz4, dzy + 25 dz3}
(s — Jwaw3, wg + Fwywy, wy, w3, —wy)
1 I
91 97
—_—~—
0o D9y O darp Oopry Doatpry S? ={dz; +z20dz3 + z4dz5)}
(ws — %wlm - %wzw& Wy, W1, W2, W3)
o] o
—_—— —
S0s 95 © 9o+ D 0at28 S% ={dz) +z22dz3}
(w3 —wiwy, 2wy, wy)
o o o
9o © 98 D 0ot P oat2p S§={dz1 +z2dz3,dz3 + 24 dz3)
(wg —wowz — %wlw%, 2wz + wiwy, wy, —2wy)
oy o}
—_———
S0¢ 95 D0y D 0a+p D oty D datpty S3 ={dzy + 20 dz3 + 24 dzs)
(ws — Jwyw3 — Jwiwy, w3, w), wy, wy)
o] 9
9o D gy © ga+p D oty O Bt pty §35(0) = {dzy +23dz4. d2y + 25 dz3}
(wg + %wlwz, ws — %wgwg, —wp, wo, W3)
o 9
0o D0 ® oty D Oatp D Gatpry 5515(0) ={dz) +z3dz4,dzp + 25dz3}
(wg + %wlwz, ws — %w2w3, —wp, wo, W3)
o] al
—— ——
Spa 9o ® 9o+p D 920+8 S% ={dz) +z22dz3}
(w3 — wywy, 2wy, wy)
o] o4 o}
—_—— —— —_——
9o ® 9 D Va+p D at2p SZ ={dz| +z2dz3,dzp + 24 dz3}
(wg —wiw3 + %w]zwz, 2wz — wiwy, wi, 2wy)
o1 o}
——
Sp3 9o © 9o+p O Botp+y D Gat2p+y D 920+26+y 83 ={dzy +zpdz3 + 24 dzs)
(ws — wiwg — waw3, 2wy, wy, 2w3, wy)
of o} o
S N A 11,2 2
Gy 90 © 0o+ D 020+ D 93015 © 930428 S5 (z5) ={dz1 +z3dz4,dzp +z5dz3 + 25dz4, dz3 + 225 dz4)
(w, 3— 7w1w33 - w%wz,u; - %w23w3 — wlw%,
—3—ﬁw3 — 3—ﬁw1w2, —&/gwl, —&/ng)
o] al
—_———
95 © B+ D 02018 D 930+ D 030128 §3 ={dzy + 2 dz3 + 24 dzs)

(ws — Jwows — Jwiwy, 3wy, w3, wy, wy)
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Notice that all the examples presented in Table 4 belong to one of these categories with the exception of Ssll(zg),
the Cartan case.

The fact that the Pfaffian system S% on C originates from two different twistor fibrations (see Table 4) give us a
natural explanation of the fact that dim L(S32) = 0. In fact, as we have seen in 4.1, the twistor fibration

7 :SU3/S(Up x Uy x Up) = F3(C) — SU3/S(U; x Uy) = CP?,

with big cell C3 has a superhorizontal distribution generated by {d;, 8, 4+ w133} and therefore a Pfaffian system
S = {dw3z — wi dw,}, which is equivalent to S32 under the change of coordinates: (z1, 22, z3) = (w3, —w1, w2). By
computing (7) for a basis of the lie algebra s[3C, a set of 8 vector fields is obtained. The Lie algebra £’ spanned by
this set is a subalgebra of the infinitesimal symmetries of S%. Similarly, for the fibration

7 :Spy/Spy x Ui = CP3 — Spy/Spy x Spy = §*,

we have SH = ({01 — w103, 02 + w1d3}) and S = {dw3 + wrdw; — w; dw;} which under the change of coordi-
nates (z1, 22, 23) = (w3 — wiws, 2wy, wy) also corresponds to S32. In the same way as above, we can construct a Lie
subalgebra £ of L(S32) spanned by 10 vector fields by means of (7).

By direct calculation we find that the Lie algebra (£’, £”) generated by £ and £” is an infinite-dimensional Lie
subalgebra of L(S32). In a future paper we shall discuss further ramifications of this observation.
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