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Abstract

This paper studies structural aspects of lattice path matroids. Among the basic topics treated are
direct sums, duals, minors, circuits, and connectedflats. One of the main results is a characterization
of lattice path matroids in terms of fundamental flats, which are special connected flats from which
one can recover the paths that define the matroid. We examine some aspects related to key topics in
the literature of transversal matroids and we determine the connectivity of lattice path matroids. We
also introduce notch matroids, a minor-closed, dual-closed subclass of lattice path matroids, and we
find their excluded minors.
© 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

A lattice path matroid is a special type of transversal matroid whose bases can be
thought of as lattice paths in the region of the plane delimited by two fixed bounding paths.
These matroids, which were introduced and studied from an enumerative perspective in [5],
have many interesting structural properties that are not shared by arbitrary transversal
matroids; this paper focuses on such properties.

Lattice path matroids form an attractive and significant class of matroids, as many re-
sults in [5] demonstrate. That paper developed, for example, many enumeration results,
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a lattice path description of the broken circuit complex, and formulas for the Tutte polyno-
mials of certain lattice path matroids. The lattice path interpretation of basis activities that is
given there played a role in the discovery ofnew results in lattice path counting, such as [5,
Theorem 8.3]; see also [15]. That paper also gives a polynomial-time algorithm for com-
puting the Tutte polynomial of a lattice path matroid. It is worth noting that recent research
on the complexity of computing the Tutte polynomial has focused considerable attention on
matroids of bounded branchwidth. Lattice path matroids (which include uniform matroids)
have arbitrarily high branchwidth, yet this does not effect the complexity of computing
the Tutte polynomial. It is natural to wonder whether properties of these matroids suggest
other matroids, also unrelated to branchwidth, for which it is relatively easy to compute the
Tutte polynomial. One such class has already been provided by multi-path matroids [4].
A more complete understanding of the structureof lattice path matroids, in addition to its
intrinsic interest, should suggest other classes of matroids that merit further study.

The definition of lattice path matroids is reviewed inSection 2, where wealso give
some elementary properties of their bases and make some remarks on connectivity and
automorphisms. Section 3proves basic results that are used throughout the paper; for
example, we show that the class of lattice path matroids is closed under minors, duals,
and direct sums, we determine which lattice path matroids are connected, and we describe
circuits and connected flats. The next section discusses generalized Catalan matroids, a
minor-closed, dual-closed subclass of lattice path matroids that has particularly simple
characterizations.Section 5introduces special connected flats called fundamental flats that
we use to characterize lattice path matroids and to show that the bounding paths can be
recovered from the matroid. InSection 6, we describe the maximal presentation of a lattice
path matroid, and we use this result to give a geometric description of these matroids
as well as a polynomial-time algorithm for recognizing lattice path matroids within the
class of transversal matroids. We also contrast lattice path matroids with fundamental
transversal matroids andbicircular matroids.Section 7treats higher connectivity. The final
section introduces another minor-closed, dual-closed class of lattice path matroids, the
notch matroids, and characterizesthis class by excluded minors.

We assume familiarity with basic matroid theory (see, e.g., [16,20]). We follow the
notation and terminology of [16], with the following additions. A flatX of a matroidM
is connectedif the restrictionM|X is connected. A flatX is trivial if X is independent;
otherwiseX is nontrivial. The flatsin a collectionF of flats areincomparable, ormutually
incomparable, if no flat inF contains another flat inF . Thenullity , |X| − r (X), of a setX
is denoted byη(X). Recall that a matroidM of rankr is apaving matroidif every flat of
rank less thanr − 1 is trivial.

Most matroids in this paper are transversal matroids (see [6,12,20]). Recall that for a
transversal matroidM, apresentationof M is a multisetA = (D1, D2, . . . , Dk) of subsets
of the ground setE(M) such that the bases ofM are the maximal partial transversals of
A. As is justified by the following lemma (see [6]), we always consider presentations of
rank-r transversal matroids by set systems of sizer .

Lemma 1.1. LetA = (D1, D2, . . . , Dk) be a presentation of a rank-r transversal matroid
M. If somebasis of M is a transversal of(Di1, Di2 , . . . , Dir ), with i1 < i2 < · · · < i r ,
then(Di1, Di2 , . . . , Dir ) is also a presentation of M.
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Fig. 1. A lattice path presentation and geometric representation of a lattice path matroid.

We use[n] to denote the interval{1, 2, . . . , n} of integers, and, similarly,[i , j ] to denote
the interval{i , i + 1, . . . , j } of integers.

2. Background

This section starts by reviewing the definition and basic properties of lattice path
matroids from [5]. The notation established in this section is used throughout the paper.
Alsoincluded are the basic results about matroid connectivity that we use later.

Unless otherwise stated, all lattice paths in this paper start at the point (0, 0) and use
stepsE = (1, 0) andN = (0, 1), whichare calledEastandNorth, respectively. Paths are
usually represented as words in the alphabet{E, N}. We say that a lattice pathP has aN E
corner at hif steph of P is North and steph + 1 is East. AnE N corner at k is defined
similarly. A corner can also be specified by the coordinates of the point where the North
and East steps meet.

A lattice path matroidis, up to isomorphism, a matroid of the type M[P, Q] that we
now define. LetP andQ be lattice paths from (0, 0) to(m, r ) with P never going above
Q. Let P be the set of all lattice paths from (0, 0) to(m, r ) that go neither aboveQ nor
below P. For i with 1 ≤ i ≤ r , let Ni be the set

Ni := { j : step j is thei -th North step of some path inP}.
Thus,N1, N2, . . . , Nr is a sequence of intervals in[m+ r ], and both the left endpoints and
the right endpoints form strictly increasing sequences; the left and right endpoints ofNi

correspond to the positions of thei -th North steps inQ and P, respectively. The matroid
M[P, Q] is the transversal matroid on the ground set[m+ r ] that has(N1, N2, . . . , Nr ) as
a presentation. We call(N1, N2, . . . , Nr ) thestandard presentationof M[P, Q]. Note that
M[P, Q] has rankr and nullitym.

Fig. 1shows a lattice path matroid of rank 4 and nullity 7. The intervals in the standard
presentation areN1 = [4], N2 = [2, 7], N3 = [5, 10], and N4 = [6, 11]. (Section 6.3
explains how to find a geometric representation of a lattice path matroid.)

A feature that enriches the subject of lattice path matroids is the variety of ways in
which these matroids can be viewed. On the one hand, the theory of transversal matroids
provides many useful tools. On the other hand, the following theorem from [5] gives an
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interpretation of the bases that leads to attractive descriptions of many matroid concepts
(see, e.g., [5, Theorem 5.4] on basis activities).

Theorem 2.1. The map R�→ {i : the i-th step of R is North} is a bijection fromP onto
the set ofbases of M[P, Q].

We useL to denote the class of all lattice path matroids. We call the pair(P, Q) a
lattice path presentationof M[P, Q], or, if there is no danger of confusion, apresentation
of M[P, Q].

Unlesswesay otherwise, all references to an order on the ground set[m+r ] of M[P, Q]
are to the natural order 1< 2 < · · · < m + r . However, this order isnot inherent in the
matroid structure; the elements of a lattice path matroid typically can be linearly ordered
in many ways so as to correspond to the steps of lattice paths. Also, a lattice path matroid
of rankr and nullitym need not have[m + r ] as its ground set. These comments motivate
the following definition.

Definition 2.2. A linear orderings1 < s2 < · · · < sm+r of the ground set of a lattice path
matroid M is a lattice path orderingif the mapsi �→ i is an isomorphism ofM onto a
lattice path matroid of the formM[P, Q].

For some purposes it is useful to view lattice path matroids from the following
perspective, which does not refer to paths. Lattice path matroids are the transversal
matroids M for which E(M) can be linearly ordered so thatM has a presentation
(A1, A2, . . . , Ar ) whereAi = [l i , gi ] is an interval inE(M) and the endpoints of these
intervals form two chains,l1 < l2 < · · · < lr andg1 < g2 < · · · < gr .

The incidence functionof a presentation(A1, A2, . . . , Ar ) of a transversal matroid is
given by n(X) = {i : X ∩ Ai �= ∅} for subsetsX of E(M). If no other presentation
is mentioned, the incidence function of the matroidM[P, Q] of rank r and nullity m is
understood to be that associated with the standard presentation. For this incidence function
and for any elementx in [m + r ], the setn(x) is an interval in[r ]; if x < y, then
max(n(x)) ≤ max(n(y)) and min(n(x)) ≤ min(n(y)).

An independent setI in a lattice path matroidM[P, Q] is a partial transversal of
(N1, N2, . . . , Nr ). Typically there are many ways to matchI with N1, N2, . . . , Nr . The
next two results show thatI can always be matched in a natural way. The following lemma,
which is crucial in the proof ofTheorem 2.1, is from [5].

Lemma 2.3. Assume{b1, b2, . . . , br } is a basis of a lattice path matroid M[P, Q] with
b1 < b2 < · · · < br . Then bi is in Ni for all i .

Corollary 2.4 follows by extending the given independent setI to a basis and applying
Lemma 2.3.

Corollary 2.4. Assume I is an independent set of a lattice path matroid M[P, Q] with
|I | = |n(I )|; let I be {a1, a2, . . . , ak} with a1 < a2 < · · · < ak and let n(I ) be
{i1, i2, . . . , i k} with i1 < i2 < · · · < i k. Then aj is in Ni j for all j with 1 ≤ j ≤ k.
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We now gather several results on matroid connectivity that are relevant to parts of the
paper. The first result [16, Theorem 7.1.16] gives a fundamental link between connectivity
and the operation of parallel connection.

Lemma 2.5. If M is connected and M/p is thedirect sum M1⊕M2, then M isthe parallel
connection P(M ′

1, M ′
2) of M′

1 := M\E(M2) and M′
2 := M\E(M1).

In Lemma 2.5, sinceM is connected, bothM ′
1 and M ′

2 are connected. Recall that the
rank r (P(M ′

1, M ′
2)) of a parallel connection whose basepoint is not a loop isr (M ′

1) +
r (M ′

2) − 1. These observations give the following lemma.

Lemma 2.6. If M is connected, x is not parallel to any element of M, and M/x is
disconnected, then there is a pair A, B of nontrivial incomparable connected flats of M
with r(A) + r (B) = r (M) + 1 and A∩ B = {x}.

The following useful lemma is easy to prove by using separating sets.

Lemma 2.7. Assume that X is a connected flat of a connected matroid M, that x is in X,
and that M|(X − x) is connected. Then M\x is connected.

The cyclic flats of a matroidM (that is, the flatsF for which M|F has no isthmuses),
together with their ranks, determine the matroid [8, Proposition 2.1]. As we show next,
in the loopless case it suffices to consider nontrivial connected flats. Note that nontrivial
connected flats are cyclic, but cyclic flats need not be connected. Thus, the next result is a
mild refinement of [8, Proposition 2.1], and essentially the same idea proves both results.

Lemma 2.8. The circuits of a loopless matroid M (and hence M itself) are determined by
thenontrivial connected flats and their ranks.

Proof. Note that ifC is an i -circuit, then cl(C) is a connected flat of ranki − 1. Thus,
the circuits can be recovered inductively as follows: the 2-circuits are the 2-subsets of
nontrivial rank-1 flats; the 3-circuits are the 3-subsets ofE(M) that contain no 2-circuit
and are subsets of connected lines, and so on.�

Corollary 2.9. The automorphisms of a loopless matroid are the permutations of the
ground set that are rank-preserving bijections of the collection of nontrivial connected
flats.

3. Basic structural properties of lattice path matroids

This section treats the basic structural properties of lattice path matroids that play key
roles throughout this paper. Some of these properties are shared by few other classes of
matroids; for instance, every nontrivial connected lattice path matroid has a spanning
circuit. Other properties, such as the closure of the class of lattice path matroids under
minors and duals, while shared by many classes of matroids, do not hold for the larger class
of transversal matroids. Some of the properties are more technical and their significance
will become apparent only later in the paper. The topics treated are fairly diverse, so we
divide the material into subsections that focus in the following issues: minors, duals, and
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Fig. 2. Presentations of two lattice path matroids and their direct sum.

Fig. 3. Presentations of a lattice path matroid and its dual.

direct sums; connectivity and spanning circuits; the structure of circuits and connected
flats.

3.1. Minors, duals, and direct sums

The class of transversal matroids, although closed under deletions and direct sums, is
closed under neither contractions nor duals. In contrast, we have the following result for
lattice path matroids.

Theorem 3.1. The classL is closed under minors, duals, and direct sums.

Proof. Fig. 2 illustrates the obvious construction for showing thatL is closed under direct
sums. For closure under duality, note that, fromTheorem 2.1, a basis of the dual of
M[P, Q] (i.e., the complement of a basis ofM[P, Q]) corresponds to the East steps in
a lattice path; the East steps of a lattice path are the North steps of the lattice path obtained
by reflecting the entire diagram about the liney = x. This idea is illustrated inFig. 3.

For closure under minors, it suffices to consider single-element deletions. Letx be
in the lattice path matroidM = M[P, Q] on [m + r ] with standard presentation
(N1, N2, . . . , Nr ). Note that (N1 − x, N2 − x, . . . , Nr − x) is a presentation ofM\x;
from this presentation, we will obtain one that shows thatM\x is a lattice path matroid.
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Fig. 4. The lattice path interpretation of the shortening ofintervals that yields a presentation of a single-element
deletion.

Some setNi is {x} if and only if x is an isthmus ofM; in this case, discard the empty
setNi − x from the presentation above to obtain the required presentation ofM\x. Thus,
assumex is not an isthmus ofM. The setsN1 − x, N2 − x, . . . , Nr − x are intervals in
the induced linear order on[m + r ] − x. In only two cases will the least elements or the
greatest elements (or both) fail to increase strictly: (a)x is the least element of the interval
Ni andx + 1 is the least element ofNi+1, and (b)x − 1 andx are the greatest elements
of Nj −1 and Nj , respectively. Assume case (a) applies. Any basis ofM\x (that is, any
basis ofM that does not containx) that containsx + 1 can, byLemma 2.3, be matched
with N1, N2, . . . , Nr so thatx + 1 is not matched toNi+1. Thus, the set system obtained
by replacingNi+1 by Ni+1 − {x + 1} is also a presentation ofM\x. The sameargument
justifies replacingNi+2 by Ni+2 − {x + 2} if x + 2 is the least element ofNi+2, andsoon.
Case (b) is handled similarly.The result is a presentation ofM\x by intervals in which the
least and greatest elements increase strictly, soM\x is a lattice path matroid. �

Single-element deletions and contractions can be described in terms of the bounding
paths ofM = M[P, Q] as follows. An isthmus is an elementx for which someNi

is {x}; to delete or contractx, eliminate the corresponding common North step from
both bounding paths. A loop is an element that is in no setNi ; to delete or contract
a loop, eliminate the corresponding common East step fromP and Q. Now assume
x is neither a loop nor an isthmus. The upper bounding path forM\x is formed
by deleting from Q the first East step that is at or after stepx; the lower bounding
path for M\x is formed by deleting fromP the last East step that is at or before
stepx. This is shown inFig. 4, where the dashed steps in the middle diagram indicate the
steps that bases of M\x must avoid. Dually, the upper bounding path for the contraction
M/x is formed by deleting fromQ the last North step that is at or before stepx; the lower
bounding path forM/x is formed by deleting fromP the first North step that is at or after
stepx.

Corollary 3.2 treats restrictions of lattice path matroids to intervals. The lattice path
interpretation of this result is illustrated inFig. 5.
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Corollary 3.2. Let M be the lattice path matroid M[P, Q] on the ground set[m + r ]. Let
X be theinitial segment[i ] and Y be the final segment[ j + 1, m + r ] of [m + r ]. Let the
i -th step of Q end at the point(h, k) and let the j -th step of P end at(h′, k′).

(a) The bases of the restriction M|X correspond to the lattice paths that go from(0, 0) to
(h, k) and go neither below P nor above Q.

(b) The bases of the restriction M|Y correspond to the lattice paths that go from(h′, k′)
to (m, r ) and go neither below P nor above Q.

(c) If h′ ≤ h, thenthebases of M|(X ∩ Y) correspond to the lattice paths that go from
(h′, k′) to (h, k) and go neither below P nor above Q.

We close this section by noting that althoughU1,2 ⊕ U1,2 ⊕ U1,2 is a lattice path
matroid,its truncation is not transversal. It follows thatL is not closed under the following
operations: truncation, free extension, and elongation.

3.2. Connectivity and spanning circuits

We begin with a rare property.

Theorem 3.3. A connected lattice path matroid M[P, Q] on at least two elements has a
spanning circuit.

Proof. Let M[P, Q] have rankr , let Nj be [l j , gj ] for 1 ≤ j ≤ r , and letC be the set
{l1, l2, . . . , lr−1, lr , gr }. Showing that each setC − x, for x in C, is a basis shows thatC is
a spanning circuit. ThatC − lr andC − gr are bases is clear. SinceM[P, Q] is not a direct
sum of two matroids,l i+1 must be inNi for 1 ≤ i < r , from which it follows that each set
C − l j , with 1 ≤ j < r , is a basis. �

It will be useful to single out the following immediate corollary ofTheorem 3.3.

Corollary 3.4. If X is a nontrivial connected flat of a matroid M and M|X is alattice path
matroid, then X iscl(C) for some circuit C of M.

The next theorem determines which lattice path matroids are connected. One
implication follows from the description of direct sums and theother from the construction
of the spanning circuit in the proof ofTheorem 3.3.

Theorem 3.5. A lattice path matroid M[P, Q] of rank r andnullity m is connected if and
only if P and Q intersect only at(0, 0) and(m, r ).

The parallel connection of two three-point lines, which has only one spanning circuit,
shows that there may be elements of a connected lattice path matroid that are in no spanning
circuit. There are several ways to identify the elements of connected lattice path matroids
that are in spanning circuits. The next result identifies these elements via the standard
presentation.

Theorem 3.6. An element x of a nontrivial connected lattice path matroid M[P, Q] of
rank r is in a spanning circuit of M[P, Q] if and only if x is in at least two of the sets
N1, N2, . . . , Nr , or x is in N1 or Nr .
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Proof. Assumex is in Ni andNi+1. Let C be{l1, l2, . . . , l i , x, gi+1, gi+2, . . . , gr } where
Nj is [l j , gj ]. By connectivity, we havel2 ∈ N1, l3 ∈ N2, . . . , l i ∈ Ni−1 and gi+1 ∈
Ni+2, gi+2 ∈ Ni+3, . . . , gr−1 ∈ Nr . An argument like that in the proof ofTheorem 3.3
shows thatC is a spanning circuit. Similar ideas show thatx is in a spanning circuit of
M[P, Q] if x is in N1 or Nr .

Assumen(x) is {i } with 1 < i < r . Note that the basepoint is in no spanning circuit
of a parallel connection of matroids of rank 2 or more, so to complete the proof we need
only show thatM[P, Q] is a parallel connection of two lattice path matroids, each of rank
at least 2, with basepointx. Thus, byLemma 2.5, we need to show thatM[P, Q]/x\X is
disconnected whereX is the set of loops ofM[P, Q]/x. This statement follows from the
lattice path description of contraction along with the observations thatNi−1 contains only
elements less thanx while Ni+1 contains only elements greater thanx. �

The following characterizations of the elements that are in spanning circuits use
structural properties rather than presentations.

Corollary 3.7. Let x be in a nontrivial connected lattice path matroid M.

(a) No spanning circuit contains x if and only if M is a parallel connection of two lattice
path matroids, each of rank at least 2, with basepoint x.

(b) Some spanning circuit contains x if and only if M/x\X is connected, where X is the
set of loops of M/x.

Proof. Part(a) follows from the proof ofTheorem 3.6. If x is in a spanning circuitC of
M, thenC − x is a spanning circuit ofM/x, so M/x\X is connected. Conversely, ifx is
in no spanning circuit ofM, then, by part (a),M is a parallel connection, with basepointx,
of matroids of rank at least 2, soM/x\X is disconnected. �

3.3. Circuits and connected flats

Our first goal in this section is to characterize the circuits of lattice path matroids. This is
done inTheorem 3.9, theproof of which uses the following well-known elementary result
about the circuits of arbitrary transversal matroids. This lemma follows easily from Hall’s
theorem.

Lemma 3.8. Let n be the incidence function of a presentation of a transversal matroid M.
If C is a rank-k circuit of M, then|n(C)| is k, as is|n(C − x)| for any x in C.

Theorem 3.9. Let C = {c0, c1, c2, . . . , ck} bea set in the lattice path matroid M[P, Q];
assume c0 < c1 < c2 < · · · < ck. Let n(C) be{i1, i2, . . . , i s}, where i1 < i2 < · · · < i s.
Then C is a circuit of M[P, Q] if and only if

(1) s = k,
(2) c0 ∈ Ni1 ,
(3) ck ∈ Nik , and
(4) cj ∈ Ni j ∩ Ni j +1 for j with 0 < j < k.

Furthermore, if C is a circuit, then ih+1 = i h + 1 for 1 ≤ h < k.
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Proof. It is immediate that if conditions (1)–(4) hold, thenC is dependent and everyk-
subset ofC is a partial transversaland so is independent; thusC is a circuit. For the
converse, assumeC is a circuit. Assertion (1) follows fromLemma 3.8, which also gives
the equalities|n(C − c0)| = k = |n(C − ck)|. SinceC − c0 is independent and|n(C − c0)|
is k, it follows from Corollary 2.4 that cj is in Ni j for 1 ≤ j ≤ k. A similar argument
usingC − ck shows thatcj is in Ni j +1 for 0 ≤ j ≤ k − 1. This proves assertions (2)–(4).
To prove the last assertion, assume there were anh not in n(C) with i j < h < i j +1. From
statement (4), we have thatcj is in bothNi j andNi j +1 . Theinequalities

min(Nh) < min(Ni j +1) ≤ cj ≤ max(Ni j ) < max(Nh)

imply thatcj is in Nh, whichcontradicts the assumption thath is not inn(C). �

By Lemma 3.8, if x is parallel to some element, then|n(x)| = 1. By property (4) of
Theorem 3.9, at most two elementsx in a circuit of a lattice path matroid can satisfy the
equality|n(x)| = 1. This observation proves the next result.

Corollary 3.10. At most two elements in any circuit of a lattice path matroid are in
nonsingleton parallel classes.

The following result gives two useful properties of connected flats.

Theorem 3.11. Let M[P, Q] have rank r andnullity m. Any nontrivial connected flat X
of M[P, Q] is an interval in[m + r ] and n(X) is an interval of r(X) elements in[r ].
Proof. The second assertion follows fromCorollary 3.4 and Theorem 3.9. For the first
statement, letn(X) be [s, t] and assumei < j < k with i , k ∈ X. That j is in X follows
from theinequalities

s ≤ min(n(i )) ≤ min(n( j )) ≤ max(n( j )) ≤ max(n(k)) ≤ t . �

Theorem 3.11has many implications for the connected flats of lattice path matroids, of
which we mention four.

Corollary 3.12. Assume M[P, Q] has rank r.

(i) For 0 ≤ k ≤ r − 1, thereare at most k+ 1 nontrivial connected flats of rank r− k
in M[P, Q]. In particular, M[P, Q] has at most two connected hyperplanes and at
most r− 1 connected lines.

(ii) A flat of positive rank of M[P, Q] is covered by at most two connected flats.
(iii) Thenontrivial connected flats of M[P, Q] that are not contained in a fixed connected

hyperplane H of M[P, Q] are linearly ordered by inclusion.
(iv) If H and H′ are connected hyperplanes of M[P, Q], then every nontrivial connected

flat of M[P, Q] is contained in at least one of H and H′.

The matroidM[(E2N)r−1E N, N E(N E2)r−1], which is a parallel connection ofr − 1
three-point lines in which elements have been added parallel to the “joints” and the “ends”,
shows that all upper bounds in parts (i) and (ii) ofCorollary 3.12are optimal.

The next result is another corollary ofTheorem 3.9.
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Corollary 3.13. Let C be the circuit{c0, c1, . . . , ck} of M[P, Q] with c0 < c1 < · · · < ck.
If x is not in C and Z∪ x is a circuit of M[P, Q] for some subset Z of C, then Z is either
an initial segment{c0, c1, . . . , ci } or a final segment{cj , cj +1, . . . , ck} of C.

Proof. The result follows fromLemma 3.8and this simple corollary ofTheorem 3.9: for
any proper subsetX of C that is neither an initial nor final segment ofC, the inequality
|n(X)| > |X| holds. �

We conclude this section with a result we will use to show that certain matroids are not
lattice path matroids.

Theorem 3.14. Assume a rank-r matroid M has two nontrivial connected flats X and X′
suchthat

(1) X ∩ X′ �= ∅,
(2) r (X ∪ X′) = r , and
(3) X ∪ X′ is a proper subset of the ground set E(M) of M.

Then M is not a lattice path matroid.

Proof. Assume, to the contrary, thatM is M[P, Q]. Fix x in X ∩ X′ and y in E(M) −
(X ∪ X′). By Theorem 3.11, along with assumptions (1) and (2), up to switchingX and
X′ we would haven(X) = [k] andn(X′) = [k′, r ] for somek andk′ with k′ ≤ k. The
inequality y < x would give max(n(y)) ≤ max(n(x)) ≤ k, so y would be in cl(X).
The inequalityx < y would give min(n(y)) ≥ k′, so y would be in cl(X′). That these
conclusions contradict the hypothesis proves the lemma.�

4. Generalized Catalan matroids

Our next aim is to characterize lattice path matroids; this will be done inSection 5. This
section focuses on an important subclass ofL that has particularly simple characterizations
and many interesting properties.

Definition 4.1. The n-th Catalan matroid Mn is M[EnNn, (E N)n]. A generalized
Catalan matroidis, up to isomorphism, a matroid of the form M[EmNr , Q].

For generalized Catalan matroids, the notationM[P, Q] is simplified toM[Q]. We use
C to denote the class of generalized Catalan matroids.

Generalized Catalan matroids have arisen in different contexts with a corresponding
variety of names and perspectives. We gather here the references currently known to
us. Crapo [9, Section 8] introduced these matroids to show that there are at least

(n
r

)
nonisomorphic matroids of rankr on n elements. His perspective was rediscovered in [5,
Theorem 3.14]: generalized Catalan matroids are precisely the matroids that are obtained
from the empty matroid by repeatedly applying the operations of adding an isthmus and
forming the free extension (this result is generalized inTheorem 6.7below). By using
“nested” presentations, Welsh [19] proved that Crapo’s lower bound on the number of
matroids holds within the smaller class of transversal matroids. These matroids arose
again in [17] in connection with matroids defined in terms of integer-valued functions on
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finite sets. They were studied further in [18], where they were called Schubert matroids and
were shown to have the rapid mixing property. In [1] they were rediscovered and related to
shifted complexes, and so acquired the name shifted matroids. The link that was established
in [5] between generalized Catalan matroids and an enumerative problem known as the
tennis ball problem influenced the techniques used in [15] to solve thatproblem. In [10],
under the name of freedom matroids, generalized Catalan matroids were used to construct
a free algebra of matroids.

Catalan matroids have rich enumerative properties (see [5]). Their name comes from

the fact that the number of bases ofMn is the Catalan numberCn = 1
n+1

(
2n
n

)
;

several other invariants ofMn are also Catalan numbers. Although there is only one
Catalan matroid of each rank, these matroids generate the entire classC, in the sense
of the following theorem.

Theorem 4.2. The smallest minor-closed class of matroids that contains all Catalan
matroids isC.

Proof. It follows from the lattice path interpretation of deletion and contraction given after
the proof ofTheorem 3.1thatC is closed under minors. To see that any generalized Catalan
matroidM[Q] is a minor of a Catalan matroid, simply insert East and North steps intoQ
so that the result is a Catalan matroidM[(E N)t ]. FromM[(E N)t ], delete the elements that
correspond to the added East steps and contract the elements that correspond to the added
North steps; by the lattice path interpretation of these operations, the resulting minor of
M[(E N)t ] is M[Q]. �

It is easy to see thatC, in addition to being closed under minors, is closed under
duals and (unlikeL) free extension; thereforeC is closed under truncation and elongation.
However,C is not closed under direct sums.

By Theorem 3.5, a generalized Catalan matroid with at least two elements is connected
if and only if it has neither loops nor isthmuses. The rest of this section focuses mainly on
connected generalized Catalan matroids since some results are slightly easier to state with
this restriction and, by what we just noted, there is essentially no loss of generality.

The feature that makes generalized Catalan matroids easy to characterize is the structure
of the connected flats, as described in the following lemma.

Lemma 4.3. Assume M[Q] has rank r, nullity m, and neither loops nor isthmuses. Let the
E N corners of Q be at steps i1, i2, . . . , i k with i1 < i2 < · · · < i k. The proper nontrivial
connected flats of M[Q] are theinitial segments[i1] ⊂ [i2] ⊂ · · · ⊂ [i k] of [m + r ]. The
rank(resp. nullity) of[i h] is the number of North (resp. East) steps among the first ih steps
of Q.

Proof. The lemma follows easily once we show that any proper nontrivial connected flat
F of M[Q] is an initial segment of[m + r ]. By Theorem 3.11, F is an interval, say[u, v],
in [m + r ]. By Corollary 3.2, the restriction of M[Q] to [v] is M[Qv] whereQv consists
of the firstv steps ofQ. Sincev is not an isthmus ofM[Q]|F , it is not an isthmus of
M[Qv], so thev-th step of Q must be East. Let M[Qv] have rankk. Note that [v − k, v]
is a spanning circuit ofM[Qv] that is contained inF and has closure[v]. Thus,F is the
initial segment[v]. �
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The following result (which is essentially Lemma 2 of [17]) is an immediate corollary
of Lemmas 2.8and4.3.

Corollary 4.4. A connected matroid is a generalizedCatalan matroid if and only if its
nontrivial connected flats are linearly ordered by inclusion.

The following excluded-minor characterization ofC from [17] is not difficult to prove
from Corollary 4.4and the results inSection 3. Let Pn beTn(Un−1,n ⊕ Un−1,n) to rankn
of the direct sum of twon-circuits. Thus,Pn is the paving matroid of rankn whose only
nontrivial proper flats are two disjoint circuit-hyperplanes whose union is the ground set. It
follows thatPn is isomorphic toM[En−1N E Nn−1, Nn−1E N En−1] and, byCorollary 4.4,
that Pn is not inC.

Theorem 4.5. A matroid is in C if and only if it has no minor isomorphic to Pn for any
n ≥ 2.

5. Fundamental flats and a characterization of lattice path matroids

While the structure of the connected flats of arbitrary connected lattice path matroids
is not as simple as that for generalized Catalan matroids (Corollary 4.4), this structure is
still easy to describe. We analyse this structure in this section and we use it to characterize
connected lattice path matroids. We also show that ifM[P, Q] is connected, then the paths
P and Q are determined, up to a 180◦ rotation, by any matroid isomorphic toM[P, Q].
The flats of central interest for these results are those we define now.

Definition 5.1. Let X be a connected flat of a connected matroidM for which |X| > 1 and
r (X) < r (M). We saythat X is a fundamental flat of Mif for some spanning circuitC of
M the intersectionX ∩ C is a basis ofX.

The first lemma shows how fundamental flats of lattice path matroids reflect the order
of the elements.

Lemma 5.2. Assume M[P, Q] is connected and has rank r and nullity m. Let X be a
connected flat of M[P, Q] with |X| > 1 and r(X) < r . Then X is a fundamental flat of
M[P, Q] if and only if X is an initial or final segment of[m + r ].
Proof. Let Ni be[l i , gi ] for 1 ≤ i ≤ r . If X is an initial segment[h] of [m + r ], then the
spanning circuitC = {l1, l2, . . . , lr , gr }, constructed in the proof ofTheorem 3.3, has the
property thatX ∩ C is a basis ofX. Similarly, for a final segmentX of [m+ r ], a spanning
circuit with the required property is{l1, g1, g2, . . . , gr }.

Conversely, assumeC is a spanning circuit of M[P, Q] and X ∩ C is a basis ofX;
sayC is {c0, c1, . . . , cr } with c0 < c1 < · · · < cr . By Theorem 3.11, it suffices to show
that either 1 orm + r is in X. Let x be in X − C and letC′ be the unique circuit in
(X∩C)∪x. By Corollary 3.13, C′ has the form{x, c0, c1, . . . , cu} or {x, cv, cv+1, . . . , cr }.
We will show that in the first case, 1 is inX; a similar argument givesm + r in X in the
second case. Thus, letC′ be{x, c0, c1, . . . , cu}. Note thatn(1) is {1} and 1 is inn(c0). Note
also that{c0, c1, . . . , cu} is an independent set and, byLemma 3.8applied toC′, we have
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|n({c0, c1, . . . , cu})| = u + 1. Thus,

r ({1, c0, c1, . . . , cu}) ≤ |n({1, c0, c1, . . . , cu})| = u + 1 = r ({c0, c1, . . . , cu}).
It follows that 1 is in cl({c0, c1, . . . , cu}), so 1 is in X, as claimed. �

Hence, to determine the fundamental flats ofM[P, Q], it suffices to know which initial
and final segments of[m+r ] are connected flats. Note that the initial segment[h] of [m+r ]
is a proper nontrivial connected flat, and hence a fundamental flat, if and only if the upper
path Q has anE N corner ath. Similarly, the final segment[k, m + r ] of [m + r ] is a
fundamental flat ofM[P, Q] if andonly if P has aN E corner atk−1. These observations
prove the following theorem.

Theorem 5.3. Assume M[P, Q] is connected and has rank r and nullity m. Let the E N
corners of Q be at i1, i2, . . . , i h, with i1 < i2 < · · · < i h, and the N E corners of P be at
j1 − 1, j2 − 1, . . . , jk − 1, with j1 < j2 < · · · < jk. The fundamental flats of M[P, Q] are
[i1] ⊂ [i2] ⊂ · · · ⊂ [i h] and[ jk, m + r ] ⊂ · · · ⊂ [ j2, m + r ] ⊂ [ j1, m + r ].

Corollary 5.4follows immediately fromTheorem 5.3. Note that for generalized Catalan
matroids, the fundamental flats are precisely the flats given inLemma 4.3, so they form one
chain under inclusion.

Corollary 5.4. The fundamental flats of a connected matroid M inL− C form two chains
under inclusion; no set in one chain contains a set in the other chain. Furthermore, for
each pair X, Y of incomparable fundamental flats,

(a) if X ∩ Y �= ∅, then X∪ Y = E(M), and
(b) if r (X) + r (Y) ≥ r (M), then r(X ∪ Y) = r (M).

While a connected lattice path matroid of rankr has at mostk + 1 connected flats of
rankr − k (Corollary 3.12), it has at most two fundamental flats of any given rank.

Theorem 5.3and the lattice path interpretation of duality give the next result.

Corollary 5.5. For any lattice path matroid M, the fundamental flats of the dual M∗ are
the set complements, E(M) − F, of the fundamental flats F of M.

A key observation that follows fromTheorem 5.3is that although which flats are
fundamental is independent of the order of the elements that is inherent in any particular
lattice path presentation of a lattice path matroid, such a presentation makes it easy
to identify the fundamental flats. Conversely, the chains of fundamental flats give the
bounding paths. More precisely, the pathsP and Q associated withM[P, Q] are
determined by theN E corners ofP and theE N corners ofQ, and these corners are
determined by the ranks andnullities of the fundamental flats. Typically there are two
possible pairs of paths, according to which chain of fundamental flats contains the least
element of the ground set. These observations give the following theorem, which is one of
the main results of this section.

Theorem 5.6. The bounding paths P and Q of a connected lattice path matroid M[P, Q]
are determined by the matroid structure, up to a180◦ rotation. That is, the only matroids
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M[P∗, Q∗] isomorphic to M[P, Q] are M[P, Q] and M[Qρ, Pρ ] where(s1s2 · · · sm+r )
ρ

is sm+r · · · s2s1.

Theorem 5.3and its corollaries (includingTheorem 5.6) show that a connected lattice
path matroid is determined by its fundamental flats and their ranks. The next few results
further develop thisidea. The following theorem describes all connected flats of a
connected lattice path matroid in terms of its fundamental flats.

Theorem 5.7. Let M be the connected lattice path matroid M[P, Q] of rankr andnullity
m and let F1 ⊂ F2 ⊂ · · · ⊂ Fh and G1 ⊂ G2 ⊂ · · · ⊂ Gk be the chains of fundamental
flats of M. The proper nontrivial connected flats of M are

(i) F1, F2, . . . , Fh, G1, G2, . . . , Gk, and
(ii) the intersections Fi ∩ G j for which the inequality m< η(Fi ) + η(G j ) holds.

A nontrivial connected flat of the form Fi ∩ G j has rank r(Fi ) + r (G j ) − r .

Proof. The flatsF1, F2, . . . , Fh, G1, G2, . . . , Gk, being fundamental, are connected. The
element 1 is in eitherF1 or G1; we mayassume it is inF1. Forpart (ii), we useCorollary 3.2
to find a lattice path presentation that shows thatFi ∩ G j is connected. Using the notation
in that corollary, letX beFi , so thepoint (h, k) on Q is (η(Fi ), r (Fi )); let Y beG j , so the
point (h′, k′) on P is (m − η(G j ), r − r (G j )). Theinequality in part (ii) along with part
(c) of Corollary 3.2give a presentation ofM|(Fi ∩ G j ) (illustrated inFig. 5) that,together
with the fact thatP andQ meet only at (0, 0) and(m, r ), implies thatFi ∩G j is connected
and nontrivial.

Fig. 5. The shaded regionsshow the presentations ofM|Fi , M|G j , andM|(Fi ∩ G j ).

Now assumeX is a proper nontrivial connected flat. ByTheorem 3.11, X is an interval,
say[u, v], in [m+r ]. As in theproof ofLemma 4.3, it follows that theu-th step ofP and the
v-th step of Q are East steps. SinceX is a flat, bothr (X∪{u−1}) andr (X∪{v+1}) exceed
r (X), so stepu − 1 of P and stepv + 1 of Q, if there are such steps, are North steps. From
these observations andTheorem 5.3, it follows thatX is of the formFi , G j , or Fi ∩ G j .
We need to show that ifFi ∩ G j is connected, then the inequalitym − η(G j ) < η(Fi )

holds. This inequality follows by viewing M|(Fi ∩ G j ) as a restriction ofM|Fi and using
the path presentations of these matroids given inCorollary 3.2. Indeed, from the lattice
path diagrams (Fig. 5) it follows thatM|(Fi ∩G j ) is either free or connected, and the latter
holds precisely when(m − η(G j ), r − r (G j )) is strictly to the left of(η(Fi ), r (Fi )).
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Lastly, let the connected flatX be Fi ∩ G j . From lattice path diagrams, we get

r (M) = (r (Fi ) − r (X)) + (r (G j ) − r (X)) + r (X),

from which the last assertion follows. �

It follows from Theorem 5.7that any intersection of connected flats is either a
fundamental flat or an intersection of two fundamental flats. From this observation and
the second paragraph of the proof, it follows that a nonempty intersection of connected
flats is either connected or trivial. Despite what the last part ofTheorem 5.7might suggest,
it is easy to construct examples in which the fundamental flats of lattice path matroids are
not modular.

The image, under an automorphism, of a fundamental flat of any matroid is also
fundamental. This observation,Corollary 2.9, andTheorem 5.7give the following result.

Corollary 5.8. The automorphisms of a connected lattice path matroid are the
permutations of the ground set that are rank-preserving bijections of the collection of
fundamental flats.

The proof of the second main result of this section,Theorem 5.10, uses thefollowing
basic notions about ordered sets. Astrict partial order is an irreflexive, transitive relation.
Thus, strict partial orders differ from partial orders only in whether each element is required
to be unrelated, or required to be related, to itself. Given a strict partial order< on S,
elementsx andy of Sareincomparableif neitherx < y nor y < x holds.Weakordersare
strict partial orders in which incomparability is an equivalence relation. Thus, linear orders
are weak orders in which the incomparability classes are singletons. Two weak orders<1
and<2 on Sarecompatibleif whenever elementsx andy of Sare comparable in both<1
and<2, andx <1 y, thenx <2 y.

Lemma 5.9. Any two compatible weak orders have a common linear extension.

Proof. Let <1 and<2 be compatible weak orders onS and let the relation< on S be
defined as follows:x < y if either x <1 y or x <2 y. It is easy to check that< is a weak
order. The lemma follows since<, like any strict partial order, can be extended to a linear
order. �

We now turn to the second main result of the section. This theorem shows that
the properties we developed above for the fundamental flats and the connected flats of
connected lattice path matroids characterize these matroids.

Theorem 5.10. A connected matroid M is a lattice path matroid if and only if the following
properties hold.

(i) The fundamental flats form at most two disjoint chains under inclusion, say F1 ⊂
F2 ⊂ · · · ⊂ Fh and G1 ⊂ G2 ⊂ · · · ⊂ Gk.

(ii) If Fi ∩ G j �= ∅, then Fi ∪ G j = E(M).
(iii) The proper nontrivial connected flats of M are precisely the following sets:

(a) F1, F2, . . . , Fh, G1, G2, . . . , Gk, and
(b) intersections Fi ∩ G j for which the inequality m< η(Fi ) + η(G j ) holds.
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(iv) The rank of the flat Fi ∩ G j of item(iii :b) is r(Fi ) + r (G j ) − r (M).

Proof. By Theorem 5.3, Lemma 4.3, and Corollary 4.4, M is a generalized Catalan
matroid if and only if properties (i)–(iv) hold where there is at most one chain of
fundamental flats. ByTheorems 5.3and5.7, the fundamental flats of a lattice path matroid
that is not a generalized Catalan matroid satisfy properties (i)–(iv) with neither chain of
fundamental flats being empty. Hence we need only prove the converse in the case that
neither chain of fundamental flats is empty.

AssumeM has rankr and nullity m. To show that M is a lattice path matroid, we
construct lattice pathsP and Q and an isomorphism ofM onto M[P, Q]. To show that
P stays strictly belowQ except at (0, 0) and(m, r ), we will use the following statements
about fundamental flats.

(A) If Fi ∩ G j �= ∅, thenr (Fi ) + r (G j ) > r .
(B) If Fi ∩ G j = ∅, thenη(Fi ) + η(G j ) < m.

To provestatement (A), note that we have the inequality

r (Fi ) + r (G j ) ≥ r (Fi ∪ G j ) + r (Fi ∩ G j ) = r (M) + r (Fi ∩ G j )

by semimodularity and property (ii). SinceM has no loops,r (Fi ∩ G j ) is positive, so the
desired inequality follows. To prove statement (B), first recall thatη is nondecreasing, i.e.,
if X ⊆ Y, thenη(X) ≤ η(Y). SinceFi andG j are disjoint, we haveη(Fi ) + η(G j ) =
|Fi ∪ G j | − r (Fi ) − r (G j ). Thus, if r (Fi ) + r (G j ) > r (Fi ∪ G j ), then we have
η(Fi ) + η(G j ) < η(Fi ∪ G j ) ≤ m. If r (Fi ) + r (G j ) = r (Fi ∪ G j ), thenM|(Fi ∪ G j ) is
disconnected and we have the equalityη(Fi )+η(G j ) = η(Fi ∪G j ). SinceM is connected,
we haveη(Fi ∪ G j ) < η(M), which gives the desired inequality.

Let lattice pathsP andQ from (0, 0) to(m, r ) be given as follows.

(a) TheN E corners ofP are at the points(m − η(G j ), r − r (G j )) for j in [k].
(b) TheE N corners ofQ are at the points(η(Fi ), r (Fi )) for i in [h].

Note thatP stays strictly belowQ except at the endpoints if and only if for everyN E
corner(xP, yP) of P and everyE N corner(xQ, yQ) of Q, at least one of the inequalities
xQ < xP andyQ > yP holds. These inequalities are those in statements (A) and (B), soP
stays strictly belowQ except at (0, 0) and(m, r ).

To construct an isomorphism ofM onto M[P, Q], we definea linear order onE(M)

that we use to mapE(M) onto [m + r ], the ground set ofM[P, Q]. We first define two
relations<F and<G on E(M). Let Fh+1 and Gk+1 be E(M). Define<F as follows:
x <F y for x, y ∈ E(M) if there is an integeri in [h] with x ∈ Fi and y ∈ Fi+1 − Fi .
Note that<F is a weak order whose incomparability classes areF1 and the set differences
Fi+1 − Fi . Define<G similarly: x <G y for x, y ∈ E(M) if there is an integerj in [k]
with x ∈ G j +1 − G j andy ∈ G j . Thus,<G is also a weak order and the incomparability
classes areG1 and the differencesGi+1 − Gi . Note that if we hadx <F y and y <G x,
then there would be fundamental flatsFi andG j thatboth containx and noty, contrary to
hypothesis (ii). Thus, the weak orders<F and<G are compatible, so byLemma 5.9there
is a linear order, sayx1 < x2 < · · · < xm+r , of E(M) that extends both<F and<G.
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Let φ : E(M) → [m + r ] be given byφ(xi ) = i . By construction,φ is a bijection
of E(M) onto [m + r ] that is a rank-preserving bijection of the fundamental flats ofM
onto the fundamental flats ofM[P, Q]. Furthermore, by assumptions (iii) and (iv) and
Theorem 5.7, φ is a rank-preserving bijection of the set of connected flats ofM onto those
of M[P, Q]. By Lemma 2.8, it follows thatφ is an isomorphism ofM ontoM[P, Q]; thus,
M is a lattice path matroid. �

We close this section by giving a pair of six-element matroids that have the same
collection of fundamental flats, yet only one of which is inL; thus, conditions (i) and
(ii) in Theorem 5.10are not enough to characterize lattice path matroids. The uniform
matroidU4,6 is a lattice path matroid with no fundamental flats since the bounding paths
are P = E2N4 and Q = N4E2. Theprism (the matroidC4,2 of Fig. 11) is not a lattice
path matroid (condition (iii) ofTheorem 5.10fails) and, since it has no spanning circuits,
it too has no fundamental flats.

6. Lattice path matroids as transversal matroids

The aspects of lattice path matroids treated in this section relate to important topics
in the theory of transversal matroids. We start by characterizing the set systems that are
maximal presentations of lattice path matroids. This result plays a key role in an algorithm
for determining whether atransversal matroid is inL. By combining the result on maximal
presentations with Brylawski’s affine representation of transversal matroids, we get a
geometric description of lattice path matroids. We conclude the section by comparingL
with the dual-closed class of fundamental transversal matroids and the minor-closed class
of bicircular matroids.

6.1. Maximal and minimal presentations

Two types of presentations are of interest in this section. A presentationA =
(A1, A2, . . . , Ar ) of a transversal matroidM is minimal if the only presentation
(A′

1, A′
2, . . . , A′

r ) of M with A′
i contained inAi for all i is A. The presentation A is

maximalif the only presentation(A′
1, A′

2, . . . , A′
r ) of M with Ai contained inA′

i for all i is
A. It is well known that while each transversal matroid has a unique maximal presentation,
it typically has many minimal presentations. (See, e.g., [2,6,12].)

Theorem 6.1. Standard presentations of latticepath matroids are minimal.

Proof. Let (N1, N2, . . . , Nr ) be the standard presentation of the matroidM[P, Q] and
let (N′

1, N′
2, . . . , N′

r ) be any presentation ofM[P, Q] with N′
i ⊆ Ni for 1 ≤ i ≤ r .

To prove the theorem, we must show the inclusionNi ⊆ N′
i for 1 ≤ i ≤ r . Let x be

in Ni . Let B consist of the least elements ofN1, N2, . . . , Ni−1, the greatest elements
of Ni+1, Ni+2, . . . , Nr , andx. Thus, B is a basis ofM[P, Q]. Note that for B to be a
transversal of(N′

1, N′
2, . . . , N′

r ), the elementx must be inN′
i , as needed. �

With the following result of Bondy [2], we will get a simple description, in terms of
intervals, of the maximal presentation of a lattice path matroid.
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Lemma 6.2. Given a presentation(A1, A2, . . . , Ar ) of a rank-r transversal matroid M,
the maximal presentation of M is(A1 ∪ I1, A2 ∪ I2, . . . , Ar ∪ Ir ) where Ij is the set of
isthmuses of the deletion M\Aj .

Togetherwith Lemma 6.2, the following result from [11] implies that from any
presentation of a transversal matroid, the maximal presentation can be found in polynomial
time in the size of the ground set. This observation will be important in the algorithm for
recognizing lattice path matroids among transversal matroids.

Lemma 6.3. The maximal size of a matching in a bipartite graph can be found in
polynomial time in the number of vertices.

The discussion below focuses on matroids that have no isthmuses. This restriction is
justified by noting that the isthmuses of a transversal matroid are in all sets in the maximal
presentation, and so are easy to deal with.

Let (N1, N2, . . . , Nr ) be the standard presentation of the lattice path matroidM =
M[P, Q] on [m + r ], whereM has no isthmuses. LetNi be[l i , gi ]. Theorem 3.9implies
that each connected component ofM\Ni is a subset of either[gi + 1, m + r ] or [l i − 1].
Thus, the set of isthmuses ofM\Ni is the union of the setsI +

i and I −
i of isthmuses of the

restrictions ofM to [gi + 1, m+ r ] and[l i − 1], respectively.Corollary 3.2implies thatI +
i

and I −
i are given as follows:

I +
i = {gi + j : gi + j is the greatest element ofNi+ j , j > 0}, (1)

I −
i = {l i − j : l i − j is the least element ofNi− j , j > 0}. (2)

This proves the following theorem.

Theorem 6.4. Let (N1, N2, . . . , Nr ) be the standard presentation of the lattice path
matroid M[P, Q] that has no isthmuses. The maximal presentation of M[P, Q] is
(N′

1, N′
2, . . . , N′

r ) where N′
i is Ni ∪ I +

i ∪ I −
i and I+i and I−i are given by Eqs.(1) and(2).

The sets in the maximal presentation of a lattice path matroid have a simple graphical
interpretation, asFig. 6 illustrates. While there are no containments among intervals in the
standard presentation, this figure shows that there may be containments (even equalities)
among intervals in the maximal presentation.

Theorem 6.5, which characterizes the multisets of intervals in[m+ r ] that are maximal
presentations of lattice path matroids, uses the following notation. For an indexed multiset
(T1, T2, . . . , Tr ) of nonempty intervals in[m + r ] with Ti = [ai , bi ], write Ti ≺ Tj if
eitherai < aj or bi < bj . Thus, two intervals are unrelated if and only if they are equal.
For arbitrary multisets of intervals, bothTi ≺ Tj andTj ≺ Ti may hold; in contrast, if
(T1, T2, . . . , Tr ) is the maximal presentation of a lattice path matroid, then≺ is a weak
order. If≺ is a weak order, then we assume that the set system(T1, T2, . . . , Tr ) is indexed
so that wecan haveTi ≺ Tj only for i < j . In thiscase, letd(Th) be|{i : i < h, ai = ah}|
and letd′(Th) be|{ j : h < j , bh = bj }|.
Theorem 6.5. A set system(T1, T2, . . . , Tr ) of nonempty intervals in[m+r ] is the maximal
presentation of a rank-r lattice path matroid on[m+r ] that has no isthmuses if and only if



720 J. Bonin, A. de Mier / European Journal of Combinatorics 27 (2006) 701–738

Fig. 6. The standard and maximal presentations of a lattice path matroid.

(i) the relation≺ is a weak order,
(ii) for all pairs Ti and Tj , neither |Ti − Tj | nor |Tj − Ti | is 1, and

(iii) d(Ti ) + d′(Ti ) + 2 ≤ |Ti | for every i .

Proof. For themaximal presentation of a lattice path matroidM[P, Q] with no isthmuses,
properties (i)–(iii) follow from Theorem 6.4. For the converse, note that removing fromTi

its leastd(Ti ) elements and its greatestd′(Ti ) yields the standard presentation of a lattice
path matroid that, by property (iii), has no isthmuses and for which(T1, T2, . . . , Tr ) is, by
Theorem 6.4, the maximal presentation. �

6.2. Recognizing lattice path matroids

When treating algorithmic questions about matroids, it is usual to assume that a matroid
is given by anindependence oracle, that is, a subroutine that outputs, in constant time,
whether a subset of the ground set is independent. While there are algorithms that recognize
transversal matroids within the class of all matroids (see [7]), Jensen and Korte [13] have
shown that there is no polynomial-time algorithm to decide if a matroid is transversal from
an independence oracle. The same proof as in [13] shows that there is no such algorithm
to decide whether a matroid is a lattice path matroid. Transversal matroids are more
conveniently specified by set systems than by independence oracles. This section gives
a polynomial-time algorithm that, given a set system, decides whether the corresponding
transversal matroid is a lattice path matroid.

We start with some simplifications. A presentationA of M can be represented by a
bipartite graph∆[A] in the obvious way [16, Section 1.6]. Therefore, byLemma 6.3, the
isthmuses of a transversal matroid can be identified and deleted in polynomial time. IfM
has no isthmuses, then the connected components ofM come from those of∆[A]. These
observations andTheorem 3.1justify focusing on connected transversal matroids. As noted
in Section 6.1, the maximal presentation can be found from any presentation in polynomial
time, so we focus on maximal presentations.

The key to the recognition algorithm below is to recover lattice path orderings efficiently
from the maximal presentation. We begin with some observations that relate these notions.
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AssumeA = (A1, A2, . . . , Ar ) is the maximal presentation of the connected lattice path
matroid M[P, Q] on the ground set[m + r ] and letn be the incidence function ofA.
Let C1, C2, . . . , Ck be the equivalence classes of the relation on[m + r ] in which x and
y are related if and only ifn(x) = n(y). Each setCi is an interval in[m + r ]. We may
assume thatC1, C2, . . . , Ck are indexed so thatx1 < x2 < · · · < xk for any elements
x1, x2, . . . , xk with xi in Ci . SinceM[P, Q] is connected, we haven(Ci ) ∩ n(Ci+1) �= ∅
for i with 1 ≤ i < k. Any permutation σ of [m + r ] with σ(Ci ) = Ci for 1 ≤ i ≤ k is
clearly an automorphism ofM[P, Q], so thelinear orderσ(1) < σ(2) < · · · < σ(m + r )

is a lattice path order, as isσ(m+ r ) < · · · < σ(2) < σ(1). Relative to any of these linear
orders, the sets inA are intervals and the properties inTheorem 6.5hold. These lattice
path orderings of[m + r ] are essentially equivalent to the orderingsC1 < C2 < · · · < Ck

and Ck < Ck−1 < · · · < C1 of C1, C2, . . . , Ck. Observe that C1, C2, . . . , Ck and
Ck, Ck−1, . . . , C1 are the only permutationsX1, X2, . . . , Xk of C1, C2, . . . , Ck that satisfy
the following property.

(P) For all i and j with1 < i < j ≤ k,
(a) n(Xi−1) ∩ n(X j ) ⊆ n(Xi−1) ∩ n(Xi ), and
(b) n(Xi ) − n(Xi−1) ⊆ n(X j ) − n(Xi−1) whenever n(X j ) ∩ n(Xi−1) is nonempty.

Thus, to determine whether a transversal matroidM with a given presentation is a lattice
path matroid, carry out the following steps.

(1) Detect and delete the isthmuses.
(2) Determine the connected components.
(3) Find the maximal presentation for each connected component.
(4) For each component, find the classes defined above relative to the maximal

presentation.
(5) For each component, determine whether there is a linear order of these classes that

satisfies property (P).
(6) If there is such a linear order of these classes for each component, then use the criterion

in Theorem 6.5to determine whether, with respect to any corresponding linear order
of a component, the intervals in the maximal presentation of that component are those
of a maximal presentation of a lattice path matroid.

If, in step (5), there is no suitable order for some connected component, thenM is not
a lattice path matroid. If there is such anorder for each connected component, thenM is a
lattice path matroid if and only if step (6) yields only positive results. Each of these steps
can be done in polynomial time in the size of the ground set, so we get the following result.

Theorem 6.6. Whether a transversal matroid is a lattice path matroid can be determined
from any presentation in polynomial time in the size of the ground set.

6.3. A geometric description of lattice path matroids

Brylawski [8] (see also [16, Proposition 12.2.26]) gave a geometric description of
arbitrary transversal matroids. This section applies his result to lattice path matroids.
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Let M be a transversal matroid on the set{x1, x2, . . . , xk} with presentation
(A1, A2, . . . , Ar ). Brylawski showedthat M can be realized geometrically as follows.
Start with the free matroidM0 on a set{e1, e2, . . . , er } disjoint from E(M). For i
from 1 to k, form Mi from Mi−1 by taking the principal extension ofMi−1 defined by
the flat clMi−1({ej : xi ∈ Aj }), with the element added beingxi . The matroid M is
Mk\{e1, e2, . . . , er }. Thus, a rank-r matroid is transversal if and only if it can be realized
by placing the elements freely on the faces of ther -simplex.

The next theorem, which is illustrated inFig. 1, shows how lattice path matroids can be
constructed by successively adding isthmuses and loops, and by taking principal extensions
by certain flats. To motivate this result, consider a lattice path matroidM[P, Q] that
has rankr and nullity m in which m + r is neither a loop nor an isthmus. Letl be the
length of the longest final segment of North steps inP. By Theorem 6.4, the setsof the
maximal presentation ofM[P, Q] that containm + r are the lastl (those arising from
Nr−l+1, . . . , Nr ). By Brylawski’s result,m + r is added freely to the flat spanned by
er−l+1, . . . , er in the notation above;note that this flat is also spanned by the lastl elements
of [m+r −1], sincethey are independent inM[P, Q]\(m+r ). Thus, we have the following
result.

Theorem 6.7. A matroid M is a lattice path matroid if and only if the ground set can be
written as{x1, x2, . . . , xk} so that each restriction Mi := M|{x1, x2, . . . , xi } is formed
from Mi−1 by either

(i) adding xi as an isthmus,
(ii) adding xi as a loop, or

(iii) adding xi via the principal extension of Mi−1 generated by the closure of an
independent set of the form{xh, xh+1, . . . , xi−1} for some h with h< i .

6.4. Relation to other classes of transversal matroids

We have seen that the class of lattice path matroids is closed under taking both minors
and duals. While [4] develops a dual-closed, minor-closed class of transversal matroids
that properly containsL, and while there are infinitely many dual-closed, minor-closed
classes contained inL (seeSections 4and8 for two such classes), few other known classes
of transversal matroids are either dual-closed or minor-closed. In this section, we make
some remarks about two important classes of transversal matroids, each of which has one
of these properties.

Fundamental transversal matroids (called principal transversal matroids in [8]) were
introduced by Bondy and Welsh [3] and theyplay an important role in the study of
transversal matroids. A transversal matroidM is a fundamental transversal matroidif it
can be represented on the simplex with an element ofM at each vertex of the simplex.
Thus, transversal matroids are the restrictions of fundamental transversal matroids. While
the classF of fundamental transversal matroids is closed under neither deletion nor
contraction, it is well known and not hard to prove thatF is dual-closed. The classF
is much larger thanL: Brylawski [8] showed that there are on the order ofcn2

simple
fundamental transversal matroids onn elements, for some constantc; in contrast, 4n is
an upper bound on the number of lattice path matroids onn elements since there are
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4n pairs of paths of lengthn (see [5] for a formula for the number of connected lattice
path matroids). BothF andL contain all transversal matroids of rank 2. However, a
fundamental transversal matroid of rank 3 or more cannot have a pair of disjoint connected
hyperplanes, but such hyperplanes can occur in lattice path matroids, such as the matroid
Pn = Tn(Un−1,n ⊕ Un−1,n) of Theorem 4.5. On theother hand, the number of connected
hyperplanes of a fundamental transversal matroid, such as then-whirl Wn, can exceed two
(seeCorollary 3.12).

Let uscall a matroidbitransversalif both the matroid and its dual are transversal. It
is easy to prove that the class of bitransversal matroids is closed under direct sums, free
extensions, and free coextensions. Hence by starting with the union of the classesL andF ,
and using these three operations, we can construct a larger class of bitransversal matroids;
let LF denote this class. For instance, the free extension(Pn ⊕ Wn) + e of Pn ⊕ Wn

is in LF but not in L ∪ F . There are bitransversal matroids,such as the identically
self-dual matroids of [3, Section 4], that are not inLF . The problem of characterizing
all bitransversal matroids, which was posed by Welsh, currently remains open (see [16,
Problem 14.7.4]).

Bicircular matroids [14] form another important class of transversal matroids. The
notion of a bicircular matroid we consider is a mild extension of that in [14] (as originally
defined, bicircular matroids have no loops). A transversal matroidM is bicircular if it has a
presentationA sothat each element ofM is in at most two sets inA (counting multiplicity).
Thus, bicircular matroids are the transversal matroids that have a representation on the
simplex in which all nonloops are on vertices or lines of the simplex. It follows that minors
of bicircular matroids are bicircular. On the other hand, the class of bicircular matroids
is not dual-closed: the prism (the matroidC4,2 of Fig. 11) is bicircular, but its dual (the
matroid B2,2 in the same figure) is not transversal. Among the matroids that are both
bicircular and lattice path matroids are all transversal matroids of rank 2 as well as iterated
parallel connections of rank-2 uniform matroids,M1 := U2,n1 andMi := P(Mi−1,U2,ni ),
where thebasepoint used to constructMi is not in Mi−2. A bicircular matroid, unlike a
lattice path matroid, can have more than two connected hyperplanes. Also, while most
uniform matroids are not bicircular (for instance,U3,n is bicircular if and only ifn ≤ 6),
all uniform matroids are inL. Thus, the class of bicircular matroids differs significantly
fromL in all ranks greater than 2.

7. Higher connectivity

In this section, weshow how to find the connectivityλ(M) of a lattice path matroid in
a simple way from thepath presentation ofM. We also show that at least one exactλ(M)-
separation ofM is given by a fundamental flat and its complement. We start by recalling
the relevant definitions; for more information on higher connectivity, see [16, Chapter 8].

For apositiveintegerk, a k-separationof a matroidM is a partition of the ground set
into two setsX andY, each with at leastk elements, such that the inequalityr (X)+r (Y) ≤
r (M) + k − 1 holds. Ak-separation for which the equalityr (X) + r (Y) = r (M) + k − 1
holds is anexact k-separation. Theconnectivity, or Tutte connectivity, λ(M) of M is the
least positive integerk suchthat M has ak-separation; if there is no suchk, thenλ(M)
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Fig. 7. (a) A lattice path matroidM with kM = 3. (b) A pairing that shows the equalitykM = kM∗ .

is taken to be∞. The connectivity of uniform matroids is well known (see [16, Corollary
8.1.8]), so we consider only lattice path matroids that are not uniform. Also, as justified by
Theorem 3.5, we focus exclusively on lattice path matroids that are connected.

Let M bea connected lattice path matroid, sayM[P, Q], that isnot uniform. Let the
integerkM be defined as follows:

kM := min{|n( j )| : P has aN E corner atj or Q has anE N corner atj − 1}.
Fig. 7(a) illustrates a lattice path matroidM in which the relevant values ofj are
7, 9, 14, 16 (for which|n( j )| is 3) and 21(for which|n( j )| is 4), sokM is 3. The main result
of this section,Theorem 7.4, is that the connectivityλ(M) of M is kM . Several lemmas
enter into the proof of this result. The first lemma reflects the equalityλ(M) = λ(M∗) that
holds for any matroid.

Lemma 7.1. Thenumber kM is invariant under duality, that is, kM = kM∗ .

Proof. Recall that the lattice path diagram for the dual ofM[P, Q] is obtained by reflecting
the lattice path diagram forM[P, Q] about the liney = x (Fig. 3). Equivalently, the dual
of M[P, Q] is M[Q′, P′] whereP′ andQ′ are obtained fromP andQ by switching East
and North steps. Letn andn′ be the incidence functions of the standard presentations of
M[P, Q] andM[Q′, P′], respectively. Note thatP has aN E corner atj if andonly if P′
has anE N corner at j ; also, Q has anE N corner at j − 1 if and only if Q′ has aN E
corner at j − 1. Thus, the lemma follows once we show the following statements: ifQ
has anE N corner at j − 1, then|n( j )| = |n′( j − 1)|; if P has aN E corner at j , then
|n( j )| = |n′( j + 1)|. These assertionshold since we can pair off the relevant East and
North steps that share a lattice point, as suggested inFig. 7(b). �

Recall that in a matroid of connectivity at leastn with at least 2(n−1) elements, circuits
and cocircuits have at leastn elements [16, Proposition 8.1.6]. The next lemma will be used
to show that circuits and cocircuits of a lattice path matroidM have at leastkM elements.

Lemma 7.2. Every element of M is in at least kM − 1 sets in the maximal presentation
of M.
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Proof. Let M be M[P, Q] and letn andn′ be the incidence functions of its standard and
maximal presentations. Let stepsqN +1,qE −1, andpE +1 be, respectively, the first East
step ofQ, the last North step ofQ, and the first North step ofP. By thesymmetry given
by the order-reversing isomorphism ofM[P, Q] onto M[Qρ, Pρ ] (seeTheorem 5.6), it
suffices to prove (a) ifi ≤ qN , then |n′(i )| ≥ kM − 1 (b) if qN < i < qE, then
|n(i )| ≥ kM − 1 and (c) if qE ≤ i ≤ pE, then |n(i )| = r (M). Theorem 6.4and the
observation thatqN is at leastkM − 1 prove part(a). Part (c) is trivial. The proof of part (b)
uses the following easily verified statements.

(i) If the j -th and ( j + 1)-st steps ofQ are East, thenn( j + 1) is either n( j ) or
n( j ) − min(n( j )), so we have|n( j )| − 1 ≤ |n( j + 1)| ≤ |n( j )|.

(ii) If the j -th step ofQ is North, thenn( j − 1) is eitherX or X − min(X) whereX is
{h − 1 : h ∈ n( j )}, so|n( j )| − 1 ≤ |n( j − 1)| ≤ |n( j )|.

First assume that stepsi , i + 1, . . . , h of Q are East and that steph + 1 is North. Thus,Q
has anE N corner ath. Statements (i) and (ii) give the inequalities

|n(i )| ≥ |n(i + 1)| ≥ · · · ≥ |n(h)| ≥ |n(h + 1)| − 1.

Since|n(h + 1)| ≥ kM , we have|n(i )| ≥ kM − 1. Finally, if thei -th step of Q is North, a
similar application of statement (ii) completes the proof of part (b).�

From Lemmas 3.8and7.2, the rank of any circuit ofM is at leastkM − 1. The next
lemma follows from this observation andLemma 7.1. The generalized Catalan matroid
M[(N E)2] shows thatM can have circuits of rankkM − 1.

Lemma 7.3. Any set of kM − 1 element of[m + r ] is independent in both M and M∗.
Circuits of M have at least kM elements, as do circuits of M∗.

We now prove thatkM is the connectivity of the lattice path matroidM.

Theorem 7.4. Let M be a connected lattice path matroid of rank r and nullity m, say
M[P, Q], that is not uniform. The connectivityλ(M) of M is kM, where kM is

min{|n( j )| : P has a NE corner at j or Q has an EN corner at j− 1}.
Furthermore, at least one exact kM-separation of M consists of some fundamental flat and
its complement.

Proof. We firstshow thatM has an exactkM -separation that consists of a fundamental flat
and its complement. Assume first thatkM is |n( j )| whereP has aN E corner atj . Let X
andY be [ j ] and[ j + 1, m + r ], respectively. Thus,Y is a fundamental flat ofM. Note
that both X andY have at least|n( j )| elements. It follows from the path presentations
of restrictions given inCorollary 3.2 that r (X) is r (M) − r (Y) + |n( j )| − 1, that is,
r (X) + r (Y) = r (M) + kM − 1, so X, Y is an exactkM -separation ofM. Similarly, if
kM is |n( j )| whereQ has anE N corner atj − 1, then[ j − 1] and[ j , m+ r ] give an exact
kM -separation ofM.

It remains to show thatM has noh-separation for any positiveintegerh less thankM .
Let h be such an integer and assumeX andY partition [m + r ], wherebothX andY have
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at leasth elements. We need to prove the inequality

r (X) + r (Y) ≥ r (M) + h. (3)

If an elementy in X is in the closure ofY, and if X has more thanh elements, then we
have|X − y| ≥ h, |Y ∪ y| ≥ h, andr (X) + r (Y) ≥ r (X − y) + r (Y ∪ y). Thus, it suffices
to prove inequality (3) when|X| is h or Y is a nontrivial flat of M. By Lemma 7.3, each
nontrivial connected component of the restrictionM|Y to a flatY of M has more thanh
elements; with an argument similar to the one above, it follows that ifY is a nontrivial flat
of M, then we may assumeY is connected.

Assume|X| is h. By Lemma 7.3, X is an independent set that does not contain a
cocircuit, soY spansM. Thus,r (X) + r (Y) is r (M) + h.

Now assumeY is a nontrivial connected flat ofM. If Y is a fundamental flat, then
inequality (3) follows as in the first paragraph. IfY is not a fundamental flat, then, by
Theorem 5.7, Y is the intersection of two incomparable fundamental flats, sayY ∪ A
and Y ∪ B where A and B partition X. We mayassume 1 is inA, so m + r is in
B. Since A ∪ Y is a fundamental flat andB is the complement ofA ∪ Y, we have
r (A ∪ Y) + r (B) ≥ r (M) + kM − 1. Thus, sincekM exceedsh, to prove inequality
(3), it suffices to prover (X) + r (Y) ≥ r (A ∪ Y) + r (B), that is,

r (A ∪ B) + r (Y) ≥ r (A ∪ Y) + r (B). (4)

Observe thatr (A∪ B) is |n(A∪ B)|; theinequalityr (A∪ B) ≤ |n(A∪ B)| is obvious and
the inequalityr (A∪ B) ≥ |n(A∪ B)| follows by matching each setNi , for i in n(A), with
its first element, which must be inA, and each set inNj , for j in n(B)−n(A), with its last
element, which must be inB. A similar argument gives the equalityr (B) = |n(B)|. From
Theorem 3.11, we also haver (A ∪ Y) = |n(A ∪ Y)| andr (Y) = |n(Y)|. Thus, inequality
(4) is equivalent to

|n(A ∪ B)| + |n(Y)| ≥ |n(A ∪ Y)| + |n(B)|. (5)

Note that|n(A∪B)| is |n(A)|+|n(B)|−|n(A)∩n(B)|. Substituting this and the analogous
formula for |n(A ∪ Y)| into inequality (5) and simplifying gives that this inequality is
equivalent to the inequality|n(A) ∩ n(Y)| ≥ |n(A) ∩ n(B)|, which clearly holds. Thus,
inequality (3) holds, as needed to complete the proof. �

As the matroidE3 of Fig. 14 shows, not every exactkM -separation of a lattice path
matroidM has a fundamental flat as one of the sets.

8. Notch matroids and their excluded minors

There are infinitely many minor-closed, dual-closed classes of transversal matroids
within the class of lattice path matroids. One way to define such classes is to impose
certain requirements on the bounding paths;for example, the lower bounding path of a
generalized Catalan matroid must have the formEmNr . In this section we introduce the
minor-closed, dual-closed class of notch matroids, which is defined by special forms for
the bottom bounding path. We relate notch matroids to generalized Catalan matroids via
circuit-hyperplane relaxations. The main result is the characterization of notch matroids
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Fig. 8. Lattice path presentations of three notch matroids.

by excluded minors. We include some remarks on the excluded minors for lattice path
matroids.

Definition 8.1. A notch matroidis, up to isomorphism, a lattice path matroid of the form
M[EmNr , Q] or M[Em−1N E Nr−1, Q].

As Fig. 8 illustrates, notch matroids are either inC or their lattice path presentations
differ from those of generalized Catalan matroids by the “notch” in the lower right corner.
It follows from the lattice path descriptions of minors and duals, along withTheorem 5.6,
that the classN of notch matroids is minor-closed and dual-closed. Note thatN , like its
subclassC, is not closed under direct sums. In contrast toC, the classN is not closed
under any of the following operations, as can be seen from the matroidD3 of Fig. 14: free
extension, truncation, and the dual operations. Thefirst lemma gives a basic property that
N shares withC.

Lemma 8.2. Adding loops and isthmuses to a notch matroid yields a notch matroid.

Note that a connected notch matroid either is inC or has a circuit-hyperplane relaxation
in C. Not every matroid that has a circuit-hyperplane relaxation inC is anotch matroid; for
instance, the matroidsA3 and A4 of Fig. 10 each have two circuit-hyperplane relaxations
that are inC, yet neither is a lattice path matroid since condition (ii) ofTheorem 5.10fails.
However, we have the following result.

Theorem 8.3. A connected matroid inL−C is anotch matroid if and only if it has a circuit-
hyperplane. Relaxing any circuit-hyperplane of a lattice path matroid yields a generalized
Catalan matroid.

Proof. The lastr elements of a connected notch matroidM[Em−1N E Nr−1, Q] obviously
form a circuit-hyperplane. For the converse, assume thatH is a circuit-hyperplane of the
rank-r , nullity- m matroidM = M[P, Q]. SinceH is anr -circuit of M, by Theorem 3.11
the setn(H ) is an interval ofr − 1 elements in[r ]; we mayassume thatn(H ) is [2, r ].
SinceH is a flat,H is an interval ofr elements in the ground set[m+ r ] of M, so[m+ r ]
consists of an initial interval, the intervalH , and a final intervalY. SinceH is ahyperplane,
Y must be empty, soH consists of the lastr elements of[m + r ]. From these conclusions,
it is immediate thatM is a notch matroid. The last assertion follows from part (iii) of
Corollary 3.12. �

Similar ideas yield the following result.
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Fig. 9. The 3-wheelW3 and the 3-whirlW3.

Lemma 8.4. Let M′ be M[Q], a connected rank-r , nullity-m matroid inC. If thebasis B
of M′ is mapped onto the final segment[m + 1, m + r ] by some automorphism of M′,
then there is a unique matroid M in which B is a circuit-hyperplane and from which M′ is
obtained by relaxing B. Furthermore, M is inN .

The following two lemmas will be used heavily in the proof of the excluded-minor
characterization ofN .

Lemma 8.5. If X and Y are nontrivial incomparable connected flats of a notch matroid M
that has no isthmuses, then either X or Y is a circuit-hyperplane.

Proof. The incomparable flatsX and Y show thatM is not in C, so M has a circuit-
hyperplane, sayH . Either X or Y must beH sinceH cannot properly contain eitherX or
Y and, by part (iii) ofCorollary 3.12, nontrivial connected flats that are not contained inH
are comparable. �

Lemma 8.6. Three nontrivial connected flats X, Y , and Z of a notch matroid M cannot
be mutually incomparable.

Proof. We may assume thatM has no isthmuses and thatX andY are incomparable. From
Lemma 8.5, either X or Y, sayX, is acircuit-hyperplane ofM. Part (iii) of Corollary 3.12
implies thatY andZ are comparable. �

We turnto the excluded-minor characterization ofN . Let ex(N ) andex(L) denote the
sets of excluded minors forN andL, respectively. We first discuss the matroids inex(N )

that are not lattice path matroids and so are inex(N ) ∩ ex(L). In each case, we show that
the matroids are not inL; it is easy to check that all their proper minors are inN , so we
omit this part.

Among the self-dual matroids inex(N ) ∩ ex(L) are the 3-wheelW3 and the 3-whirl
W3, whichare shown inFig. 9. Sinceall three-point lines ofW3 andW3 are fundamental
flats, condition (i) ofTheorem 5.10fails, soW3 andW3 are not inL.

For n ≥ 3, let An be the rank-n paving matroid with only two nontrivial hyperplanes,
{x, a2, a3, . . . , an} and{x, b2, b3, . . . , bn}, and with only one point,y, in neither circuit-
hyperplane (Fig. 10). The two circuit-hyperplanes violate condition (ii) ofTheorem 5.10,
so An is not inL. Note that An is self-dual.

We next consider two doubly indexed families inex(N ) ∩ ex(L) that are related
by duality; three of these matroids are shown inFig. 11. Let n and k be integers with
2 ≤ k ≤ n. Let Bn,k be the truncation Tn(Un−1,n ⊕Un−1,n ⊕Uk−1,k) to rankn of the direct
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Fig. 10. The matroidsA3 and A4.

Fig. 11. The matroidsB2,2, B3,2, andC4,2.

sum of twon-circuits and ak-circuit. The three disjoint circuits are fundamental flats of
Bn,k, so condition (i) of Theorem 5.10shows thatBn,k is not inL. ThedualCn+k,k of Bn,k

is the rank-(n + k) paving matroidCn+k,k for which the ground set can be partitioned into
setsX, Y, Z with |X| = |Y| = n and|Z| = k so that the only nontrivial hyperplanes are
X ∪ Y, X ∪ Z, andY ∪ Z.

The remaining matroids inex(N )∩ex(L), two of which are shown inFig. 12, form two
infinite families that are related by duality. Recall thatM + y denotes the free extension of
M by the pointy. Forn ≥ 3, let Dn be the rank-n matroid

(
Tn−1(Un−2,n−1 ⊕ Un−2,n−1) ⊕ U1,1

) + y.

That Dn is not in L for n ≥ 4 follows since the two(n − 1)-circuits, as well as their
union, are fundamental flats ofDn, contrary to condition (i) of Theorem 5.10. In the
dual En of Dn, the elementy is parallel to an elementx, and the deletion En\y is a
rank-n paving matroid whose only nontrivial hyperplanes are two circuit-hyperplanes that
intersect inx. (The matroidsD3 and E3, which are shown inFig. 14, are lattice path
matroids.)

We haveproven the easy part of the following theorem; the more substantial part of this
result follows from the excluded-minor characterization of notch matroids, which is given
in Theorem 8.8.
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Fig. 12. The matroidsD4 andE4.

Fig. 13. Lattice path presentations ofF6, G6, andH6.

Theorem 8.7. The matroids in ex(L) ∩ ex(N ) are:

(1) the 3-wheelW3 and the 3-whirlW3,
(2) An for n ≥ 3,
(3) Bn,k and Cn+k,k for n and k with2 ≤ k ≤ n, and
(4) Dn and En for n ≥ 4.

We now turn to the excluded-minor characterization of notch matroids. The excluded
minors are those inTheorem 8.7together with the three types of lattice path matroids
illustrated inFig. 13and the four matroids inFig. 14.

Theorem 8.8. The excluded minors for the class of notch matroids are:

(1) U1,2 ⊕ U1,2 ⊕ U1,2 and T2(U1,2 ⊕ U1,1 ⊕ U1,1) ⊕ U1,2,
(2) the 3-wheel,W3, and the 3-whirl,W3,
(3) An for n ≥ 3,
(4) Bn,k and Cn+k,k for n and k with2 ≤ k ≤ n,
(5) Dn for n ≥ 3,
(6) En for n ≥ 3,
(7) for n ≥ 4, the rank-n matroid Fn := Tn(Un−2,n−1 ⊕ Un−2,n−1),
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Fig. 14. Path presentations and geometric representations ofU1,2⊕U1,2 ⊕U1,2, T2(U1,2⊕U1,1⊕U1,1)⊕U1,2,
D3, andE3.

(8) for n ≥ 2, the rank-n matroid Gn := Tn(Un−1,n+1 ⊕ Un−1,n+1), and
(9) for n ≥ 3, the rank-n matroid Hn := Tn(Un−2,n−1 ⊕ Un−1,n+1).

To make the proof of Theorem 8.8less verbose, we will use abbreviations such as the
following: from Theorem 3.14applied toM, X1, X2, andy, we getM �∈ L. By this we
mean that the matroidM and the flatsX1 andX2 satisfy the hypotheses ofTheorem 3.14,
with the pointy showing the validity of the third condition.

Proof of Theorem 8.8. The remarks beforeTheorem 8.7show that of the matroids in the
theorem, only D3, E3, and those in items (1) and (7)–(9) are inL. Thepresentations of
these matroids, illustrated inFigs. 13and14, make it clear that they are not inN . It is easy
to check that all proper minors of these matroids are inN . Note that Hn is self-dual, and
that Fn andGn−2 are dual to each other.

The proof thatTheorem 8.8gives all excluded minors is intricate, so we first outline the
argument. Part (8.8.1) proves that the disconnected excluded minors areU1,2⊕U1,2⊕U1,2,
T2(U1,2⊕U1,1 ⊕U1,1)⊕U1,2, F4, G2, andH3. The rest of the proof revolves around three
properties a connected excluded minorM may have:

(a) r (X1 ∪ X2) < r (M) for some nontrivial incomparable connected flatsX1, X2,
(b) M contains three mutually incomparable connected flats,
(c) M has no circuit-hyperplane.

In (8.8.2), we show that ifM has property (a), thenM is Dn for somen ≥ 3. Part (8.8.3)
gives a key property of all connected excluded minors. In (8.8.4), we show that if property
(b) but not (a) holds, thenM is one of the matroids in items (2) and (4). Part (8.8.5) shows
that if only property (c) holds, thenM is one of the matroids in items (6)–(9). If none of the
properties holds, then for any mutually incomparable connected flatsX1, X2, . . . , Xk, we
havek ≤ 2, and if k is 2, then at least one ofX1 or X2 is a circuit-hyperplane. Since
restrictions to proper subsets of circuit-hyperplanes are free, it follows that relaxing a
circuit-hyperplane of such an excluded minor yields a matroidM ′ in which the connected
flats are linearly ordered by inclusion, that is,M ′ is in C. The proof of Theorem 8.8is
completed in (8.8.6) by showing that the only rank-n excluded minor that has a circuit-
hyperplane relaxation inC is An.

Throughout the proof,M denotes a rank-n excluded minor for the class of notch
matroids. ByLemma 8.2, M has neither loops nor isthmuses.
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(8.8.1) If M is disconnected, thenM is one ofU1,2 ⊕ U1,2 ⊕ U1,2,
T2(U1,2 ⊕ U1,1 ⊕ U1,1) ⊕ U1,2, F4, G2, andH3.

Proof of (8.8.1). AssumeM has at least three components. Each component has a circuit
of two or more elements, soM hasU1,2⊕U1,2⊕U1,2 as a minor, which is itself an excluded
minor. Thus,M is U1,2 ⊕ U1,2 ⊕ U1,2.

Now assumeM has exactly two components,M1 andM2. Beingproper minors ofM,
bothM1 andM2 are notch matroids. Observe that ifr (Mi ) ≥ 2, then, byTheorem 3.3and
Corollary 3.10, there is anelementx for which Mi /x is connected. Dually, ifη(Mi ) ≥ 2,
thenMi \y is connected for somey.

AssumeM1 is U1,2. From lattice path presentations and from the statementsM2 ∈ N
andU1,2 ⊕ M2 �∈ N , it follows thatr (M2) andη(M2) are both at least 2. Similarly, ifM ′

2
is a connected minor ofM2 for whichr (M ′

2) andη(M ′
2) are both 2, thenU1,2 ⊕ M ′

2 �∈ N .
These observations, together with those in the last paragraph, imply thatr (M2) andη(M2)

are both 2. From lattice path presentations, we see that only two connected lattice path
matroids have rank and nullity 2, namelyU2,4 andT2(U1,2 ⊕ U1,1 ⊕ U1,1), soM is either
H3 or T2(U1,2 ⊕ U1,1 ⊕ U1,1) ⊕ U1,2.

Now assumeM1 = U1,k with k ≥ 3. SinceM �∈ N , the nullity of M2 is at least 2.
Arguments like those in the last paragraph imply thatk is 3, thatη(M2) is 2, and that
r (M2) is 1; thereforeM2 is U1,3, soM is G2.

Finally, if M1 andM2 have rank 2 or greater, then, by the same types of arguments, both
M1 andM2 have rank 2 andnullity 1, so M is F4. �

Fromnow on, we assumeM is connected.

(8.8.2) If M has nontrivial incomparable connected flatsX1 andX2 with
r (X1 ∪ X2) < n, thenM is Dn.

Proof of (8.8.2). Choose such a pair of flatsX1, X2 so thatr (X1) + r (X2) is as small as
possible.Lemma 8.5applied toM|(X1 ∪ X2), X1, andX2 implies that eitherX1 or X2 is
a circuit-hyperplane ofM|(X1 ∪ X2).

AssumeM|(X1 ∪ X2) is disconnected. This disconnected notch matroid has neither
loops nor isthmuses, so one component, sayX1, has rank 1 and the other, X2, has nullity
1; thus,X1 is a parallel class andX2 is a circuit. If |X1| > 2 andy ∈ X1, then M\y,
X1 − y, and X2 contradictLemma 8.5. If |X2| > 2 andz ∈ X2, then M/z, clM/z(X1),
andX2 − z contradictLemma 8.5. Thus,|X1| = |X2| = 2. SinceM has neither B2,2 nor
U1,2 ⊕ U1,2 ⊕ U1,2 as a proper minor,X1 andX2 are the only nontrivial parallel classes of
M. Let x andy be inE(M) − cl(X1 ∪ X2). By Lemma 8.5, the rank-1 flats clM/x(X1) and
clM/x(X2) are hyperplanes ofM/x, sor (M) is 3. It follows thatM|(X1 ∪ X2 ∪ {x, y}),
and soM, is one of the excluded minorsT2(U1,2 ⊕ U1,1 ⊕ U1,1) ⊕ U1,2 or D3; sinceM is
connected,M is D3.

Now assumeM|(X1∪X2) is connected. We show thatM is Dn by proving the following
statements:

(i) M is simple,
(ii) X1 andX2 are disjoint circuits, andX1 ∪ X2 is a flat ofM,
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(iii) E(M) − (X1 ∪ X2) contains only two elements, sayx andy,
(iv) the only nonspanning circuits ofM\x, y areX1 andX2,
(v) |X1| = |X2|, sobothX1 andX2 are circuit-hyperplanes ofM\x, y, and
(vi) the only circuits ofM that containx andy are spanning circuits.

To prove statement (i), note that sinceM|(X1 ∪ X2) is connected, and since X1 and
X2 are incomparable flats, neitherX1 nor X2 is a parallel class. If elementsx andy of M
were parallel, thenM\y, X1 − y, andX2 − y (which may beX1 andX2) would contradict
Lemma 8.5.

For statement (ii), we first show that bothM|X1/x andM|X2/x are connected for any
x in X1 ∩ X2. If, say, M|X1/x were disconnected, then byLemma 2.6, there would be
nontrivial incomparable connected flatsA andB of M|X1 with r (A) + r (B) = r (X1) + 1.
Since M is simple,r (X2) exceeds 1, so the flatsA and B of M would contradict the
choice ofX1 andX2 as minimizing the sumr (X1) + r (X2). SinceM|X1/x andM|X2/x
are connected,M/x, X1 − x, and X2 − x contradictLemma 8.5. Thus, X1 and X2 are
disjoint. The connected notch matroidsM|X1 and M|X2 have spanning circuits; this
observation and the minimality ofM show thatX1 and X2 are circuits. For anyx in
cl(X1 ∪ X2) − (X1 ∪ X2), the deletion M\x is connected, soM\x, X1, and X2 would
violateLemma 8.5. Thus, cl(X1 ∪ X2) is X1 ∪ X2, so statement (ii) holds.

Let y be inE(M)−(X1∪X2). The contractionM/y has neither loops nor isthmuses. By
Lemma 8.5, at least one of clM/y(X1) and clM/y(X2) is a circuit-hyperplane of the notch
matroidM/y, sor (X1 ∪ X2) is n − 1. ForM\y, X1, andX2 to not contradictLemma 8.5,
M\y must have an isthmus. From these conclusions, statement (iii) follows.

AssumeC is a nonspanning circuit ofM\x, y other thanX1 andX2. Recall that either
X1 or X2, sayX1, is acircuit-hyperplane ofM\x, y. Thus,X1 and cl(C) are incomparable
andX1 ∪ C spans the flatX1 ∪ X2. Let z be inthe differenceX2 − C of circuits. Note that
M\z is connected. ThatM\z, X1, and cl(C) − z contradictLemma 8.5proves statement
(iv). Statement (v) follows since if|X2| < |X1| andz is in X1, thenM/z, X1 − z, andX2
would contradictLemma 8.5.

From statements (i) and (v) we haven ≥ 4. Assumex and y are in a nonspanning
circuit C. At least one ofX1 and X2 is not contained in cl(C), so we may assume that
X1 and cl(C) are incomparable. Letz be in the differenceX2 − C of circuits. Note that
X1 ∪ (X2 − z) is a connected hyperplane ofM\z sincen ≥ 4, so M\z is connected.
Lemma 8.5applied toM\z, X1 and clM\z(C) implies that clM\z(C) must be a circuit-
hyperplane ofM\z, so cl(C) is a hyperplane ofM. Note that cl(C) is either clM\z(C) or
clM\z(C)∪z, that is,eitherC or C ∪z, so|cl(C)| ≤ n+1. Thus, ifX2 ⊆ cl(C), then cl(C)

is X2 ∪{x, y}. However, if cl(C) is X2 ∪{x, y} andw is in X1, thenM\w, (X1 −w)∪ X2,
X2∪{x, y} contradictLemma 8.5. Therefore X2 and cl(C) are incomparable. By switching
X1 and X2 if necessary, we may assumeC ∩ X1 �= ∅. Sincer (C) = n − 1, we have
r (C∪X1) = n; however, thereare at least two elements, saya andb, in X2−(cl(C) ∪ X1),
that is, inX2 − cl(C), so byTheorem 3.14, M\a is not a lattice path matroid, contrary to
the minimality ofM. Thus, statement (vi) holds, soM is Dn. �

(8.8.3) If X is a proper nontrivial connected flat ofM and the elementx of X is not
parallel to any element, thenX − x is a connected flat ofM/x.
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Proof of (8.8.3). If X − x were a disconnected flat ofM/x, then, by Lemma 2.6applied
to M|X, we would haver (X1 ∪ X2) ≤ r (X) < r (M) for some nontrivial incomparable
connected flatsX1, X2 of M|X. SinceX1 andX2 would also be flats ofM, by (8.8.2),M
would beDn. That Dn has no such flatX and elementx provides the contradiction that
proves the result. �

(8.8.4) If M has three mutually incomparableconnected flatsX1, X2, X3, thenM is
W3, W3, Bn,k, or Cn,k.

Proof of (8.8.4). The minimality ofM andLemma 8.6imply that the ground set ofM is
X1 ∪ X2 ∪ X3 and that any pairx, y of parallel elements can be in only one ofX1, X2, X3.
If an elementx were inX1 ∩ X2 ∩ X3, then by (8.8.3),M/x, X1 − x, X2 − x, andX3 − x
would contradictLemma 8.6, so X1 ∩ X2 ∩ X3 = ∅. Note that M is not Dn, so we have
r (Xi ∪ X j ) = n for {i , j } ⊂ {1, 2, 3}.

First assumeX1 ∩ X2 = ∅. There are at least two pointsx and y in X2 − X3, so
if X1 ∩ X3 were nonempty, thenM\y, X1, andX3 would contradictTheorem 3.14. Thus,
X1∩X3 = ∅. Similarly X2∩X3 = ∅. Theminimality of M implies thatX1, X2, andX3 are
circuits. Let{i , j , k} be{1, 2, 3}. Sincer (Xi ∪ X j ) is n, for anyx in Xk thenotch matroid
M\x has no isthmuses; thus, fromLemma 8.5, either Xi or X j is a circuit-hyperplane
of M\x and so ofM. It follows that at least two ofX1, X2, X3, say X1 and X2, are
circuit-hyperplanes ofM. Let |X3| be k. Note that M is Bn,k if X1, X2, and X3 are the
only nonspanning circuits ofM. If C were another nonspanning circuit, then for anyz in
the differenceX3 − C of circuits, the flat clM\z(C) would be contained in neither of the
hyperplanesX1 andX2 of M\z, contrary to part (iv) ofCorollary 3.12. Thus,M is Bn,k.

Now assumeXi ∩ X j �= ∅ for all sets{i , j } ⊂ {1, 2, 3}. We claim that X1, X2, and
X3 are hyperplanes and the union of any two contains all but at most one point ofM.
Let {i , j , k} be {1, 2, 3} and let x be in Xi ∩ X j . The equality r (Xi ∪ Xk) = n and
Theorem 3.14give the inequality|E(M) − (Xi ∪ Xk)| ≤ 1, so the second claim holds.
To see thatXk is a hyperplane, note thatLemma 8.6applied toM/x, clM/x(Xk), Xi − x,
andX j − x implies that thereis a containment among at least two of these sets. Of the two
possible containments, we may assumeXi − x ⊆ clM/x(Xk). Thus,Xi ⊆ cl(Xk ∪ x). This
containment, the inequality|E(M) − (Xi ∪ Xk)| ≤ 1, and thatX j is connectedimply that
cl(Xk ∪ x) is X1 ∪ X2 ∪ X3, soXk is a hyperplane ofM.

If x andy are inXi ∩ X j , thenx is in thenontrivial connected hyperplanesXi − y and
X j − y of the notch matroidM/y, so,by Theorem 3.14, E(M/y) is (Xi − y) ∪ (X j − y).
Thus, if |Xi ∩ X j | ≥ 2, thenE(M) = Xi ∪ X j .

Assume|X1 ∩ X2| is 1. SinceX1 is connected and at mostone point ofX1 is in neither
X1 ∩ X2 (one point) norX1 ∩ X3 (a flat), there is one point inX1 − (X2 ∪ X3). Similarly,
there isone point inX2 − (X1 ∪ X3). These conclusions, and that in the last paragraph,
give the equality|X1 ∩ X3| = |X2 ∩ X3| = 1. ThereforeX1, X2, andX3 are three-point
lines. It follows easily thatM is eitherW3 orW3.

Assume|Xi ∩ X j | ≥ 2 for {i , j , k} = {1, 2, 3}. Thus,Xi = (Xi ∩ X j ) ∪ (Xi ∩ Xk). Let
x andy be inXi ∩ X j . Lemma 8.5applied toM/y, Xi − y, andX j − y implies that either
Xi −y or X j −y isa circuit-hyperplaneofM/y. Since, in addition,Xi andX j are connected
hyperplanes ofM, either Xi or X j is a circuit-hyperplane ofM. It follows that at least two
hyperplanes, sayX1 andX2, are circuit-hyperplanes ofM. Assume|X1 ∩ X2| = k. That
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X1 andX2 are circuit-hyperplanes ofM gives theequality|X1∩ X3| = n−k = |X2∩ X3|.
To prove thatM is Cn,k, we need only show that the only proper nontrivial connected flat
X other thanX1 and X2 is X3. Clearly X is incomparable to the circuit-hyperplanesX1
and X2. As we deduced forX1, X2, X3, we getX ∩ X1 ∩ X2 = ∅, so X ⊆ X3. Since
X1 ∩ X3 andX2 ∩ X3 are independent, bothX ∩ X1 andX ∩ X2 are nonempty. With this,
the claim in the third paragraph shows thatX is a hyperplane. SinceX ⊆ X3, it follows
that X is X3, as needed. �

(8.8.5) If M has no circuit-hyperplane and is notDn, thenM is one ofEn, Fn, Gn,
or Hn.

Proof of (8.8.5). Since M is not a generalized Catalan matroid, there is a pairX1, X2
of incomparable connected flats. SinceM is not Dn, part (8.8.2) gives the equality
r (X1 ∪ X2) = n for any such pair of flats.

Assume there were an elementx in E(M)−(X1∪X2). Sincer (X1∪X2) isn, thedeletion
M\x would have no isthmuses. Therefore eitherX1 or X2 would be a circuit-hyperplane
of M\x and so ofM. SinceM has no circuit-hyperplane, the equalityE(M) = X1 ∪ X2
follows.

First assumeM has two incomparable connected flatsX1 andX2 that are notdisjoint.
We show thatM is En by proving the following statements:

(i) each element inX1 ∩ X2 is parallel to another element ofM,
(ii) X1∩X2 contains just two elements, sayx andy, and at least one ofX1−x andX2−x,

sayX1 − x, is acircuit-hyperplane ofM\x,
(iii) X2 − x is a circuit,
(iv) |X1| = |X2|, and
(v) the nonspanning circuits ofM areX1 − x, X1 − y, X2 − x, X2 − y, and{x, y}.
Assume statement (i) failed for somex in X1 ∩ X2. From (8.8.3) andLemma 8.5, either
X1 − x or X2 − x, sayX1 − x, would be a circuit-hyperplane ofM/x. It follows thatX1
would be a circuit-hyperplane ofM. This contradiction to the hypotheses of (8.8.5) proves
statement (i). It follows that for eachx ∈ X1 ∩ X2, thedeletion M\x is a connected notch
matroid, so byLemma 8.5, either X1 − x or X2 − x, sayX1 − x, is acircuit-hyperplane
of M\x. Sincethe circuit X1 − x of M\x cannot contain parallel elements, statement
(ii) follows. By (8.8.3) the minorM|X2/y\x is connected, so by part (b) ofCorollary 3.7
there is a spanning circuitX′

2 of M|X2 that containsy. Lemma 8.5and the minimality of
the excluded minorM imply thatX2 is X′

2 ∪ x, so statement (iii) holds. For statement (iv),
note that if|X1| > |X2| andz ∈ X1 − X2, thenM/z, X1 − z, and clM/z(X2) contradict
Lemma 8.5. Statement (v) follows from part (iv) ofCorollary 3.12since each of the notch
matroidsM\x andM\y has two circuit-hyperplanes.

Now assume any two incomparable nontrivial connected flats are disjoint. We showed
that the union of any two such flats isE(M). Let X1, X2 be such flats. It follows that
all nonspanning circuits ofM spaneither M|X1 or M|X2, so M is Tn(M|X1 ⊕ M|X2);
also, M|X1 and M|X2 are uniform matroids. IfX1 is not a circuit andx is in X1, then
M\x is a connected notchmatroid in whichX2 is not a circuit-hyperplane, soX1 − x is a
circuit-hyperplane ofM\x; it follows thatM|X1 is Un−1,n+1. Assume thatX1 is a circuit,
and so not a hyperplane ofM; let x be in X2. Note that X1 andX2 − x are incomparable
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connected flats of the notch matroidM/x, which has no isthmuses. SinceX2 is not a
circuit-hyperplane ofM, it follows that X2 − x cannot be a circuit-hyperplane ofM/x.
Therefore byLemma 8.5, X1 is a circuit-hyperplane ofM/x. Thus,M|X1 is Un−2,n−1. In
this manner, we see that there are, up to switchingX1 and X2, three possibilities:M|X1
andM|X2 are bothUn−2,n−1; M|X1 is Un−2,n−1 andM|X2 is Un−1,n+1; both M|X1 and
M|X2 areUn−1,n+1. These possibilities give, respectively,Fn, Hn, andGn. �

(8.8.6) If relaxing some circuit-hyperplaneC of M gives a generalized Catalan
matroidM ′, thenM is An.

Proof of (8.8.6). We show thatM is An by proving the following statements.

(i) There is a nonspanning circuitC′ �= C of M with C ∩ C′ �= ∅.

Fix such acircuit C′ of least cardinality.

(ii) There is at least one elementy in E(M) − (
C ∪ cl(C′)

)
.

(iii) The ground set ofM is C ∪ C′ ∪ y; also|C ∩ C′| = 1.
(iv) The circuit C′ is a hyperplane ofM.
(v) The only nonspanning circuits ofM areC andC′.

Let the chain of proper nontrivial connected flats ofM ′ be X1 ⊂ · · · ⊂ Xk. If C ∩ Xk

were empty, then, byCorollary 5.8, there would be an automorphism ofM ′ that mapsC to
a final segment; byLemma 8.4we would get the contradiction thatM is anotch matroid.
Thus,C ∩ Xk is not empty, which gives statement (i). Among all circuits that intersectC,
chooseC′ with smallest cardinality. The closure cl(C′) is one of the connected flatsX j ,
and by the choice ofC′, thebasisC of M ′ is disjoint from Xi for i < j . To prove statement
(ii) we must show thatC does not contain the complement ofX j ; if this were false, then
by Corollary 5.8andLemma 8.4we would get, as before, thatM is anotch matroid.

By Theorem 3.14, M|(C ∪ C′ ∪ y) is not a lattice path matroid. This observation and
the minimality ofM provethe first part of statement (iii). The second part holds since if
|C ∩ C′| ≥ 2 andx ∈ C ∩ C′, then, by Theorem 3.14, M/x would not bea lattice path
matroid. LetC ∩ C′ bex.

To prove statement (iv), first note thatM|clM (C′) is a uniform matroid since, by the
choice ofC′, any nonspanning circuitZ of M|clM (C′) would be disjoint from C, which
gives the contradiction that the circuitC′ properly contains the circuitZ. SinceM|clM (C′)
is a uniform matroid that consists ofC′ and a subset ofC, and since, by statement (iii),
any circuitC′′ �= C with |C′′| = |C′| that intersectsC contains just one element ofC,
it follows that C ∩ clM (C′) is x, so C′ is closed. IfC′ is not a hyperplane ofM, then
there is an elementz in C − clM (C′ ∪ y), so y is not in clM (C′ ∪ z). However, for such
a z, Theorem 3.14applied toM/z, clM/z(C′), C − z, andy shows thatM/z is not inL,
contrary toM being an excluded minor forN .

SinceC′ is a circuit-hyperplane ofM and of the generalized Catalan matroidM ′, it
follows thatC′ is theonly nonspanning circuit ofM ′, soC andC′ are the only nonspanning
circuits ofM, as needed to complete the proof. �

Fig. 15 shows two excluded minors forL that are not amongthose given in
Theorem 8.7. Presently we do not know whether these two matroids complete the list of
excluded minors for the class of lattice path matroids.
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Fig. 15. Two more excluded minors for the class of lattice path matroids.

We close by noting that a lattice path matroid is graphic if and only if it is the cycle
matroid of an outerplanar graph in whicheach inner face shares edges with at most two
other inner faces. One implication follows sinceW3 andC4,2 (i.e., the cycle matroids of
the two excluded minors,K4 and K2,3, for outerplanar graphs) are excluded minors for
lattice path matroids, as isB2,2, which isthe cycle matroid of thegraph formed by adding
an edge parallel to each edge ofK3. Theother implication follows since by adding edges
any graph of the stated type can be extended to a graph of this type in which each face is
bounded by at most three edges, and the cycle matroids of such graphs, which are certain
parallel connections of three-point lines, are easily seen to be lattice path matroids.

Acknowledgement

The authors thank Omer Giménez for some useful observations related to several parts
of this paper.

References

[1] F. Ardila, The Catalan matroid, J. Combin. Theory Ser. A 104 (2003) 49–62.
[2] J.A. Bondy, Presentations of transversal matroids, J. London Math. Soc. (2) 5 (1972) 289–292.
[3] J.A. Bondy, D.J.A. Welsh, Some results on transversal matroids and constructions for identically self-dual

matroids, Q. J. Math. Oxford (2) 22 (1971) 435–451.
[4] J. Bonin, O. Giménez, Multi-path matroids,arXiv: math.CO/0410425, v1 19 October 2004.
[5] J. Bonin, A. de Mier, M. Noy, Lattice path matroids:enumerative aspects and Tutte polynomials, J. Combin.

Theory Ser. A 104 (2003) 63–94.
[6] R.A. Brualdi, Transversal matroids, in: N. White (Ed.), Combinatorial Geometries, Cambridge Univ. Press,

Cambridge, 1987, pp. 72–97.
[7] R.A. Brualdi, G. Dinolt, Characterizations of transversal matroids and their presentations, J. Combin.

Theory Ser. B 12 (1972) 268–286.
[8] T.H. Brylawski, An affine representation for transversal geometries, Stud. Appl. Math. 54 (1975) 143–160.
[9] H.H. Crapo, Single-element extensions of matroids, J. Res. Natl. Bur. Stand. B 69B (1965) 55–65.

[10] H.H. Crapo, W. Schmitt, A free subalgebra of the algebra of matroids (preprint).
[11] J. Hopcroft, R. Karp, Ann5/2 algorithm for maximum matchings in bipartite graphs, SIAM J. Comput. 2

(1973) 225–231.

http://arxiv.org//arxiv:math.CO/0410425


738 J. Bonin, A. de Mier / European Journal of Combinatorics 27 (2006) 701–738

[12] A.W. Ingleton, Transversal matroids and related structures, in: M. Aigner (Ed.), Higher Combinatorics
(Proc. NATO Advanced Study Inst., Berlin,1976), Reidel, Dordrecht, Boston, MA, 1977, pp. 117–131.

[13] P.M. Jensen, B. Korte, Complexity of matroid property algorithms, SIAM J. Comput. 11 (1982) 184–190.
[14] L. Matthews, Bicircular matroids, Q. J. Math. Oxford Ser. (2) 28 (1977) 213–227.
[15] A. de Mier, M. Noy, A solution to the tennis ball problem, Theoret. Comput. Sci. (in press).
[16] J.G. Oxley, Matroid Theory, Oxford University Press, Oxford, 1992.
[17] J.G. Oxley, K. Prendergast, D. Row, Matroids whose ground sets are domains of functions, J. Aust. Math.

Soc. Ser. A 32 (1982) 380–387.
[18] M. Sohoni, Rapid mixing of some linear matroids and other combinatorial objects, Graphs Combin. 15

(1999) 93–107.
[19] D.J.A. Welsh, A bound for the number of matroids, J. Combin. Theory 6 (1969) 313–316.
[20] D.J.A. Welsh, Matroid Theory, Academic Press, London, New York, 1976.


	Lattice path matroids: Structural properties
	Introduction
	Background
	Basic structural properties of lattice path matroids
	Minors, duals, and direct sums
	Connectivity and spanning circuits
	Circuits and connected flats

	Generalized Catalan matroids
	Fundamental flats and a characterization of lattice path matroids
	Lattice path matroids as transversal matroids
	Maximal and minimal presentations
	Recognizing lattice path matroids
	A geometric description of lattice path matroids
	Relation to other classes of transversal matroids

	Higher connectivity
	Notch matroids and their excluded minors
	Acknowledgement
	References


