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Abstract

In this paper, we construct the additional symmetries of the supersymmetric BKP (SBKP) hierarchy.
These additional flows constitute a B type SW o, Lie algebra because of the B type reduction of the super-
symmetric BKP hierarchy. Further we generalize the SBKP hierarchy to a supersymmetric two-component
BKP (S2BKP) hierarchy equipped with a B type SW oo € SW4co Lie algebra. As a bosonic reduction
of the S2BKP hierarchy, we define a new constrained system called the supersymmetric Drinfeld—Sokolov
hierarchy of type D which admits a N = 2 supersymmetric Block type symmetry.
© 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

In the study of integrable hierarchies, it is interesting to find their symmetries and identify
the algebraic structure of the symmetries. Among these symmetries, the additional symmetry
is an important type which contains dynamic variables explicitly and these additional flows
do not commute with each other. Additional symmetries of the Kadomtsev—Petviashvili (KP)
hierarchy were introduced by Orlov and Shulman [1] which contain one important symme-
try, i.e. the so-called Virasoro symmetry. These symmetries form a centerless Wi, algebra
closely related to matrix models by means of the Virasoro constraint and string equations [2—5].
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Two sub-hierarchies as the BKP hierarchy and CKP hierarchy [6—11] have been shown to possess
additional symmetries, with consideration of the reductions on the Lax operators.

Various generalizations and supersymmetric extensions [12] of the KP hierarchy have deep
implications in mathematical physics, particularly in the theory of Lie algebras. In [13,14],
the theory of the super-Lie algebras was surveyed by considering super-boson—fermion Cor-
respondences. One important supersymmetric extension is the supersymmetric Manin—Radul
Kadomtsev—Petviashvili (MR—SKP) hierarchy [15] which contains a lot of integrable super-
solitary equations equipped with the super-pseudodifferential operators. Apart from the Manin—
Radul one, Mulase supersymmetrize the KP hierarchy by constructing a hierarchy called the
Jacobian SKP hierarchy which does not possess a standard Lax formulation [16]. This hierarchy
has strict Jacobian flows, i.e. it preserves the super-Riemann surface about which one can also
see [17]. The additional symmetries for super-hierarchies were firstly found in the paper [18] by
constructing the standard Orlov—Schulman additional nonisospectral flows. Later the additional
symmetry of the MR—SKP hierarchy was studied by Stanciu [19]. The ghost symmetries, Hamil-
tonian structures and extensions of the MR—SKP hierarchy were studied as well as reductions
of the MR—SKP hierarchy [20,21]. Later the supersymmetric BKP (SBKP) hierarchy was con-
structed in [22]. After that these series of super-hierarchies were seldom studied in mathematical
physics partly because of their extreme complexities.

For the symmetry of the two-component BKP hierarchy, there is a series of works such as
[7,23-25]. In the paper [26], we construct the generalized additional symmetries of the two-
component BKP hierarchy and identify its algebraic structure. Besides, the D type Drinfeld—
Sokolov hierarchy was found to be a good differential model to derive a complete Block type
infinite dimensional Lie algebra. About the Block algebra related to integrable systems, we did
a series of works in [27-29]. In this paper, we will construct the additional symmetries of the
supersymmetric BKP hierarchy. These additional flows constitute a B type SWi1 Lie algebra.
Further we generalize the SBKP hierarchy to a supersymmetric two-component BKP hierarchy
(S2BKP hierarchy) and derive its algebraic structure. As a reduction of the S2BKP hierarchy, in
this paper a new supersymmetric Drinfeld—Sokolov hierarchy of type D will be constructed and
proved to have a super-Block type additional symmetry.

In (1 4 1) dimensional sypersymmetric integrable systems, starting from 1980s, there is also
a series of work about superversions of Korteweg—de Vries (KdV), Toda—KdV equations and
so on [30-33]. Most of them are related to the conformal field theory and string theory [31,32].
The generalized KdV equations and Toda lattice equations are particularly interesting integrable
nonlinear systems in connection with conformal field theories. Their Virasoro symmetry can be
extended to a W), algebra which is known to arise from the Hamiltonian structure of the general-
ized KdV equation [34] by incorporating conserved currents of higher spins. The supersymmetric
version of the Drinfeld—Sokolov reduction of the Toda—KdV theories gives the generators of the
related super- W-algebra with the commutation relations provided by the associated Hamiltonian
structure [35]. In this paper we will extend the Lie algebraic method of Drinfeld and Sokolov
[34] to the sypersymmetric case and develop a Lie superalgebraic method for a supersymmetric
D type Drinfeld—Sokolov hierarchy. We further derive that the supersymmetric Drinfeld—Sokolov
hierarchy of type D possesses a N = 2 supersymmetric Block type Lie algebraic structure.

This paper is arranged as follows. In the next section we recall some necessary facts of the
SBKP hierarchy. In Sections 3, we will give the additional symmetries for the SBKP hierar-
chy. The ghost symmetry of the SBKP hierarchy will be devoted to Sections 4 and 5 using
the techniques in [20]. Further in Sections 6 and 7, we generalize the SBKP hierarchy to a
S2BKP hierarchy and derive its B type SW o0 € SW 140 algebra. As a bosonic reduction of the
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supersymmetric two-component BKP hierarchy, we define a new constrained system called the
supersymmetric Drinfeld—Sokolov hierarchy of type D which possesses a N = 2 supersymmetric
Block type Lie algebra in the following two sections. Finally, we will give a short conclusion and
a further discussion.

2. The supersymmetric BKP hierarchy

Let us firstly recall some basic facts [22] on the supersymmetric BKP system which is well
defined by two Lax operators.

A is assumed as an algebra of smooth functions of a spatial coordinate x, a Grassmann vari-
able 0 and their super-derivation denoted as D = 9y + 09. This algebra A has the following
multiplying rule

D — Z[ } 1)l ¥l0= li) i @.1)
0 i <0 or (n,i)=(0,1) (mod 2);
|:nrizi| - ([[ ]

]) i>0, (ni)#(0,1) (mod?2).
Here the value |®| means the super-degree of the operator ® which shows the operator @ is
fermionic or bosonic. The supersymmetric derivative D satisfies the supersymmetric analog of
the Leibniz rule

(2.2)

RS

X

D(ab) = D(@)b + (—=1)“laD(b), (2.3)

where a is a homogeneous element of A. We introduce the even and odd time variables
(t2, 13, 6, t7, -) and the following definition of even and odd flows

0
Dyi_> = , D4 = + 4j—1—— (2.4)
' 0t4; 2 . 3t4z 1 XZ: 3t4z+4j 2

We recall that the supercommutator is defined as [X, Y] = XY — (—=1)!XII¥1y X The bracket has
aproperty as [X, Y Z] = [X, Y1Z + (= )XYy [X, Z]. Then D? = }[D, D] = 9. This family of
infinite odd and even flows satisfy a nonabelian Lie superalgebra whose commutation relations
are

[D4i—2,D4j2]1=0, [D4i—2,D4j-11=0, [D4gi—1,D4j-1]1=—-2D4it4j-2,

[D4i—2,D]1=0, [D4i—1,D]=0. (2.5)

For any operator A =) ", _; f; D' € A and homogeneous operators P, Q, its nonnegative projec-
tion, negative projection, adjoint operator are respectively defined as

Ap=) fiD', A_=) fiD', A*=) (-D)-fi, (2.6)
i>0 1<0 1€Z
(PO = (DP9 g*p* (P~ hy* = (—DIPl(p*)~! 2.7)

Also for the operator DX, the adjoint operator is defined as

k(k+1)

(DY* = (1) 2 Dk 2.8)
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Basing on definitions in [22], the Lax operator of the supersymmetric BKP hierarchy has a
form as
; 1
L=D+Y uD"" u2=—§u[l”. (2.9)
i1

The supersymmetric BKP hierarchy is defined by the following Lax equations

Dy—oL=[L* 4, L], Dy L=[L* N L]-2L% k=1 (2.10)
One can rewrite the operator L in a dressing form as

L=®Dd !, 2.11)
where

q>=1+2a,-D—i, (2.12)

i>1

satisfy

o*=po~'p L. (2.13)

We call Eq. (2.13) the B type condition of the supersymmetric BKP hierarchy. Given L,
the dressing operator @ is determined uniquely up to a multiplication to the right by operators
with constant coefficients. The dressing operator @ takes values in a B type Volterra group. The
supersymmetric BKP hierarchy (2.10) can also be redefined as

0P 0D
= (L% o, = (L% o, (2.14)
Otak—n Otaf—1
with £ > 1.

With the above preparation, it is time to construct additional symmetries for the supersym-
metric BKP hierarchy in the next section.

3. Additional symmetries of the supersymmetric BKP hierarchy

In this section, we are to construct additional symmetries for the supersymmetric BKP hier-
archy by using the Orlov—Schulman operators whose coefficients depend explicitly on the time
variables of the hierarchy. The Orlov—Schulman operators M; and auxiliary operator Q are con-
structed in the following dressing structure

M; =o', i=0,1; Q=d0d ",

where

1 1
o= = "4k — Dtag_r D¥** + Z 4k — V) tag_ D¥*3
0 x+22( -2 +5( Maj—1

k>1
1 2k—2 . : 2i+2j-2
=3 2 to10¥ 0+ D G = Praiataj 9, 3.1
k>1 i,j>1
Fi=0+) tax—19%7", (3.2)
k>1

where Q = 9y — 60.
Then one can get the following lemma.
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Lemma 3.1. The operators T';, QO satisfy

[Dsi—y — D¥72,T;j1=[Dgi_1 — D¥~',T;1=0; j=0,1, (3.3)
[Dgi—2 — D¥72, Q1 =[Dygi_1 — DY, 01 =0, (3.4)
[0,Tol=-T1, [Q,T1]=1, [3,To]l=1. (3.5)

Proof. For the proof, one can do the following direct calculation
. 1 . .
[Dai—2 = D72, Dol = S (4i = 2)D¥ ™4 — [D¥72, x]
=i — 1% 2 —[9%" 1 x]1=0, (3.6)
[Dyi—1 — DY~ Tg]

4i—1
1—— — D", Tg] 3.7
3t4z 1 Z_: K 3t4z+4] 2

1 . — | — . . i i
— 5(41 _ 1)D4k 3 _ 5821 2Q +22(l _ ‘])t4j71821+21 2
izl

o
— ) Qi +2j = Dtgj D¥FIH
j=1

. 1
—[D¥ ! x — 5 > 4k — Dtgg_ D¥ 73], (3.8)
k>1

Because

. . . ; 1 1 5
[D4l_l,x] — [821_1D,x] — (21 _ 1)D4l—3 + aZl—leax — 5(41 _ 1)D4k—3 _ 582l—2Q’

[D¥, Z(4k—1)t4k D% = =3 @) — Dy DHH, (3.9)
k>1 j=1
then
[Dsi—1 — D¥~! Tl =0. (3.10)
For I'y, we have
[Dsi—r — D¥72,T1]1=0, (3.11)
d .

D _D4l 1 F — _ _ ——D4l_1,9+ t _ 82k_1

[D4i—1 1] [8t4i 1 Z 18t4i+4j_2 ; 4k—1 1
=%~ pH-2=o. (3.12)

For Q, the following identities hold

[Dsi—2 — D¥72, 01 =0, (3.13)
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[Dyi—1 — D¥~', 0] = —Z 4j-17—— — D¥7', 0]1=0, (3.14)

8[4, 3t4l +4j-2

[0, Tol =10, x1-10, 5 ZMHBZ"‘ZQ],

k>1
=—0- ka_laz"—l =T, (3.15)
k>1
[0, T1]=[Q.0]=1. 0 (3.16)

Then it is easy to get the following lemma by dressing structures.

Lemma 3.2. The operators M, Q, L satisfy

[Q Mol=—M;, [Q M]=1, [L*> Myl=1, (3.17)
DiM; =[(L*) . Mj], DiQ=[(LN1.Ql, k=4i—-24i—1, ieZ,. (3.18)

Proof. The dressing structure

®[D4i—y — DY 107 =0; (3.19)
will lead to
[®D4i_1 @' —dD* 1o~ M]=0; (3.20)
and further to
o0
[Dyj—1 — Py 1@~ + Zt4i—1 yipaj2® ' — LY M1 =0. (3.21)
j=1
Then we get
[Dai—1 — (Dgi—1 @)®~" — LY~ M1=0; (3.22)

and using Eq. (2.14) we can derive
[Dai—1 = (L¥™ D, Mi] = 0. (3.23)

The other identities can be proved using the similar dressing techniques. O

From now on, we will introduce the following operator Bk, defined as
Bukip = MEMLIQP L2™ — (—1yPHHmtrH p2m=t@rymi Mk L, (3.24)

where k,m > 0; [, p = 0, 1. This operator is the generator of the additional symmetry of the
SBKP hierarchy which shows the difference between generators of the SKP and SBKP hierar-
chies. For the SKP case in [15], in the construction of By, it contains only one term.

Then the following proposition can be got.

Proposition 3.3. The operator By, satisfies the following flow equations

D4k—2anlp = _[(L4k_2)—a anlp]v D4k—lenlp = _[(L4k_l)—» anlp]~ (3.25)
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Proof. The lemma can be proved by dressing the following identities by &
[Daf—r — D¥ 72, TeT 0P8™] = [Day—y — D¥*7', TPT QP8 =0. O (3.26)

To prove that By, satisfies the B type condition, we need the following lemma.

Lemma 3.4. The operators M; satisfy the following conjugate identities,

M} =(-1))DL™'M;LD™!, Q*=-DL~'QLD". (3.27)

Proof. Using

®*=Dpd'D7!, I'f =(-1)'T;, 0*=-0, (3.28)
the following calculations

M} =o* T o* = (~1)) DD ' DO~ 'D~ = (~1)) DOD 'O~ ' M;®DD ' D!,
will lead to this lemma. The anti adjoint property of QQ can be proved in a similar way. O

It is easy to check the following proposition holds basing on Lemma 3.4 above.

Proposition 3.5. The operator By, satisfies a B type condition, namely

By =—DBuup D" (3.29)

Proof. Using Proposition 3.4, the following calculation will lead to this proposition
:zklp — (MSM{QpL2m _ (—1)pl+m+p+lL2m_1QpMiM(])(L)*
=(- 1)p1L2m*(Qp)*M{*M§* + (_1)m+p+lL*M(I)c*Mi*(Qp)*L2m7]*
— (—1)pl+m+p+1DL2m71QpMiM(])(LD71 _ DM(])(M{QpLsz71
— _D(M(])cMiQpLzm _ (_1)[)1+m+[7+lL2m—1Q[?M{ M(])(L)D—l . O

Basing on above proposition, it is reasonable to define additional flows of the supersymmetric
BKP hierarchy as

DuripL = [=Burip) -, L], k,m>0;1,p=0,1. (3.30)
Proposition 3.6. The flows (3.30) commute with the flows of the supersymmetric BKP hierarchy.
Namely, one has

[Dmn[p,Dk]=0, m,n>0;l,p=0,1, k=4i—-2,4i—1,i€Zy, (3.3D)

which holds in the sense of acting on P.

Proof. The proposition can be checked case by case with the help of Eq. (3.25). For example,
[Dmnlpz Dk] X
= Dyuntp Dk® — (=) XD Dy @
= (=D -, Bynip)-1®
+ [Buntp)— L= @ + (D) TPH(LO 4, Byip]-@=0. O (3.32)
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This proposition tells us that the additional flows of the supersymmetric BKP hierarchy are in
fact its symmetries whose algebraic structure can be shown in the following proposition.

Proposition 3.7. The algebra of additional symmetries of the SBKP hierarchy given by Eq. (3.30)
is isomorphic to the Lie algebra SW14oo.

Proof. The isomorphism is given by

z—>09, &> Q+T40, (3.33)

0, —=To, 0T, (3.34)
which further lead to

> L% £ Q4+ ML (3.35)

0, —~ My, 0f —> M. (3.36)

One can find the above construction keeps & commuting with z. O
4. Ghost symmetry of supersymmetric BKP hierarchy
In this section, we will give another special symmetry which does not contain time variables

explicitly. Before that, we firstly need to define the super-Baker—Akhiezer function (super-BA)
and adjoint super-BA function as

Dpy = Deb, D, =0 leF, (4.1)
where
oo [e¢)
50um. 0,0 = 2P o+ 00+ (= 20) Y x* Py n=x. 4.2)
k=1 k=1

The following property can be found
Dyipe® =% 715, Dyi_1ef = D¥ 1. 4.3)

Then we can prove that

L2®py =Adps, L¥*dh, =—1d},, (4.4)
_ 4i—-2 * 4i—2\% qk

D4i 2 ®@ps = (L™ 7) 1 Ppa, Dsgj2Ppy =—(L" ) gy, 4.5)

Dy 1®pa = (LY ) ®py, Dy Py = —(LY )3 05, (4.6)

The B type condition implies that the adjoint super-BA function Wp4 can be in fact the super-
symmetric derivative of its corresponding super-BA function ®py4, i.e.

Wpa(r,2) = 2ol —2). 4.7)
Then we can also define super-eigenfunctions of the supersymmetric BKP hierarchy as

Dai—a¢p = (LY 721 ¢, Daia¥y = —(LY D)%y, (4.8)
Dyi—1p= (LY yp, Dy =—(LY " Hry. (4.9)
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The super-eigenfunctions have the following spectral representation in term of integrals of
Baker—Akhiezer functions as

¢(l,9)=/d)»d77¢(k,77)<DBA(I,9;?»,77), W(Iﬂ)=/d)»dmﬁ(h77)<I>§A(l,9;)~,77)-

The B type condition also implies that the adjoint eigenfunction i can be chosen as the
supersymmetric derivative of its corresponding eigenfunction ¢, i.e.

v =gl (4.10)

The supersymmetric tau function of the supersymmetric BKP hierarchy can be defined by the
residue (the coefficient before D) of supersymmetric Lax operators as

D4r_»DInt =res L4k—2, D4r_1DInt =res LT 4.11)
Define two eigenfunctions ¢1, ¢» and the following operator

By =¢1 D¢} — (—=1)?lg D719, 411 = 1), (4.12)
which is used to generate the ghost flows. According to

D™'¢=(=D[pD~" — D~'plID7T], (4.13)
one can find the operator B satisfies the B type condition, i.e.

Bf=-DB,D”". (4.14)
Then the ghost flow of the supersymmetric BKP hierarchy can be defined as following

DzL =By, L1=[: D' ¢} — (=1)?lg D¢}, 1], (4.15)

where functions ¢, ¢ are the eigenfunction and adjoint eigenfunction of the supersymmetric
BKP hierarchy. The following proposition will tell you the above flow is a symmetry of the
supersymmetric BKP hierarchy.

Proposition 4.1. The additional flow Dz commutes with the supersymmetric BKP flows Dy, i.e.,
[Dz,D,]JL=0, n=4i —2,4i—1,ie€Zy. (4.16)

Proof. Note that the derivatives (])51 ! ¢[2” are in fact adjoint supersymmetric eigenfunctions. The

commutativity between ghost flows and supersymmetric BKP flows is in fact equivalent to the
following zero-curvature equation which includes the following detailed proof

DBy — Dy(Bg) + [ By, By ]
=By, "]y — ¢1, D' 5 — 1 DTyl + (= 1), D91 + 2 D791
+ By 1 D'} — (=)l D1l
= Bap1 D' — @01 D'} By — Po(Bup1) DY + 91 DT Po(BSL)
— (=1 [(B, ;D7) — (2D 91 B,) -
— Po(Bud2) DM + oD Py(BS) = 0.

In the above proof the Py(A) means the coefficient over the term D° of the operator A. O
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5. The supersymmetric two-component BKP hierarchy

Let us firstly define the supersymmetric two-component BKP hierarchy by two Lax operators.
Now we introduce the even and odd time variables (t2, 13, tg, -; 12, 13, fs, -) and the following
definition of even and odd flows

D 9 D 9 + it 9 (5.1)
4i—y = —, D4i_1 = 41—, .
l 0t4i—2 l a1 o T Otgigaj 2
b " b i (5.2)
hi—2 = ———, Daj_1= .
l 0t4; 2 . 3t4l o 3t4z+4] 2

This two families of odd and even flows satisfy a nonabelian Lie superalgebra whose commu-
tation relations are

[D4i—2, D4j—21=0, [Dgi—2,Dsj11=0, [Dgi—1,Daj—1]1=—2D4it14j-2,
[D4;j—2,D]=0, [D4i—1,D]=0, (5.3)
[541'—2,134]'—2]:0, [1341'—2,54]‘—1] =0, [541'—1,154]'—1]: _Zb4i+4j—2,

[D4i—2,D1=0, [Dgi_1,D]=0, [Dy,D,y]=0. (5.4)

The two Lax operators of the supersymmetric two-component BKP hierarchy will be defined
in forms as

L=D+) wD'™", L=D7lao+) a;D'"\ il =i lii| =i +1, (5.5)
i>1 i>1
such that
L*=-DLD™', L*=—-DLD™ . (5.6)

We call Egs. (5.6) the B type condition of the supersymmetric two-component BKP hierarchy.
The supersymmetric two-component BKP hierarchy is defined by the following Lax equations:

DiL=—[(L"-,L], DiL=[(L"4. L] (5.7

D;L=[(L"4, L], DiL=—[(L")_,L], i=4k—1,4k —2, k€ Z, (5.8)
which is equivalent to the following equations

DL =[(L* )4 L], Day—oL =—[(L*?)_ L], (5.9)

Dy L=[L* Ny, L1—2L%, Dy L=—[(L*H_, L1+2L%, (5.10)

DL =[(L* )4 L1, Day—oL=—[(L*?)_, L], (5.11)

Dy L=[L* N4 L1, Dy L=—[L* "H_ L] (5.12)
k e Z+.

One can write the operators L and Lina dressing form as

L=oDd !, L=dD 1o, (5.13)
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where
<1>:1+Za,-1)—", &>:1+Zb,-1)i, (5.14)
i>1 i>1
satisfy
®*=pod'p7!, d*=pd'pL (5.15)

Given L and L, the dressing operators ® and ® are determined uniquely up to a multiplication to
the right by operators with constant coefficients. The dressing operators  and ® take values in
two separated B type Volterra groups. The supersymmetric two-component BKP hierarchy can
also be redefined as

Dya®=—(L*2)_®, Dy _rd=1L%?),d, (5.16)

Dyp—2®=—(L*2)_®, Dy_od=(L%2),9, (5.17)

Dy 1®=—(L*YH_ @, Dy 1®=1L*"1,d, (5.18)

Dy 1®=—L* N @, Dy_1d=(L% "), 9, (5.19)
withk € Z, .

Denote t = (12, 13, t6, 17, . . .), t = (f2, 13, 16, 17, . . .) and introduce two wave functions
~ . n n ~ ~ gon -1
w(@) =w(t,f37) = ©ETD | W(z) =i, f37) = Pe ), (5.20)
where the functions &, £ are defined as £(t;z) = Yhez, tak—27™ 2 4ty 1 2% Ed ) =
Yiez, fag—22% 2 4 iy _12%1 Tt is easy to see Die*? =zie*?, i € Z and
Lw@ =zw(), L@ =z"d@. (5.21)
With the above preparation, it is time to construct additional symmetries for the supersym-
metric two-component BKP hierarchy in the next section.

6. Additional symmetries of the supersymmetric two-component BKP hierarchy

In this section, we are to construct additional symmetries for the supersymmetric two-
component BKP hierarchy by using the Orlov—Schulman operators whose coefficients depend
explicitly on the time variables of the hierarchy.

With the same dressing operators given in Eq. (5.14), Orlov—Schulman operators M;, M, i, Q,
@ are constructed in the following dressing structure

M;=®l;d", M;=old7!, i=0,1; Q=000 ',Q0=d0d ',
where

1 1
To=x+ - Z(4k — Dtagp—s D¥** + — 4k — V) tag_ D¥*3
2 2

1 _ .. il
- EZMk—lazk 20+ Z (i — tai—1taj—197 7272, (6.1)
k>1 i,j>1
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N 1 1
To=x+=Y @k —2)i_oD™ % + Z(4k — V)igg_ D~ %*
0 x+2k2>;( Vak—2 +2( Vak—1

1 A 1 . A A _0i—2i
—EZMk—la 1=%0 + Z(l — Jigi—1taj_187H 72, (6.2)
=1 Q=1

=6+ Z tar—10771, (6.3)
k€Z+

=60+ Z fag—197 %, (6.4)
k€Z+

where Q = 9y — 60.
Then one can derive the following lemma similarly as the case of the single-component su-
persymmetric BKP hierarchy.

Lemma 6.1. The operators I'; and I satisfy

[Dyi—2 — D¥ 72, T;1=[Dgi—1 — D¥~ 1, i1 =0, (6.5)
[Daj—> + D42, 11 =[Dsi—1 + D4 11 =0; (6.6)
[Dsi—2, 0i1=[Dsi—1,0i1=[Dsi—2,Ti1=[Dgi_1, i1 =0; 6.7)

where i =0, 1.
Proof. For the proof, we do the following calculation
A A 1 .
[Dai—2+ D*™%, Tol = ~(4k = 2)D™¥ + (1 - 20)9 ™ =0, (6.8)

[Dyi_1 + D' Ty

3 > 3
=[—— =Y f4j-1—=——+ D" Iy] (6.9)
014i 1 = 0lai+4j-2
L. IR By IV —2i-2j
= @i~ 1D -5 PO 42 (i — a9 H

JjeZ

o0
R >y , 1 .
=Y Qi+2j = Dy D7V 4 [D'H x4 3 > (4k — Dig— 1 D™,
Jj=1 keZy
(6.10)

Because

. A . . 1 . 1 .
[Dl_4l,x] — [8_2’D,x] — _ZiD—4l—l + 3—2!—168 — _5(41 _ I)D—l—4l + Ea—l—Zl Q7

1 R L ) R Ty
(D74, 2 37 @k = Dy DT H] = 3 (4 = Diaja DY, (6.11)
keZ4 JEL
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then
[D4i_1 + D*~ ', Ty =0. 6.12)

For f‘l, we get

A N 0 o 0 A ~ _
(Dyict + D' il =l = ) oo+ D704 ) 1972
14i—1 el 14i44j-2 KeZ,
=9 % _pH—y. (6.13)
Further one can derive
[Dy,Ti1=[Dy, Ii1=0. (6.14)
For Q, we can get
[Dy, Q1 =Dy, Q1 =0, (6.15)
~ 1 n L
[0 Fol=1Q,x1=1Q, 5 Y in-107'70] (6.16)
keZ4
=—-0—- Z 1?41(,13_2]( = —f‘]. O (6.17)

kEZ+

Then it is easy to get the following lemma using the above lemma and dressing structures.

Lemma 6.2. The operators M, Q, L,Mj, (@, L satisfy

[Q, Mol=—M,, [Q Mi]=1, [L* Mol=1, (6.18)
DiM; =[(LXY 1, M;1, DQ=[(L"4,Ql, k=4i—2,4i—1,i€cZ,, (6.19)
DM =[—(LY_, M;1, DyQ=[-(L"_,Ql, k=4i—-2,4i—1,ieZy, (6.20)
[Q, Mol=—M;, [Q M]=1, [L7? Mol=1, (6.21)
DM, =LY, Mj1, DyQ=[L54. Q. k=4i—2.4i—1,ieZ,, (6.22)
DiM; =1—-(L5_, M1, DQ=[-(E"_,Ql, k=4i—-2,4i—1,i€Zi. (623)

From now on, we will introduce the following two operators By, and 1§mk1p, given any pair

of integers (m, k, [, p) withm,k >0,1, p=0, 1, as
Bukip = MEMLIQP L™ — (—1yPrrmtrH 2=l QPymiME L, (6.24)
Bkt = MEMIQP L2 — (—1)PlmtpH [ =2m+ L QPy i ML (6.25)

As a corollary, the following proposition can be got.
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Proposition 6.3. For any Bmklp = Bukip, Bmkip, one has

Dnémklp = [(Ln)+s Bmklp]’
Dy Buip = [—(L")—, Buiipl, n=4i —2,4i — 1, i € Zy. (6.26)

To prove that By, and émklp satisfy the B type condition, we need the following lemma.

Lemma 6.4. Operators M; and M; satisfy the following conjugate identities,

M¥=(=1)'DL'M;LD™", M}=(-1))DLM;L™'D7", 6.27)
Q*=-DpL~'QLD™", Q*=-DLQL'D~". (6.28)

Proof. Using
o*=pd 'D!, d*=pd" D7, (6.29)
the following calculations

M} =" '1fo* = (-1) DoD™'Iy DO D7 = (- 1) DOD 'O~ M; 0D D!,

MF =& d* = (1) DOD ' D' D = (1) DED' &' M; DD D!,

will lead to this lemma. O
It is easy to check the following proposition holds basing on Lemma 6.4 above.

Proposition 6.5. Operators By, and émklp satisfy the B type condition, namely

viip =—DBukipD™", By, =—DBuu, D7 (6.30)
Proof. Using Proposition 6.4, the following calculation will lead to the first identity of this
proposition
é:lklp — (M{;Mi@pl:zm _ (_l)pl+m+[7+ll:2m—1©pMi M(I)‘I:)*
= (_1)pli2m*(©P)*Mi*M(l)c* + (_1)m+P+lI:*M(I§*Mi* (@”)*I:zm_l*
= (=P P pp2m=IQP MiMELD ™! — DMEMIQPL*" D!
— _D(M(/)(M{@pi2m _ (_l)pl+n1+p+li2m—l©pM{M(l)ci)D—l'

The second identity can be proved in a similar way. O

Now we can define the following additional equations as

Dinkip® = —(Bukip) -, Dyrtp® = (Buukap) + P, (6.31)
Dinkip® = —(Bukip)- @, Dyuiip® = (Byaap)+ . (6.32)

These equations are equivalent to the following Lax equations
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DukipL = [=(Bukip)—> L1, DuripL = [(Bukip)+, L1, (6.33)
DukipL = [=Bukip)—, L1, DurapL = [(Bukip)+, L1. (6.34)

Similarly, we will get the following proposition.

Proposition 6.6. The flows (6.33) and (6.34) commute with the flows of the supersymmetric
two-component BKP hierarchy. Namely, for any Dynip = Dpnip, Dmnip and Dy = Dy, Dy one
has

[Dinip. D] =0, m,neZy;l,p=0,1; k=4i—2,4i—1,i€cZ, (6.35)

which holds in the sense of acting on ® or d.

Proof. The proposition can be checked case by case with the help of Eq. (6.26) and
Egs. (6.31)—(6.34). For example,

[ Duwntp: D] © = Dty Di® = (= D)X DDy @
= (=D TPREL_, (Bunip)-1®
— [(Bmnip)+ LX=@ — (=) PR(LF)_, Bpyip]-® =0,
[ Duntp D] & = =D PHULY) 1 Branip) 116 + = Biy) - L4 &
— (=DPRLYY 4, Bpnipl+® = 0.

The other cases can be proved in similar ways. This is the end of this proposition. O

Similarly as the SBKP hierarchy, the algebraic structure of the additional symmetry of the
S2BKP hierarchy will be talked about in the next proposition.

Proposition 6.7. The algebra of additional symmetries of the two-component SBKP hierarchy
is isomorphic to the Lie algebra of super-quasi-differential operators, which is isomorphic (as a

Lie algebra) to SW1itoo @B SWitco-

Proof. The isomorphism is given by

29, Er Q+T0, (6.36)
d; — Tp, 0g = I'p, (6.37)
9, Em 0+T0, (6.38)
05 > f‘o, 8§ — f‘l, (6.39)
which further lead to
i~ L% £ Q+M L% (6.40)
0, —~ My, 0s —> My, (6.41)
L7 Em QML (6.42)
d: > Mo, 0; > M. (6.43)

One can find the above construction keeps & commuting with z and § commuting with Z. O
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If we do a (4n, 2)-reduction from the supersymmetric two-component BKP hierarchy, a re-
duced hierarchy called the supersymmetric D type Drinfeld—Sokolov hierarchies with a super-
symmetric Block type additional symmetry which will be discussed in the next section.

7. Supersymmetric D type Drinfeld—Sokolov hierarchy

Assume a new Lax operator £ which has the following relation with two Lax operators of the
supersymmetric two-component BKP hierarchy introduced in the last section

L=L""=[% n>2. (7.1)

Then the Lax operators of the supersymmetric two-component BKP hierarchy will be reduced
to the following Lax operator of the supersymmetric D type Drinfeld—Sokolov hierarchy whose
bosonic case can be seen in [24-26]

n
£=p"+3" D7 (wD* 4+ D¥ )+ DD s Iyl =0,lpl =1 (72)
i=1
One can easily find the Lax operator £ of the supersymmetric D type Drinfeld—Sokolov hier-
archy will satisfy the following B type condition

L*=DLD™ . (7.3)

This Lax operator L of the supersymmetric D type Drinfeld—Sokolov hierarchy has the following
dressing structure [25]

L=0D"d ' =dD 2D (7.4)
Here
O=1+Y D7, d=1+) bD' (7.5)
i>1 i>1

are pseudo supersymmetric differential operators that also satisfy the following B type condition
o*=pd D!, &*=Dpd D! (7.6)
The dressing structures inspire us to define two fractional operators as

Lo =D+ uD, L1=D'a_+) D' (7.7)

i>1 i>1
1
Two fractional operators £3 and £ can be rewritten in a dressing form as
L% =dDo~!, £2=&D 1! (7.8)

The supersymmetric D type Drinfeld—Sokolov hierarchy being considered in this paper is
defined by the following Lax equations:

DiL=[(LH)s, L], DiL=[—(L5)_, L], k=i —2,4i —1, i€ Zy. (7.9)

The dressing operators ® and ® are same as the ones of the supersymmetric two-component
BKP hierarchy. Given L, the dressing operators @ and ® are uniquely determined up to a
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multiplication to the right by operators of the form (7.5) and (7.6) with constant coefficients.
The supersymmetric D type Drinfeld—Sokolov hierarchies can also be redefined as the following
Sato equations

Di®=— (L) d, Dpd= (L), b, (7.10)
Did=—(L3) &, Dpd=(L2),d, (7.11)

withk=4i —2,4i — 1, i € Z.
After the above preparation, we will show that this supersymmetric D type Drinfeld—Sokolov
hierarchy has a nice Block symmetry as its appearance in the bigraded Toda hierarchy [27].

8. Supersymmetric Block symmetries of supersymmetric D type Drinfeld—Sokolov
hierarchies

In this section, we will put the constrained condition Eq. (7.1) into the construction of the
flows of the additional symmetry which form a N = 2 supersymmetric extension of the well-
known Block algebra [36].

With the dressing operators given in Eq. (7.8), we introduce two new Orlov—Schulman oper-
ators as following

M =M;L*™, M; =ML 8.1
It is easy to see the following lemma holds.
Lemma 8.1. The operators M j and M j satisfy
[L, Mol=1, [£,Mol=1; [Q Mol=—-Mi; (8.2)

and
Dij=[(£%)+,M,-], DiQ=[(L#)s,Ql, k=d4i —2,4i — 1, icZy, (8.3)
DM =[-(LH_ Mj1, DQ=[-(L)_,Ql, k=4i-2,4i—1,ieZs, (84
DM, =[(LH) o, M1, DeQ=[(L3),,Ql. k=4i—2,4i—1,ieZ,, (85)
DM =[-(£5)-, M1, DeQ=[-(£H)_,Ql. k=4i—2.4i—1,ieZs, (86)
which can be simplified to
DM = [(Lo)4, Mj1, DR =[=(LD)—, M, (8.7)
where Mj = M or Mj k=4 —2,4i — 1, i € Z.

To make the operators used in the additional symmetry satisfying the B type condition, we
need to prove the following B type property of M; — M; which is included in the following
lemma.

Lemma 8.2. The difference of two Orlov—-Schulman operators Mg and Mo for the super-
symmetric D type Drinfeld—Sokolov hierarchy has the following D type property:

L* (Mo — Mo)* = —DL(Mo — Mo)D . (8.8)
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Proof. It is easy to find the two Orlov—Schulman operators Mg and Mo of the supersymmetric
D type Drinfeld-Sokolov hierarchy can be expressed by Orlov—Schulman operators Mo, Mo and
Lax operators L, L of the supersymmetric two-component BKP hierarchy as

Moy = M0L2_4n, M() = —M()I:_4. (8.9)
Using Lemma 6.4, putting Eq. (8.9) into (Mo — Mo)* can lead to
(Mo — Mo)*=—DL""™MyLD™" + DL ML~ ' D!
=—D(L] Mo — LD + D(L™*My+ LD, (8.10)
which can further lead to
L*(Moy — Mo)* = —D(LMo — LMD ™. (8.11)

In the above calculation, the commutativity between £ and Mg — Mo is already used. Till
now, the proof is finished. O

One can also get

M =—DLT'M;LD™", M{=—-DLM;L™'D7". (8.12)
For the supersymmetric D-type Drinfeld—Sokolov hierarchy, we define the additional operator
Bl pl p
i A4S

B — (Mo — Mok Ml QP il QP
— ()X QP i L Ml LY L, (8.13)

where l, p,I, p=0,1; [[= ]_[a‘b:l)pj’ﬁab, = Za:l,p,i,ﬁa
One can get the following proposition.

Proposition 8.3. The operator Bff,{ﬁ satisfies a B type condition, namely
(B”’”’) Dij,{ﬁD—l, I, p,i, p=0,1. (8.14)
Proof. Using the Proposition 6.4, the following calculation will lead to
(BIP) = (Mo — Mo) M QP M QP — (~)IT+ Qe g LLQr L= emy?
= £ (=D @y il Qremp
+(=Z +"L*'*M{*QP*L*IZ*M{*Qﬁ*IZ”*](/\/lo — Mo)*
= DL~ ZHE1QP N L LQrml L
— (M}Q” Q) (Mo — M) D!
= —D(Mo — Mo) (M} Q7 1] QP

— (DI EH Qe Qe =Y emp~!. o
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That means it is reasonable to define the additional flow of the supersymmetric D type
Drinfeld—Sokolov hierarchy as
oL

lplp
8ka

= [=BPP)_.cl. 1.p.d p=0.1:m.keZ,. (8.15)

Whether these additional flows are symmetries of the supersymmetric D type Drinfeld—Sokolov
hierarchy will be answered in the next proposition.

Proposition 8.4. The flows in Eq. (8.15) can commute with original flows of the supersymmetric
Drinfeld—Sokolov hierarchy of type D, namely,

d 0 N
—A9Dn :0’ ~ 7D}’l =O5
9 Iplp 9 Iplp

Conk mk

where Al, p,i, p=0,1;mkeZi,n=4i —2,4i — 1, i € Zy, which hold in the sense of acting
on ®, dorL.

Proof. According to the definition,

[0 1pip» DnlP =2 i (Dp®) — Dn(@ 05 P),
mk

Cmk

and using the actions of the additional flows and the flows of the D type Drinfeld—Sokolov hier-
archy on @, we have

k
[801,;1}3, Dy1® = —8‘1[,;1; <(£H)_cp> + D, <(BIP1P) q>>
mk

k
(8 lplp£4n) D — (‘Cﬂ)—(a [[)i13¢)
Cmk

Cmk

+ DB @ + (B _(D, ).
Using Eq. (7.9) and Eq. (8.7), it equals

[a 1p1p7 n]©:[(8£5£ﬁ) £4n] CI)+(£4) ( IPIP)

Cmk

o

L) BT — B _(ch) o
=B L8] — (B (ch). 1 e
L) B 10
=0.
The other cases of this proposition can be proved in similar ways. O

The above proposition indicates that Eq. (8.15) is a symmetry of the supersymmetric D type
Drinfeld—Sokolov hierarchy. Further we can prove that the following identities hold true

IM; IM;
o= =D M =B M) (8.16)
aeh? 8cnfk
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dw(z) Ipip L ()

ip N
— = — (B w(w), e = (B b (22). (8.17)
80”’;,(” acnfk”

Using same techniques used in [27], the following theorem can be derived.

Theorem 8.5. The flows in Eq. (8.15) about additional symmetries of supersymmetric D type
Drinfeld-Sokolov hierarchy compose a supersymmetric type Block Lie algebra which contains
the following Block Lie algebra whilel=p=1=p =0

[362300, 3521?00] = (km — sl)acoooo , m,s, k,leZy, (8.18)

m+s—1,k+1—1

which holds in the sense of acting on ®, ® or L.
Proof. The similar proof for Eq. (8.18) can be found in our paper [26]. O

This is one kind of supersymmetric extensions of the Block algebra because it is involved with
the supersymmetric variables and supersymmetric derivative D. However, its algebra structure is
still not clear now, which deserves further study in the future.

9. Conclusions and discussions

Our earlier papers show that the Block type algebras appear not only in Toda type difference
systems but also in differential systems such as two-BKP hierarchy, D type Drinfeld—Sokolov hi-
erarchy [26]. The above results show that in their corresponding supersymmetric systems, there
also exists the hidden N =2 Block type supersymmetric algebraic structures. These results fur-
ther show that the Block type infinite dimensional Lie algebra has a certain of universality in
integrable hierarchies.

Although the supersymmetric two-component BKP hierarchy and supersymmetric Drinfeld—
Sokolov hierarchy of type D might be not available in the fermionic string theory now comparing
with the application of the classical KP hierarchy to the bosonic string, they have a great advan-
tage of showing their superconformal structures. In this paper, we also show the structure of a
super-Block algebra of the supersymmetric two-BKP hierarchy and its reduced hierarchy. The
superconformal algebra may appear in the related Hamiltonian structures by considering the re-
ductions of super-BKP hierarchies like reductions of the super-KP system to super-KdV system.
This may be an interesting subject for our future study which may relate the supersymmetric
BKP systems in this paper to problems in physics. There are also some other interesting subjects
such as the relation of the hierarchies introduced in this paper with the quantum spin chains as in
[37]. These directions might be included in our future study.
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