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1. Introduction

Recent papers have dealt with the Log-effect for strictly hyperbolic wave models with time-
dependent oscillating coefficients. Let us explain the results by the aid of two examples. Here and
in the following we are interested in the oscillating behavior of coefficients near t = 0. For this pur-
pose we may choose in the following the interval [0, T] with a sufficiently small positive T.

Example 1.1. (See [5].) Let us consider the strictly hyperbolic Cauchy problem
U —auxx =0,  u(0,x)=uo(),  u(0,x) =us(x), (11)

where the coefficient a satisfies the following conditions:
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e acC[0,T]NC2(0, T], where

1 1\"\¥
|a(k)(t)] ng<?(log?> ) , ¥>0,k=1,2, forallte(0,T]. (1.2)

Then the Cauchy problem is H* well-posed (even C*° well-posed due to the finite propagation speed)
with the (at most) loss of derivatives exp(C1(log(Dy))?), C1 > 0, that is, the energy inequality

| (ux, ue)(t, ) s < Cllexp(Cy (10g<Dx))y)(ux, ue) (0, )| s (1.3)
holds for all s € R. In the following we use C and C; as universal constants.

Example 1.2. (See [7].) Let us consider the strictly hyperbolic Cauchy problem

Ugr +b(O) Uy — a(t)uxy =0, u(0,x) = up(x), ue(0,x) = u1(x). (1.4)

Then there exist coefficients a and b satisfying

e a,b e C[0, TINC2(0, T], where both coefficients fulfill (1.2) with ¥ > 0, such that

e ue) (€, )| 4 < C[lexp(Cr (log(Dx)”) (ux, ue) (0, ) | s (15)

holds for all s € R with 8 =y + 1, but the energy inequality (1.5) is in general not valid for
B<y+1.
Remark 1.1. Let us compare the statements of both examples. Example 1.1 describes the influence of
oscillations. If we choose y =0, y € (0,1), y =1, y > 1 in (1.2), that is, we assume very slow, slow,
fast or very fast oscillations, respectively, then we obtain in (1.3) no loss, at most an arbitrary small, a finite

or an infinite loss of derivatives. In Example 1.2 we feel interactions of oscillations in a and b. Although
the oscillations in a and b are slow, the interaction implies an infinite loss of derivatives.

In the present paper we are interested to extend the Log-effect to 2 by 2 strictly hyperbolic systems.
Besides the effects of oscillating entries of the matrix A = A(t) and interactions between the entries of A
we have to take into consideration the system character itself.

Let us consider on [0, T] x R the 2 by 2 strictly hyperbolic Cauchy problem

%U —A@D)RU =0,  U(,x) =Uy(x), where A(t) = (‘;Eg ZEg) . (16)

We assume the following conditions:

strict hyperbolicity there exists a positive constant § such that

(A1) A(r):(a(t)—d(r))2+4b(t)c(t)>5 forte[0,T];

regularity we assume

(A2) Ael™(,T)NC20,T];
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oscillating behavior we assume with a non-negative constant C the estimate
" 1 " ] ] v 2
A (t)—ztrA oI <C n log? ,

To characterize interactions and the system character we assume two conditions. To formulate these
conditions we introduce the function

2

(A3) ‘ A(t) — % trA' ()1

d

y >0, forte(0,T].

(c—b—ivA)(@—d)b+c) —(@—d)(b+c)
2VA((b+0)% + (a—d)?)

c—by@—dyb+c) —(@—d)'(b+ c>)>

2VA(b+0)2 + (a—d)?) '

v=1y{t)=

(911// =Ry t) = (1.7)

Then we suppose with non-negative constants C

T

(A4) / Ry (s)ds
t

1 o
<C<log;> , >0, forte(,T];

T

p
(A5) /|$RW(5)|ds<C(log%> ., B>=0, forte(0,T].

t

Remark 1.2. It is clear that o < 8. In the following we will present concrete examples. Example 1.6
shows that in some sense both conditions (A4) and (A5) are independent. Both have their meaning in
explaining the structure of hyperbolic systems and interactions between the entries of A.

Example 1.3. Let us come back to Example 1.1. After transformation to a system of first order (1.6)
one gets Ny = 0. Consequently, the conditions (A4) and (A5) are satisfied with « =8 =0 and C =0.
The condition (A3) is satisfied with y > 0.

Example 1.4. Let us come back to Example 1.2. After transformation to a system of first order (1.6)
one can show that both conditions (A4) and (A5) are satisfied with « = 8 =y + 1. The condition
(A3) is satisfied with y > 0.

Example 1.5. Let us choose the following entries in A(t):

a(t) = — cos(cos w(t)), d(t) = cos(cos w(1)),
1 1

- _ = c(t) = sin(cos w(t)) + _ .
V14 2+ sinw(t)) V14 2+ sinw(t))

Here we take w(t) = (log%)" with p > 1. The condition (A3) is satisfied with y = p — 1. Simple
calculations yield

b(t) = sin(cos w(t)) —

2
J1+ 2 +sinw®)?

(2 + sinw(t))?
14+ Q2 +sinw())?’

a(t) — d(t) = —2 cos(cos (1)), b(t) —c(t) =—

b(t) + c(t) = 2sin(cos (1)), At) =4
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(cos w(t))’

T2 tsne@) - Thus we have to consider

Hence, we get RNy () = —

T
/‘ (cos w(s)) ds|—

2(2 + sinw(s))

’/ w'(s) sin a)(s) '
ds|.
2 2+sinw(s) + sinw(s)

t
Using the strict monotonicity of w(s), the last term can be reduced to

w(t) .
sinx
f D e— dX
2(2 + sinx)

o(T)
Taking account of
T 43 -6 1\?
—sinx -
/ —dx = 7 and w(t) ={log—
2 +sinx 3 t
-

gives us the estimate to below

w(t)

sinx
/ — dx
2 +sinx

w(T)

1 p
>C<log?) .

We conclude immediately

T

p
me@ﬂwgcQ%%).
t

Resume of this example: We understand from this example that both conditions (A4) and (A5) may
have the same priority. The condition (A3) is satisfied for y = p — 1. The conditions (A1) and (A2) are
satisfied, too.

Example 1.6. Let us choose the following entries in A(t):

a(t) = — cos(w(t)), d(t) = cos(w(t)), b(t) =sin(w(t)) + % c(t) = sin(w(t)) — %

Here we choose w(t) = (log Y2 — cos((log )P)) with p>0,r >0 and p +r > 1. The condition (A3)
is satisfied for y =p +r— 1 Simple calculatlons yield

a(t) — d(t) = —2cos(w(t)), b(t) — c(t) = /2, b(t) + c(t) = 2sin(w(t)), A =2.
We have Ry (t) = # Thus we have to consider

T /
/w@“
2

t

T

/mw(s)ds =

t

—1 T <Cll Y
_§|a)( )—ow®)| < <og?).
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Now let us devote to estimate

T T
T
t t

T 1 r—1 1 p 1 p+r—1 ) 1 p
/— (log ) (2—cos<log—> )+p(log—> sm(log—)

2 S S S
t

For T small (this is sufficient) we define to, tor_1 by

(log ! )p—kn+3n (10g ! )p—kn—o—n
tok 4’ tak—1 4’

It is clear that on [tyy, tyx—1] the term with sin is the dominant one in the above sum. Thus we can
estimate

ds.

T N(©) fok—1

/ CZ/ 1<log1>p+r_1ds

. k=1 ¢,

N(t) N(t)

1+
—CZ((Im+—> <kﬂ+ﬂ) ) CZkP CN(t)Hi.

Using N(t) ~ (log%)p we obtain the lower bound C(log%)p” for ftT Ny (s)|ds. The same we con-
clude for the upper bound.

Resume of this example: We understand from this example that both conditions (A4) and (A5) may
have different priorities. On the one hand (A4) is satisfied for &« =r > 0, on the other hand (A5) is
satisfied with g = p +r, p > 0. The assumption (A3) is satisfied for y = p +r — 1. The conditions (A1)
and (A2) are satisfied, too.

Remark 1.3. The term

(c—b)((a—d)(b+c) —(@a—d)(b+0))
2VA((b+0)? + (a—d)?)

Ry =

is regarded as a very important term in the study of weakly hyperbolic systems (see [1,2,11] and
[13]). This paper explains its importance also in study of the Log-effect for strictly hyperbolic systems.
It seems to be interesting that our considerations for the strictly hyperbolic case derive the term

(c—b)((a—d)(b+0c)'—(a—d)’ (b+0)) : H i ;
A (b0 a—d?) in a different way than in the weakly hyperbolic case.

The content of this paper is organized as follows:

In Section 2 we present the main results and apply them to the above Examples 1.5 and 1.6. In
Section 3 we prove H* well-posedness with an (at most) arbitrary small or finite loss of derivatives.
Section 4 is devoted to the question if we have at least such a loss, in other words, if the loss of
derivatives really appears. The example of Section 5 explains the complexity of hyperbolic systems
and the difficulty to get general results for H* well-posedness or ill-posedness. In Section 6 we
discuss the question for the finite propagation speed of perturbations.
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2. The main results and examples

We will prove the following results for
0tU — A(t)oxU =0, U(0,x) =Up(x). (2.1)
Theorem 2.1. Let us assume that A = A(t) satisfies the assumptions (A1), (A2), (A3) with y € [0, 1] and

(A5) with B € [0, 1]. Then the Cauchy problem is H* well-posed with an (at most) loss of derivatives
exp(C1(log(Dx)*), k = max{y, B}. The following energy inequality holds:

U )] s < Cllexp(C1(log(Dx)) YU, )] s (2.2)
foralls e R.

Theorem 2.2. Let us assume that A = A(t) satisfies the assumptions (A1), (A2), (A3) with y € [0,1]
and (A4) with o« = 0. Then the Cauchy problem is H>® well-posed with an (at most) loss of derivatives
exp(Cq(log(Dx))?). The following energy inequality holds:

JUE, )]s < Cllexp(Cr(log(Dx)” YU, ) | (23)
foralls e R.

Theorem 2.3. Let us assume that A = A(t) satisfies the assumptions (A1), (A2), (A3) with y =0 and (A4)
both sided with o € (0, 1], that is,

1\
C log? <

with a positive constant C. Moreover, we assume that there exists a function 6 = 6 (t, &) satisfying

< C<log %) (2.4)

T
/ Ry (s)ds
t

Ny +0(t,&) >0 forall(t,§) € (0,T] x {|§] > M}, (2.5)

and there exists a positive zero sequence {ty}i>1 such that

21
/ 0(s,£)ds=0 forall || > M, (2.6)
Dkt1
bok—1
/ 0(s,&)ds| < C forallt € [togs1, tak—1], t = % (2.7)

t

Here M and N are large constants. Under these conditions the Cauchy problem is H* well-posed with an (at
least) loss of derivatives exp(Cq (log(Dx))%).

Remark 2.1. It is known that a finite loss of derivatives really appears for (1.1) if the coefficient
a = a(t) satisfies the log-Lipschitz condition or (1.2) with y =1 (see [3,6] and [10]). While a finite
loss of derivatives in Theorem 2.3 is caused from the structure of systems. Actually, we can deal
with coefficients consisting of t2 exp(t—2) sin(exp(t—2)) which satisfy a slightly better condition than
log-Lipschitz and (1.2) with y =0.
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Remark 2.2. The condition (A3) with y = 0 implies the condition (A5) with 8 = 1. Thus we have from
Theorem 2.1 at most a finite loss of derivatives. Theorem 2.3 explains conditions under which we have
at least a loss of derivatives exp(Cq (log(Dx))%).

Remark 2.3. The function 6 from Theorem 2.3 is an important auxiliary function. It is used in the
phase space analysis only in the interacting subzone. The main goal of this auxiliary function is to
control the oscillating behavior of My, to make Ry non-negative, that is to guarantee the inequality
(2.5) without having an essential influence in the Riemann integral over time intervals [t, T] (see
assumptions (2.6) and (2.7)). At the beginning of the proof to Theorem 2.4 we explain one way how
to find for Example 1.5 the function 6. Setting p =1 in Example 1.5 this construction can be used as
one example satisfying all assumptions from Theorem 2.3.

Theorem 2.4. There exists a matrix A = A(t) satisfying the assumptions (A1), (A2) and (A3) with y € (0, 1)
such that the Cauchy problem is H* ill-posed.

Remark 2.4. From Example 1.5 we conclude, that & > 0 in (A4) cannot be used to prove a general
H® ill-posedness result. Example 1.6 tells us, that 8 > 1 in (A5) cannot be used to prove a general
H®° ill-posedness result because o = p =0 can be chosen in (A4). The following theorem shows that
there exist examples with y € (0, 1) in (A3), with « € (0, 1) in (A4) and with 8 > 1 in (A5) such that
the Cauchy problem is H* well-posed.

Theorem 2.5. There exists a matrix A = A(t) satisfying the assumptions (A1), (A2), (A3) with y € (0, 1),
(A4) with a < 1 and (A5) with 8 > 1 such that the Cauchy problem is H* well-posed.

Remark 2.5. An assumption as (A4) was used in [8] in connection with the influence of oscillations
on Levi conditions. Following the proposed strategy from [8] it would be interesting to understand
the interplay between the assumptions (A4) with o <1 and (A5) with g > 1.

Remark 2.6. In the formulation of our main results we restricted to H* well- or ill-posedness. In
Section 6 we will study the property of finite propagation speed for systems (1.6). As a consequence
we obtain even C* well-posedness.

3. Proof of H* well-posedness
3.1. Proof to Theorem 2.1

After partial Fourier transformation the Cauchy problem (2.1) is transferred to

%0 =AWmig0, 00,8 =0o).

We divide the extended phase space [0, T] x {|§| > M} into the pseudo-differential zone Zpq(N, M)
and the hyperbolic zone Zyy,(N, M). Both zones are defined by

Zpa(N. M) :={(t,&) € [0, T] x {|&| > M}: t|&| < N(log|&])“},
Zhyp(N, M) == {(t, &) € [0, T] x {|g] > M}: t|g] > N(log |£])* },

where « = max{y, 8}. The separating line tg = t(|£]) between both zones is defined by t¢|&| =
N(log |&])*.



T. Kinoshita, M. Reissig / ]. Differential Equations 248 (2010) 470-500 477

Considerations in Zpg(N, M). Here we define the micro-energy E(t,&) := |0(t, £)|2. By application of
assumption (A2) we obtain after differentiation

E'(t, &) = 20(3:U, U) < CIE|E(t, £).

The Gronwall’s inequality yields

{ E(t, £) < E(0, &) exp(CI|ts) = E(0, &) exp(Cy (log €1)"). )

0@ )| <|Uo®]exp(Cn(log &])) for all (t,€) € Zpa(N, M),
respectively. Here and in the following C and Cy are used as universal constants.

Diagonalization procedure in Zpy,(N, M). Let us introduce the notations p(t) := % vA® Then
we define the first (non-singular) globally invertible diagonalizer H = H(t) by

. b() Mf(f)) . (M+(t) b() )
Ht)y=(1+ +(1—- .
= l)(—uf(t) c(t) a=v ct)y —pq(t)

It holds
det H(t) =2/ A(t)(c(t) —b() + i/ A®)).

By assumptions (A1) and (A2) both matrices H and H~! belong to L°°(0, T) N C2(0, T]. Thus, putting
Ut, &) =H(t)V (t, &) we have

¥V =H ' OAOH®IEV —H'OH' OV, V(0,8 =H0)Uo().

Since H is a diagonalizer and the eigenvalues of A are p+ + d the above system simplifies to

/’L++d 0 ) -1 ’
oV — iEV+H (OH (t)V =0.
: ( 0 u_ +d §V+H (ODH (D)

We obtain for the entries hy, = hjm(t), 1 <I,m < 2, of the matrix H='H’ the following representa-
tions:

_ (detH)  (a—d)(b+c)—(a—d)(b+c)

1

" 2detH detH
_(detH)  (a—d)(b+c)—(a—d)(b+c)
2= S detH detH ’
N _detH (VA(b+c+id-a))
A=A detH :
detH (VAG{Wd—a)— (b +0)\
hip = .
2A detH

Now we are able to carry out the second step of diagonalization (but only in Zyy, (N, M)) for the
system

d 0 h h
3tV—<'U'++ >i$V+< 11 12)V=O.
0 n-+d ha1 ha
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Let us define the diagonalizer K = K (t, &) by

__ha@®
EJAD

1 i ®
K(t,£) == ( VA > .
The entries h1; and hy; depend on a —d, b, c and their first derivatives. Due to assumption (A3)
may estimate

hi2(t) ha1 () 1 ( 1)” 1 ( 1)7’
<C—|(log— | <C——|log—
svao | levam| S na %t A

C
(log|§|) <N for all t € [te, T], €| =M

2\(‘1

A large N guarantees the invertibility of K in Zp,,(N, M). Setting V(t,§) = K(t,§)W (t,§) in
Zpyp(N, M) we arrive at the system

1My +d 0 , _1<hn
aw — K1 KiEW + K
‘ ( 0 d) W h

12) KW + K 'K'W =0,
e+

21 hx

W(te, &) = K~ (tg, ) H (te) U (ts, &).

Direct computations show that after two steps of diagonalization we deduce the system

Wy +d 0 ) hn 0 )
oW — w w t, &)W =0,
e ( 0 M—+d>l¥ +(0 oy +J(&. §)

W(te, &) = K (tg, ©)H 1 (te) U (te, &),

where the matrix | = J(t, &) is equal to

hipha1(hii—hgp) _ 2hiphyr  _hip (hzl ) __hipthp—h1) + huhll (h]2
_ £2A iEVA  E2/A VA iEV/A e2a T
detK _ ha1(hga—h11) + hi2h3, _ (h21 ) h12hoq (hpp —h11) + 2hpphy  _hy (’712 Y
iEV/A B iE §°A iE/A  E2JAVA
Denoting the entries of | by Jim = Jim(t,&),1 <I,m <2, they depend on a —d, b and c, and due to
assumption (A3) we obtain the estimate

2y
[Je. & <c Igltz(log ) for (t, &) € Zpyp(N, M).

Energy estimate in Zpy,(N, M)
(detHY'

Let us recall the structure of hy; and hy,. Both consist of the term
Sderr» and the term

Y=y = (@—dd+ Cziezl-(la —9'b+9 which coincides with (1.7).

The influence of the imaginary part Jv is not important, but we are forced to control the real part
Ry, Introducing W = W (t, &) =

(det H(t))~2Z(t, &) the above Cauchy problem for W is transferred
to
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(s +d)E + 3y 0 (1 0 B
atzf( . (M,+d)g—w>'zf<o _1>(9w/)z+12_0,

Z(ts, &) = Jdet H(ts) K (ts, E)H  (te) U te, ).

In Zpyp (N, M) we define the micro-energy E(t, §) :=|Z(t, £)]2.
After differentiation with respect to t we conclude from the last Cauchy problem

2y
E'(t, &) =2R(8Z,2) < c(}mx//(t)\ + ﬁ (log %) )E(t, £).

Now we control the influence of [3iy/| by condition (A5). Together with (A3) and the definition of t¢
it follows

t t

1 1%
E(t,€)<E(t5,$)exp(Cf mtp(s)|ds+C/W<log;> ds)

le le

1\* 1
<E(t5,$)exp(c<logg) +C<logg) )

< E(tg, §) exp(Cy (log|€])*)  for all (¢, &) € Zpyp(N, M).

The backward transformation yields immediately

|U(t, )| < C|Ute, &) exp(Cr(log 1)) for all (¢,&) € Znyp(N, M). (3.2)

Conclusion. From (3.1) and (3.2) we conclude

[0 )| <C|U(0,8)]exp(Ci(log|5])) for all te[0,T], €] > M.
This a priori estimate implies the statement of Theorem 2.1.
3.2. Proofto Theorem 2.2

The proof to Theorem 2.2 is only a slight modification of that one to Theorem 2.1. Both proofs
coincide up to the second step of diagonalization (defining t: =t(|&]), t¢|€] = N(log|&|)V)

My +d 0 ) h1 0)
YW — w W+ J(t E)W =0,
t ( ) M_+d>zs +<O b )W IO

Wte, &) = K~ (te, ©)H 1 (te) U (te, &).

To derive the energy estimate in Zpy,(N, M) we introduce the transformation

exp( fé Ry (s) ds) 0
Z(t,§)

1
W =W(t§) = (detH(t)) 2
(&) ( et H( )) ( 0 exp(— fé Ny (s)ds)

=:D(t,§)Z(t,§).

Then we obtain the following Cauchy problem
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((m +d)E + v 0
8Z —
0 (- +d)E -3y

Z(ts, &) = Jdet H(ts)K ' (tz, E)H 1 (te) U (te, £).

Due to assumptlon (A4) with o« =0 we conclude that the entries ]lm = jlm(t £),1<l,m<2, of the
matrix J := D! JD fulfill the same estimates as those for | = J(t, &), that is, the matrix J satisfies

>i2+]2:0,

~ 2}/
liee|<c |$|t2(l°g ) for (¢, &) € Znyp (N, M).

Defining the energy E(t, &) :=|Z(t, £)|*> we arrive as in the proof to Theorem 2.1 at
L 1 2y 1 Y
E(t,&) <E(tg, &) exp / 2] (log ) ds | < E(te, f)exp(C(log t_> )
§
< E(te, £) exp(Ci(logl€])”) for all (£,8) € Ziyy(N, M).

This implies (3.2), and together with (3.1) for k =y it gives

|U(t, )| <C|0(0,8)|exp(Ci(log|gl)”) forall t €[0,T], |&]>M
the estimate (2.3) of Theorem 2.2, respectively.
4. Does the loss of regularity really appear?

With Theorem 2.3 and its proof we present a general approach how to show for the Cauchy prob-
lem (2.1) which is H* well-posed that a loss of regularity really appears. This loss is coming from
interactions of oscillations.

4.1. The case of H* well-posedness
4.1.1. Proof to Theorem 2.3

We divide the extended phase space [0, T] x {|§| > M} into the pseudo-differential zone and the
hyperbolic zone. Both zones are defined by

Zpg(N, M) :={(t,§) €[0,T] x {|&] > M}: t|g| <N},
Znyp(N. M) := {(t. &) € [0, T] x {|§] = M}: t|§| > N}.
The separating line t; = t(|£|) between both zones is defined by t¢ = Nig|I~ 1.
Considerations in the pseudo-differential zone. As in the proof to Theorem 2.1 we obtain
0@, &) <Cn|Uo®)| forall (t,§) € Zpg(N, M). (41)

There is no loss of derivatives coming from this zone.
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Diagonalization procedure and an auxiliary transformation in Zyy,,(N, M). As in the proof to Theorem 2.1
we have

(g +E + 3% 0 , 10 B
atz—( 0 (u_+d)s—w)lz_(0 _]>(Jw)z+jz_o,

Z(ts, &) = /det H(ts) K (ts, E)H  (te) U (te, ).

Introducing in Zpy, (N, M)

o (exp(— fé 0(s, &) ds — M3 fé ﬁds) 0 )Y( 0
t,§)=: t
0 exp(ff5 (s, &) ds + M3 fé ﬁds)

where the large constant M3 will be chosen later, we get the Cauchy problem

(Ut +d)E + 3y 0 . 1 0 M3 s,
aty_( 0 (u_+d)s—sw)’y_(o —1)<”“9+|s|t2)””‘0’

Y(t:, &) =Z(t:, ).

Here we have to remark that due to the definition of Z,,(N, M), (A3) with y =0 and assumptions
(2.6) and (2.7) the following estimates hold:

- 1
clze o< ye ol <clze. o], |Ied] gzvuw for all (t, &) € Zpyp(N, M).

Lyapunov functional versus energy functional. We define in Zpy,(N, M) the Lyapunov functional E=
E(t, &) and the energy functional E = E(t, £) by

Ee.&) =|ni.s) |y =Wy

E(t.&)=|y1

Differentiation of E with respect to t gives

FRE(t, &) =20 (0cy1, y1) — 2R y2, y2)

= 23%(((/x+ +d)E + 39)iy + (w +6+ |$|t2> yi—Juyi—Juy, y1>
- 22¥t<((u+ +d)E — 3y )iys — (‘W +6+ ISI 2) y2— Jny1 — Ja2y2. yz)

>2(w +6+ |$|tz)(wz +1y21%) — 6Ma— (1y11* + 1y21?).

|r§|t2

If we choose M3 > 3My, then

HE(t, &) = 2Ny +0)E(L, ).

Using assumption (2.5) we can estimate to below in the last inequality the energy by the Lyapunov
functional. Hence,

HE, &) =2y +0)E(t, &).
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By Gronwall’s inequality we conclude

t
Et, &) > I::(tg,é)exp<2/(fﬁlp(s) +0(s, &) ds) for all (t,£) € Zpyp(N, M).

t
Finally, by using condition (2.4) with « € (0, 1], (2.6), (2.7) and the definition of t; it follows

T

exp(Z/(ﬂiw(s) +6(s,8)) ds) > exp(C(log é) ) > exp(Cy (log|é\)a).

te

Consequently,

E(T, &) > E(te, &) exp(Ci (log £1)").
Conclusion. Let us choose with a sufficiently large Q the data yi(tg, &) = (¢)~9 and ya(te, ) =0,

thus E(tg, &) = E(tg, &) = (§)722. Then from the estimate of the Lyapunov functional in Zpy,(N, M)
we conclude

E(T.&) > E(T, &) > E(ts, £) exp(C1 (log |£])”) = E(te. &) exp(C1 (log £ 1))
= exp(C1( 10g|$| )(y/det H(te)| K~ (e, £)H™ Yt Ut g)|

From (4.1) we get for the backward Cauchy problem in Z,4(N, M) the estimate 100(8)| < CN|U(t§ &)
All together yields

E(T, &) > Cyexp(Ci (log 1£1)¥) | Uo(®)]*.

Finally, using

E(T,&) =|Y(T, &)
(exp(f;(e@, §) + i) ds) 0 )

0 exp(— [} (0(5, &) + 203) ds)
2

x /et H(T)K~1(T, &)H 1 (T)U(T, &)

brings with (2.4), (2.6) and (2.7) the desired estimate

|0(T, &)| > Cyexp(Ci(log€1)*)[Uo(®)|.

Summarizing, the Cauchy problem is H® well-posed with an (at least) loss of regularity
exp(Cq(log(Dx))*).
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4.2. The case of H* ill-posedness

One can be satisfied with Example 1.2 from [7]. But our goal is to have an example with interac-
tions of oscillations and with system character “far away from systems” appearing after transformation
of second order equations. Let us come back to Example 1.5. We will show that p € (1, 2] implies an
example for A = A(t), that the corresponding Cauchy problem (2.1) is H* ill-posed. Taking p € (1, 2],
then (A3) is satisfied for y =p — 1€ (0, 1].

4.2.1. Proof to Theorem 2.4
We choose the matrix A from Example 1.5 and get

sin((log %)p)dt(l()g %)p

m =
v 2(2 +sin((log 1yP))

With large constants N and M let us define for {|£] > M} the functions t; and te by

1 1\?
|&|te = Nlog —, |§|t,§=N<log~—) .
te t
Then we divide the extended phase space [0, T] x {|§| > M} into

the pseudo-differential zone ~ Zpq(N, M) = {(t,&): t <t},

the oscillations subzone Zosc(N, M) = {(t,&): t: <t <t}
t<T

}.

the interacting subzone Zintac(N, M) = {(t, &): Eg <
Both subzones form the hyperbolic zone Zpy,(N, M).

Some auxiliary functions and their properties. We introduce the sequence {ti}i>1 with t; =

1 ~
exp(—(kmr)?). Then there exists a function q = q(¢) such that tg4q <tz <tyg—1.
We notice that Ry (t) > 0 for t € [tax, tok—1] and Ry (t) <O for t € [tarr1, tok]. Now let us introduce
the functions

(log 1)2

€2

IRV N L1 g1y 211 B 1y21-1)
2RV N1 (6.0

o€, Nt g, 60

YLt 6,0

w(t, &)=L

for (t,€) € (0, T] x {|§| > M},

0(t, &)=~ R ()

RY (O] + (. &) for t € [tig. til.

The large constant L will be determined later.

Lemma 4.1. It holds

T
L
t,e)dt< — « 1
/w(,é) N <

te

if N is chosen large enough in comparison with L.
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Proof. The statement follows from

T T 1

/ €. £)de=1 (log ) (og:)° 1 <1

w(t, = < - = — . O

. J el Elfe N

te te
Lemma 4.2. We have for t € [tyy, tox_1] the relation

bok—1
. 9% d [Ny (6)]
RY O +0(t.85) —w(t, ) = MY () ds = 2[@C O |11 01 W e e
t2k+1 2k>L2k—1

Proof. Choosing the above introduced definitions for w and 6 we have for t € [to, tox_1]

1R ll 1 (. &)l
Ry (6) +0(t. &) — w(t, &) = (1 - ki) “Zk““"*”).‘m//(t) — el gy ).
2R WL (gt IR L g 4y
Taking account of
fok—1
[ 8= 1~ W
Dk+1
we conclude
Ry (6) +0(t, 8) — o, §)
_ (”mw”ﬂ(fzk,fzk—l) B ||9h//||l-l(f2k+laf2k)) |‘)’i1ﬂ(t)| _ (-, s)HLl(tzk,fzk—l) ‘ﬁl/f(t)|
2RV L1 ey 1) IR 1L ey 1)
fok—1
= ( / Ry (s)ds — 2| (-, &)| ) YO
- : - > LY (tp, top Sty .
bok+1 ket 2R M1 . te-1)
In the same way we are able to prove the following statement:
Lemma 4.3. We have for t € [tyk+1, tok] the relation
k-1
Ry (6) +6(t, &) —w(t, ) = [ Ry (s)ds — 2| (-, &)|| ) Dy @
< ) - ) - . - y L](t Jtak) Snhewe.n
-~ 2er1Rak 2”9”/’”1_1({2,(“,@,{)

Corollary 4.4. We have for t € [tx41, t] the relation

B[k+1)/21-1
RY () +6(t,§) — w(t, &) = / 9y (s)ds — 2| (-, S)HU(twk))

D[(k+1)/21+1

2[R M1 .10

Proof. Setting k = 2n or k =2n+1 the statement follows from those ones of Lemmas 4.2 and 4.3.
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Lemma 4.5. We have the following relations:

fok—1 k-1
/ Ry (s)ds > Ms > 0, / [Ny (s)|ds < forallk>1.
Dkt Dkt
Proof. It holds
tok—1 tok—1 k+1)m
/ My (s)ds / sin((log +)P)ds(log 1)P o  sing
' 2(2 +sin((log 1)p)) 2(2 +sin6)
Dok+1 Dok+1 k-1

by using the definition of t;. From the calculations in Example 1.5 the first statement follows. The
second statement can be concluded from

tok—1 k-1

1 1\?
/|9h//(s)‘ds<— / Eds logg ds=m. O

k41 Dokt1

Corollary 4.6. In the interacting subzone Zipiqc (N, M) it holds Ry (t) +0(t, &) — w(t, &) > 0 for p > 1 in the
definition of the matrix A from Example 1.5.

Proof. Let us choose without loss of generality T = ty,—1. To a given &: |&| > M there exists an index
q = q(%) such that tyq11 < fg K tyg—1. For (t,&) € [tag—1, T] x {|€| > M} the statement follows from
those of Lemmas 4.1, 4.5 and Corollary 4.4. It remains to prove it for (t,§) [fg, tag—1] x {I&] = M}.
First we estimate

f2g-1 132
(log )
(s, £)ds < L@T
+
f2g+1 1

There exists a constant Mg such that tzq_1 < Mgtaq41, where Mg is independent of g. This follows
from

trg— 1 1

21— exp(((2q + )P — (g — Dm)?) (42)

t2q+1
and from

1 1 C
(Qq+1m)? — (2 —Dm)? < — <Mg forp>1. (4.3)
qT

Consequently,

(log tzq%)z _ (logt;\:—i)zMG _ M7 (log t2q+1)2 _ M

Eltage1  Eltag—1 |€ltzg-1 N

for q > ko by taking into consideration the definition of Zj(N, M). Hence, a sufficiently large N in
the definition of the zones implies
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tag—1 tag—1
w(s,&)ds < / w(s,&)ds < Cy with Cy — 0 if N— oo. (4.4)
te f2g+1

Together with the first statement from Lemma 4.5 we obtain the desired statement. O
Finally, let us study properties of 8 =0(t, £).
Lemma 4.7. We have the following properties:

o1
/ 0(s,&)ds=0 forko<k<q,
k41
t2g—1

/9(s,é)ds <Mg  for (t,§) € [te, tag—1] x {1€] > M},

where the constant Mg is independent of (t, &).
Proof. We use the definition of 0 in [takr1, tok], [tak, tok—1], respectively, and get

fok—1 bk

IBEVAIIR o, &)
/ 0(s. £)ds = / (_ u (E2k+1,t2k—1) iy (s) — (E2k+1,t2k) mw(s)| F s, 5)) ds
2[RV 1 ey IR Lt ey 00
Eok+1 D41
fok—1
IREVAIR: lwo -, &)l
<,Wm¢(s) _ # mw(s)’ + w(s, 5)) ds.
II* ‘//||L1(t2k,t2k,1) I 1//||L](t2kvt2k—1)

2k

Simple calculations give together with the positiveness of w, with Ry > 0 on [ty, tyr—1] and with
Ny <0 on [Ep41, k]

t2k—1
1 1
/ 0(s,&)ds = 5||m1//HL'(fzk+1,f2k71) - Enml//”’-](fzkﬂvtqu) - “a)(" g)HL'(tZk_,.l,tZk)
02k+1
- ”w(" £ HLl(tZkatZk—l) + ”w(" £ HLl(t2k+1,f2k) + Hw(.’ é)H’-l(fzk,fqu) =0.
By (4.4) and Lemma 4.5 we have
t2g-1 tag-1 faq
/ 0(s, £)ds| < / |0s.&)|ds + / 6. &)|ds
t tag t2g+1

< ”mw”Ll(qu-Hv[Zq—]) + ”a)("é’:)”L1 + ”w("g)”Ll(tzq,

(tag+1,t2q) tag—1)

S IR q11.820-0) +ZH(‘)("S)”U Ms. =

<
(tag+1,t2g—-1)



T. Kinoshita, M. Reissig / ]. Differential Equations 248 (2010) 470-500 487

Considerations in the interacting subzone. We follow the proof to Theorem 2.3. After two steps of diag-
onalization we obtain the Cauchy problem

(s +d)E + 3% 0 /1 0 B
atZ—( o (u7+d)s—w)lz(0 _1>(m¢)z+12_0,

(e, ) = \/det H(te)K 1 (£, £)H 1 (£) U (Ee, £).

Introducing in Zipec(N, M)

exp(— fé 0(s, &) ds) 0

Z(t, &) =:
“.8) ( 0 exp(fé@(s,é)ds)

) Y(t,6), Y=y,

we get the Cauchy problem
((u+ +d)E +3Y 0
&Y — N
0 (u—+d)§ =3y
Y&, 6) =Z(te, §),

)iY—(O] ) O)(ﬂi¢+9)¥+]¥=0,

where the matrix ] is given by

i ( Jn exp(2f;§0(s,s>ds>m> - ( In ,u>
exp(—2 ;. 6(s. £)ds) Jon J2 ’ Ja Jn)’

Here we have to remark that due to Lemma 4.7 we have C™1|Z(t, £)| < |Y(t, &)| < C|Z(t, £)| for all
(t, &) € Zintac(N, M). Moreover, we have

(log 1)>P~D

P for (t, &) € Zintac(N, M).

17 &) <M

We define the Lyapunov functional E(t, £) = |y1(t, £)|2 — |y2(t, £)|2. Then we conclude as in the proof
to Theorem 2.3

(log %)2([)—1)
|&|¢2

> 2000 +60 — ) (V16,6 + |26, 6)[%)

aE. &) > 2(% +0— My )(|y1 €&+ |y20.6)

if we choose p € (1, 2] and the constant L > Mg in the definition of w. Now Corollary 4.6 is of impor-
tance. It allows to estimate to below the energy functional on the right-hand side by the Lyapunov
functional, and the application of Gronwall’s inequality implies

t

E(t.&) > Et, S)exp(Z/(Eﬁw(s) +6(s, &) — (s, g))ds)

le

for all (t,&) € Zintac(N, M). Applying systematically Lemmas 4.1, 4.7 and the computations from Ex-
ample 1.5 brings
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t

exp(Z/(mw(s) +0(s,&) — (s, g))ds) > Cexp(C1q(8)).

le

From &g ~ tyq it follows q(&) ~ (log %)P. With the definition of t; we conclude

E(T,§) > E(t:, §) exp(Ci (log(£))"), (45)
that is, the desired estimate of the Lyapunov functional in Zineqc (N, M).

Considerations in oscillations subzone. We are interested in the backward Cauchy problem for t €
[te, T ]

(U4 +d)E +3Y 0 . 1 0 _
at2—< o (M—‘l'd)é_S‘//)lZ_(O _1>(m¢)z+12_0,

Z(s, &) = Jdet HE)K 1 (E, £)H 1 (E) U Es. £).

Differentiation of the energy E = E(t, £) = |z1 (¢, £)[2 + |22(t, €)%, Z = (z1, 22)T, gives

QE(t, &) = —C(IMy O] + | J . &)|)E. &)

1/, 1\ 1 1\~
>—C(?<log?> +W<log?> )E(t,é).

Gronwall’s inequality yields

N s 1. 1\ 1 1\2P-1
E(tg,&)>E(t5,$)exp(—c/((§log ;) +W<logg> >ds)
5

1\ Pt f 1 1\ 26D
= E(ts, &) exp —Cp<log;> : _C/W<10g§) ds ).
3
On the one hand we use

te
(10 1)17 (lo 1)p<C (lo 1>p1lo Eg"?l <C (10 ])p] loglo !
gtg gfg <Cp gtE gfé|$|\ p gtg g gfs.

1 1
But gélél, i S8l so

1}’ 1)’ p—1
logg - logg < Cp(logl])”  logloglé|.

On the other hand
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f 1R 1\
—2(p—1)/W<log;> ds.
[

le

le

1 1 2(p—1) 1 1 2(p—1)
— log—) ds:——(log—)
tflész< s |&]s s
¢

Hence, we conclude

i 2(-1) 1 13201 17203
/ ds< —— | log — =Cp|log —
g2\ llee \ e fe

2p-3
<

Cn(log 1) Cn(logf&))P ™!

Summarizing we derived the following energy inequality in Zys.(N, M):
. -1 -1
E(fs, &) > E(t, &) exp(—Ci((log |£1)" loglog €| + (logl€])" ™)),
E(t.£) <exp(Ci(log[&])" " loglog|£|)Ee. &) for all (t,8) € Zosc(N. M), (4.6)
respectively.

Considerations in the pseudo-differential zone. We consider the backward Cauchy problem for ¢ € [0, t¢]

N N . 1
U =AU, U(tg,f):WH(Q)K(Q,S)Z(Q,E).
§
As in the proof to Theorem 2.1 we get
E(t,&) <exp(CnloglE[)E(ts, &) for (t,€) € Zyg(N, M). (4.7)

Conclusion. Let us choose with a sufficiently large Q the data yq (&, &) = £)-Q, yz(fg,é) =0, thus
E(Eg,f) = E(Eg,é) = (£)72Q, Choosing p € (1,2], then the energy estimate (4.7) gives an (at most)
finite loss of derivatives. But, the estimates (4.5), (4.6) for the Lyapunov functional, the energy func-
tional, respectively, imply

E(T,&) > E(T, &) > E(t:, £) exp(C1 (log())”) = E(Ee. &) exp(C1 (log())")
> E(te, £) exp(C1 (log())"),

that is, an infinite loss of derivatives in Zjyqc(N, M) U Zosc(N, M). So, we have H* ill-posedness
for p € (1, 2]. The matrix A = A(t) from Example 1.5 satisfies assumptions (A1), (A2) and (A3) with
y =p—1€(0,1]if p € (1, 2]. This completes the proof of Theorem 2.4.

Remark 4.1. One can construct other examples, where y in (A3) is independent of p in Example 1.5.
With the matrix A from Example 1.5 let us choose

(o ()

Then, Ny is independent of y, and we can take any y € (0, 1] in (A3).
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5. The complexity of hyperbolic systems

With Theorem 2.5 and its proof we explain the complexity of hyperbolic systems and the difficulty
to find general results about H*>® well-posedness or ill-posedness as we did in Theorems 2.1 to 2.4.

5.1. Proof to Theorem 2.5

Choice of the matrix. We shall choose the matrix A(t) from Example 1.6 with

1\" 1\*
w(t):(log?) <2—cos<(log?> )), re,1), p>1, andr+p<2-—r.

Then, we know that A(t) satisfies (A3) with y =p+r —1¢€ (0, 1), (A4) with o« =r € (0,1) and (A5)
with 8 =r+ p > 1. Moreover, Ry (t) = “’T(t) =: ¢1(t) + ¢p2(t), where

rf 1\ 1" p( 1\ 1\?
¢1(t):—z<log?> <2—cos<<log?> )) qﬁz(t):—Z(log?) sin((log?) )

Properties of auxiliary functions. We define t¢ and i by |&]t: = Nlog% and |&]f; = Nlog% x
exp(L(log%)r), respectively, where the constant L will be determined later. We remark that t; < te,

since f(t) = t/log% is an increasing function for small t > 0 and

7 1
[ _fslo8g (¢ 1))
fte) tg/log% exp Ogtg g

1
Now we introduce the sequence {ty}x»1 with t; := exp(—(km)?), a function g = q(¢) such that
tag1 < Eg < tyq—1 and the hyperbolic subzones (cf. with the proof to Theorem 2.4)

Zintac(M,N) = [(£,€): o1 SEST),  Zose(M,N) = {(6,6): ts <t <tzq1).
Finally, let us define the function 6*(t) by

l$21l (E21(k+1) /21415 E2[(k+1)/21-1)

0*(t) = —
20121111 .t

$a2(t)

for t € [t41, tx]. Taking account of |, f2k-1

iy 92 ds = 1620111 0y 1y _y) — 1921111 0y, .0y WeE have for t €
[tok, tok—1] the relation

o1

¢2(t)+9*(t)=<1 w)@(t):( /¢2(s)ds> [2(0)]

20102111 ey 1) toks1 201621111 ey, 1)
+

Similarly, we have for t € [tar1, tox] the relation

tok—1

¢z(t)+9*(t)=( /¢z(5)d5>

Dok+1

[f2(D)]

221l (E2k41,t2k)
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Consequently, we find for t € [tx41, tx] the relation

B[k+1)/2]-1
$2(0) +6%(0) = / 2(5) ds)

L[(k+1)/21+1

ol
2012011 1.0

From this identity we get the following estimate:

Corollary 5.1. It holds

L r
/|¢2(S)+9*(s)|ds<C(log ! )
¢ t2q—1
2q9-1

forallt € [tag—1, T1.

Proof. Let us choose without loss of generality T =t;. Then we can estimate

t
/ |p2(s) + 0*(5)| ds

tag—1

t
< f |p2(s) +60%(s)| ds

tag—1

N
s
N
=
Qu
1%)

N
|
N —
[
o
o
[
——
~
()
o
w
/N

I\

|
—
T
o
['C]
| -
N——

-
o
o
%)
N

5]
- 1\ P! 1\"
+ [ rr=p (log—) sin((log—) )ds
2ps s s

th—l
t2q—1 )
'

This is the desired estimate. O

< C<log

Lemma 5.2. We have the following properties:

tok—1
/9*(5)(15:0 fork>1,

Dok+1

491
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k-1

.1 r
/ |$2(5)]ds < C(log E—) for1<k<gq,
§

D41

t2g—1

1
}¢2(s)|ds<Clogt— ifp>1,2r+p<2,
&
te

t
/ 0*(s)ds

tag—1

.1 r
gC(logE—> for (t,&) € [tag—1, T x {I€] > M}.
&

Proof. From the definition of 6*(t) we compute

k-1 k-1 bok
0*(s)ds = / 0*(s)ds + / 0*(s)ds
Eokt1 tok Lokt
ok—1

b2k
:—/ ”¢2”L1(t2k+1’t2k71)¢2(s)ds—/ ||¢2”L1(t2k+],t2k,1)

$a(s)ds =0.
A 2M1P2M 11 ey, te-1) 2||¢2”L1(f2k+1,fzk)
2k D41
Noting that g =q(&¢) ~ (log é)p from ¢ ~ trq we get
k-1 tok—1 rp—1 r+
p 1\"*? 1 P 1\
/ |p2(s)| ds < / —(1log - ds=C| (log — ( log
2s s Dok+1 Eok—1
0ket1 k41

,
= C((@k+1m)"F — (@k+1Dm) ) < kP < CqP < C(log l) :
:

Using (4.2) and (4.3) we conclude for p > 1 the inequalities

tag—1 < (exp(Me))tag+1 < (exp(Me))t:.

Hence, taking into consideration 2r + p — 1< 1 and tg <tz we get

o 1 r+p—1 f 1 r+p—1 1 r 1 r+p—1
logﬂ(log—> gC(l + log —E>(log—> <CL<log—) <log—>
te L L L te te

1 2r+p—1 1
gCL(log—) < CLlog —.
te tg

This implies (5.3). By (5.1) and (5.2) with k = k(t) satisfying tox+q1 <t < tax—1 we have

t

t tok—1
1 r
/9*(s)ds <C / |p2(s)|ds < C / |¢>2(s)}ds<C<logE—>.
t2g—1 D41 Dk+1 5

In this way we obtain all estimates (5.1) to (5.4). O
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Estimate in Zipggc(M, N). Putting in Zipec(M, N)

exp(— [, 6%(5)ds) 0
Z(t, &)=

. ) Y(t.§)., Y=y
0 exp(ftzqi1 0*(s)ds)

we shall transform

&Z — <(”+ +d3§ Y " +d(;5 —M) iz — (:) _0]) RY)Z+JZ=0
into
By — ((M+ +ng + 3y " +d(;$ _w) iy — (:) _01) O +65)Y + JY =0,
where
. < Ju exp2 [, | 0%(5)ds) 12 )
\ew2f;,  0*©)ds) Iz J2 '

By (5.4) we have

- (log 1)2(r+P—1) 1 r
< CET exp(L(log g) ) for (t, &) € Zintac(M, N).

We define in Zjyqc(M, N) the energy

Et,8) =|y1t, 6 + |y2(t,6)

and obtain with the definition of My the estimates

(log 1)2(r+p—1) 1\
E'(t, &) =2R(3Y,Y) < 2( Ry (©) +0%()| + C———— exp(L(log 7) ))E(t, £)
3

&2
log 1yr—1 log 1)2(+p=1) 1\"
§2(|¢2(t)+9*(t)‘+c(og£) +C(0g t|2_—|t2 exp(L(logE) ))E(t,é).

Thus, by Corollary 5.1 the application of Gronwall’s inequality yields

1 r t (logl)Z(r+p—1) 1 r
E(t, &) < E(tyq-1,&)exp C(log ) +C s—zdsexp(L<log~—> ) .
tag—1 [ls te

tag—1

Since r <1 and r+p <2 —r <2 by using t; <f§ < tyq—1 we have

493
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t
1 log 1)? 1\
E(t, &) <E(tyg-1,86)exp| Clog—+C (log 52) dsexp(L(log ~—> >
te P [&]s te

t

t

t210g1 1\"
—/ 5 ds) exp(L(log~—> ))
e ; 1€]s te

1 1
< E(t2q—1,§)€XP(CIOg f_) < E(f2q71,§)€XP<C10g E) < IEICE(tag-1, ).
3

(log 1)2
HE

1
< E(f2q—ls5)eXP(C logf— +C<—
&

Estimate in Zosc(M, N). Using (5.3) we have the following estimate in Z,s.(M, N):

tag—1

E(f2q—1,€)<E(fss$)eXP(C/

te

1
Ry (s)|ds + Clog [—)
3

tag—1

< E(tg,é)exp(C(logt1> +C /
§

1
|$2(s)| ds + Clog t>
§
t

1
< E(tg,é)EXP(Cl log E) <IEITE(te. &)
Combining the two estimates we get in the hyperbolic subzones

E(t.&) <|§|VE(te, &) for all {(t,&) € [te, T]x {|&] > M}}.

In the pseudo-differential zone we can repeat the estimate (3.1) with « = 1. All together gives the
desired H* well-posedness with an at most finite loss of regularity.

6. About the C* well-posedness

The goal of this section is to prove the following result:

Theorem 6.1. Let us consider the strictly hyperbolic Cauchy problem for the 2 by 2 system

U — A(t)oxU =0, U@0,x)=Up(x), Uge A,

where the matrix A = A(t) € C[0, T]1 N C%(0, T] satisfies the assumption (A1). Then the solutions U €
C([0, Tol, A") which are valued in the space of analytic functionals possess the domain of dependence prop-
erty in the following sense: If Uy = 0 in B(pp), then U(t,-) =0 in B(p~(t)) for all t € [0, To]. Here B(p)
denotes the ball around the origin with radius p and p~ (t) := po — ct, where c is a constant depending on the
coefficient A and Ty is sufficiently small such that cTy < po.

The statements of Theorems 2.1, 2.2, 2.3 and 6.1 allow us to draw the following conclusion.

Corollary 6.2. Let us assume additionally A € C[0, T]. Then the Cauchy problems from Theorems 2.1, 2.2
and 2.3 are C* well-posed.

Now let us devote to the proof of Theorem 6.1.
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Proof of Theorem 6.1. We know that without any new assumptions to A’(t) the only well-posedness
results we can expect for the above Cauchy problem are in spaces of analytic functions .4 or in spaces
of analytic functionals A’ with respect to x. For this reason our strategy is to follow the main steps
of the proof of finite propagation speed for the Cauchy problem

U — a(t)uxy =0, u(0,x) = ug(x), ur (0, x) = uq(x), aeLl(O, T),

from [4].
The key point for the proof to the above theorem seems to be the proof of a statement similar to
Lemma 2 from [4] which reads as follows in the system case:

Lemma 6.3. Let U belong to C'([0, To], A’) as a solution to the strictly hyperbolic Cauchy problem from
Theorem 6.1. We define

To—71

w(A, L) = sup /|A(t+t) A®|dt, 0<p<To.
o<t

Then we have forall || > 1,¢ =& +in, and for all t € [0, To] the estimate
N 2
U] < Mexp(cw( z|;|)'“ +c2t|n|>}U(O o

with suitable constants cq, ¢y and M.

Proof. It is sufficient to prove the result for a sufficiently small Tg > 0 because of the property A €
C2[To, T]. In the case A € C2[To, T] Theorem 6.10 from [12] gives the cone of dependence property.
Let us suppose that t € [0, To].

Step 1: Regularization of the matrix A = A(t). Let us denote by a_ := mingo,1ya(t), ay :=
MmaXee[o,To1A(t) and in the same way we may introduce b_,b,,c_,c4,d_,dy. Due to the small-
ness of Ty and the continuity of the matrix on [0, Tg] we are able to introduce instead of (A1) the
condition

(A1) A(ty,t2,t3,t4) = (a(ty) —d(tz)) +4b(t3)c(ty) =6 for all t1,t,t3,t4 € [0, To]

and with an eventually smaller, but positive constant 5. Now let us define the matrix A with entries
a,b,c,d, where

] a(t) if 0 <t < To, 17
0
0

mg if t > T,

d.
hich is

It is clear that there exists a time tg € [0, To] with a(tg) = mg. In the same way we define E c,
Hw

Now we are in position to define the desired regularization of A. It is the matrix B(t,
defined as follows:

w~ _ 3+ _ N3po—7
B(t,;);:/A(t_;_f)p{(f)dr, p;(t):{ 140 t°(t — &)’ %fte[O, ],
; 0 ift>e

where & = To(2|¢])~!. Among a lot of useful properties of the function p; we only mention that it
belongs to C2[0, c0).
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Step 2: Properties of B(t, ). Let us denote by a, B, ﬁ,a the entries of B. Then due to the definition we
have for all t € [0, Tg]

a_<at.o)<ar, bo<bt.o)<by, o<t <cq,  do<d(t.o)<ds.
Using the property (A1)" we conclude the next statement:
Lemma 6.4. The entries of the matrix B satisfy the condition
(A1) A, ¢)=(at, ¢) —d(t, 0))* +4b(t, 0)é(t, ¢) > 6 forallt € [0, To]
and with a positive constant 8.

Moreover, we know that B(-,¢) is C? on [0, To]. As in Section 3.1 we are able to define the C?
functions (in t) i+ (t,¢) and H(t, ¢) on the interval [0, Tq].

Step 3: Diagonalization of our starting system. Setting A(t) = B(t, ¢) + C(t, ¢) we study instead of our
starting system ;U — A(t)oxU =0, U(0, x) = Up(x), the system

DV —B(t,5)¢V —C(t, )¢V =0,  V(0,7)=Vo().
Introducing V (t,¢) := A, )W (t, ¢) we obtain for W the Cauchy problem
DW — H71(t, 0)B(t, O)HE, )W + H (6, DA, OW — A (t, )C(t, )AL, )¢ W =0,

W(0,7)=H710,0)Vo(0).

This is equivalent to

FW —iD(t, O)EW + H (¢, 08 HE, OW —iH 7 (6, O)C(t, OHE, HHEW =0,

W(0,¢)=H7'(0,¢)Vo(0),

where

p—(‘““) 0 )_(ﬂ+(r,c)+8(t,c) 0 )
0 da(t,0) 0 fo(t,0) +d(t, ¢)

is real.

Step 4: Estimates of different terms. First we estimate the term N@GED¢W, W). Using that D is real we
conclude with ¢ =& +in

RIADLW, W) = —R(DW, W) = —(gDW, W),

and consequently,

RADcW, W)| < 2l W 2.

Now let us devote to the term
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KA DA, OW, W).

To estimate this term we have to estimate |dqa(t, ¢)|, |at13(r, O, 10¢¢(t, ¢)| and |8t£l(t, £)|. For the first
term we obtain for all T € [0, €]

To To, oo
/|a[a(t,;)|dt=/ /(&(t)—a(t+r))pg(r)dt dt
0 0 '0
To—T 00 To [e'9)
< / |a(t)—a(t+r)ydt/ypg(r)}dr+ f |a(t)—mayd:/ypg(r)|dr.
0 0 To—T 0

Using corresponding estimates for the other terms we conclude for all 7 € [0, €]

To
/m(ﬁrl(t, OdHE HOW, W)|dt
0

To—7 00 To o0
< ( / |A(t)—A(t+r)|dt/|pg(r)|dr+ / |A(t)—A0|dt/|pg(r)|dr>(w,W),
0 0 To—T 0

mgq mb)

where Ag denotes the matrix (m[ mg

Finally, let us estimate

KA, OCE OHE DHTW, W).

It is important to understand the estimate for C(t, ¢) for all t € [0, Tg]. We have

C(t,g“):A(t)—/A(t—l—t)p;(r)dr=/(;\(t)—;\(t+r))p¢(t)dr.
0 0

As in the previous estimate we conclude for all T € [0, €]

To
/ym(ﬁrl(t, OCEOHE W, W)|dt
0

To—T o) To o)

< (/ |A(t)—A(t+t)|dtf,o;(r)dr+ f |A(t)—A0|dtfp;(r)dr)|;|(w,W)
0 0 To—T 0
To—T To

<</ |A(t) — At + 7)|dt + |A(t)—A0|dt)|§|(W,W).
0 To—7

0—

In this way we have estimates for all terms appearing in the energy estimate.
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Step 5: Estimate of the energy. To derive the energy estimate we define

To—‘L’
w(A, )= sup / |A(t+ 1) — A®)|dt, e (0, To).
T€l0,u] o

Defining the energy E(W)(t,¢) = (W(t,¢), W(t, ¢)) we conclude
FE(W)(E,§) =2R(@OW, W) =2R(DLW, W) — 2R (71 (t, O)acH(t, HW, W)
+2R(A71(E, OCE, OHE, W, W).

Using the above estimates from the previous step and a Gronwall argument implies immediately

To
EW)(, 0) < MeXP(C1w(A 2Ic |)IC\Jrc‘ztlnl)l:"(W)(O $)
with suitable constants c1, c; and M. The backward transformation leads to the desired result. O

We denote the ball around the origin with radius p by B(p) and define p*(t) := po £ %t >0,
where 2pg > c;Tg (cf. with Theorem 6.1). An immediate consequence of Lemma 6.3 is the following
result:

Lemma 6.5. Let us consider the strictly hyperbolic Cauchy problem for the 2 by 2 system

U — AU =0,  U(0,x) = Uy(x).

If Uy € A’ with support in B(po), then there exists a unique solution U € C([0, To], A). Forall t € [0, To] the
solution has its support in B(p™ (t)).

Proof. Due to Paley-Wiener theorem for all & > 0 there exists a constant C. such that for all |¢] > 1
it holds

|00(0)|* < Ce exp((2po + &) 10| + £1¢1).

The solution U belongs to C!([0, Tg], A’). By Lemma 6.3 we have

0o < Mexp(Cztlnl +C1w( 2|§|>ICI>!U0(C)|

<M, exp<(2p+(t) +é&)lnl+ (qw( 2|;|) +e>|§|)

We remark that by Lebesgue’s convergence theorem limj;|— oo C1w(A, 3 ;‘) = 0. Moreover, the func-
tion w is increasing in |z|~'. Therefore, there exists an increasing function ¢(p) satisfying ¢(0) =
such that cjw(A, 2\€I) <oe(c™. Let L = ie, ¢ = (L7 1). Then we get for 1< [¢] < Lg the
inequalities

‘(8)

0, O < Meexp(p(1)Le) exp((207 ©) + &) Inl + £121) < Me exp((20™ (©) + &) Inl + ¢ 1),

and for |¢| > L¢ the inequality
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IS 2
Ut 0" < Meexp((20™ () +e)In| +2el¢ ).
respectively. In conclusion, for all € > 0 and for all || > 1 we have

0t, )P < Me exp((2p" () + €)1 + 2¢1¢]).

Using again Paley-Wiener theorem we see that U(t) belongs to A'(B(p*(t))) what we wanted to
prove. O

To complete the proof we recall a result from [9] about analytic functionals. If Uy € A, then

Up=0 inR\ Bo(R)

for a positive R, where By,(p) denotes the ball around xo with radius p. We find that

R — R —
suppUp C B r+py ( ;00) UB_ R ( po).
2 2 = 2

Therefore, Uy can be written as

Uo=USP + U,

where

R —
a5 (152

By Lemma 6.5 it follows that the strictly hyperbolic Cauchy problem for the 2 by 2 system
dUE —ADKUD =0,  UD©0,0=U"®
has a unique solution U™ e C([0, To], .A’) with support in

R—po ©
Bﬁéﬂ(TW)'

Since U = U™ 4+ U™ we conclude that U € C([0, To], .A’) with

R — c R — c
supp U C B r+p ( Lo + —2t> UB_ Rring ( ro + —zt).
7 2 2 2 2

That is, U(t,-) =0 in Bo(p0p — %t) =B(p~(t)). O
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