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Abstract

The seismic stability and deformability of earth slopes are conventionally evaluated by simple, practical methods. Because a multimodal
function optimization problem makes it mathematically difficult to search large critical slip surface of earth slopes with complex strata, stability
analysis is one of the classical problems of geotechnical engineering. One option is to evaluate the seismic deformability of earth slopes using
permanent seismic displacements via Newmark's sliding block analysis in the current seismic design. The advantage of this method is that it is
useful in practice and is less time consuming in terms of calculations. However, the calculations require that the critical slip is assumed either
linear or circular. This paper proposes two methods for computing safety factors and permanent seismic displacements of earth slopes using an
efficient non-circular slip surface search algorithm based on the force equilibrium given by the Spencer method. The validity of these proposed
methods is verified by applying them to models with a known safety factor or theoretically calculated permanent seismic displacement and the
results obtained compared. Comparative analyses are also conducted in order to demonstrate their efficacy in terms of computation precision and
convergence performance. Further, they are utilized to calculate the permanent seismic displacement of a practical earth slope model subjected to
seismic motions in both the horizontal and vertical directions. The results obtained indicate that they can calculate the safety factor of earth slopes
using a smaller number of simulations than conventional methods and that they can also be applied to calculate the permanent seismic
displacement of earth slopes. The results also indicate that the permanent seismic displacement calculated is an important index that can be used
to quantitatively evaluate the seismic performance of earth slopes.
& 2015 The Japanese Geotechnical Society. Production and hosting by Elsevier B.V. All rights reserved.
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1. Introduction

In recent years, a number of powerful earthquakes have
occurred in various regions in Japan, resulting in severe
damage to many embankments and earth slopes. This damage
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typically involves the burying of private houses and the closure
of roads and railways. For example, Koseki et al. (2012)
reported several case histories including the collapse of a high
cut slope due to the 2011 off the Pacific Coast of Tohoku
Earthquake in Japan. Hyodo et al. (2012) reported five slope
failures which occurred in a residential area on artificial valley
fills due to the same earthquake. Embankments and earth
slopes with low seismic stability need be evaluated appro-
priately, either by field investigation or numerical analysis, to
Elsevier B.V. All rights reserved.
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reduce such damage to embankments and earth slopes. To
comprehensively evaluate the seismic stability of embank-
ments, it is important to consider the construction records
and factors such as ground and environmental conditions, in
addition to simple field investigations, including cone penetra-
tion tests, a practical stability analysis and displacement
analysis. Since no simple field investigation method has yet
to be established for the seismic stability evaluation of earth
slopes, practical stability and displacement analyses are
essential.

Methods for evaluating the seismic stability of an earth slope
using a safety factor calculated from the ratio of the sliding force
and the resistive force of soil mass that follow along the slip
surface in a limit equilibrium state are generally known as stability
analysis methods. Stability analysis methods can be classified
according to the approach they use to search the slip surface and
calculate the safety factor. Methods that assume the slip surfaces
are circular include the Fellenius and Bishop methods (Fellenius,
1936; Bishop, 1954). These classical methods calculate a safety
factor that satisfies the force equilibrium equation under simple
assumptions. They are widely used in actual practice because they
are considered to generate no major errors in comparison to the
exact solutions, and the safety factors that they provide are usually
almost the same or slightly smaller.

There are also methods that assume that the slip surfaces are
non-circular, such as the Janbu method (Janbu, 1955), the
Morgenstern�Price method (Morgenstern and Price, 1965),
and the Spencer method (Spencer, 1967, 1973). The Janbu
method is mechanically hyperstatic (Sarma and Bhave, 1979).
The Morgenstern�Price method and the Spencer method
determine the safety factor by satisfying both the force and
the moment equilibrium equations by considering the forces in
between slices and hence, can be considered exact methods.
The similarities of the Morgenstern�Price method and the
Spencer method are discussed in detail by Kondo and Hayashi
(1997). Although the Morgenstern�Price method is consid-
ered to be more general than the Spencer method, the
computation processes of both these methods use the same
equilibrium condition equations; therefore, the simpler Spencer
method is more appropriate for practical applications.

Methods that calculate the permanent seismic displacement
of slopes subjected to a strong ground motion using a
displacement that integrates the equation of rotational motion
of a soil mass contained within the critical circular slip surface
are generally known as Newmark's sliding block analysis
methods (Newmark, 1965). Newmark's sliding block analysis
is a simplified procedure, employed in the design code of
railway, road, and dam structures in Japan (RTRI, 2000; JRA,
2010; MLIT, 2005), in which the critical circular slip surface is
determined using a conventional stability analysis. Newmark's
sliding block analysis requires unit weight, friction angle, and
soil cohesion values. The method is useful practically and less
time consuming, in terms of calculations, than other methods.
Newmark's sliding block analysis will be hereafter referred to
as Newmark analysis.

When conducting the seismic stability analysis or Newmark
analysis, as mentioned above, the slip surface must be determined.
In searching for a conventional circular slip surface, the only
parameters required are the arc center and the radius, which enables
the easy determination of the slip surfaces. To evaluate the stability
or deformability of earth slopes composed of homogenous
foundation material, a seismic stability analysis or Newmark
analysis using the circular slip surface is highly practical, but in
evaluating the seismic stability or deformability of natural slopes
that have complex strata with weak layers, the safety factors or
permanent seismic displacement obtained by these methods are not
always the smallest safety factors or the largest permanent seismic
displacements.
On the other hand, for non-circular slip surfaces, the seismic

stability or Newmark analysis methods require the setting
of constraint conditions and a search for slip surfaces with a
minimum safety factor or maximum permanent seismic
displacement. However, while a stability analysis or Newmark
analysis with non-circular slip surface can obtain reasonable
slip surfaces even for natural slopes with complex strata, there
are issues in relation to the complexity of its computation
algorithm and the high computation cost required to obtain
appropriate solutions. These problems arise because of the
need to solve a multimodal function with slip surface coor-
dinates as variables when searching the non-circular slip
surface of natural slopes, resulting in the optimization of a
multimodal function that satisfies the goal of a minimum safety
factor.
On the basis of the above background, various optimization

methods have been proposed. Early examples include the
conjugate gradient method (Yamagami and Ueta, 1988), the
pattern search method (Greco, 1996), and the Monte Carlo
method (Greco, 1996). These methods can easily converge on
local solutions depending on the initial value settings and, in
some cases, may not be able to provide an appropriate optimum
solution. A genetic algorithm (GA) is a typical example of a
method that includes a process for searching for the optimum
solution while converging on local solutions. This method has
frequently been applied (Goh, 1999). Cheng et al. (2007a)
applied simulated annealing, GA, particle swarm optimization
(PSO), a simple harmony search, a modified harmony search,
and a Tabu search to various slope models. They found that
PSO had the highest practical applicability. However, although
PSO is easy to implement and robust in performance, it tends to
be computationally expensive for high strata earth slopes.
Consequently, Shinoda (2013a) proposed an efficient PSO-
based critical slip surface search algorithm with high computa-
tional precision and convergence performance.
Considering stability analysis in the presence of plain failure

and circular failure, many studies have used Newmark analysis
to estimate the earthquake-induced slope displacement. Cur-
rently, it is well known that Newmark analysis can be used to
estimate practical slope displacement, as confirmed by
Goodman and Seed (1966) and Wartman et al. (2003, 2005)
in laboratory model tests, and Wilson and Keefer (1983) and
Pradel et al. (2005) in analyses of earthquake-induced land-
slides in natural slopes. Yan et al. (1996) proposed a modified
Newmark analysis method for a rigid block on an inclined
plane, which incorporated the vertical component of the
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seismic motion. Comprehensive reviews of the sliding block
analysis procedures have been conducted by Kramer (1996),
Wasowsli et al., 2011, and Jibson (2011).

Jibson (2011) classified analytical procedures used to
estimate earthquake-induced slope displacements into three
types: rigid-block, decoupled, and coupled. In a rigid-block
analysis, a sliding block is modeled as a rigid mass that slides
on an inclined plane. This analysis method assumes that there
is little or no deformation of the soil mass. A decoupled
analysis is more sophisticated in its approach to the deforma-
tion of the soil mass. The most commonly used decoupled
analysis method was developed by Makdisi and Seed (1978).
In this method, the computation of the dynamic analysis
response and the plastic displacement are performed indepen-
dently. In a coupled analysis, the dynamic response of the soil
mass and the permanent displacement are modeled together to
take the effect of plastic sliding displacement on the ground
motions into account. Bray and Travasarou (2007) developed a
simplified approach that uses a nonlinear, fully coupled
sliding-block model to produce a semi-empirical relationship
to estimate seismic displacement. Shinoda (2013b) proposed a
method to calculate the permanent seismic displacement of
earth slopes with non-circular slip surfaces. However, the
proposed calculation method does not include a non-circular
critical slip surface search algorithm for earth slopes.

It is well-known that geomaterials have non-linear character-
istics exhibiting peak and residual strengths. Koseki et al. (1998)
proposed a modified and pseudo-static limit-equibilium
approach to evaluate active earth pressure at high seismic load
levels on retaining walls. The proposed method considered
associated post-peak reduction in the shear resistance from peak
to residual states. Matasovic et al. (1997) proposed a trilinear
model for the degradation of yield acceleration as a function of
displacement implemented in the Newmark analysis. In this
model, it is assumed that yield acceleration degrades linearly
with increasing displacement from the peak to residual states.

In this paper, an efficient non-circular stability analysis
method with a simple critical slip surface search algorithm is
proposed. The safety factor computation method given by the
Spencer method sets a force equilibrium equation that takes
both the horizontal and vertical seismic intensity into con-
sideration. A non-circular permanent seismic displacement
analysis method based on the above critical slip surface search
algorithm is also proposed. For simplicity, in this analysis, the
degradation of yield acceleration is not considered. The
efficacy of the proposed methods in terms of computation
precision and convergence performance is verified using slope
models for which the safety factors are known from past
research. Finally, the paper demonstrates how the permanent
seismic displacement of a realistic earth slope model subjected
to horizontal and vertical seismic motions can be successfully
calculated.

2. Objective of analysis

The principal objective of the current analysis in this paper
is to propose methods for seismic performance evaluation of
earth slopes. Two calculation methods are proposed: One
method calculates the safety factor of the earth slopes; the
other calculates the permanent seismic displacement of earth
slopes subjected to ground motion in both the horizontal and
vertical directions. Further, a PSO-based critical slip surface
search method is proposed that allows for the critical slip
surfaces of the earth slopes to be searched. The proposed
methods provide precise seismic stability and displacement
analysis techniques to compute a wide geometrical range of
earth slopes using the non-circular critical slip surface method.
3. PSO-based critical slip surface search method

The PSO method is a type of probabilistic multipoint search-
driven optimization method based on the herd intelligence seen in
shoals of fish and flocks of birds (Kennedy and Eberhart, 1995).
This method effectively solves complex non-differentiable pro-
blems, and its ease of mounting has facilitated its application to
multimodal function optimization problems in a variety of fields
in recent years. Researchers who previously applied PSO to slope
stability analysis set its parameters uniformly using prior analysis
and had insufficient descriptions of information such as the
convergence conditions during the computation process (Cheng
et al., 2007a, 2007b, Khajehzadeh et al., 2012). These researchers
proposed an improved version of PSO as a modified PSO
method, in which the computational efficiency is improved by
updating weighting factors depending on the number of iterations.
However, the proposed modified PSO has flaws, such as an
increase in the number of analysis parameters.
This paper presents a simple slip surface search algorithm

based on the PSO that improves convergence performance
without increasing the number of analysis parameters. The
proposed search algorithm adopts uniform random numbers to
effectively search for the critical slip surface, to set a practical
convergence condition, and to increase the number of nodes in
the critical slip surface, respectively. Fig. 1 depicts the procedure
used by the proposed search algorithm. This procedure is
explained in detail in the ensuing sections.

3.1. Preconditions

Before presenting the specific non-circular slip surface
search method, in this section, the definition of the function
expressing the topography and slip surfaces along with the slip
surface generation conditions are first presented. As shown in
Fig. 2, the function y¼ t(x) expresses the land surface, the
function y¼ l(x) expresses a stratum boundary, the function
y¼s(x) expresses the slip surface, and the function y¼h(x)
expresses the lower limit of a region generating a slip surface.
The slip surface nodes are defined by (xi, yi)8 i, i¼1 � � � n,

and the following constraint conditions are imposed on the x
coordinates of the slip surfaces at the slope toe and the slope
top on the land surface:

x1; minrx1rx1; max ð1Þ
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Fig. 1. Flow chart of the proposed algorithm to search a critical slip surface based on the particle swarm optimization (PSO) method.
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xn; minrxnrxn; max ð2Þ

Further, to generate a slip surface within an area having upper/
lower limits, the following constraint condition is provided:

h xð Þrs xð Þr t xð Þ ð3Þ

For this condition, a group of coordinates configuring a given
slip surface is defined as follows:
S¼ x1; y1; x2; y2;⋯; xn; yn
� � ð4Þ

The Spencer method is used to compute the safety factor in
this paper. Thus, as shown below, the variables in the function
used to find the safety factor are the slip coordinates (S) and
the angle of inclination in between the slices (θ).

FS¼ f S; θð Þ ð5Þ
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Fig. 3. Notations for setting the initial slip surface.
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Fig. 2. Notations of the earth slope.
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The non-circular slip surface search reduces to the problem of
minimizing the goal function given by Eq. (5). Because this
function is a multimodal function, it originates from the opti-
mization problem of the multimodal function. In this paper, the
following geometric constraint conditions are imposed on the
generated slip surfaces:

xioxiþ18 i : i¼ 1⋯n�1 ð6Þ

yi ¼ t xið Þ8 i : i¼ 1⋯n ð7Þ

h xið Þoyir t xið Þ8 i : i¼ 2⋯n�1 ð8Þ
Because the PSO method is used here, for these conditions, the
slip surface coordinates group of the kth step can be defined
when multiple slip surface groups in the kth step are given by
Sj
k8 j: j¼1 � � �m as follows:

Skj ¼ fSk1; Sk2;⋯; Skmg ð9Þ
where S1

k (for example) can be defined as follows:

Sk1 ¼ xk1;1; y
k
1;1; x

k
1;2; y

k
1;2;⋯; xk1;n; y

k
1;n

n o
ð10Þ

The slip surface coordinates groups are updated at each step in
order to minimize the safety factor. The safety factor corre-
sponding to each slip surface group is updated as follows:

FS S0j

� �
4FS S1j

� �
4⋯4FS Skj

� �
4FS Skþ1

j

� �
⋯ ð11Þ
3.2. Generation of multiple initial slip surfaces

This paper adopts an algorithm to generate multiple initial
slip surfaces from the research by Greco (1996). The x
coordinates of the slip surfaces at the slope toe and the slope
top are defined as shown below, with the number of initial slip
surface nodes set to four, R1, R2,…, where Rn is a uniform
random number in the interval [0, 1], as shown in Fig. 3.

x0j;1 ¼
x1; minþRj;1ðx1; max�x1; minÞ

4
ð12Þ

x0j;4 ¼
x4; minþRj;4ðx4; max�x4; minÞ

4
ð13Þ

The low-discrepancy sequence (LDS) (Tezuka, 1995; Tamura
and Shirakawa, 1999; Shinoda, 2007), which has an extremely
high uniformity even at high dimensions, is used for the
uniform random numbers above. (Note: all the uniform
random numbers cited subsequently in this paper are from
the low-discrepancy sequence.) The uniformity of the adopted
LDS was verified by comparing it with the results obtained for
a one-dimensional sample generated by a random generator
(Matsumoto and Nishimura, 1998) with 500 simulations, as
shown in Fig. 4. (Hereafter, the latter uniform random variable
will be referred to as the conventional uniform random
variable.) Fig. 4(a) and (b) depict histograms of the conven-
tional uniform random variable and the LDS in (0, 1),
respectively. From Fig. 4(a), it is evident that the uniformity
of the conventional random variable is not guaranteed. How-
ever, as can be seen in Fig. 4(b), the quasi-random variable
obtained from the LDS exhibits a high uniformity.
When the x coordinates of slip surface nodes 1 and 4 are

fixed as defined above, the y coordinates of the slip surfaces at
the slope toe and the slope top are uniquely fixed as follows:

y0j;1 ¼ t x0j;1

� �
ð14Þ

y0j;4 ¼ t x0j;4

� �
ð15Þ

Next, the angles formed by nodes 1 and 4 with the horizontal
plane are set using uniform random numbers as follows:

α1 ¼ �40:0þ15:0R5 ð16Þ

α3 ¼ 45:0þ15:0R6 ð17Þ
The process given below is executed to determine nodes 2 and
3 of the slip surface. In other words, this process finds the xp
coordinate of the intersection point x of the slip surface
obtained from slip surface node 1 and Eq. (16) and the slip
surface obtained from slip surface node 4 and Eq. (17).

xp ¼ y4�y1þx1 tan α1�x4 tan α3
tan α1� tan α3

ð18Þ

The x and y coordinates of slip surface nodes 2 and 3 are given
as follows:

x2 ¼ x1þR2 xp�x1
� � ð19Þ

y2 ¼ y1þ x2�x1ð Þ tan α1 ð20Þ
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Fig. 5. Update nodes of the slip surfaces by the PSO method.
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x3 ¼ x4�R3 x4�xp
� � ð21Þ

y3 ¼ y4þ x3�x4ð Þ tan α3 ð22Þ

3.3. Velocity computation and updating of slip surface
coordinates

In order to generate slip surface nodes using the PSO
method, the slip surface coordinates of the preceding step are
updated by adding a velocity term, as shown in the following
equations:

xkþ1
j;i ¼ xkj;iþvxkþ1

j;i ð23Þ

ykþ1
j;i ¼ ykj;iþvykþ1

j;i ð24Þ
where vxkþ1

j;i denotes the velocity in the x-direction and vykþ1
j;i

denotes the velocity in the y-direction, which are given as
follows:

vxkþ1
j;i ¼wvxkj;iþc1r1ðxlj;i�xkj;iÞþc2r2ðxgi�xkj:iÞ ð25Þ

vykþ1
j;i ¼wvykj;iþc1r3ðylj;i�ykj;iÞþc2r4ðygi�ykj;iÞ ð26Þ
In the above equations, w denotes the inertia weighting
coefficient; c1 indicates the local solution weighting coeffi-
cient; c2 represents the optimum solution weighting coefficient;
r1 to r4 denote uniform random numbers at the interval [0, 1];
xlj, i and ylj, i indicate the target particle's x-coordinate and y-
coordinate local optimum solutions, respectively; and xgi and
ygi denote the target particle's x-coordinate and y-coordinate
global optimum solutions, respectively. In other words, as
shown in Fig. 5, the new velocity is computed using the
current particle velocity, its difference with the local optimum
solution, and its difference with the global optimum solution.
Here, the term “local optimum solution” implies the optimum
solution for the target particle, and the term “global optimum
solution” implies the optimum solution for all of the particles.
For the computation of the velocities given by Eqs. (25) and
(26), the following constraint conditions are imposed:

vkj;i; minrvxkj;irvkj;i; max ð27Þ

vkj;i; minrvykj;irvkj;i; max ð28Þ
where vkj;i; min and vkj;i; max respectively denote the minimum and
maximum values of the velocity calculated using the equations
below. The minimum and maximum values of the velocity of
the slip surface coordinate at the slope toe and the slope top are
calculated as follows:

vkþ1
j;1; max ¼ β xkj;2�xkj;1

� �
ð29Þ

vkþ1
j;1; min ¼ �vkþ1

j;1; max ð30Þ

vkþ1
j;n; min ¼ β xkj;n�xkj;n�1

� �
ð31Þ

vkþ1
j;n; max ¼ �vkþ1

j;n; min ð32Þ
The minimum and maximum values of the velocity of the slip
surface coordinates at positions other than the slope toe and the
slope top are calculated as follows:

vkþ1
i; max ¼ β xkj;iþ1�xkj;i

� �
ð33Þ
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xkþ1
i; max ¼ β xkj;i�xkj;i�1

� �
ð34Þ

where β denotes the parameter that determines the magnitude
of the minimum and maximum values of the velocity; hence,
in order to satisfy Eq. (6), it must be set to a value smaller than
0.5. Therefore, in this paper, a value of 0.4 is used.

3.4. Safety factor calculation and updating of local and global
optimum solutions

In this paper, the Spencer method is used to compute the
safety factor to satisfy the force equilibrium equation in the
horizontal and vertical directions, and the moment equilibrium
equation—which is based on the equilibrium equations pre-
sented by Furuya (1997) using the Spencer method. The
vertical seismic intensity component is considered in the
calculation of seismic stability and deformability of earth slope
subjected to the horizontal and vertical seismic motions
simultaneously. If a safety factor is computed with the updated
slip surface coordinates, and a safety factor smaller than the
local optimum solution or the global optimum solution is
obtained, the slip surface coordinates in the local optimum
solution or the global optimum solution have to be updated.

3.5. Convergence conditions

No clear convergence conditions for the PSO method have
been proposed thus far. In some applications, the slope
stability analysis is preset to the number of repetitions deemed
likely to converge and the computation is repeated the preset
number of times (Khajehzadeh et al., 2012), whereas others set
a safety factor difference before and after a preset number of
repetitions as the convergence condition (Cheng et al., 2007a).
In this paper, the basic approach is to set the absolute value of
the velocity term given by Eqs. (25) and (26), and the
difference in the safety factor before and after the number of
trials as the convergence conditions. The convergence condi-
tions for the PSO method utilized in this paper are as follows:ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

vxkj;iþvykj;i

q
oεv8 i; j : i ¼ 1⋯n; j ¼ 1⋯m ð35Þ

and

ΔFSoεFS ð36Þ
where εv denotes the tolerance error of the velocity; ΔFS, the
difference in the safety factor before and after the number of
trials; and εFS, the tolerance error of the safety factor. A prior
analysis showed that as the length of the slip surface increased,
the amount of movement that the slip surface coordinates had,
which affected the safety factor, decreased (in other words, the
safety factor was significantly changed by a slip surface
coordinate movement of 0.1 m for a slip surface length of
1.0 m, and the safety factor was marginally changed by a slip
surface coordinate movement of 0.1 m for a slip surface length
of 10.0 m). Hence, εv was set in accordance with the length of
the slip surface. In this paper, the value is set to equal the
length of the slip surface divided by 1500. Further, a value of
0.0001 is used for εFS. When the PSO method is used, the
velocity term given in Eqs. (25) and (26) may be slow to
converge or may not converge, depending on the parameter
values. Therefore, in addition to the convergence conditions
mentioned above, the proposed method sets an upper limit
value for the number of trials for each maximum number of
nodes. In this paper, 200 is set as the upper limit for the
number of repetitions on the basis of prior analysis.
3.6. Increasing numbers of nodes

If the safety factor converges with the current number of slip
surface nodes, and the number of slip surface nodes does not
satisfy the target number of slip surface nodes, the number of
slip surface nodes is increased in accordance with the method
described by Greco (1996), as shown below. First, the current
slip surface node number is updated as follows:

xkþ1
j;2i�1 ¼ xkj;i8 i : i¼ 1⋯n ð37Þ

ykþ1
j;2i�1 ¼ ykj;i8 i : i¼ 1⋯n ð38Þ
Next, the maximum number of slip surface nodes is increased
as follows:

n¼ 2n�1 ð39Þ
Finally, a new node is set between the slip surface nodes
updated by Eqs. (37) and (38) as follows:

xkj;i ¼
xkj;i�1þxkj;iþ1

2
8 i : i mod 2 ¼ 0 ð40Þ

ykj;i ¼
ykj;i�1þykj;iþ1

2
8 i : i mod 2 ¼ 0 ð41Þ

As described previously, the initial maximum number of slip
surface nodes is four; therefore, the maximum number of slip
surface nodes will range over the values four, seven, 13, 25,
and onwards.
4. Newmark's sliding block analysis with non-circular slip
surface

In this paper, Newmark analysis is adopted for permanent
seismic displacement analysis dealing with a non-circular slip
surface. In the conventional Newmark analysis, the permanent
seismic displacement of earth slopes subjected to a strong
ground motion is calculated by integrating the equation of
rotational motion of a soil mass contained within the critical
circular slip surface by assuming the failure mass as a
rotational rigid block (Shinoda et al., 2006). The equation of
rotational motion is solved for the rotation caused by the
difference between the driving and resisting moments. The
critical slip surface is determined by the conventional stability
analysis using a specific acceleration or seismic coefficient to
yield a safety factor of 1.0. (Hereafter, this acceleration and
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Fig. 6. Notations of the earth slope in the rotational motion.
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seismic coefficient will be referred to as the yield acceleration
and the yield seismic coefficient, respectively.)

The solution to the permanent seismic displacement by the
proposed Newmark analysis method dealing with the non-
circular slip surface is similar to that of the conventional
Newmark analysis method. The difference lies in the deriva-
tion of the equation governing the horizontal and vertical
motion of the soil mass contained within the critical non-
circular slip surface. The equations governing horizontal and
vertical motions are solved for the movement caused by the
difference between the driving and resisting forces. The
calculation procedure is explained in detail below.

4.1. Calculation of yield seismic coefficients

When considering the ground motion in both the horizontal
and vertical directions, a unique combination of the yield
seismic coefficients of the vertical and horizontal directions
cannot be determined under the condition of a safety factor
equal to 1.0. Therefore, the yield seismic coefficients in both
the horizontal and vertical components can be obtained from
the convergence calculation using the two points across the
safety factor equal to 1.0 when the safety factor first becomes
smaller than 1.0 from the start of the time history. The yield
seismic coefficient of the earth slopes subjected to only
horizontal or vertical seismic motion can simply be calculated
without considering the time history of acceleration (see
Shinoda et al. (2006) for the calculation of yield seismic
coefficient).

4.2. Calculation of permanent seismic displacements

4.2.1. Calculation of permanent seismic displacement in the
horizontal and vertical components

The equation of motion in the slice i in the horizontal and
vertical directions can be derived as follows:

Wi

g
€Xi ¼ FX i ð42Þ

Wi

g
€Yi ¼ FY i ð43Þ

where €Xi and €Yi are the horizontal and vertical accelerations in
the slice, and FXi and FYi are summations of the horizontal and
vertical forces. The equations of motion in the center of the
gravity of the sliding soil mass can be derived from Eqs. (42)
and (43) as follows:

Xn
i¼1

Wi

g
€XG ¼

Xn
i¼1

FX i ð44Þ

Xn
i¼1

Wi

g
€YG ¼

Xn
i¼1

FY i ð45Þ
where XG and YG are the horizontal and vertical displacements
of the center of gravity in the sliding soil mass, which can be
calculated by the linear acceleration method as follows:
for the horizontal component;

€XG;tþΔt ¼

Pn
i¼1

FXi

Pn
i¼1

Wi

g ð46Þ

_XG;tþΔt ¼ _XG;tþ
1
2

€XG;tþ €XG;tþΔt
� �

Δt ð47Þ

XG;tþΔt ¼ XG;tþ _XG;tΔtþ
1
6

2 €XG;tþ €XG;tþΔt
� �

Δt2 ð48Þ

for the vertical component;

€YG;tþΔt ¼

Pn
i¼1

FYi

Pn
i¼1

Wi

g ð49Þ

_YG;tþΔt ¼ _YG;tþ
1
2
ð €YG;tþ €YG;tþΔtÞΔt ð50Þ

YG;tþΔt ¼ YG;tþ _YG;tΔtþ
1
6

2 €YG;tþ €YG;tþΔt
� �

Δt2 ð51Þ

The horizontal and vertical displacements of the center of
gravity in the sliding soil mass are calculated as zero when the
velocities defined by Eqs. (47) and (50) become zero or have
negative values.

4.2.2. Calculation of permanent seismic displacement in the
rotational component
Similar to the derivation of the equation of horizontal and

vertical motions, the equation of rotational motion about Oc

can be derived as follows:

�
Xn
i¼1

Wi xoi
2þyoi

2
� � !

€θc ¼
Xn
i¼1

MRi
n ð52Þ

The notations are defined in Fig. 6, where xoi and yoi are the
horizontal and vertical distances between Oc and the center of
the bottom of the slice; €θc is the angular acceleration about Oc;



Table 1
Soil properties for Example 1.

Layer Unit weight (kN/m3) Cohesion (kPa) Friction angle (deg.)

1 19.0 15.0 20.0
2 19.0 17.0 21.0
3 19.0 5.0 10.0
4 19.0 35.0 28.0

1.2

1.3

1.0474 using PSO

13 nodes7 nodes

ct
or

4 nodes
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MRi
n is the summation of moments about Oc when the safety

factor first becomes 1.0 during seismic motion. The rotation
about Oc can be calculated by the linear acceleration method as
follows:

€θc ¼ �
Xn
i ¼ 1

MRi
n

. Xn
i ¼ 1

Wi xoi
2þyoi

2
� � !

ð53Þ

_θc;tþDt ¼ _θc;tþ
1
2

€θc;tþ €θc;tþΔt
� �

Δt ð54Þ

θc;tþΔt ¼ θc;tþ _θc;tΔtþ
1
6

2€θc;tþ €θc;tþΔt
� �

Δt2 ð55Þ

4.2.3. Calculation of permanent seismic displacement
The permanent seismic displacements by the proposed

method can be calculated with horizontal, vertical, and
rotational components. Their values are selected considering
the shape of the slip surface. For example, when the slip
surface is circular, the permanent seismic displacement should
be calculated from the rotational component. On the other
hand, when the slip surface is non-circular, the resultant
permanent seismic displacement should be calculated from
the horizontal and vertical components. The rotational and
resultant permanent seismic displacements can be calculated as
follows:

dθi ¼ θc
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xoi2þyoi2

p
ð56Þ

ds¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
XG

2þYG
2

p
ð57Þ

5. Validity verification

5.1. Stability analysis with the PSO-based critical slip surface
search method

Example 1 is used to verify the seismic safety factor
obtained by the proposed method. As a means of verification,
the seismic safety factor obtained by the proposed method is
compared with that previously obtained by other researchers.
Fig. 7 and Table 1 show the analytical model and the soil
properties of Example 1. This model has four layers, including
a weak layer that is expected to cross the critical slip surface.
The geometric configuration of the analytical model in
Example 1 is virtually the same as that by Zolfaghari et al.
(2005) and Cheng et al. (2007a) except for the boundary
condition of the backfill. In Example 1, the boundary of the
backfill soil is extended to search the deep critical slip surface
(30,19)
(40,19)
(40,17.15)

(40,14)
(40,13)

(40,4)

(26,17)

(20,14)
(18,13)

(13,10.5)

(5,4)

(5,10.5)

Layer 1

Layer 2

Layer 3

Layer 4

Fig. 7. Analytical model of earth slope of Example 1.
in the seismic condition. The soil properties of the analytical
model reported by Zolfaghari et al. (2005) and Cheng et al.
(2007a) differed as a result of unit conversion. Therefore, the
soil property in the analytical model reported by Cheng et al.
(2007a) was adopted in the current analysis.
In the example, the horizontal seismic coefficient was 0.1. In

order to exclude any inappropriate critical slip surface from the
current analysis, the minimum and maximum values were set
at the slip surface of the x coordinates of the slope toe and the
slope top for the setting of the land surface slip surface
coordinates. An area with x coordinates from 15.0 to 25.0 at
the slope toe and x coordinates from 30.0 to 45.0 at the slope
top was set as the slip surface generation area.
As described earlier, the value set for the tolerance error of

the node velocity was the slip surface length divided by 1500,
and the value set for the safety factor tolerance error was
0.0001. The number of slip surface nodes was initially four,
then it subsequently increased to seven, and then 13. The
number of particle swarms used in the current PSO method
was 40. When the PSO method was used to evaluate the local
and global optimum solutions after generating 40 slip surfaces
simultaneously, the number of trials was counted as one trial at
the point in time when 40 slip surfaces were generated. In
other words, the number of safety factor calculations was equal
to the number of simulations multiplied by the number of
particle swarms. The weighting coefficient of the PSO method
were set as w¼0.65, c1¼1.2, and c2¼1.2, as given by
Wakasa et al. (2010). The sensitivity of the parameters of
the PSO method for the precision and the convergence of the
solutions are outside the scope of this paper; however, the
findings in this area will be published in the near future.
Fig. 8 shows a plot of the seismic safety factor versus the

number of simulations of the proposed method. When the
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Fig. 8. Bias of safety factor calculation with the number of simulations by the
proposed method.



Table 2
Comparison of safety factors and number of safety factor calculations obtained
by the various optimization methods for Example 1.

Optimization
method

Literature Method of safety
factor calculation

Safety
factor

Number of safety
factor calculation

GA Zolfaghari
et al. (2005)

M–P 1.37 Unknown

Ant-colony Cheng et al.
(2007a)

Spencer 1.3028 109,800

Tabu Cheng et al.
(2007a)

Spencer 1.1858 63,796

SA Cheng et al.
(2007a)

Spencer 1.1334 108,542

SHM Cheng et al.
(2007a)

Spencer 1.0733 99,831

MHM Cheng et al.
(2007a)

Spencer 1.0578 40,476

PSO Cheng et al.
(2007a)

Spencer 1.0474 69,600

Present study Spencer 0.970 4800

Note: GA¼Genetic algorithm; Tabu¼Tabu search; SA¼Simulated annealing;
SHM¼Simple harm ony search; MHM¼Modified harmony search;
M–P¼Morgenstern and Price method.

Present study

PSO by Cheng et al. (2007a)

GA by Zolfaghari et al. (2005)

Fig. 9. Comparison of critical slip surface for Example 1.

Circular slip surface
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(25,0)

(15,10)

(0,5)

(0,0)

(5,5)

(20,10)

Fig. 10. Analytical model and determined circular slip surface of earth slope of
Example 2.
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maximum numbers of slip surface nodes are four, seven, and
13, the number of simulations until the convergence are 44, 85,
and 120, respectively. The fact that the number of simulations
does not reach the upper limit of 200 indicates good
convergence each time. The safety factors at the convergence
for each maximum number of slip surface nodes were 1.052,
1.002, and 0.988, respectively.

Table 2 shows the seismic safety factors obtained by
Zolfaghari et al. (2005), Cheng et al. (2007a), and the proposed
method. The safety factor results obtained by Cheng et al.
(2007a) using the PSO method is smaller than that obtained by
the other methods, including the method by Zolfaghari et al.
(2005), as shown in Table 2. However, the safety factor
calculated by the proposed method is slightly smaller than that
by Cheng et al. (2007a) using the PSO method. Moreover, the
number of safety factor calculations in the proposed method is
the smallest among that of all the methods, as shown in Table 2.
As a representative result, Cheng et al. (2007a) reported the
safety factor of the PSO method as 1.0474, with the number of
safety factor computations at 69,600. In contrast, the safety
factor calculated by the proposed method is 0.970, with the
number of safety factor calculations at 4800 (i.e., 120� 40).
Fig. 9 compares the critical slip surface obtained by the
proposed method with the slip surfaces obtained by the GA
and PSO methods, as given in Table 2. The slip surface obtained
by the proposed method, as shown in Fig. 9, is virtually the
same as that by the PSO method reported by Cheng et al.
(2007a), except for the tip of the slip surface. These findings
verify that the analytical precision of the proposed method is
valid for Example 1, and its computation efficiency is relatively
higher than that of the existing methods.

These findings indicate that the safety factor obtained by the
proposed method is marginally smaller than that of the existing
methods, and its computation precision is relatively higher.
5.2. Newmark analysis with circular critical slip surface

Verification of Newmark analysis with non-circular slip
surface derived from the Spencer method was also conducted.
According to an analytical condition, the safety factor of the
earth slope with the circular slip surface by the Fellenius
method is equal to that by the Spencer method. This indicates
that the permanent seismic displacement of the earth slope with
the circular slip surface by the Fellenius method is equal to that
by the Spencer method. Therefore, a program to calculate the
permanent seismic displacement of an earth slope by the
Fellenius method (Shinoda et al., 2006) was used for compar-
ison purposes with that obtained by the proposed method.
Fig. 10 shows the analytical model and the circular slip

surface for Example 2. The geometric configuration of the
analytical model in this paper is the same as that by Yamagami
and Ueta (1988) and Greco (1996); however, the soil proper-
ties of the adopted analytical model were changed from the
above previous research in which the unit weight and friction
angle were 17.64 kN/m3 and zero, respectively. This is
because the permanent seismic displacement cannot be calcu-
lated because of the safety factor of less than 1.0 in the static
condition. The five friction angles of the analytical model were
determined to become yield seismic coefficients of 0.1, 0.15,
0.2, 0.25, and 0.3 by trial calculation. The circular slip surface
was set in the center of the circular slip surface at (5.0, 30.9)
and the radius as 25.0 m to pass through the toe of the earth
slope of (5.0, 5.0).
Fig. 11 shows the horizontal ground motion in the NS

direction arranged from seismic records observed at the
Kiban�Kyoshin Net (KiK-net) Hino during the Western
Tottori prefecture Earthquake in 2000. The amplitude of the
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Fig. 11. Arranged ground motion in the NS direction of Western Tottori
prefecture Earthquake in 2000.
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Fig. 12. Comparison of permanent seismic displacement with the yield seismic
coefficient by the conventional and proposed methods of Example 2.
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Fig. 13. Comparison of theoretical and calculated permanent seismic displace-
ments of Example 2.
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Fig. 14. Notations of the earth slope with planar failure surface.
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above ground horizontal motion was arranged to become an
Arias intensity of 1000 m/s obtained from the ground hor-
izontal and vertical motions. The maximum horizontal accel-
eration in the NS direction was 647 gal. This observed ground
motion was used in the current analysis. The Arias intensity IA
(Arias, 1970), a measure of the earthquake intensity, is
obtained by integrating the squared accelerations over time
as follows:

IA ¼
π

2g

Z Td

0
x tð Þ2þy tð Þ2� �

dt ð10Þ

where t is the time; g is the acceleration due to gravity; Td is
the duration of the ground motion; and x(t) and y(t) are the
time histories of the horizontal and vertical accelerations,
respectively. IA is a measure of the total acceleration of the
record rather than of the peak only. It is therefore a better
indicator of the magnitude of the shake than the peak ground
acceleration.

Fig. 12 compares the permanent seismic displacements
obtained from the conventional and proposed methods for
Example 2. It can be clearly seen that both permanent seismic
displacements are identical to the various yield seismic
coefficients. Fig. 13 shows the time histories of the permanent
seismic displacement obtained from the conventional and
proposed methods under the yield seismic coefficient of 0.2.
It is also clearly shown that the time histories of the permanent
seismic displacement by the conventional and proposed
methods are identical. These analytical results verify that the
proposed method can calculate the permanent seismic dis-
placement of the earth slope with the critical circular slip
surface.
5.3. Newmark analysis with planar critical slip surface

Evaluation of the seismic stability of the earth slope exhibit-
ing a planar critical slip surface as well as the circular critical
slip surface is important. To verify the proposed method in this
case, the permanent seismic displacement obtained by the
method was compared to that obtained by Culmann's analysis
method presented by Francais (1820), which is considered a
theoretical solution. Fig. 14 shows the forces acting on the earth
slope exhibiting the planar critical slip surface, where H is the
slope height, i is the slope inclination, α is the inclination of the
planar critical slip surface, β is the inclination of backfill of the
slope, and kh and kv are horizontal and vertical seismic
coefficients, in which the positive kv is considered to act
downwards in this paper. W is the weight of the sliding soil
mass, which can be geometrically calculated as follows:

W ¼ γH2

2
sin i�αð Þ sin i�βð Þ
sin α�βð Þ sin 2i

ð58Þ

The equation of motion along the planar critical slip surface can
be derived as follows:

€dt ¼
cos ϕ�αð Þ
cos ϕ

kh�khy
� �

g ð59Þ
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Fig. 15. Analytical model of earth slope of Example 3. 0.05 0.10 0.15 0.20 0.25 0.30 0.35
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Fig. 16. Comparison of theoretical and calculated permanent seismic displace-
ments plotted against the yield seismic coefficient of Example 3.
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Fig. 17. Theoretical and calculated time histories of permanent seismic
displacement of Example 3.
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where dt is the permanent seismic displacement, which can be
theoretically calculated as follows:

dt ¼
cos ϕ�αð Þ
cos ϕ

∬ kh�khy
� �

g dt ð60Þ

where khy is the yield seismic coefficient, which can be
calculated as follows:

khy ¼
cl cos ϕ� 1þkvð ÞW sin α�ϕð Þ

W cos ðα�ϕÞ ð61Þ

For the calculation of the permanent seismic displacement in
Eq. (60), the velocity obtained from Eq. (59) was set to zero
when the above velocity became a negative value.

Fig. 15 shows the analytical model for Example 3, in which
the earth slope model exhibited a planar critical slip surface.
The unit weight and friction angle of the upper and lower
layers werere 19.5 kN/m3 and 201. The cohesion of the lower
layer was set at a high value not to cross the critical slip
surface in the lower layer. The several cohesions of the upper
layer were determined to become yield seismic coefficients of
0.1, 0.15, 0.2, 0.25, and 0.3 by trial calculation. The planar
critical slip surface was set to cross the two points (3, 5) and
(22, 22). The same seismic motion as that in Example 2 was
used for the permanent seismic displacement calculation, as
shown in Fig. 11.

Fig. 16 compares the permanent seismic displacements
obtained from the theoretical and proposed methods. The
resultant displacement by the proposed method can be
calculated from the horizontal and vertical displacements
shown in Fig. 16. It is clearly shown that both permanent
seismic displacements are identical to the various yield seismic
coefficients. Fig. 17 shows time histories of the permanent
seismic displacement obtained from the theoretical and pro-
posed methods under the yield seismic coefficient of 0.2. It is
also clearly shown that the time histories of the permanent
seismic displacement by the theoretical and proposed methods
are identical. These analytical results verify that the proposed
method can calculate permanent seismic displacement of earth
slopes with the planar critical slip surface.
6. Application of Newmark analysis with non-circular slip
surface

This section verifies the applicability of the proposed
method to the seismic stability and deformability of earth
slopes subjected to seismic loading in both the horizontal and
vertical directions. The geometry of the analytical model of
Example 4 is the same as that of Example 1, shown in Fig. 7.
The geometric configuration and soil properties of the analy-
tical model in this paper are the same as that by Zolfaghari
et al. (2005) except for the boundary condition of the backfill
and cohesion of the third layer. The cohesion of the third layer
was determined to become the yield seismic coefficients 0.1,
0.2, and 0.3 by trial calculation. The ground motions observed,
including both the horizontal and vertical acceleration, are
used in the current analysis. Fig. 18 shows a vertical ground
motion in the UD direction arranged from the seismic record
observed at the Kiban�Kyoshin Net (KiK-net) Hino during
the Western Tottori prefecture Earthquake in 2000. As men-
tioned before, the amplitude of the above ground vertical
motion was arranged to become an Arias intensity of 1000 m/s
obtained from the ground horizontal and vertical motions, in
which the maximum vertical acceleration was 580 gal.



0 5 10 15 20
-1000

-500

0

500

1000

V
er

tic
al

 A
cc

el
er

at
io

n 
(g

al
)

Time (s)

Fig. 18. Arranged ground motion in the UD direction of Western Tottori
prefecture Earthquake in 2000.
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Fig. 19. Critical slip surface with and without vertical seismic motion of
Example 4.
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Fig. 20. Time histories of the permanent seismic displacement of the earth
slope subjected to horizontal seismic motion with and without vertical seismic
motions of Example 4.
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Fig. 21. Comparison of the permanent seismic displacements with and without
vertical seismic motion plotted against the yield seismic coefficient of
Example 4.
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Fig. 19 shows the non-circular critical slip surfaces obtained
from calculations with yield seismic coefficients of 0.1 and 0.3,
with and without vertical seismic motions. From the calcula-
tions, there is a trend to exhibit the deeper critical slip surface
to increase the yield seismic coefficient, as shown in Fig. 19.
Under the same horizontal yield seismic coefficient, the critical
slip surface in the case with vertical seismic motion is
shallower than that without the vertical seismic motion.
Fig. 20 compares the time histories of the permanent seismic
displacements of the earth slope model subjected to horizontal
seismic motion with and without vertical seismic motion. Both
permanent seismic displacements increase at the same time.
This indicates that the trigger of the sliding of the earth slope
depends on the horizontal inertia force in the current analytical
model and seismic motion. Further, the permanent seismic
displacement in the case without the vertical seismic motion is
slightly larger than that with the vertical seismic motion.
Fig. 21 compares the permanent seismic displacements of the
earth slope model subjected to horizontal seismic motion, with
and without vertical motions, with various horizontal yield
seismic coefficients. In the various horizontal yield seismic
coefficients, the effect of the vertical seismic motion on the
calculation of the permanent seismic displacement in the
current analytical model is likely to be small. The effect of
the vertical seismic motion of the permanent seismic displace-
ment should be investigated with various geometry and phase
differences of horizontal and vertical seismic motions in the
near future.
7. Conclusions

This paper described an efficient numerical technique to
compute the safety factor of earth slopes that uses a non-circular
critical slip surface search algorithm with a stability analysis. In
order to search the non-circular critical slip surface, the PSO
method was used in this analysis. This technique has an
advantage over the previously published PSO methods and
other search algorithms that converge local optima even when
the simulation number is large, thereby inducing an impermis-
sible numerical error. The proposed method is applicable to the
calculation of the safety factor of the earth slopes under a
smaller number of simulations.
A new numerical technique to compute the permanent

seismic stability of earth slopes exhibiting a non-circular slip
surface subjected to concurrent seismic forces in the vertical
and horizontal directions was also proposed. The PSO method
was used to search the non-circular critical slip surface in this
analysis. The proposed method is applicable to the calculation
of permanent seismic displacement of the earth slopes.
The permanent seismic displacement calculated by New-

mark analysis is a very important index for evaluating the
seismic performance of the earth slopes exhibiting linear or
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circular critical slip surface. This is because the permanent
seismic displacement calculated by the Newmark analysis is
equivalent to the displacement along the critical slip surface.
However, the permanent seismic displacement of the earth
slope exhibiting non-circular slip surface is different from the
displacement along the critical slip surface. The permanent
seismic displacement calculated by the proposed method is an
important index that can be used to evaluate the seismic
performance of the earth slope quantitatively, which represents
the soil property of the earth slope and the seismic motion.

Additional research is required to integrate the proposed
method into the permanent seismic displacement calculation
and consideration for the degradation of yield acceleration due
to transition in the residual state and acceleration response in
the earth slope. Further investigation of the effect of phase
difference between the vertical and horizontal seismic motions
on the permanent seismic displacement calculation is also
important. For such an investigation, calculations which
incorporate the various geometries of the earth slope with
the observed seismic motions and relevant experimental model
tests are necessary.
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