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Abstract

For a commutative noetherian ring R with residue field k stable cohomology modules E;t’;e(k, k) have
been defined for each n € Z, but their meaning has remained elusive. It is proved that the k-rank of any
E/)?t’}e (k, k) characterizes important properties of R, such as being regular, complete intersection, or Goren-
stein. These numerical characterizations are based on results concerning the structure of Z-graded k-algebra
carried by stable cohomology. It is shown that in many cases it is determined by absolute cohomology
through a canonical homomorphism of algebras Extp (k, k) — Ext g (k. k). Some techniques developed in
the paper are applicable to the study of stable cohomology functors over general associative rings.
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0. Introduction

A stable cohomology theory over an associative ring R associates to every pair (M, N) of
R-modules groups E)?t’}e(M , N), which are defined for each n € Z and vanish for all » when M
or N has finite projective dimension. Different constructions, have been proposed by Benson and
Carlson, Mislin, and Vogel, and all yield canonically isomorphic theories. However, there have
been few applications outside of group theory and Galois theory, for which the prototype—Tate
cohomology for finite groups—was created in the 1950s.

In the first four sections we develop general techniques for computing stable cohomology. We
approach it through a canonical transformation ¢ : Extg — Extg of absolute cohomology into sta-
ble cohomology, which we study by systematically using the compatible multiplicative structures
carried by the two theories. A new feature are extensive applications of a third cohomological
functor, the bounded cohomology Extg, which appears in a long exact sequence measuring the
kernel and the cokernel of :. By extending a construction of Eisenbud we show how to track
changes in stable cohomology under factorizations of non-zero-divisors.

The core of the paper is its second part, devoted to stable cohomology over commutative
noetherian local rings. One goal is to investigate if and how this theory reflects or detects prop-
erties of a ring or a module. A second goal is to study the structure of the local cohomology
functors themselves. Historical precedent in commutative algebra points to the residue field k of
a local ring R as the ultimate test case, so the focus is kept on it for much of the second part of
the paper.

When applying the general machinery to a local ring R with residue field k£ we heavily use the
fact that the absolute cohomology algebra & = Ext (k, k) is the universal enveloping algebra of a
graded Lie algebra. The existence of such a structure underlies a well documented successful in-
teraction between local algebra and rational homotopy theory. Félix, Halperin, and Thomas have
transplanted from algebra and systematically used in topology a notion of depth of cohomology
modules. We take the concept back into algebra and use it in a different manner. Background
material is developed in Appendix A and Section 5.

In Section 6 we give necessary and sufficient conditions for a local ring R to be regular
(respectively, complete intersection, Gorenstein) in terms of the vanishing (respectively, size,
finiteness) of ranky E;t’l‘e(k, k) for a single value n € Z. The last result is surprising: unlike reg-
ularity or complete intersection, Gorensteinness is not recognized even by the entire sequence
(ranky Ext’, (k, k))n>0-

In Section 7 we start the study of the graded k-algebra S = E;t’l’e(k, k). A result of
Martsinkovsky, for which we give a short proof, shows that when R is singular the map of
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graded algebras ¢: £ — S is injective. We determine Coker(¢) as a left £-module and prove that
depth £ > 2 implies S = ((£) & T where 7 is the £-torsion submodule of S, and is the unigue
direct complement of ¢(£) as a left £-module. In Section 8 this information is used to produce a
nearly complete, explicit computation of the algebra S for complete intersection rings.

It is natural to ask whether the results for complete intersections extend, in some form, to all
singular Gorenstein rings R with codim R > 2. In Section 9 we prove that depth £ > 2 implies 7
is a two-sided ideal of S with 72 =0, is isomorphic to a shift of Homg (€, k) as left £-module,
and S = (€) & 7. A similar relationship between the Tate cohomology algebra H*(G,k) of a
finite group G and its cohomology algebra H*(G, k) was discovered by Benson and Carlson. The
parallel is remarkable, as H*(G, k) is graded-commutative and finitely generated, while £ may
be non-finitely generated and almost always is very far from commutative.

One has depth £ > 1 for all singular rings, so the condition depth £ > 2 is not too special.
We prove that it holds for several classes of Gorenstein rings, including those of codimension 2
or 3, those of minimal multiplicity, and the localizations of Koszul algebras. We are not aware
whether splitting occurs always: Gorenstein rings with depth £ = 1 are hard to come by, and for
the known ones & splits off S.

It was noted above that when R is not Gorenstein rankj E)?t’;e(k, k) is infinite for each n, so
over such rings a different structure of S may be expected. As a test case in Section 10 we turn to
Golod rings, whose homological properties are in many respects opposite to those of Gorenstein
rings. We show that depth £ = 1 holds for all Golod rings, and for a subclass of such rings we
work out the structure of S in sufficient detail to prove that ¢ does not split as a map of left
E-module.

1. Cohomology theories

We start by describing notions concerning complexes and, more generally, DG (that is, dif-
ferential graded) modules and algebras. The latter are used to describe composition products
carried by the absolute cohomology functors. We then introduce a bounded cohomology theory
that has not been systematically studied before. Finally, we present Vogel’s construction of stable
cohomology.

1.1. DG algebras and DG modules

To grade a complex C we use subscripts or superscripts. Thus, C can be written either as a se-
quence of maps 8”C :C, — C,_1, or as a sequence of maps 85" :C™" — " with 85" = 8nc.
Accordingly, an element ¢ € C,, is assigned a lower (or homological) degree n, denoted and an
upper (or cohomological) degree —n; we write |c] =n and [c¢] = —n, respectively. When the
nature of degree does not matter we use |c| in place of either |c] or [c].

When z € C is a cycle cl(z) denotes its homology class.

For every s € Z let X¥*C denote the complex with (X*C), = C,,_s and BnE'SC = (—1)38,5_5;
let 0% : C — X¥C be the bijective map C, > c > ¢ € (X*C)ps.

Bimodules have actions from the left and from the right, listed in that order. If A and A’ are
DG algebras and C is a DG A—-A’-bimodule, then the formula

a- O'S(C) ca = (_1)|a|sas(a .c 'tl/)

turns X*C into a DG A—-A’-bimodule and ¢* into a chain map of DG bimodules. Furthermore,
when B is a DG A—A-bimodule the map
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BR4XC— X°(B®4C)
given by b ® o (¢) — (—1)!"M o (b ® ¢) is an isomorphism of DG A—A’-modules.
For the rest of the section R denotes an associative ring, M and N are left R-modules, and
F — M and G — N are projective resolutions.
1.2. Absolute Ext

Let Hompg (F, G) denote the complex of abelian groups with

Homg(F, G), = | [Homg(F;, Gi1y) = Homg(F, G)™"
i€Z

as component of homological degree n (cohomological degree —n), and differential
By =09p—(—nP1ga".
The induced map Homg (F, G) — Homg (F, N) is a quasi-isomorphism, so one has
H(Homg(F, G)) ZH(Homg(F, N)) =Extz(M, N).
1.2.1. Composition of homomorphisms turns Homg (F, F) and Homg (G, G) into DG algebras,
and Homg (F, G) into a DG Homg (G, G)-Homg (F, F)-bimodule. The composition products
induced in homology can be computed from any pair of projective resolutions. They turn

Ext, (M, M) and Ext, (N, N) into graded algebras, and Ext, (M, N) into a graded Ext, (N, N)—
Extg (M, M)-bimodule.

1.2.2. The DG algebra Homg (G, G) acts on the complex G by evaluation of homomorphisms.
For every complex C of right R-modules the map

Hompg (G, G) ®z (C ®r G) — C ®r G,
a®(c®g)r— (D@ a(g)

endows C ®pr G with a structure of left DG module over Homg (G, G). Clearly, this structure is
natural with respect to morphisms of complexes C — C’.

1.2.3. Let L be aright R-module. Setting C = L in 1.2.2 one obtains a morphism
Homg(G,G) @z (L®r G) — L®rG.
In homology it induces for all /, n € Z homomorphisms of abelian groups
Ext% (N, N) ®z TorR (L, N) — TorX (L, N)

that turn Tor® (L, N) into a graded left module over Ext, (N, N).
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1.3. Bounded Ext
A homomorphism B € Homg(F, G) is bounded if B; = 0 for all i > 0. The subset

Hompg (F, G) of Homg (F, G), consisting of all bounded homomorphisms, is a subcomplex, with
components

Homg (F, G) = | [ Homg(F;, Giyn) = Homg(F, G)™".
i€Z

The graded abelian group Ext rM, N)=H(Homg(F, G)) with components
Exty (M, N) =H" (Homg(F, G)),

is called the bounded cohomology of M and N over R.

1.3.1. It is easy to see that Homg(F, G) is a DG subbimodule of Homg(F, G) for the ac-
tions of Homg (F, F) and Homg (G, G) described in 1.2.1, so E_xtR(M, N) becomes a graded
Extp (N, N)-Ext, (M, M)-bimodule.

The elementary observation below plays a pivotal role in the paper. It should be noted that the
right-hand analog of this statement fails, see Example 10.9.

Lemma 1.3.2. For every T € Ext R (M, N) there exists an integer j > 0, such that
2j
Ext%” (N, N) -7 =0.

Proof. By hypothesis, T = cl(8) for some chain map 8 € Homg (F, G) satisfying 8(F) € G
for some j > 0. For each y € Homg (G, G), one then has

(YB(F)=y(B(F)) Sy(G<j) SGjtn.
Since G < j4, =0 for n < —j, this implies Ext?j(N, N)-cl()=0. O
Some of the DG module structures discussed so far are linked as follows:
Lemma 1.3.3. There is a morphism of DG Homg (G, G)-Homg (F, F)-bimodules
w:Homg(F, R) g G —> Homg(F, G)

with actions on the source given by 1.2.1, 1.2.2, and on the target by 1.3.1.
If the R-module F; is finite for each i, then w is bijective.

Proof. It is easy to verify that o' (¢ ® g)(f) = (—=D)8IIflp () g defines a morphism
' :Homg(F, R) ®g G —> Homg(F, G)

of DG bimodules. The image of ' lies in Homg (F, G), so it yields a morphism w with the
desired source and target. For each n € Z the following equalities
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(Homg(F,R)®r G),= || Homg(Fi,R)®& G,
(=i)+j=n

Homg(F. G)y = | | Homg(Fi.G))

j—i=n

hold by definition. When each R-module F; is finite, @ restricts to an isomorphism
Homg (F;, R) ®r G — Homg (F;, G ;) for each pair (i, j). O

1.4. Stable Ext
Using the subcomplex Hompg (F, G) described in 1.3, set
Homg(F, G) = Homg(F, G)/ Homg(F, G).

Following Pierre Vogel, we define the stable cohomology of M and N over R to be the graded
abelian group Ext rM, N) =H(Homg (F, G)) with components

Ext’y(M, N) = H" (Homg (F, G)).

The assignment (M, N) — Ext g(M, N) yields a cohomological functor, contravariant in M and
covariant in N, from R-modules to graded Z-modules.

1.4.1. As Homg (F, G) is a DG subbimodule of Homg (F, G) for the left action of HomR (G, G)
and the right action of HomR(F F),see 1.3.1, , one sees that ExtR(M M) and ExtR(N N) are
graded algebras, and Ext r(M, N) is a graded Ext R(N N)— —Ext g (M, M)-bimodule.

Stable cohomology over general associative rings took a long time to emerge, and then it
appeared in several avatars. We give a short, incomplete list of sources.

1.4.2. Historically the first example of stable cohomology is Tate’s cohomology theory H" (G,—-)
for modules over a finite group G: One has H' (G, —) = E}?t%G (Z, —), where ZG is the group
ring of G; see [13, Chapter XII]. Tate’s construction is based on complete resolutions of Z.
Buchweitz [12] extended the technique to define a two-variable theory over two-sided noetherian
Gorenstein rings.

The functors E)?t’;e(—, —) were introduced by Vogel in the mid-1980s. The first published ac-
count appears only in [19], where it is called ‘Tate—Vogel cohomology.” Different approaches
were independently proposed by Benson and Carlson [8] and by Mislin [26]; background and
details can be found in Kropholler’s survey [22, §4].> We have settled on the name ‘stable co-
homology’ to emphasize the fact that E/y?t%(M , N) is a group of homomorphisms of objects in a
stabilization of the category of R-modules, see Beligiannis [7, §§3, 5] for details.

2. Comparisons
In this section R is an associative ring, M and N are left R-modules, F — M and G — N de-

note projective resolutions. The objective is to describe important links between the cohomology
theories introduced in Section 1.

2 Where Definition 4.2.2 contains a typo: £2: 7 N should be changed to 2! "' N.
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2.1. By construction, there is an exact sequence of DG bimodules
0 —> Homg(F, G) —> Homg(F, G) —> Homg(F, G) —> 0 Q2.1.1)
that is unique up to homotopy. It defines an exact sequence

Ext x(M, N) -5 Extp(M, N) - Ext (M, N)
D5 Y Ext (M, N) 2 S Exty(M, N) (2.12)

of graded Ext, (N, N)-Ext, (M, M)-bimodules. Thus, there is an exact sequence

o — ExUy (M, N) -2 Exty(M, N) > Ext's(M, N)

noo_ n+1
I Extt (M, Ny I— Ext5TH (M, N) — - (2.1.3)

of abelian groups, and the latter is natural in both module arguments.

Furthermore, Exty,(M, M) — Ext g(M, M) is a homomorphism of graded algebras, and
L:Extp(M,N) — E;tR(M, N) is an equivariant homomorphism of graded E)?tR(N, N)-
Ext (M, M)-bimodules.

It is easy to determine if 5 is an isomorphism; see also [22, (4.2.4)], [33, (4.5.1)].

Proposition 2.2. The following conditions are equivalent.

(i) M has finite projective dimension.
(ii) E/)?t'I’Q(M, —) =0 for every n € Z.
(iii) Ext’y(—, M) =0 for everyn € ZL.
(iv) Ext%(M, M) =0.
(v) n":Ext’z(M, —) — Exty (M, —) is an isomorphism for every n € Z.
(vi) n":Exty(—, M) — Exts(—, M) is an isomorphism for every n € Z.

Proof. Choosing a finite resolution F — M one gets Homg(F, G) = Homg (F, G) for every
resolution G. Thus, (i) implies (v) and (vi). The exact sequence (2.1.3) shows that (v) im-
plies (ii), and (vi) implies (iii). It is clear that (ii) or (iii) implies (iv). If (iv) holds, then for
some y € Homg(F, F)! and some p > 0 the morphism g =id" — 3y 4+ yd: F — F satisfies
Bi =0 for all i > p. Thus, one gets

0= H”(Homg(B, —)) = H” (Homg (id", —)) = id!" Homr(4.=)
hence Extz (M, —)=H?Hompg(F, —)) =0; thatis, pdg M < p,so (i) holds. O
Next we give a criterion for ¢ to be an isomorphism in high degrees.
Theorem 2.2. For an integer m the following conditions are equivalent.

G - :Ext’;e M,—)— E;t';e(M, —) is an isomorphism for alln > m and (" is an epimorphism.
(ii) Extx(M, P) =0 for all n > m and every projective R-module P.
(iii) E_xt’l’e(M, —)=0foralln>m.
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When M has a resolution by finite projective modules they are also equivalent to
(ii") Ext}, (M, R) =0 forall n > m.

Proof. The exact sequence (2.1.3) shows that (i) and (iii) are equivalent. If (iii) holds, then so
does (ii), because Ext, (M, P) = ExtR(M P) by Proposition 2.2. It is clear that (ii) implies (ii").
The converse holds because the hypothesis on M in (ii’) implies that the functor Ext} (M, —)
commutes with all direct sums.

To prove that (ii) implies (iii) fix an integer n > m and choose a chain map « € Homg(F, G)".
Thus, for some fixed s > n and all j > s one has «; = 0, while

3% _pejr1 — (=187, =0 holds forall j € Z. (2.2.1);

We need to find a homomorphism 8 € Homg (F, G)" ! that satisfies
00 0 Biat — (—1'Bj0F, = ajp forall j € Z. 2.2.2);
Set 8; = 0 for j > s and assume by descending induction on j that we already have maps S;

satisfying (2.2.2) ; for some integer i € [n, s]and all j > i. Set 8" = (=1)"*! Hompg (8{“, Gh_n)
for each h. Using (2.2.1); and (2.2.2); we get

8 (i — 951 _,Bi) = (D" aidf + (D", B0
= 812—1 ni+1 + (= 1)" i+1— n:Blal+l

a,i] n(cxl+1+( D" 1giaf )

al-‘rl —n l+2 nﬁlJFl
=0.

On the other hand, since one has Ext"Ie(M , Gi—y) = 0 the sequence

8i—| 5i
Homg (Fi—1, Gi—pn) —> Homg(F;, Gi—,) — Homg (Fi11, Gi—pn)
is exact, so there exists a homomorphism B;_1: F;_1 — G;_,, such that

3¢ B =8B =— (=" g8

Thus, B;_; satisfies (2.2.2);_1, so the induction step is complete. As a result, for each j >
n — 1 we now have a homomorphism g8;: F; — G;_(,—1) satisfying the equality (2.2.2);. As
Gj_n—1)=0for j <n—1,setting B; = 0 we extend the equality to all j € Z. We have proved
EYt’}Q(M, N) =0, as desired. O

2.3. A complete resolution of M is a morphism of complexes v: T — F such that v; is bijective
for all i > 0, each T; is projective, and for all n € Z and every projective R-module P one has
H,,(T) = 0 = H,,(Homg (T, P)); see [14, (1.1)]. (In some contexts it is assumed, in addition,
that the R-modules 7;, are also finite; no such hypothesis is needed or made here.) When such
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a complete resolution exists, H_, (Homg (M, N)) is called the nth Tate cohomology of M with
coefficients in N.

Cornick and Kropholler [14, (1.2)] prove that when Tate cohomology is defined it is naturally
isomorphic to stable cohomology. We deduce this from Theorem 2.2:

Corollary 2.4. If v: T — F is a complete resolution of M, then one has
H" (Homg(T, N)) = Ext’y(M, N) for eachn € Z.
Proof. Fix n € Z and set K = Coker(a,,T ). For each i > 1 one then has
H"~' (Homg (T, N)) = Exth (K, N), (2.4.1);

because 2_("_1)(T>n,1) is a projective resolution of K. From the condition on 7 one gets
Ext’R(K , P)=0forall i > 1 and every projective R-module P, so

Exth (K, N) = Ext L (K, N) (2.4.2)

holds by the theorem. Choose p > n with v; bijective for i > p. The R-module L = Ker(alé7 D

is then isomorphic to Ker(BIL1 ), so there exist exact sequences

0O—L—Tp 41— —T,—T_1— K—0,

0O—L—Fp 11— —F—Fh—M—0.
In view of 2.2, the iterated connecting maps defined by these sequences yield
Ext h(K, N) = Exty *(L, N) ZExt’s(M, N). (2.4.3)
To finish the proof, concatenate the isomorphisms (2.4.1)y, (2.4.2), and (2.4.3). O
3. Additional structures

In this section we discuss the existence of finer natural structures on stable cohomology
groups, such as rings of operators or internal gradings.

Proposition 3.1. Let R be an algebra over a commutative ring K.

(1) The exact sequence (2.1.2) is one of graded K -modules, and the various pairings of coho-
mology groups are K -bilinear.

If, in addition, K is noetherian, R is finite as a K -module, M and N are finite R-modules, and
n is an integer, then the following assertions also hold.

(2) The K-modules I::;t’;e(M, N) and E_Xt’;;rl (M, N) are finite simultaneously.
(3) When EXt?O(M, R) =0 the K-module E;t’;e(M, N) is finite for every n € Z.
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Proof. (1) This is due to the fact that the relevant maps in cohomology are induced by morphisms
of complexes or K -modules.

(2) By (1), the maps in the exact sequence (2.1.3) are K -linear, and under our hypotheses the
K -modules Ext (M, N) and Ext’,’;rl (M, N) are noetherian.

(3) Let F — M and G — N be resolutions by finite projective R-modules. Choose m > 1 so
that H_ j(Homg (F, R)) = Extfe (M, R) =0forall j > m; then Hompg (F, R) is quasi-isomorphic
to the complex C of right R-modules defined by

Homg (F_;, R) for0>i> —m;
Ci = ImHomR(8£+17 R) fori = —m — ];
0 fori <—m—1ori>0.

As a consequence, Homg (F, R) ®g G is quasi-isomorphic to C ®g G. For each n € Z this gives
the second isomorphism below; Lemma 1.3.3 provides the first one:

Ext’y (M, N) =H"(Homg(F, G))
= H"(Homg(F, R) ®& G)
= H"(C ®r G).

As (C®r G)' = ]_['j":o C/ ®r G"/ is a finite K -module for each n, we see that E_xt’}e(M, N)
is a finite K -module; by (2), so is E}?t’}?(M, N). O

Stable cohomology behaves predictably under flat base change.

Proposition 3.2. Let R be a commutative noetherian ring, M an R-module that admits a res-
olution by finite projective modules, and R — R’ a homomorphism of rings such that the right
R-module R’ is flat.

For each R-module N there is then a commutative diagram

R/®RL

R' ®g Exty(M, N)

|

Extg (R'®r M, R' ®r N)

R ®g Ext z(M, N)

=

Ext p (R'®g M, R’ ®g N).

L

When N = M all the maps in the diagram are homomorphisms of graded algebras.

Proof. Set (—) = (R’ ®g —). Let F — M be a resolution by finite projective R-modules and
G — N be a projective resolution. In the commutative square

R’ ®g Homg(F, G) —= R' ®g Homg(F, N)

| :

Hompg (F', G') ——— Homp (F', N')

the isomorphism is due to the choice of F. Thus, the left vertical map is a quasi-isomorphism. It
appears in the following commutative diagram where the vertical arrows are induced by the map
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a — o' and the rows are exact, see (2.1.1):

0 — R’ ® Homg(F,G) — R’ ®g Homg(F, G) — R’ @ Homg(F,G) —> 0

.

0 — Homp (F',G) Homg (F', G') Homg (F',G') — 0.

The flatness of R’ implies that F’ — M’ and G’ — N’ are R’-projective resolutions, and that the
homology of the right-hand square above is the desired diagram. O

Next we turn to cohomology of graded objects.

3.3. We say that the ring R is internally graded if R = @?22 R; as abelian groups, and R;R; C
Ry holds for all i, j. Internal gradings for M, N are defined similarly. By convention, we
allow M; to be written also as M ~*. As usual, we let M (s) denote the graded R-module with
M(s); = Msy; foralli € Z.

Assume R, M, and N are internally graded. A homomorphism §: M — N is homogeneous
of internal degree —j if B(M;) € N;_; holds for each i € Z. All such maps form an abelian
subgroup Homgrz (M, N)’/ of Homg (M, N). Clearly, the sum of these subgroups is direct, so
Hompz (M, N) contains as a subgroup the group

Homgrz (M, N) = @HomgrR(M, N)j.
JEZ

When M is finitely presented, one has Homgr, (M, N) = Homg (M, N).

Every graded R-module M has a graded free resolution F — M that is, a resolution in which
each F; is a graded free R-module and differentials are homogeneous of internal degree 0. It
produces a subcomplex Homgr,(F, N) of Homgr(F, N), consisting of graded abelian groups
and homomorphisms of internal degree 0.

Assume that each R-module F; is finite. One then has Homgry (F, N) = Homg(F, N), and
hence the absolute Ext groups inherit an internal grading:

Exty(M, N) = @D Exty (M. N)/.
JEZ
For each n € Z one also has equalities
Homg(F. G), = [ [ D Homgr (F;. Gi1n)’.
i€l jel
However, there is no induced internal grading on the right-hand side, so extra steps are needed to

introduce such a grading on stable cohomology groups.

Proposition 3.4. Assume R is an internally graded ring, M, N are internally graded R-modules,
and M has a graded free resolution F — M where each F; is finite (as is the case, for example,
when R is left noetherian and M is finite).
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For each n € Z the abelian groups E;t’}e(M, N) and E_Xt’I‘Q(M, N) then have natural internal
gradings, which are preserved by the homomorphisms in the exact sequence (2.1.3) and are
additive under the various products.

If M has a complete resolution T by finite projective graded R-modules with differentials 87
of degree 0, then the internal gradings of H" (Homgr, (T, N)) and E;t’}e(M , N) are preserved
by the isomorphisms of Corollary 2.4.

Proof. Let G — N be graded free resolution. For all j, n € Z the subgroups

Homgry (F, G)) = l_[HomgrR(Fi, Gitn)’
i€Z

of Homg(F, G), form a subcomplex Homgry(F, G)/ of Homg(F,G). The Comparison
Theorem for graded resolutions shows that the canonical morphism Homgrg(F, G)/ —
Homgrg (F, N)/ is a quasi-isomorphism. It follows that the complex Homgrg (F, G) =
&P jez Homgrg (F, G)/ appears in a commutative diagram

Homgrg (F, G) I Homgry (F, N)

l

Homg(F, G) —— = Homg(F, N)

where the horizontal maps are quasi-isomorphisms, and the equality is due to the finiteness of
the modules F;. Thus, the left vertical map is a quasi-isomorphism.

Setting Homgry (F, G), = EBjeZ [1;cz Homgrg (F;, Giyn)! for each n € Z one gets an in-
ternally graded subcomplex Homgry (F, G) of the internally graded complex Homgrp (F, G).

Thus, er(F, G) = Homgrg (F, G)/Homgrg (F, G) is an internally graded complex. On
the other hand, one has equalities

Homgr (F. G)y = P | [Homgrg (Fi, Giyn)
JEZielZ

= ]_[ @ Homgrg (Fi, Gitn)’

i€Z jeZ

= | [Homg(Fi, Giyn) = Homg(F, G),.
i€

Putting the preceding observations together, one gets a commutative diagram

0 — Homgrg(F, G) — Homgrg(F,G) — er(F, G)—0

| |

0 — Homg(F, G) — Homg(F, G) — Homg(F, G) —= 0.

It implies that the vertical arrow on the right-hand side is a quasi-isomorphism.
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The first assertion of the proposition follows. The remaining ones are easy consequences of
the quasi-isomorphisms above and the definition of products, respectively, the definition of the
isomorphisms H" (Homg (T, N)) =Ext, (M, N). O

4. Non-zero-divisors

A staple in basic homological algebra are ‘change-of-rings theorems’ that track the behav-
ior of cohomology groups under passage to quotients modulo non-zero-divisors. An essential
ingredient in such results is the functoriality of absolute Ext groups in the ring argument. Sta-
ble cohomology does not enjoy a similar property, so we approach change of rings through the
natural homomorphisms

1:Extp(M, N) —> Ext (M, N)

from (2.1). To simplify notation, we let & denote the image of « under «.
For absolute cohomology the following result is due to Gulliksen [20].

Theorem 4.1. Let Q be an associative ring, f € Q a central non-zero-divisor, and set R =
Q/(f). For all R-modules M, N there exist elements

oM € Exta(M, M) and ®" € Extk(N,N)
with the following properties:
(1) Every £ in E_xtR(M, N) (respectively, Extz (M, N), E;tR(M, N)) satisfies
oN.e=¢g.9M.

(2) M is in the center of Exty(M, M) and ON in that of Extp (N, N).
3) M is in the center ofE/;tR(M, M) and O in that ofﬁ)?tR(N, N).

When there is no ambiguity, we let ¢ denote either one of ¥V or 9™ and ( )y the functor of
graded localization at the multiplicatively closed set {#' | i > 0}.
The last assertion of the corollary is due to Buchweitz, see [12, (10.2.3)].

Corollary 4.2. There are in/ziuced structures of graded algebras on Extp(N,N)y and
Extp (M, M)y (respectively, Extx(N, N)y and Eﬁ rM, M)y), and an induced left—right-
bimodule structure on Exty (M, N)y (respectively, Ext (M, N)y).

The map t from 2.1 induces isomorphisms of graded algebras

Extp(N, N)y —> Ext x(N, N)y,
Ext(M, M)y —> Ext (M, M)y

and an equivariant isomorphism of graded bimodules over them,

Extg(M, N)y —> Ext (M, N)g.



106 L.L. Avramov, O. Veliche / Advances in Mathematics 213 (2007) 93—139

If M or N has finite projective dimension over Q, then
Ext x(M, N)y = Ext x(M, N).

The notation of the theorem is in force for the rest of this section. In the proofs, presented
later in this section, we use a construction of Eisenbud [15, (1.1)]:

4.3. Let F be a liftable complex of projective R-modules, meaning that there is a graded pro-
Jective Q-module F with R ®g F = F; for example, every complex of free modules is liftable.
Since each F is projective, one can choose a map

¥ eHomg(F,F)_; with R®gd" =a".

AsR®qp (BF)2 =(R®g aF)2 =0, foreach x € F there exists Y IS F,, 2 satisfying (BF) (x)=
fy. As f is a non-zero-divisor on Fn (it is one on Q and Fy_» is projective), y is defined
uniquely and hence depends Q-linearly on x. Setting 6% (x) = y one gets a homomorphism
0F € Homg(F, F)_3. As f is central, we get

FET3T) = (07)3" = (3") =37 (") = r (3"6").
As f is a non-zero-divisor, this implies 6% dF =376 . Thus, one gets a chain map
0F = R®p 6" e Homg(F, F)_,.

The first assertion of the next result is [15, (1.3)]. An adaptation of the original argument
allows us to handle the other two cases as well.

Lemma 4.4. Let F and G be liftable complexes of projective R-modules and let y be a homo-
morphism in Homg (F, G).

If y is a chain map, then €y and y0F are homotopic in Homg (F, G).

If y is a bounded chain map, then 6°y and y0F are homotopic in Homg (F, G).

If  is a chain map, then €9 and p0F are homotopic in If(;nR (F, G).

Proof. Set n = |y ] and assume first y is a chain map. Thus, the map
§=0% — (=1)"y3¥ € Homg(F, G),_1 (4.4.1)

satisfies §; =0 for all i > j and a fixed j € Z. Choose y € HomQ(F, 6),1 with RQoy =y
and § € Homg (F, G),—1 with R ®¢ §=245and §; =0 forall i > Jj- There exits then a unique
T€ HomQ(F, Ghn_i satisfying

3%y =(=D"paf +5+ f1.

Using the relation above and the equalities (97)% = f6% and (39)% = f69, we get
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~G ~ 2G\2 ~
F(697)=(39)7
= (—D"3%p3" + 395+ 39
=7(57) + (=1)"85F + (=1)" f25" + 395 + £39%
= f(70F +39F + (—1)"7d") + (395 + (—1)"5d").
Since f is a non-zero-divisor on G, the preceding computation yields
699 — 76" — (39% — (—=1)""'£3") e Homg(F, G).
The map 1 = R ®¢g T: F — G then satisfies
0%y —yof — (3% — (=1)"*'73") e Homg(F, G).

In other words, T € %R(F, G) is a homotopy between 6%y and por.

If y is a chain map, then (4.4.1) holds with § = 0, so in the computation above one can choose
§ = 0. The resulting 7 is a homotopy between 6y and y6F .

When y is a bounded chain map the map ¥ can be chosen to be bounded as well, and then T
is necessarily bounded, so the homotopy 7 is in Homg(F, G). O

Proof of Theorem 4.1. Let ' — M be a liftable projective resolution (for example, choose F'
to be free a resolution), and set ¥ = cl(97) € Exth (M, M).

First we show that ¥ does not depend on the choice of liftable resolution. If F/ — M is one,
then pick a morphisms of complexes y : F — F” lifting id” . By Lemma 4.4, the maps 67 /y and
y6F are homotopic. Thus, the isomorphisms

H(Homg (F', F')) = H(Homg(F, F)) < H(Homg (F, F)).

map cl(@F /) and cl(8F) to the same element, which was to be shown.
The other assertions of the theorem follow directly from the lemma. O

One can produce liftable resolutions using a construction of Shamash [28, Section 3]; we
describe it next, following the simplified exposition in [4].

4.5. Let E be a projective resolution of M over Q.
By induction, one gets for each i > 0 a map oc® ¢ Homg (E, E)2;—1, such that

i . 1E . .
o© =3E and Za(h)o(i_h) = { fid® fori=1;
he0 0 fori > 2.

Let D bea graded Z;module, such that for each i > 0 the Z-module D»; is free with a single
basis element y). Let F be the graded projective Q-module with

F, = @ Ey—2i ®z Doj.
i>0
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For every i > 0 and each e € E,,_»; the formula

Bu(e®y®) = Za(h) () ® yi=
h>0

defines a Q-linear map 9 : F — F of degree —1. A direct computation yields
P(e®y?)=fe@yi™h.

As a consequence, one obtains a complex of projective R-modules
(F,9)=(R®g F,R®¢ d).

It is proved in [4, (3.1.3)] that this a resolution of M over R. This projective resolution is
clearly liftable, and one can define a map 6% as in (4.3) by setting

9F(r®e®y(i)) =rQexyi .

Proof of Corollary 4.2. The multiplicativity properties follow from the definitions of the various
products in cohomology and the centrality of the element .

The exact sequence (2.1.2) is the homology sequence of an exact sequence of DG mod-
ules over Homg (N, N). Thus, its maps commute with left multiplication by the element
9 =0V e Ext%e(N, N). Localizing at {19’},-;0 the exact sequence 2.1 we obtain an exact se-
quence of Exty (N, N)y—Ext, (M, M)y bimodules. Lemma 1.3.2 implies that in this sequence
Ext z(M, N)y vanishes, so ¢y is bijective.

For the last assertion, we show that if de M is finite, then ? e Ext (M, M) is invertible. Let
E be a finite projective resolution of M over Q and set

(reedy)=r®eeyit
in the notation of 4.5. This formula defines a map ¢ € Homg (F, F);, such that
B —¢N(F) S (R®g E®zZy ") 2 (¢6" —id")(F) and 6F¢=id".

Thus, 3(?) =0 and £6F = §F¢ =idF in Homg(F, F), as desired. 0

As another application of Shamash’s construction, we derive an exact sequence used several
times in the paper, for which many other proofs are known.

Proposition 4.6. There is an exact sequence of graded bimodules

S 2Extg(M, N) 2> Extg(M, N) — Ext,(M, N)

— Y 'Extp(M, N) 2> ZExto(M, N)

over Extyp (N, N)-Extp (M, M), where X is given by multiplication with 17
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Proof. Using the notation of 4.5, we form a sequence
o oF 2
0—RQpE—F—XF—0

of morphisms complexes of R-modules, where a(r @ ¢) =r @ e ® y@. It is clear that the under-
lying sequence of graded R-modules is split exact. Let G — N be a projective resolution. The
induced sequence of complexes of abelian groups

00— 272H0mR(F, G) — Homg(F,G) — Homg(R®p E,G) — 0
is then exact, and its cohomology exact sequence is the desired one. O
5. Depth of cohomology modules
Let (R, m, k) be a local ring,3 M a finite R-module, and set
& =Exty(k,k) and M =Extp(M, k).
The depth of M over £ is defined by means of the formula
depthg M = inf{n eN | Extg (k, M) # O}.

We systematically write depth £ in place of depthg £.

The use of depth to study the structure of £ was pioneered by Félix, Jacobsson, Halperin,
Lofwall, and Thomas in the important paper [16]. Their main result is the finiteness of depth &; to
prove it they develop methods for obtaining upper bounds on depth. To study stable cohomology
we mostly need lower bounds.

General properties of depth of graded modules used in the paper are collected in Appendix A.
In this section we focus on additional properties stemming from the cohomological nature of £
and M.

5.1. Universal enveloping algebras

Let 7 be a graded Lie algebra over k, such that ranky 7z is finite for all i € Z and 7/ = 0 for
i <0, and let D be the universal enveloping algebra of 7; for definitions of these notions see
[4, (10.1.2)].4

5.1.1. The k-algebra D has an increasing multiplicative filtration, whose pth stage is the k-linear

span of products involving at most p elements of . By the Poincaré—Birkhoff—Witt Theorem,

see [30, Thm. 2, Cor.], the associated graded k-algebra is isomorphic to Ap(7°9) @4 Sy (7revem),

where Ay and Si denote, respectively, exterior algebra and symmetric algebra functors over k.
Directly from the Poincaré-Birkhoff—Witt isomorphism one gets:

3 Recall that this means that R is a commutative noetherian ring with unique maximal ideal m and residue field
k=R/m.
4 Where condition (3) contains a typo: both — signs should be changed to + signs.
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5.1.2. There is an equality of formal power series

; 2i+1
o0 Hi}O(] +t21+1)rankkn

n\.n __
Zo(rankk D )t - Hi>0(1 _ t2i+2)rankk g2it2’
n= =

5.1.3. If D’ is the universal enveloping algebra of a graded Lie subalgebra 7’ of 7, then D is
free as a left D’-module and as a right D’-module. In particular, every ¢ € 7" \ {0} is a left
non-zero-divisor and a right non-zero-divisor.

A theorem of Milnor and Moore, André, and Sjodin, see [30] or [4, (10.2.1.5)] for proofs,
introduces graded Lie algebras into the study of local rings.

5.1.4. The graded k-algebra £ = Ext(k, k) is the universal enveloping algebra of a graded Lie
algebra, denoted g and called the homotopy Lie algebra of R.
In low degrees the components of g are easy to describe.

5.1.5. A minimal Cohen presentation of the m-adic completion R of R is an isomorphism R=
Q/a, where (Q, n, k) is a complete regular local ring and a is an ideal contained in nZ. Cohen’s
Structure Theorem shows that one always exists.

There are isomorphisms of k-vector spaces, see e.g. [4, (10.2.1.2), (7.1.5)]:

omy (m/m?, k) = Homy (n/n% k), (5.1.5.1)
omy (a/na, k). (5.1.5.2)

Recall that the number codim R = edim R — dim R is called the codimension of R. Krull’s
Principal Ideal Theorem and the catenarity of the regular ring Q give

ranky 77123 > height(a) = dim Q — dim R = edim R — dim R = codim R. (5.1.5.3)
A specific subalgebra of £ will prove useful in computations.

Lemma 5.1.6. The graded subspace 711? 2 of mg is a Lie ideal, and the universal enveloping
algebra D of 71]%2 satisfies depth D = depth €.

Proof. For degree reasons, 711%2 is a graded Lie ideal of . Thus, one has DZ'E = ED>1.
The Poincaré-Birkhoff-Witt Theorem 5.1.1 implies that the right D-module £ is free and
E/(E-D?") = Ar(r!) holds. Now apply Corollary A.8. O

The following known simple consequence of 5.1.4 is used throughout the paper.

Lemma 5.1.7. The ring R is singular if and only if some element ¥ € E? is a left and right
non-zero-divisor on &, if and only if depth € > 1.

Proof. When R is singular so is R, hence nlze # 0 by (5.1.5.2), so 5.1.3 yields a left and right
non-zero-divisor ¥ € £2; in view of A.5 the existence of & implies depth £ > 1. On the other
hand, depth £ > 1 implies R is singular: assuming the contrary one gets & = 0 for i > 0, hence
'€ =& #0, contradicting A.5. O
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The next result is due to Martsinkovsky [25, Theorem 6]. We give a short proof.

Theorem 5.1.8. When R is singular for each n € Z there is an exact sequence
0 —> Exty(k, k) - Ext’y(k, k) 2> Bxt’s (k, k) —> 0.
Proof. We prove n =0 in the exact sequence of graded left Ext (k, k)-modules
Ext (k. k) —2> Extp(k, k) - Bxt p(k, k) 2> 3 Bxt g (k. k) —L> ¥ Ext (k. k)
given by 2.1. In view of A.5, Lemmas 1.3.2 and 5.1.7 imply the equalities
Ext z(k, k) = ['Extz(k, k) and I Extgz(k,k)=0,
where I" denotes the section functor A.4. The Ext (k, k)-linearity of 1 now yields
n(E_mR(k,k))=n(FE_xtR(k,k))gFExtR(k,k)zO. |

5.2. Regular elements

Fix an element g € m, let M be an R-module annihilated by g. We view M also as a module
over R' = R/(g), and set:

& =Extg (k,k) and M’ =Extg (M, k).
The canonical homomorphism of rings R — R’ induces a homomorphism
k.ol
ot & — &
of graded k-algebras and a p*-equivariant homomorphism of graded modules
oMM — M.
5.2.1. If g is R-regular Theorem 4.1 and Proposition 4.6 yield an exact sequence
—2 a4 MM ;oM —1 g ZIM ’
 >ME2aM--—M—I" M === IM
of graded left £&'-modules, with AM induced by multiplication on M’ with a central element
' € £'2. Thus, one then has Ker(p¥) = 9’ = £'9 and Ker(pM) = ' M'.
It is useful to know how depth changes when passing from the £-module M to the &'-
module M. In two cases we provide complete—and contrasting—answers.

Proposition 5.2.2. If g ¢ m? is R-regular, then p* and p™ are injective,

depth&’ =depthE and  depthgs M’ = depthg, M.
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Proof. It is proved in [3, (2.8)] that p* and p™ are injective. Set D = Pk (EN.
The exact sequence in 5.2.1 and A.2 yield depthp, M’ = depthp M.
As pF is injective, applied to M = k the same sequence yields

o o0
Z(rankk S")t" =141 Z(rankk D")t".
n=0 n=0

As D is the universal enveloping algebra of the Lie subalgebra 7’ = pK (/) C 7g, from 5.1.2
we deduce ranky n}e = ranky 7’1 + 1 and rank; n =rankg '" foralln > 2. Thus, mg =7’ @ ke
for some ¢ € }e, so 7’ is an ideal for degree reasons, and hence D is normal in £. The sequence
in 5.2.1 also produces an isomorphism £ = D @ X~ !D of left D-modules, so Corollary A.8
gives depth D =depthE. O

Proposition 5.2.3. If g € m? is R-regular, then the central element ©' € £'2 from 5.2.1 is central
also in S, is regular on &', and one has

E')WHY=E and depthE =depth& + 1.
When g € m Anng M the element ¥ is a regular also on M’ and one has
M /P'M =M and depthg M’ = depthg M + 1.

Proof. By Theorem 4.1 the element ¥ is central in S, and by [3, (2.8)] itis regular on £ and M’.
The isomorphisms come from 5.2.1, the equalities from A.3(2). O

A last variation on the preceding theme is proved by elementary arguments:

Lemma 5.2.4. If M = L/gL for some R-module L and an L-regular element g € m, and L
denotes the £-module Exty (L, k), then one has depthg M = depth¢ L.
When g is also R-regular, one has depthg: M’ = depthg, £ as well.

Proof. For the first equality apply A.2 to the exact sequence of graded £-modules
0—xX'"L—>M—L—0.

It is induced by exact sequence 0 — L %, L - M — 0 of R-modules because one has
Exty (g id™ | k) = 0. For the second equality, note the isomorphism M’ = £. O

5.3. Residue field extensions

For depth computations one can sometimes adjust the ring R while preserving essential ho-
mological properties.
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Lemma 5.3.1. When R — (R',w/, k') is a flat homomorphism of local rings with mR’ = w’
there is a commutative diagram of homomorphisms of graded k'-algebras

'@kt

kK Q& kK QrS

;l i;

g —98

where S = Ext p(k, k), &' = Extg, (k', k') and §' = Ext 5, (k', k'); in particular,
depth& =depthE and depthg S’ = depthg S.

Proof. Proposition 3.2 provides the commutative diagram. It implies the equalities of depths, in
view of standard change of rings formulas. O

Recall that edim R denotes the embedding dimension of R, that is, the minimal number of
generators of m, and mult R denotes the multiplicity of R.

Lemma 5.3.2. There exists a complete local ring R’ with algebraically closed residue field,
mult R = mult R/, edim R’ = edim R — depth R, depth R’ =0, and

depth (Extg, (k', k")) = depth .

Proof. Let k’ be an algebraic closure of k. There always is a flat local homomorphism R —
S with §/mS = k', see [10, Chapitre IX, Appendice, Théoreme 1, Corollaire]. One then has
depth Extg(K', k') = depth €, see Lemma 5.3.1, and depth S = depth R.

If depth R is positive, then mult7 = multS for T = §/(g) and some regular element
g¢ (n§)2. In that case edim 7 = edim R — 1 and depth T = depth R — 1 also hold, while Propo-
sition 5.2.2 gives depth Ext (k’, k') = depth Extg(k/ LK. O

6. Finiteness of stable cohomology
In this section (R, m, k) is a local ring. Classical results characterize ring-theoretical proper-
ties of R in terms of vanishing of absolute Ext modules. Here we establish analogs for stable Ext
modules. Remarkably, the key turns out to be a better understanding of bounded cohomology.
Theorem 6.1. For each R-module N there is an isomorphism
Ext g (k, N) = Exty(k, R) ®x Tor® (k, N) (6.1.1)
of graded left Exty (N, N)-modules. In particular, there is an isomorphism
i .
Ext’y(k, N) = ]_[ Extl, (k, R) ®x Torf(k, N) (6.1.2)
i—j=n

of k-vector spaces for every n € Z.



114 L.L. Avramov, O. Veliche / Advances in Mathematics 213 (2007) 93—139

Remark. The reader will notice that the graded algebra Ext, (k, k) acts from the right on both
Ext z(k, N) and Extg(k, R), and from the left on Tor® (k, N). We do not know whether these
structures are related.

Proof. Let G — N and F — k be free resolutions, with F}, finite for each n, and let R — J be
an injective resolution. These resolutions induce quasi-isomorphisms

Homg(F, R) ®r G ~Homg(F,J) ®r G
~ Homg(k, J) @r G
= Homg (k, J) ®k (k ®r G)

that commute with the action of Homg (G, G). From Lemma 1.3.3 and the Kiinneth formula one
now obtains isomorphisms of graded left Ext, (N, N)-modules

Ext g(k, N) = H(Homg(F, R) ® G) = Extg(k, R) ® Tor®(k, N). O

The Bass numbers of R, defined by " = rank; Ext’ (k, R), appear in some of the most useful
characterizations of the Gorenstein property, recalled below.

6.2. The ring R is Gorenstein if it satisfies the following equivalent conditions:

(i) u" =1 for n =depth R and u”* = 0 for all n # depth R.
(i) u" =0 for some n > depth R.
(iii) idg R < oo.

Corollary 6.3. If the k-vector space E;t’l’e(k, N) is finite for some n € Z, then N has finite
projective dimension or R is Gorenstein.

Remark. It is tempting to ask whether finiteness conditions on E;t'}e(M , k) imply homological
restrictions on the module M or the ring R. A negative answer is given in Example 6.9.

Proof. When ranky E;t’l’e(k, N) is finite so is ranky E_xt’;;’l(k, N); see Proposition 3.1(2). In
view of Eq. (6.1.2) this implies Torf (k, Ny =0 forall j>>0oru’ =0 forall i > 0; that is, N
has finite projective dimension or R is Gorenstein. O

Even the entire sequence (ranky Ext’l’e (k,k))p>0 does not recognize the Gorenstein prop-
erty of R, see Example 6.10, so the next result is rather surprising. The expression for
ranky Ext’}e(k, k) in the next result is known, see [6, (9.2)].

Theorem 6.4. The ring R is Gorenstein if ranky E;t'l‘e(k, k) < oo for some n € Z, only if the

module E;t’l’e(M, N) is finite for every n € 7Z and all finite modules M, N.
If R is Gorenstein and singular, then for d = depth R and each n € 7 one has

ranky Ext's (k, k) = rank Exty (k, k) + ranky Ext4~ '~ (k, k).
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Proof. If rank; E;t’}e(k, k) is finite for some n € Z, then R is Gorenstein by Corollary 6.3. If R
is Gorenstein, then it has finite injective dimension as R-module, see 6.2, so by Theorem 3.1(3)
the module E/;t’;e(M , N) is finite when M and N are.

Theorem 5.1.8 provides the first equality in the following chain:

ranky Ext'y (k, k) = ranky Exts (k, k) + ranky Ext’y ' (k, k)
= ranky Ext’, (k, k) + rank; TorX | (k, k)
= ranky Ext’g (k, k) + ranky Ext‘;{l_” (k, k).

For the others use formulas (6.1.2) and 6.2(i), and vector space duality. O

Theorem 6.5. The ring R is regular if Ext" (k, k) = 0 for some n € Z, only if Ext"s(M, N) =0
for every n € Z and all R-modules M, N.

Proof. When R is regular it has finite global dimension, so E;t'k(M ,N) =0 for all M, N,
and n by 2.2. When R is singular Ext’}? (k, k) # 0 for all i > 0. Assuming E;t’}e(k, k) =0 for
some n, part (3) of the theorem shows that R is Gorenstein. Part (2) yields Ext(k,k) =0 =

Ext% """ (k, k), implying d < 0, which is absurd. O

It is well known that polynomial growth of the sequence (rank; Ext’ (k, k)),>0 recognizes a
smaller class of rings, whose definition we proceed to recall.

6.6. The ring R is complete intersection if in some minimal Cohen presentation of Rz Q/a,
see 5.1.5, the ideal a is generated by a Q-regular set.
Next we strengthen the recognition criterion for complete intersections.

Theorem 6.7. Let R be a local ring, set d = dim R and ¢ = codim R.
For each n € Z there is an inequality

d

d —i—1
ranky Ext’ (k, k) > Z <l> <C + Z - i ) 6.7.1),

i=0

When R is complete intersection equalities hold for all n > 0.
If equality holds for a single n > 2, then R is complete intersection.

Remark 6.7.2. For every ring R easy computations yield rankg Ext% (k,k) = 1 and
ranky, Ext}e(k,k) = edim R = ¢ + d. This shows that in (6.7.1), equality always holds for
n =0, 1, so the condition on n cannot be dropped from the last assertion.

Proof of Theorem 6.7. Let R = Q/a be a minimal Cohen presentation and set r = ranky a/na.
As ¢ + d = edim R = rank; ”11? and r = ranky 7712e’ see 5.1.5, from 5.1.2 one gets the first
coefficient-wise inequality of formal power series below:

2i+1

(] +l)c+d Hl21(1 +t2i+1)rankkn

00
ki Exty (k, k)t" = :
Zran k EX R( ) = tz)r Hi;l(l _ t2i+2)rankk 2i+2

n=0

(14 1)ctd
(=12
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_ a4+t
(=0 (1 =12y

(1+1) ,(1+1)¢
>F (l—t)C +(V_C)t m

The second inequality holds because r — c is non-negative, see (5.1.5.3).
Comparing coefficients, one obtains for every n > 0 a numerical inequality

d

. d )
rankkExt’}e(k,k)zz(f)<c+z:;— 1) +(V_C)Z<?><C+Z:i_3)’
i=0

i=0

which shows that the inequality in (6.7.1),, holds for every n > 0.

If equality holds for some n > 2, then the last formula yields » = ¢, so by the Cohen—Macaulay
Theorem the ideal a is generated by a regular sequence.

When R is complete intersection one has r = ¢, and Tate [32, Theorem 6] proves

(141)¢
(1—10)¢’

o0
Z ranky Ext’ (k, k) t" =
n=0

This equality of power series means that (6.7.1),, holds foreachn >0. O

Regular local rings are precisely the complete intersection rings of codimension 0, and every
complete intersection ring is Gorenstein. This hierarchy may also be observed by comparing the
next result with Theorems 6.5 and 6.4.

Theorem 6.8. For each n € Z there is an inequality

d

_ d i1 d—n—i-2
rankkExt';(k,k)zZ<,)<<c+” i >+<C+ "1’ )) (6.8.1),
l Cc — Cc —

i=0

When R is complete intersection equalities hold for each n € Z.
If equality holds for a single n <d — 3 or n > 2, then R is complete intersection.

Remark 6.8.2. For d > 4 there are no restrictions on n in the last assertion, so the value of
ranky E)?t’}e(k, k) for any n € Z determines whether R is complete intersection. On the other
hand, when d satisfies 0 < d < 3 Remark 6.7.2 and Theorem 6.4 show that for each »n in the
non-empty interval [d — 2, 1] the value of ranky E;t"(k, k) is the same for all Gorenstein rings
with dimR =d.

Proof of Theorem 6.8. Theorems 6.4 and 6.7 show that inequalities always hold in (6.8.1),,, and
they become equalities when R is complete intersection.

If equality holds in (6.8.1),, for some n > 2 (respectively, n < d —3), then Theorem 6.4 implies
that equality holds in (6.7.1),, with n > 2 (respectively, in (6.7.1)g—1—, withd — 1 —n > 2), so
R is complete intersection by Theorem 6.7. O
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To put in context some results in this section we provide two examples. The first one and
Corollary 6.3 shows that finiteness of stable cohomology is not symmetric.

Example 6.9. Let (S, n, k) be an arbitrary local ring and set R = S[x]/ (x2). The R-module
M = R/(x) then has Ext’, (M, k) = k for every n € Z.
Indeed, the following sequence clearly is a complete resolution of M over R:

IT=..—-R>RZSREZLR— ...
so Corollary 2.4 yields Egt’;e(M, k) =H"(Homg (T, k)) =k for each n € Z.
The next example should be compared to Theorems 6.4 and 6.7.
Example 6.10. Let & be a field and e a non-negative integer. The ring

_ klty, ... t]
({1 — 12, h<ize—1 Utitjhi<i<j<e)

is artinian and Gorenstein for every e > 2, the ring

klt1, ..., t.]
{2 U{titj}3<j<e Ultit;}ozi<j<e)

is artinian, not Gorenstein for each e > 3, and the following equalities

o0 o0
1
ki Exth (k, k)t = —— = ky Exte(k, k)t",
nE:Orank xty (k, k) g rgrank xts(k, k)

hold for all e > 2, see [24, Theorem 2] and [18, Corollary, p. 38], respectively.

7. Structure of stable cohomology algebras

This is the first of four sections devoted to the structure of the stable cohomology algebra of a
local ring (R, m, k). We fix the following notation.

7.1. Asin 2.1, let ¢ be the canonical homomorphism of graded k-algebras
1:£— S where £ =Extg(k,k)and S = E/l;tR(k, k).
To describe the position of ((£) in S we use the left torsion submodule of S:
T:{aeS|5>i -0 =0 for some i > 0}.

Note that one has 7 = I' S, see A.4, and that 7 is an £-subbimodule of S.
Set Z = Homy (&, k). This is a graded £-bimodule with the canonical actions:

(e-e)(&") = (=1)lellelFED (g’ . )

for all g, &’ deeZ.
(e-e)(e)=e(e-€) oralle,e’ e ande €

The left action of £ on Z is of prime importance in later developments.
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Regular rings are excluded from the theorem because for them S = 0, see Theorem 6.5.
Theorem 7.2. Let R be a singular local ring and set depth R = d.

(1) There is an exact sequence of left £-modules
> . i+1
0—e585 ] (=70 —o0
i=d—1
where /Li = ranky ExtiR (k, R), and there are equalities

S=1E)+E-8<° and (E)NT =0.

2) If S=1(&) ®T' for some graded left £E-submodule T' C S, then T' =T and

o0
. i+1
7= ]_[ (E_lz)u : as graded left £-modules.
i=d—1

(3) Ifdepth & > 2, then S = 1(€) ® T as graded E-bimodules.

@) If R= Q/(f) for some singular local ring (Q,n, k) and a non-zero-divisor f € n?, then
depth £ > 2 and T is a two-sided ideal of S, such that

S=1&E)DT and T-T=0.
For the proof we need a lemma. It is well known and easy to show that Ext,(k, k) and
TorR (k, k) are dual graded vector spaces. A more precise statement is contained in the next result,
which represents a version of Tate duality. It can be derived, with a little work, from [23, (2.1)].

We provide a direct argument.

Lemma 7.3. The graded left £-modules TorR (k, k) and T described in 1.2.3 and 7.1, respectively,
have the following properties.

(1) There is a natural isomorphism § : TorR (k, k) = I .
(2) If ¥ is a right non-zero-divisor on &, then T = 9' - T for each i > 0.

Proof. (1) Let »: G — k be a minimal free resolution.
Setting C =k in 1.2.2 one obtains the first map below:

Homg(G, G) @k (k ®g G) —> k @k G “2% k @g k = k.
In homology the composition induces a morphism of graded k-vector spaces
E @ Tor® (k, k) — k

and hence a morphism of graded k-vector spaces
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8:Tor®(k,k) — I givenby §(1® g)(cl(@)) = (= 1)'¢*Ixa(g).
A routine computation shows that § is £-linear.

Any non-zero cycle in k ® g G,, has the form 1 ® g for some g € G, \ mG,,. Choose an R-
linear map B:G, — k with 8(g) = 1. The Comparison Theorem for resolutions yields a chain
map «: G — G of degree —n with »«, = §; in particular,

3(1® g)(cl(@)) = £B(g) = £1 #0.
Thus, the k-linear map 6, : k ® g G, — Z" is injective. Since the k-vector spaces Tor,ﬁe (k, k) and
Ext, (k, k) have the same finite rank, §, is even bijective. '

(2) When ¥ is a right non-zero-divisor on & the map ¢ - ¢ - ' is a k-linear injection & — £.
Its dual is a surjection Z — 7 given by v~ +09' v, s0Z=9'-Z. O
Proof of Theorem 7.2. (1) Theorem 5.1.8 and 2.1 yield an exact sequence

0—Ee58% 58B—0 (7.3.1)
of graded £-bimodules with B = Ext r (k, k); the proof of the theorem also shows

B=IB and TI'E=0. (7.3.2)

Theorem 6.1 and Lemma 7.3 yield isomorphisms of left £-modules
>! Coker(1) = B = Extg(k, R) ®x TorR (k, k) =Extgz(k, R) @i T

=] [(=z'D)". (7.3.3)
i=d

From the definition of I" and (7.3.2) we obtain
t(5)ﬂT=F(L(5)) =re=0. (7.3.4)
Next we set N = £ - S<0 and prove S = ((£) + . Note that for each n < 0 the map " yields
Nt=8"=pB"1 Let® € E2 be a right non-zero-divisor, see Lemma 5.1.7. As XI5 is a direct
sum of shifts of Z, Lemma 7.3(2) implies

YB=v'XB foreachi>0. (7.3.5)

Let o be an arbitrary element of S. By the remarks above, one has d(c) = v for some
ve(EB)<%andi >0, and d(v) = v for some v € \. Thus,

6(6 — ﬂiv) =0(o0) — ?v =0,

hence o — #' v is in Ker(3) = ((£), so one gets o € v +1(E) SN +1(E).
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(2) By hypothesis, S = 1(£) @ 7’ for some left £-submodule 7’ C S, so (7.3.1) yields
T'=X¥B.From (73.2) we get 7' =T'T' C I'S =T, hence «(£) N T’ =0 by (7.3.4). These
relations imply 7’ =7 and yield a direct sum of £-bimodules

S=1E)DT. (7.3.6)

The expression for 7 comes from the equality above and the isomorphisms in (7.3.3).

(3) If depth & > 2 holds, then one has Exté«(ZJ B, &) = 0, see Proposition A.6, so the se-
quence (7.3.1) of graded left £-modules splits, hence S = () & 7, see (2).

(4) By Lemma 5.3.1 we may assume R = Q/(f), so we obtain

depth & = depth Ext, (k, k) +1>2

by referring to Proposition 5.2.3 and Lemma 5.1.7. Part (3) now yields a direct sum decomposi-
tion (7.3.6) of £-bimodules. Next we prove 7 - 7 =0.

Let 9 € £2 be the central non-zero-divisor defined by the equality R = Q/(f), see Propo-
sition 5.2.3. Let T be an element of 7. Choosing i > 0 so that ¥ - T = 0 holds, we get
79! =9 .7 =0. On the other hand, (7.3.1) implies 7 = X'B as left £-modules, so from
(7.3.5) we get T = 9" - T. Thus, we obtain

- T=1-(0 T)=(r-9')-T=0-T=0.

As T € 7 was chosen arbitrarily, we conclude 7 - 7 =0, as desired.
To finish the proof we apply the remark below. 0O

Remark 7.3.7.If S=«(£) + 7 and T - 7 =0, then 7 is a two-sided ideal of S.
Indeed, 7 is stable under multiplication on either side with elements of £, because it is an
£-bimodule, and by its own elements, as 7 - 7 =0; thus,S-7 €7 27 - S.

The following example provides applications for Theorem 7.2(3).
Example 7.4. Let k be a field, let S and T be localizations of finitely generated k-algebras at
k-rational maximal ideals. In this case, S ® T is a local ring.

Set F = Extg(k, k) and G = Ext; (k, k). Standard Kiinneth arguments give an isomorphism
EXtS®kT(k’ k) = F Qx G of graded k-algebras, so [16, (3.1.iii)] yields

depth Extgg 7 (k, k) = depth 7 + depth G.

Thus, for singular S and T one has depth Exts®kT(k, k) > 2, see Lemma 5.1.7.

Applications of Theorem 7.2(4) are discussed in the next section.
8. Stable cohomology algebras of complete intersection rings

In this section we provide an explicit and nearly complete computation of the structure of the
stable cohomology algebra of a complete intersection local ring. This is achieved by combining

results from this paper with already available information on the absolute cohomology algebra.
We fix notation for the entire section.
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8.1. Let (R, m, k) be a complete intersection local ring. Fix a presentation R= Q/(f) with

(0, n, k) aregular local ring and f = {fi,..., f.} is a Q-regular sequence in n>. One then has
edimR =e,codimR =c,anddimR =¢ —c.
Fix a minimal generating set {¢1, ..., t.} for n and write

fn= Z apijtit; (mod 113) with apij € Qforl<h<c.
I<i<j<e

Asin 7.1, we set & = Exty(k, k) and S = E;tR(k, k).
Sjodin [29] has completely described the algebra £; we recall his result below.

8.2. The algebra £ = Ext (k, k) is generated by elements &1, ..., &, of degree 1 and ¥y, ..., ¥,
of degree 2, subject only to the relations

c
§ =Y auvy forl<i<e:
h=1

C
&&;+ &6 =Zc_lm‘jl9h forl <i<j<e;
h=1

& =&v, forl<h<candl<i<e;

ﬁgﬂh:ﬁhﬁg forlfgfhfa

where ay,;; denotes the image of aj;; in k; see [29, Theorem 5] or [4, (10.2.2)].
The next lemma determines the applicability of Theorem 7.2(4).

Lemma 8.3. For R as in 8.1 one has depth £ = codim R.
Proof. By Lemma 5.3.1 we may assume R = Q/(f) for a regular local (Q, n, k) ring and a
Q-regular set f C n?, with card(f) = codim R. Proposition 5.2.3 and Lemma 5.1.7 now yield

depth £ = depth Ext ok, k) +-codimR = codimR. O

For complete intersection rings of codimension one, also known as hypersurface rings, S was
computed by Buchweitz [12, (10.2.3)]. We recover his result:

Proposition 8.4. Let R be a singular hypersurface ring of dimension d.

The k-algebra S has generators &1, ..., &, of degree 1, a generator = v of degree 2 and a
generator ¢ of degree —2, subject to the relations in 8.2 and to

0 =1=9'0.
In particular, for each n € Z one has rank; S* = 2% and Exte (k, S) =0.
Proof. By Lemma 5.3.1 we may assume R = Q/(f) with (Q,n, k) regular local and f €

n?\ {0}. By Corollary 4.2 the algebra S is the localization of £ at {#* | s > 0}, so the presentation
of £ in 8.2 yields the presentation above.
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The k-rank of S” can be obtained from this presentation, or directly from Theorem 6.8. As ¢
is a central element in £ and is invertible in S, A.3(1) yields

depthe S = depthge (§/S¥) + 1 =depthg 0+ 1 = oo. O
In higher codimension the structure of stable cohomology is completely different.

Proposition 8.5. Let R be a complete intersection ring with codim R = ¢ > 2.

The graded k-algebra S has the form S = € @ T, where £ is the graded algebra from 8.2,
T= Ui>1{r €S| S8t =0} is an ideal with T - T =0, T = Homy (€, k) as graded left &-
module, and t - O =0y - T forall t € T.

Proof. Theorem 7.2(4) gives everything but the last assertion, which amounts to saying that
each element ¢(9,) is central in S. To see this note that 9, € £2 can be defined by the canonical
surjection Q/(f \ {fn}) — R and apply Theorem 4.1. O

Still missing from Proposition 8.5 for a full description of the structure of S are data on the
products 7 - §;. Specifically, we ask:

Question 8.6. Is 7 isomorphic to X'~¢ Homy (€, k) as graded £-bimodules?
Here is a case where a positive answer is available from other sources.

Example 8.7. Let k be a field of characteristic p > 0, let uy, ..., u, be positive integers, and set
qgi = p*i. For R =kl[x1,..., xe]/(x;]“, e, x?]) the algebra S is graded-commutative, so one has
T = Homg (€, k) as graded £-bimodules.

Indeed, one has R = kG, where G is the abelian group ]_[le Z/(p*), and compatible isomor-
phisms of graded k-algebras £ = H*(G, k) and S = ﬁ*(G, k), with the ordinary cohomology and
the Tate cohomology of G; see [11, (V.4.6)], [11, (VI.6.2)] and [9, (6.11)]. The algebra iy (G, k)
is graded-commutative; see [13, (XII.5.3)].

9. Stable cohomology algebras of Gorenstein rings

In this section (R, m, k) is a Gorenstein local ring of dimension d.

The leading theme here would come as no surprise: stable cohomology is simpler over Goren-
stein rings. Numerically, this has already been made precise by Theorem 6.4. We back it up by
showing that the structure of the stable cohomology algebra of a Gorenstein ring is much more
rigid than might have been expected a priori. Although not as explicit as the in the special case of
complete intersections, treated in Section 8, the results here are significantly sharper than those
in Section 7.

The following notation and terminology is in force for the entire section.

9.1. Set & = Exty(k, k) and S = Ext r(k, k), let 1: & — S denote the canonical homomorphism
of graded k-algebras, 7 the torsion subbimodule I'S € S and Z the graded left £-module
Homy (&, k) with the natural action, see 7.1

We say that the algebra S splits if T is a two-sided ideal of S, such that

7-7T=0, S=1&)®7T, and TZ= yl=d7 g graded left £-modules.
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The structure of S for Gorenstein rings R with codim R < 1 is completely known, see Propo-
sition 8.4, so this case is excluded from the next theorem.

Theorem 9.2. Let R be a Gorenstein local ring with dim R = d and codim R > 2.

(1) There is an exact sequence of left £-modules
0—&e585 w470

and there are equalities S = 1() + & - S<V and «(E)N'T = 0.

2) If S = (&) ® T for some graded left E-submodule T' C S, then T' =T and the algebra S
splits.

(3) If depth £ > 2, then the algebra S splits.

@) If ¢ - € =& - ¢ for some left non-zero-divisor ¢ € 21, then S splits and

T=£-8.
The proof is presented after a few remarks.

Remark 9.2.1. The theorem above should be compared to Theorem 7.2, applied to a Gorenstein
ring R. Part (1) is a simple specialization. On the other hand, in Theorem 9.2 the conclusions of
parts (2) through (4) are stronger, while the hypothesis of (4) is weaker, see Proposition 5.2.3.

Remark 9.2.2. Theorem 9.2 offers striking parallels to results of Benson and Carlson [8] relating
the structure of the Tate cohomology algebra H*(G, k) of a finite group G to that of the absolute
cohomology algebra H*(G, k).

Such similarities are unexpected, as the corresponding algebras have completely different
properties. Indeed, H*(G, k) and ﬁ*(G , k) are graded commutative algebras, and the first one is
also finitely generated over Ho(G, k) = k. In stark contrast, the algebra Ext (k, k) may not be
finitely generated; it is noetherian if and only if R is complete intersection; it is commutative if
and only if R= Q/a, with (Q, n, k) regular and a generated by a Q-regular sequence contained
in n3.

Remark 9.2.3. Parts (3) and (4) of Theorem 9.2 do not cover all cases when the algebra S splits;
see Example 9.13 and Question 9.3.

Proof of Theorem 9.2. (2) If S =1(£) @ 7’ as left £-modules, then Theorem 7.2(2) yields an
equality 7/ =7 and a decomposition S = ((£) ® T as £-bimodules.

To prove T - T =0 we fix a right non-zero divisor 9 € £2, see Lemma 5.1.7. Let T be an
element of 7. As 7 is an £-subbimodule of S, and for j > d one has TI=gitl=d — 0 we
get -9 € TIT1+2 =0 for all i > 0. Fix an integer i with this property. Lemma 7.3(2) yields
T =19".7,s0 (1) implies 7 = ' - T, and hence

- T=7-(0 -T)=(r-9)-T=0-T=0.

As t € T was arbitrary, this implies 7 - 7 =0, so 7 is an ideal by Remark 7.3.7.
(3) This follows from (2), in view of Theorem 7.2(3).
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4) Set N = £ -S<0. As () + N = S by Theorem 7.2(1), it suffices to prove ((£) NN =0,
see (2). Assuming the contrary means that one can write

0# > en- vy €u(l)

h=1
with e, € £, v, € <V, and &), - v, #0. Set s = [¢] and choose i > 0 so that
is+[vy]>d holdsforh=1,...,u

As ¢ is a non-zero-divisor on € and ¢ - £ = & - £, there exist ), € £ such that

u u
0#2{1'81/1‘1)]1:28;1'4‘1’])]1
h=1 h=1
Choose [ € [1, u] with sl’ Sty # 0, then set v = v; and n = [v]; one then has

O#é‘l - GSiS-H’l §S>d =l(5)>d C t(g)}l

The map 9 in (1) induces a bijection S<0 — (X1797)<0. Set r = ranky N"*. As T = ¢*' T by
Lemma 7.3(2), we may choose v’ € N"~2"$ with 2 v/ = v.

Let D be the universal enveloping algebra of the graded Lie subalgebra 7" of mg. By 5.1.3,
it has no zero-divisors (different from 0) and £ is a free graded D-module. Thus, D2/ and D
¢t v are isomorphic k-spaces for each j € Z. From

Der ~ D2rs . §i v = D2rs . §i+2r . l)/
c 52rs . §i+2r = §i+2r . ngs G

C é.i+2r Nn

we get ranky D** < ranky N = r. Set r; = ranky 7,. We have r, > codim R > 2, see (5.1.5.3),
s0 5.1.2 yields coefficient-wise inequalities of formal power series

> 1 1
ki D)% = :
j;)(ran k ) (11— t2)2 (1 —12)2—2 1‘[]_22(1 — 120y

,2)2 Z(] + e,

In particular, we get ranky DS r, and hence the desired contradiction. O

We proceed to test the hypotheses of the preceding theorem. In the rest of this section the
discussion revolves around the following question:
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Question 9.3. Does the cohomology algebra & = Ext g (k, k) split for every Gorenstein local ring
(R, m, k) with codim R > 2?

We start with a case when Theorem 9.2(4) applies.

Example 9.4. If R= Q/a is a minimal Cohen presentation and the R-module a/a® has a non-
zero free direct summand, then [yengar [21, Main Theorem] provides a non-zero central element
in nlzi,, hence a central non-zero-divisor in &, cf. 5.1.3.

It might be noted that a/a® has a non-zero free direct summand whenever Ris isomorphic to
Q/(f) for some local ring (Q, n, k) and non-zero-divisor f € n?. This case is covered already
by Theorem 7.2(4), but it is not known whether all free direct summands of a/ a? arise in this
way.

The first application of Theorem 9.2(3) mirrors Example 7.4.

Example 9.5. Let k be a field, and let S and T be localizations of finitely generated k-algebras
at k-rational maximal ideals. If S and T are singular Gorenstein rings, then so is the local ring
S ®x T, and Example 7.4 yields

depth EXtS®kT(k, k) > 2.

To exhibit further classes of Gorenstein rings satisfying the hypothesis of Theorem 9.2(3) we
use Koszul duality, see [31, §5] for a concise introduction.

9.6. Let k be a field, and let A = @520 A; be a commutative internally graded k-algebra, see
(3.3), with Ag =k, A =k[A], and rank; A; < co.

Recall that A is said to be Koszul if Ext’) (k, k)! =0 for n # i. Its Koszul dual is the internally
graded k-algebra B with B; = Ext’A (k, k)" and multiplication induced by the composition product
of Ext, (k, k); the algebra B is Koszul as well, and its own Koszul dual is canonically isomorphic
to A.

If A is a Gorenstein Koszul algebra with ranky A < 0o, then

k forn=sup{neN|A, £0}

Ext, (k, B) = {
B 0 otherwise.

Indeed, this follows by Koszul duality from [31, (5.10), (4.3.1)].

Proposition 9.7. Let R be the localization of a commutative Gorenstein graded k-algebra A =
®i>0 A; at the maximal ideal A4 = @i}l A;. If A is Koszul, then

depth & > 2
holds, unless A = k[x1,...,x.1/(f) for some quadratic form f (possibly equal to 0).
Proof. Assuming depth £ < 1, we induce on dim A to prove that A has the desired special form

above. When dim A = 0 one has rank; A < 00, 509.6 yields A; = 0fori > 2. As A is Gorenstein,
this is only possible if A=k or A = k[x]/(xz).
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Suppose dim A = d > 1 and the assertion holds for algebras of dimension d — 1. Let k — k' be
a field extension. The k’-algebra A’ = k" ®j A is clearly Koszul. Let R’ be its localization at A’, .
The canonical map R — R’ is flatand R'/mR’ = k’, so Lemma 5.3.1 yields depth Ext , (k', k') =
depth £. Thus, we may assume k is infinite, and so find a non-zero-divisor g € A;. Now A=
A/(g) is Koszul with dim A = d — 1. Since g/1 € R is R-regular and not in m?, for R = R/(g/1)
Proposition 5.2.2 yields depth Ext_ (k, k) = depth €. As R is the localization of A at @, A;,

the induction hypothesis yields A kX, ..., Xo1] /( f ) for some quadratic form f . It follows
that A has the desired property. 0O

Let mult R denote the multiplicity of R. A Gorenstein ring R has multiplicity 1 if and only
if it is regular, and multiplicity 2 if and only if it is a quadratic hypersurface; else, it satisfies
mult R > codim R + 2.

The case of minimal multiplicity is covered by the next result.

Proposition 9.8. If R is Gorenstein and mult R = codim R + 2, then

depth £ = { 1 when R is a hypersurface ring;
2 otherwise.

Proof. One has codimR = 1 if and only if R is a hypersurface, and when this is the case
Lemma 8.3 applies. For the rest of the proof assume codim R > 2. In view of Lemma 5.3.2
we may further assume dim R = 0. Our hypothesis then implies isomorphisms m> = 0 and
m? = Anng m = k, and non-degeneracy of the map

p:(m/m?) @ (m/m?) — m? =k

induced by the product of R. Thus, A =k @ (m/m?) @ m? is a Gorenstein graded k-algebra,
with ranky A; = codim R. By [24, (3.1)] both & and Ext (k, k) are isomorphic to the tensor
algebra of (A1) over k, modulo the quadratic form Homy (e, k)(id*) € (A1) ® (A1)Y. Thus,
we may replace R by A. The description of Ext , (k, k) shows that as an algebra over Extg (k, k) =
k it is generated by Ext}4 (k, k). This graded vector space has Ext}4 (k,k)/ =0 for j # 1, so
Ext/, (k, k)/ = 0 for j #1i, so A is Koszul, hence depth £ =2 by 9.6. O

Recall that if R is Gorenstein with codimR < 2, then R is complete intersection, so
Lemma 8.3 gives depth £ = codim R. In the next codimension we prove:

Proposition 9.9. If R is Gorenstein and codim R = 3, then

depth £ = { 3 when R is complete intersection;
2 otherwise.

Proof. By Proposition 8.3 we may assume R is not complete intersection. By Lemma 5.1.6 it
suffices to prove depth D = 2, where D is the universal enveloping subalgebra of n?z. It follows
from [1, (3.3)] that n?z is isomorphic to w4, where A = @?:0 H;(K) and K is the Koszul
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complex on a minimal set of generators of m. There exist bases {e1, ..., e,} of Ar; {f1,..., fr}
of As; {g} of Az, such that

eifi=g=fie; forl<i<r

and all other products of basis elements vanish, see [1, (8.4)]. Thus, A is a Gorenstein local ring
of minimal multiplicity, so Proposition 9.8 yields depthD =2. O

In the balance of this section we deal with artinian rings.

Proposition 9.10. For an artinian Gorenstein local ring (R, m, k) with m # 0 the following
conditions are equivalent.

(1) S is split.
(i) 7 =8
(iii) S<is a left E-submodule of S.
(iv) & is generated as an algebra over E° =k by a set E C £Z!, such that ¢ - S/ = 0 holds for
all pairs (e, j) € E X Z satisfying —[e] < j <O.

Proof. From the exact sequence in Theorem 9.2(1), or from Theorem 2.2, one gets () =S 20,
hence ¢(£) has a unique complement in S as a graded k-vector space, namely, S<C. Thus, when
S is split one has 7 = S<°, and hence (i) implies (ii).

It is clear that (ii) implies (iii). If S<C is a left £-submodule of S, then it is necessarily a direct
complement of ¢(£), so (iii) implies (i) by Theorem 9.2(2).

It is clear that (iii) implies the validity of (iv) for every set of generators E C £Z!, in particular,
for E = £2!. Conversely, assume that (iv) holds for some E, pick an arbitrary o € S<°, and
£1,...,&s be elements of E. If one has [o] < —Zle [;], then g ---&5 - 0 € S<Y holds for
degree reasons. Else, there is an integer r with

I<r<s and —) [e]1<[o]l<— Y [&].
i=r i=r+1

Thus, 6’ =&,y --- & - o satisfies —[&,] < [0'] <0, hence
g1 8-0=0(s1--&—1) (& -0')=0.
It follows that S<0 is a left £-submodule of S, that is, (iii) holds. O
When dim R = 0 it is easy to write down a complete resolution of &, see 2.3.

9.11. Let (R, m, k) be an artinian Gorenstein ring with m # 0.
If € : F — k is a minimal free resolution and (—)* = Homg(—, R), then

9 € o€q o
T=~~-—>F1—1>F00—>FJ—'>F1*—>~'

where Ty = Fp, is a complete resolution of & satisfying d(7) S mT.



128 L.L. Avramov, O. Veliche / Advances in Mathematics 213 (2007) 93—139

Indeed, one has 9(T) € mT by construction. The exactness of T follows easily from the
self-injectivity of R, which then implies the exactness of Hompg (7, R).

We finish with an example obtained through the dictionary between local algebra and rational
homotopy theory; see [5]. For a topological space Y let H* (Y; Q) and H,,(Y; Q) denote its singu-
lar (co)homology, 27 its loop space, and H, (£2Y; Q) its Pontryagin algebra with multiplication
induced by composition of loops.

The construction below was communicated to us by Yves Félix, in answer to our question
whether there exists a formal CW complex Y with depth H,(£2Y; Q) = 1.

9.12. Let S? denote the standard 2-sphere, # a connected sum of smooth manifolds. The follow-
ing manifolds are formal topological spaces:

X=8>x82x82=X and Y=X#X.

Using a suitable CW decomposition of X # X', Félix exhibits H,(£2Y; Q) as a free product of
three commutative polynomial algebras:

H.(2Y; Q) = Ql&1, &, &1+ Q[4], &, &] * QY] (9.12.1)
¥ € Hy(R2Y; Q) arises from the identification in ¥ = X # X’ of the orientations of X and X’.
None of these algebras equals @, so [17, (36.e.2)] yields
depth H, (2Y; Q) = 1. (9.12.2)
Next we translate Félix’s example into commutative algebra.

Example 9.13. Let £ be a field of characteristic 0. The ring

_ klti, 12,13, 1], 15, 13]
({17, 1t} 12 1<i, j<3, ity — 1{1513)

is Gorenstein with codim R = 6, m?3 #0= m4, and rank; R = 14.

Its cohomology algebra & satisfies depth £ = 1 and £¢ # ¢ £ for every non-zero ¢ € £2!, and
its stable cohomology algebra S is split.

Indeed, the properties of R are clear. By Lemma 5.3.1 we may assume k = Q.

Endow R with an internal grading by assigning (lower) degree —2 to the variables #; and t} one

gets an isomorphism R = @S:O H"(Y; Q) of internally graded rings, where Y is the manifold
from (9.12). Since Y is formal, there are isomorphisms

P Exth(@Q Q" =H,(2Y:Q)

l+m=—n

of Q-vector spaces that combine into an isomorphism of graded Q-algebras

EXtR(Q’ Q) = H.(22Y; Q).

Thus, one obtains depth £ =1 from (9.12.2).
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To analyze S we note that a minimal graded free resolution F' of QQ starts as
oo R@CD) @ R @ R(6) — R2)> — R—> 0

where the standard basis of R(2)3*3 maps to the generators 11, 1, 13 and 11, ty, t; of m, that of

R(4) (3" to the Koszul relations between these generators, that of R(4)3+93 to the syzygies
defined by the quadratic relations of R, and that of R(6) to the syzygy defined by the cubic
relation. The complete resolution 7' constructed in 9.11 from the minimal resolution F now
yields isomorphisms

E2=82=2Q4 aQ®6), E°=8'=Q, S 'z=Q-6),
EN=8"'=Q2)°, S2=Q(-8)°.

The isomorphism (9.12.1) shows that the algebra & is generated over £° = Q by elements from
E! and £2. As the action of £ on S is compatible with internal gradings, see Proposition 3.4,
degree considerations yield the following equalities:

gh.s7'=o0, ¢&*.8'=0, £*.87=0.
Proposition 9.10 now shows that the stable cohomology algebra S is split.
10. Stable cohomology algebras of Golod rings

In this section (R, m, k) denotes a local ring. The codepth of R is the integer codepth R =
edim R — depth R. Once again, we consider the graded k-algebras

£ =Extgz(k,k) and S =Exty(k, k)

and let ¢ : £ — S denote the canonical homomorphism of graded algebras.

For all rings R with codepth R > 2 analyzed so far in this paper, ¢(£) has a direct complement
in S as a left £-submodule. Here our goal is to produce a ring R for which this fails. We search
for it among Golod rings, as their homological properties are in many respects antithetical to
those of Gorenstein rings.

Golod rings are usually defined in terms of the series Zn>0 ranky £"t", see [4, §5] for details
and examples. Here it is useful to take as definition their characterization in terms of the structure
of the graded k-algebra £.

10.1. The ring R is said to be Golod if the universal enveloping algebra D of the Lie algebra 1? 2
is a free associative k-algebra, [2, Corollary, p. 59].
We will also use a defining homological property of free k-algebras.

10.2. Let A be a free associative k-algebra on a set & of elements of positive upper degree. Let
{be | [be] = [€] + 1}gcz be a linearly independent set over A. There is then an exact sequence
of graded left .A-modules:

0— [ ] Ab: A A—k—0 withd(be) =E&. (10.2.1)

teld
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It is clear that R is Golod when codepth R = 0 (because then R is regular, so D = k), or when
codepth R = 1 (because then R is a singular hypersurface ring, so D = k[?], see Example 8.4).
When R is Golod with codepth R > 2 Theorem 9.2 does not apply, because R is not Gorenstein.
Neither does Theorem 7.2(3):

Proposition 10.3. If R is a Golod ring with codepth R > 2, then depth £ = 1.

Proof. If D is the universal enveloping algebra of 1? 2, then depth D < 1, see 10.1 and 10.2, so
depth £ < 1 by Lemma 5.1.6; equality holds by Lemma 5.1.7. O

Thus, new tools are needed to study stable cohomology over Golod rings of higher codimen-
sion. Local rings with radical square zero are the simplest example of Golod rings. They are the
subject of the next theorem, proved at the end of the section; its notation and hypotheses are in
force for the rest of the section.

Theorem 10.4. Let (R, m, k) be a local ring with mZ=0and edimR =¢ > 2.
The following assertions then hold.

(1) The exact sequence of Theorem 7.2(1) has the form

el (e2—1)

oo
0—£&-585 @D e [(271)
i=0

— 0.

(2) The left £-submodule ((E) has no direct complement in S.
(3) One has Extg(k,S) =0 forall n € Z.

For the next lemma we introduce shorthand notation: When 8, 8/: M — N are R-linear maps
we write 8/ = B (mod m) in place of (8’ — B)(M) CmN.

Lemma 10.5. Let 6: U — R be the composition of a projective cover U — m of the R-module
m with the inclusion m C R. Fori € Z, let 0;4+1 be the R-linear map

8®RU®1'
—_—

Fip=U%M) =U@p U R@rU® =U® =F,

where U ®i denotes the ith tensor power of U over R, with the conventions U®® = R and
U® =0 fori <0. The following then hold.

(1) The pair (F, ) is a minimal R-free resolution of k.
(2) There are equalities d(F;+1) =mF; foralli € Z.
(3) When h and i are integers, such that i > max{0, —h}, a diagram

041
UQrF, —— Fiy1 ——— F
ﬁ/t Lﬁ

Oh+i+1
U®RrFith = Fpyit1 ——— Fpyi

of R-linear maps commutes if and only if B’ = U Qg B (mod m).
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Remark. When R is a k-algebra, the minimal resolution F' described in part (1) of the theorem
coincides with the bar construction of R over k.

Proof. (2) This follows directly from the definition of 9.

(1) From m? =0 one gets 92 =0.Fori>1set Bi_ = 0;(F;) and Z; = Ker(0;). From
(2) one obtains £(B;_1) = ¢', where £ denotes length over R. The exact sequence 0 — Z; —
F; — Bj_1 — O yields £(Z;) = (e + 1)e! — ¢! = e!T! = ¢(B;). Thus, H;(F) =0 fori > 1 and
Ho(F) =k, so F is a minimal free resolution of k.

3) Picku ® ve U ®g F; = F;4+1. By definition, one has

Bir1(u ®@v) = B(8(u)v) =8w)B (W) = Ohtiv1(u @ BV)).
Therefore, an equality 80;11(u ® v) = 0p1i+18 (1 ® v) holds if and only if one has
B'(u®v) —u®p(v) eKer(diiy1).

As (1) and (2) yield Ker(0p+i+1) = Op+i+2(Fp+i+2) = mFp4+i41, the inclusion above is equiva-
lent to the relation 8’ =U ®g B (mod m). O

Lemma 10.6. Let F denote the minimal free resolution from the preceding lemma, let x €

Homg (F, F);, be a homomorphism of complexes, let % denote its image in I—Tor\nR(F, F),, and
set m = max{0, —h}. The following then hold.

(1) The map x (respectively, %) is a boundary if and only if for i = m (respectively, for some
i >m) and for all j > 0 one has

%+j=0 (modm).

(2) The map »x (respectively, x) is a cycle if and only if for i = m (respectively, for some i > m)
and for all j > 0 one has

%4 =U% @r (=DM, (modm).

Proof. (1) By definition, x (respectively, ) is a boundary if and only if there exists a homomor-
phism x € Homg(F, F) of degree h + 1, such that an equality

i) =Onritjrixivj + (D" xirj 1004, (10.6.3)

holds for i = m (respectively, for some i > m) and for all j > 0.

If x exists, then »; 1 ; =0 (mod m) for 7, j as above, because 0 =0 (mod m).

Conversely, assume »x;  ; = 0 (mod m) holds for i, j as above. We construct x; ; by induction
on j. Setting x;4; =0 for j <0, we may assume that y;, ;_ has been defined for some j > 0.
One then has the relations

(Hitj — (=D Xigj=18i+) (Fitj) S WFhpinej + Xisj—1 (MFpj_1)
S MFhivj

= Onti+j+1(Fntitj+1)
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with equality given by Lemma 10.5(2). Since Fjy; is free, one can find a homomorphism
Xi+j: Fivj = Fpyitj+ satisfying (10.6.3).

(2) By definition, » (respectively, %) is a cycle if and only if Optitjdivj= (—l)hx,-+j_18i+j
holds for i = m (respectively, for some i > m) and for all j > 0. Iterated applications of 10.5(3)
yield the desired assertion. O

It is convenient to describe £ and S as subrings of infinite matrix rings.

10.7. For every pair (m,r) € Z x N, satisfying m + r > 0, let M,r «.r+mn (k) denote the k-vector
space of " x """ matrices with elements in k. Let My, (k) be the k-algebra of all row-and-
column-finite matrices with elements in k, under ordinary matrix product. For every matrix
C = (cij) € Myryerim (k) let Coo = (c;‘(’]) € Mo (k) be the matrix with blocks C along a line

of slope e

o _{cij if p=i+le" and g = j +le" ™" for some [ > 0;

rq .
0 otherwise.

It is clear that for each m € Z the following subset of My, (k) is a k-subspace:
C" ={Coo € Mo (k) | C € Myr yr+m (k) for some pair (m, r) with m + r > 0}.

A key observation is that, furthermore, the following relations hold:

cm.crc ™t forallm,n € Z:

C"NC"=0 whenm #n.

Indeed, let Coo, € C™ be as above, and let Dy, € C" be obtained from a matrix D €
Mes x es+n (k), where (n,s) € Z x N satisfy n + s > 0. One then has Co, = C,, where C’ €
M,r+s w or+s+m (k) 1s the block diagonal matrix with e® copies of C along a line of slope e™"; also,
Doo = D), where D' € Myr+s+m y rs+m+n (k) is the block diagonal matrix with "™ copies of D

along a line of slope e™. Thus, we get
C'D' € Myrisyprisimin(k) and  Cop - Doo = (C'D)oo € ™1,

This proves the inclusion. For the equality, assume Coo = Do, € C™ N C" with m # n. Since
the lines with slopes e™™ and e™" diverge, for [ 3> 0 the blocks C forming the matrix C, are
entirely contained in an area of the matrix Do, where every element is equal to 0. Thus, one has
C =0, and consequently C, = 0.

In view of the discussion above, C = (C™),cz is a graded k-algebra with unit 1.

We define a graded subalgebra A4 of C as follows. Set

Al(m) = (Ei(m))oo € C™ for each pair (m,i) € N x [1, e], where

EM™ =10,...,0,1,0,...,0] € Myxen (k) with 1 in ith position.
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Let A be the subalgebra generated over k1, by Agl), ces Agl) e C!. It is easy to see:

(m) () _ g (mn)
ATAT = AG ey

Thus, A has a k-basis consisting of matrices with precisely one non-zero entry in every row, and
in distinct basis elements this entry occurs in a different column.

Part (2) of the next lemma is known: For a k-algebra R it is obtained by computing Ext (k, k)
as the cohomology of the cobar construction, which in this case is the tensor algebra on
Homy (m/ m?2, k) with zero differential; the general case can be found in [27, Theorem 1, Corol-
lary 3]. A proof is included for completeness.

Lemma 10.8. In the notation of 10.7 the following hold.

(1) There is an isomorphism of graded k-algebras S = C, inducing 1(£) = A.
(2) The associative k-algebra £ is freely generated over k by a k-basis of £'.
(3) One has Exte(k, &) =0ifn# 1 and

0 fori <=2;
ranky Extlg(k, E)i ={e fori=-—1;
el —1) fori=>0.

Proof. Let F — k be the minimal free resolution from Lemma 10.5. We fix a basis X; =
{x1,...,xe} of U over R. For each i > 0 it canonically provides a basis X; of F; = U® over R,
and thus a basis X; of F;/mF; over k.

(1) Each o € S" is the class of a cycle x € ITO;lR(F, F)_p, where x : F — F is a homomor-
phism of complexes of R-modules of degree —h. Thus, x> : F>y — F>y_p is a chain map for
some integer s. It induces a k-linear map

Hy () = ity : USCH jmy®C+h — U®S /mUy®s,

Let S € M« ,s+1 (k) be the matrix of j; in the bases X, and X, and form the matrix S, € C".
Lemma 10.6 shows that S, does not depend on the choices of x or s, so setting «(0) = Seo
one obtains a map «:S — C. The definitions of the products in S and C imply that « is a
homomorphism of algebras. Part (1) of Lemma 10.6 shows that « is injective and part (2) that it
is surjective.

Let {£1, ..., &} be the basis of £! dual to the basis X| of U/mU. By definition, a(1(§;)) =

A;l) for j =1,..., e, so @ maps the subalgebra of £ generated by {&1, ..., &} surjectively onto
the subalgebra A of C. Thus, for each i € Z one has

¢! =rank; £ > rank; A’ = ¢,

with equalities given by the constructions in Lemma 10.5 and in 10.7, respectively. Thus, « re-
stricts to an isomorphism ¢(£) = A.

(2) As shown above, rank; £ = ¢’ and £ is generated by e elements of degree 1. It follows
that there are no relations between the generators of £.
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(3) In view of (2), the exact sequence of 10.2 yields Ext’é (k,£) =0 forn #0, 1 and an exact
sequence of graded vector spaces

0 —> Homg (k, £) — & L ¢ — Extk:(k, &) — 0

where 0*(p) = (§1p, ..., &.p). We see that Homg (k, &) = 0. Counting k-ranks in the sequence
above we now get the desired expressions for Ext}: (k, ). O

Proof of Theorem 10.4. The notation from the preceding proof stays in force.
(1) Theorem 7.2(1) yields an exact sequence of graded left £-modules

o0 .
0—eHs (D" —o (10.8.1)
i=—1

where Z = Homy (£, k) and /ﬁ = ranky Ext’k (k, R). These numbers are given by:

0 fori < —1;
w={e fori =0; (10.8.2)

e~l(e?—1) fori>1.
Indeed, the hypothesis m?> = 0 yields an exact sequence of R-modules
0—k—R—k—0.
It induces an exact sequence of homomorphisms of k-vector spaces
0 —> Homg(k, R) —> R —> Homg(k¢, R) —> Exty(k, R) — 0
giving the values of 41/ in (10.8.2) for i < 1. The same sequence yields isomorphisms
Extiy ' (k¢, R) = Extiy (k, R) foralli >2,
which imply u/ = eu/~! for all i > 2; the last equality in (10.8.2) follows.
(3) The k-algebra £ is free by Lemma 10.8(2), so the resolution of k displayed in 10.2 gives
Ext’é(k, S)=0foralln #0,1.
Next we prove Homg (k,S) = 0. By A.5, this is equivalent to the following assertion: If

x € Homg(F, F);, is such that % € ITOER(F, F);, is a cycle and cl(%) € E;t}h(k,k) satisfies

Ext? (k, k) - cl(z) =0 for some s > 0, then cl(x) = 0.
Set m = max{0, —h}. As x is a cycle, for some integer i with i > m one has

Optitj’ivj= (—1)h}f[+j_1ai+j for all j > 0.

After increasing i or s (if necessary) we may assume s =i + 1 > 0.
Let £ e Homg (F, F)* be a chain map. As cl(§) - cl(%) = 0, Lemma 10.6(1) yields

(Ex)iyj(Fiyj) SmF; forall j > 0.
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On the other hand, one has d; o (§x);1; = (—l)h“(a?z)iﬂ,] 0 0ij4j for all j >0, so
Lemma 10.5(3) implies that these inclusions hold, in fact, for all j > 0.

Recall that X; denotes the standard basis of F; = U®. For each u € X; one has x;(u) =
ZUE X5 QuvV with uniquely defined a,, € R. On the other hand, for each v € X,; the R-linear
map Fjy; — Fy = R sending v to 1 and every v’ € Xp; \ {v} to O extends to a chain map
&, : F — F of degree —h — i. We get

Auy = (Sv)thi( Z auvv> = (§o)n+i (}fi (u)) = (Epx)i(w) em

VEXp4i

hence »; (F;) € mFp4; holds. Lemma 10.5(3) now yields x; (F;) € mFj; for all i > 0, from
where we conclude cl(%) =0, see Lemma 10.6(1).

Finally, we prove Ext(lS (k, S) =0. As Homg (k, S) = 0, the exact sequence (10.8.1) of graded
left £-modules induces an exact sequence of graded vector spaces

o . i+1
0— Homg [k, [T (Z77)"" ) — ExtL(k, &) “> ExtL(k, S)
£ £

i=—1

00 .
De, Extl (k, 11 (2"'1)"'“). (10.8.3)

i=—1

Since k has a resolution by free £-modules of finite rank, see 10.2, the functors Ext’é (k,—)
commute with direct sums. The graded left £-module 7 = Homy (£, k) satisfies Homg (k, 7) = k
and is injective, so we obtain

00 ) 00 )
Homg (k 11 (ziz)“’“) =] =, (10.8.4)

i=—1 i=—1

Extl (k, 11 (2"‘1)’”“) =0. (10.8.5)

i=—1

Comparing (10.8.4), (10.8.2), and Lemma 10.8(3) we see that in (10.8.3) the map ¢, is bijective.
In view of (10.8.5) this implies Extlg (k,S)=0.

) If S = (&) @ T’ for some left graded £-submodule 7’ of S, then Theorem 7.2(2) yields
T' =TS, hence I'S' =& for i < 0. One has S’ # 0, see Theorem 6.5, so A.2 and A.5 imply
depthe S = depthe I"'S = 0. This contradict (3). O

We finish by applying lemmas used in the proof of Theorem 10.4 to show that the action
of absolute cohomology on bounded cohomology from the right may be far from nilpotent—in
contrast to the action from the left, cf. Lemma 1.3.2.

Example 10.9. If m?> = 0 and edim R = e > 2, then for every n < 0 there exists 8, € Ext’s (k, k),
such that {¢ € Extg(k, k) | B, - € =0} is equal to 0.
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By Theorem 7.2(1) and Lemma 10.8(1), it suffices to show that each matrix
1
0
Cp= (C("))OO €C", wheren <0and C™ = - | € Memn 1 (K),
0

satisfies (C,.A) N A = 0. Indeed, for each A € My (k) the matrix C, A is obtained by inserting
(e — 1) rows of zeroes between every pair of adjacent rows of A. On the other hand, the k-basis
of A described in 10.7 shows that each non-zero matrix in .4 has a non-zero entry in every row.
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Appendix A. Depth over graded algebras

In this appendix & is a field, A is a graded k-algebra with A° = k and A’ = 0 for all i < 0.
Throughout, M denotes a graded left .A-module. By a customary abuse of notation, we let k
denote also the graded .A-module A/ A=!.

A.l. The depth of M over A is the number
depth 4 M = inf{n € N | Ext’y (k, M) # 0},

see [16]. Clearly, one has 0 < depth 4 M < oo, and depth 4 M = oo holds if and only if
Ext 4 (k, M) = 0. We systematically write depth 4 A in place of depth A.

Here we collect general facts about depth, for use in the body of the paper.

The long exact sequence of functors Ext’y (k, —) yields a familiar formula:

A.2. The depths of the graded left .A-modules appearing in an exact sequence 0 - £ — M —
N — 0 are linked by an inequality

depth 4 M > inf{depth 4 £, depth 4 N}.

Equality holds when the sequence splits, or when depth 4 £ # depth 4 N + 1.
For finite modules over finitely generated commutative algebras depth measures lengths of
regular sequences. In general, only a weaker statement holds.

A.3. Assume A = A'/(¥') and M = M’/ M’ for some graded k-algebra A’, a central element
¥’ e A1, and a graded left A’-module M’.
When ¢’ is a non-zero-divisor on M’ the following hold.

(1) depth 4 M’ = depth 4 M + 1.
(2) If ¥’ is a non-zero-divisor on A’, then depth 4 M = depth 4, M" — 1.
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Indeed, for each n > 0 there are isomorphisms of graded k-vector spaces
Ext'y ! (k, M) = Ext’y ' (k, M) @ Ext’y, (k, M),
Ext; ! (k, M) = Ext’y, (k, M)

obtained by transcribing Rees’ classical argument for commutative algebras.
Pursuing the analogy with commutative algebra, we define (left) section functors.

A.4. For each i > 0 the graded subspace A>" of A is a two-sided ideal, so the following sub-
spaces of M are graded left .A-submodules:

o
I M={ueM|A?" =0} and FM:UFiM.
i=0
Section functors carry information on the vanishing of depth.

A.5. depth 4 M = 0 if and only if I'' M # 0, if and only if ' M # 0.
Indeed, the equivalence of the first two conditions comes from the isomorphism

Homy(k, M) = {ue M| A% - p=0}=T"M.
It is clear that the second condition implies the third one. Conversely, if I"'M # 0, then
AZ. ;n = 0 for some 1 € M\ {0} and some integer i > 1. Choosing i minimal with this property,

for N =AZ""1. uweget 0N C I'' M #£0.
Several applications of depth in the body of the paper hinge on the next result.

Proposition A.6. If a graded left A-module K satisfies K = I'KC, then
depth 4 M < inf{n € N | Ext"y (K, M) # 0}.

Equality holds if K = I'' KC # 0 for some integeri > 1.
Proof. Set m = depth 4 M. We prove the last assertion by induction on i. If i =1, then K is a

direct sum of shifts of copies of k, so Ext';‘ (I, M) is a direct product of shifts of Ext’j4 (k, M),
and the assertion is clear. When i > 1 the exact sequence

0—TI'"'K—T'K—L—0
of graded left .A-modules, where £ =TI" K /T i=1x induces an exact sequence
Ext (M7, M) — Exty (L, M) — Exty (I'' K, M) — Ext’y (I ~'KC, M)
for each n. By the base of the induction, Ext’;‘ (L, M) vanishes for n < m and does not for n = m.

For n < m the first and last terms vanish by the induction assumption. Thus, Ext"A(F K, M)
vanishes for n < m and does not for n = m.
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In general, each I K is a graded left submodule of /C, so there are exact sequences

0 —> lim' Ext}™! (I, M) —> Ext} (K, M) —> lim Ext}y (I"' K, M) — 0

1 1

for all n > 0, where l(iLn1 is the first right derived functor of l(gn see [34, (3.5.10)]. In view of the
finite case, these sequences yield EXt’A(IC, M)=0forn<m. O

Corollary A.7. If B is a graded k-subalgebra of A, such that A is free as a graded right 13-
module and one has AZ' € A - BZ! for some i > 1, then

depthg M = depth 4 M.

Proof. For A = A/(A - B?!") standard arguments yield EXt’A(Zl, M) = Extg(k, M) for each
n € 7. Since A = I'' A, the proposition yields the desired equality. O

A graded k-subalgebra B of A is said to be normal if BZ' - A= A - BZ!.

Corollary A.8. Assume ranky A’ is finite for each i and B is a normal subalgebra of A. A finite
subset E C A is a basis of A as a graded right B-module if and only if it is a basis of A as a
graded left B-module. When such a set E exists, one has

depth B = depth A.
Proof. By symmetry, to prove the first assertion it suffices to show that if E is a basis of .4 as a

graded right B-module, then it is one as a left B-module. The image Eof Ein A=A/ A B>!
is a k-basis of A. The map

y:A®yB— A givenby y(Zaeé ® 86) = Z(—l)'eme'aeéee

eckE ecE

is a morphism of graded left B-modules. Since B is normal in .4 one has
k@ A= A/(BZ- A)=A/(A-BZ!) = A4,

so k ®p y is bijective. By (a graded version of) Nakayama’s Lemma the map y is then surjective.
Comparison of k-ranks shows that it is bijective. Thus, E is a basis of A as left 5-module.
When a basis E as above exists one has ranky A < 0o, whence the first isomorphism below; the
isomorphism y induces the second one:

A ®y Extly(k, B) = Exty(k, A® B) = Exti(k, A).

They yield depth B = depthg A, and Corollary A.7 gives depthg A =depth A. O
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