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Abstract

This paper deals with the study of the hypergeometric function with matrix arguments F(4, B; C;z). Conditions for
matrices 4, B, C so that the series representation of the hypergeometric function be convergent for |z| =1 and satisfies a
matrix differential equation are given. After the study of beta and gamma matrix functions, an integral representation of
F(A,B;C;z) is obtained for the case where B, C and C — B are positive stable matrices with BC = CB. (©) 1998 Elsevier
Science B.V. All rights reserved.
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1. Introduction

Many special functions encountered in physics, engineering and probability theory are special cases
of hypergeometric functions [17-19, 21]. Special matrix functions appear in the literature related to
Statistics [1], Lie groups theory [11], and more recently in connection with matrix analogues of
Laguerre, Hermite and Legendre differential equations and the corresponding polynomial families
[12-14]. Apart from the close relationship with the well-known beta and gamma matrix functions,
the emerging theory of orthogonal matrix polynomials [4-6] and its operational calculus suggest the
study of hypergeometric matrix function.

The paper is organized as follows. Section 2 deals with the study of new properties of the beta
and gamma matrix functions. We are mainly concerned with the matrix analog of the formula

_T(p)I'(g)
I'(p+gq)

and may be regarded as a continuation of [16]. In Section 3 the Gauss hypergeometric matrix function
F(4,B;C;z) is introduced as a matrix power series. Conditions for the convergence on the boundary

B(p.q) (1)
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of the unit disc are treated. We also prove that if matrices B and C commute then F(4,B;C;z) is
a solution of the differential equation

z(1 = 2)W" — zAW' + W(C — z(B+ 1)) — AWB=0.

If A is an arbitrary matrix in C™*" and C is an invertible matrix whose eigenvalues are not negative
integers then we prove that equation

z(1 = 2)W" —zAW' + W' (C +z(n — 1)I) + nAW =0

has matrix polynomial solutions of degree » for all integer n> 1.
Finally in Section 4 an integral representation of the hypergeometric matrix function is given.
Throughout this paper for a matrix 4 in C"*" its spectrum o¢(4) denotes the set of all the eigen-
values of 4. The 2-norm of 4 will be denoted by ||4| and it is defined by

A
4]l = sup 12212
P Il

where for a y in C"™", ||y|l,=(»"y)"? is the euclidean norm of y. Let us denote a(4) and f(4)
the real numbers

a(4) = max{Re(z): z € o(4)}, B(4)= min{Re(z):z € a(4)}. (2)

If f(z) and g(z) are holomorphic functions of the complex variable z, which are defined in an open
set 2 of the complex plane, and 4 is a matrix in C"™*" with a(4) C 2, then from the properties of
the matrix functional calculus [3, p.558], it follows that

J(A)g(4)=g(4)f(4). (3)

The reciprocal gamma function denoted by I'"' =1/I'(z), is an entire function of the complex
variable z. Then the image of I'"'(z) acting on A4, denoted by I'"'(4) is a well defined matrix.
Furthermore, if

A+ nl 1is invertible for every integer n>0, 4)
then I'(4) is invertible, its inverse coincides with I'"'(4), and one gets the formula
AA+I) - A+ - DDA +nl)=T""(4), n=1, (5)
see [10, p. 253]. Under condition (4), by (3), Eq. (5) can be written in the form
AA+D - A+m—-D)=TA+nDI"'(4), n=1. (6)
Taking into account the Pochhammer symbol or shifted factorial defined by
@h=z(z+1)--(z+n—1), n21, (z2)o=1,
by application of the matrix functional calculus to this function, for any matrix 4 in C"*" one gets

Ap=AA+D)- - (A+m=DI), n=1, (4)=1 (7)
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Taking into account the Schur decomposition of A4, by [8, pp. 192-193] it follows that

A 12
”el~1l| <e11(A)Z (H ”r t), 20. (8)

2. On the beta and gamma matrix functions

Beta and gamma matrix functions are frequent in statistics [1, 11], Lie groups theory [11] and in
the solution of matrix differential equations [12—14]. Beta function of two diagonal matrix arguments
has been used in [1], and in [13] for the case where one of the two matrix arguments is a scalar
multiple of the identity matrix.

In this section we address the extension to the matrix framework formula (1) that will be used
in Section 4 to obtain an integral representation of the hypergeometric matrix function. For the sake
of clarity in the presentation we state the following result recently proved in [16].

Theorem 1 (Jodar and Cortés [16]). If M is a positive stable matrix in C"" and n =1 is an integer,
then

I(M)= lim (n — HUM); e

In accordance with [16], if P and O are positive stable matrices in C"*" the beta function is well
defined by

1
B(P,Q)= /0 71— e de. (9)

Hence one gets that if P and Q are commuting positive stable matrices then B(P, Q)= B((Q, P), and
commutativity is a necessary condition for the symmetry of the beta function, see [16].

Lemma 1. Let P, Q be positive stable matrices in C"™" such that PQ = QP and satisfy the condition
P+ Q+ml s invertible for all integer m=0. (10)

If n=0 is an integer, then the following identies hold.
(i) BP,Q+nl)=(P+0),(0).B(P,Q),
(i)  B(P+nl,Q+nl)=(P)(Q)(P + Q) B(P,Q).

Proof. (i) For n =0 the equality is evident. Using that PQ = QP and (9) for m>1 it follows that

1—¢

1
B(P,Q+ml)= / tP_’(l )Q+(m W 4¢— lim t}LI(l . t)Q+(m—1)1 dt
0

d—0 B
-4 1—d

— l)ln'(l) tP+Q+(er72)I(1 _ t)Q+(m—])1t—(Q+(m7|)1) dt = !]lm u(t)vl(t)dt’
o— (s (#)0 (S
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where
u(t) — (1 _ t)Q+(m~ { )Itf(Q#-(m—l )I)tP; U/(t) — tP+Q+(n172)I.
Integrating by parts in the last integral one gets
B(P,Q +ml)=lim[(P +Q + (m — D) (1 = g)@tim=DigPp=l=s
-0

+1)l_r'r(l)(P+Q+(m— 1)])*1 V {(Q+(m~ 1)1)(1 _t)Q+(n1—2)I tP

4
(O + (m — D)1 — )M =D P=11 4y
=P+0+(m—- DI (Q+(m- 1)1)/l P11 — )22 g4y
0
= (P+ 0+ (m=1D7(Q+(m~ D BP,Q + (m~I).

Hence using an induction argument part (i) is established. In order to prove (ii) let us apply (i)
taking P=P +nl, n=1. By (i) it follows that

B(P.Q+nl)=(P+0Q),(Q)B(P.Q). (1
Since PQ = QP we also have PQ = QP and B(P,Q)=B(Q,P). By (11) it follows that

B(P,Q+nl)=(P+0),' (). B(Q,P). (12)
By (i) we have

B(Q,P +nl)=(Q +P),; ' (P),B(Q,P)=(Q + P),'(P), B(P, Q). (13)

By (12) and (13) one gets
B(P +nl,Q+nl)=B(P,Q +nl)=(P+ Q + nl); (0).(Q + P), ' (P),B(P, Q).

By definition (P + Q 4+ nl),(P + 0),=(P + Q),, and by the last expression it follows that
B(P +nl,Q +nl)=(P + Q0);, (P)/(Q),B(P, Q).

Hence the result is established. [

Part (ii) of Lemma 1 permits to extend the definition of the beta function of two not necessarily
positive stable matrix arguments.

Definition 1. Let P, Q be commuting matrices in C™*" such that for all integer n>>0 one satisfies
the condition

P+nl, Q+nl and P+ Q+nl are invertible. (14)

Let o(P, Q)= min{o(P),x(Q),(P + Q)} and let ng=no(P,Q)=[| (P, Q)|]+ 1, where [ ] denotes
the entire part function. Then we define B(P, Q) by the formula

B(P,Q)=(P),,(Q),,' (P + ©)20, B(P + nol, Q + nol). (15)
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Remark 1. Note that previous definition agrees with the one given in [16], because by Lemma !
formula (15) holds true for the case where P and Q are positive stable matrices.

Lemma 2. Let P, be commuting matrices in C™" such that P, O and P+ O are positive stable.
Then
B(P,0)=T(P)Y[(Q) (P + Q).

Proof. By the hypothesis of positive stability of P, and the commutativity PO = QP we can write

rP)IrQ)= (/ e “ul! du) (/ P dv> = / / e 'u" e v dudo.
0 0 0 0

Considering the change of variables x =u/(u+v), y=u + v in the above integral, the positive
stability of P + Q one gets J(x, y)=y and

r(PYr(Q)= / N / e ()’ e~ I p(1 — 1)1 ydx dy

= (/OOO e*»"yPJrQ_’ dy) (/lep_'(l —x)Q" dx)

= I(P+0O)B(P,0). O

Theorem 2. Let P, Q be commuting matrices in C'™*" satisfying the condition (14) for all integer
n=0. Then

B(P,Q)=T(P)Y[(Q)[ (P + Q).
Proof. Let ny =no(P, Q) be defined as in Definition 1 so that
B(P,0)=(P),(2),,'(P + Q)2 B(P + no,Q + nol ),
where P + nyl and Q + n,/ are positive stable. By (5) we can write
L(P)y=T(P+nd )P+ (ng— D)™ ---(P+1)"'P,
r@)=TQ +noI)Q+ (o~ DI ---(Q+1)"'Q7,
T(P+Q)=T(P+Q+2n I P+Q+Q2ny— DI (P+QO+1)"(P+0) "
As PQ = QP from the last equalities it follows that
rPYLOI~'(P+Q)
=I'(P +n)[(Q 4+ ng] )T '(P 4+ Q + 2ngl (P 4 (no — DI)™" - -
P+DHTP O+ — DD (Q+ DO
X(P+QO+Q@ny—D)---(P+Q+I)P+Q)
=T(P+n)[(Q + no )T (P + Q + 2no] Y(P);. (), (P + Q) (16)
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Since P+ Q + 2nol, P+ nyl and Q + nyl are positive stable matrices, by Lemma 2 one gets

TP+ no)I(Q + ng DI (P + Q + 2nol ) =B(P + nol, Q + nol ) (17)
and by Lemma 1(ii) one gets

B(P + 1oL, @ + nol ) = (P (@) (P + )5, B(P, Q). (18)
By (16)—(18) it follows that

reeyrr-'(P+0)=B(P,0). U

3. On the hypergeometric matrix function

Hypergeometric matrix function ¢Fi(—;4,z) has been recently introduced in [15] in connection
with Laguerre matrix polynomials and in this section we deal with the hypergeometric matrix function
F(4,B; C;z) that is defined by

AnBIC), ,

F(A4,B;C;z)= Z; " (19)
for matrices 4, B, C in C"*" such that
C + nl is invertible for all integer n>0. (20)

In an analogous way to [15] it is easy prove the convergence of (19) for |z| <1. Now we study the
conditions so that F(4,B; C;z) converges for |z| = 1.
Theorem 3. Let A,B C be positive stable matrices in C™" such that

P(C)>a(4) + a(B). (21)
Then the series (19) is absolutely convergent for |z|=1.
Proof. By hypothesis (21), there exists a positive number ¢ such that

B(C) — a(A) — a(B)=20. (22)

Let us write

e
' (S5 CnBC);)
A (n= D' (4), (n—=D!n’n"(B),
T (n—1)! ' (n—1)!

140 —A An P -8B B,, 5 B B
- (r(ln_(li!)n (’anlg!)" ((n = 1)H(C), A

. (C)n—l nC nAC
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Or

R (4).(B).(C), s(n (A (P (B), _ _c
<—n'——~> =n ((n—l)')n ((n_l)!)n‘g((n—l)!(C),7 nYn €. (23)

By (8), taking into account that a(—C)= —f(C) we can write

|| [l 1=
) {Z (a2 mn)f} {Zuwur” Inn) } {chnr' 2 1nn)f}

s {Z (max {[A4]. | BI. [C[[}** Iy }

A (24)

By (22)—(24) and Theorem 1, for |z| =1, it follows that

lim n' (A)n(B)u(C), 2"
n«xn n!
o o 11D, 7B(B)n e e
<o i |G on | I G| 1 e = e, i <

o ALIBILICID (s ’
J=0
= IF ' @I BT - 0=0,
because

lim » “(Inn) =0, for k>0 integer.

Since
A R B ; 1 n
"ll)nii I+() ( ) ( )n'(C) :05 |Z| = 15

by the comparison theorem of numerical series of positive numbers one concludes the absolute
convergence of series (19). O

We conclude this section showing that under certain conditions F(4,B;C;z) satisfies a matrix
differential equation of bilateral type.

Theorem 4. Suppose that C is a matrix in C™" satisfying (20) and CB=BC. Then F(4,B;C;z)
is the solution of

2(1 —2)W" —zAW' + W'(C —z2(B+1))— AWB=0, 0<|z|<] (25)
satisfying F(A,B; C;0)=1.
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Proof. By the hypothesis CB=BC we can write

=(A)”(Bz!”(c);l=(A)”((’;)!"_I(B)"; W(z)=F(4,B;C;z)= Y _F.z", [z|<l.  (26)

n=0

F,

Since W(z) is a power series convergent for |z| <1, it is termwise differentiable in this domain and

Wi(z)=>Y nF,z"', W'(z)=> n(n—1)F,z" 2, |z|<l.

nzl nz2

Hence
zZ(1 =2)W'(z2)—zAW' @)+ W ()C —z(B+1))— AW(z)B
= Zn(n —DE,z" " — Zn(n —1F,z" —AZnFnz” —l—ZnFn Cz"!

nx=2 nz? nxl nzl
—> nF(B+1)"— AF,Bz"
nzl nz0

=" {n(n+ DF,., —n(n — 1)F, — ndF, + (n + 1)F,,,C — nF,(B + 1) — AF,B}z"

nz2

+2Fz — AFz + FIC + 2F,Cz — Fy(B+ 1)z — ARyB — AF\Bz =0.
By equating the coefficients of each power z” and taking into account that F; =1 one gets
2% FC—4B=0,
z': 2F, —AF, +2EC - F(B+1)— AFB=2F( + C)— AF(I + B) - F,(B+1)=0,

0 nn+ V)F,, —n(n+ )E, — ndAF, —nF,B—nF,+(n+ 1)F, ., ,C—AF,B
=Fam+1)nl+C)—(A4+nl)F,(B+nl)=0,
because from (26) one gets

A+ n)F(B+nl)C+ nI)']
Fo=
n+1

Hence W(z)=F(A4,B;C;z) is the only solution of (25) satisfying W(0)=1, [2, p. 287]. U

n=0.

b

Corollary 1. Let C be a matrix in C"*" satisfying (20), let A be an arbitrary matrix in C™" and
let n be a positive integer. Then equation

2(1 = 2) W' — zAW' + W'(C + z(n — 1)I) + nAW =0 (27)

has matrix polynomial solutions of degree n.

Proof. Let B= — nl. By Theorem 4 the function W(z)=F(4,—nl;C,z) satisfies Eq. (25) for
B=—nl, but (B),; =0 for j>1.
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Hence

W(iz)=F(A4,—nI;C;z)= i (A)k("’;cl')k(c)"_ z*

k=0

is a matrix polynomial solution of degree n of Eq. (27). O

4. An integral representation

We begin this section considering the binomial function of a matrix exponent. If y is a complex
number with |y|<1 and b is a complex number then (1 — y)" = exp(blog(l — y)), where Log is
the principal branch of the logarithm function, see [20, p. 72]. The Taylor expansion of (1 — y)™
about y =0 is given by [22, p. 73]

»)” f'—z(a?" ¥, |yl<l, aeC. (28)

nz=0

Now we consider the function of complex variable a defined by (28). Let f,(a) be the function
defined by

(a)n = a(a+1)-- (a—l—n—l) o
n'

Sfala)= , aeC, (29)

for a fixed complex number y with |y|<1. It is clear that f, is an holomorphic function of variable
a defined in the complex plane. Given a closed bounded disc Dz = {a € C: |a| <R}, one gets

| fla )|<(Ia|)"|y| (R)”;,ly| . n=0, la|<R.

Since

(R)n |y|
>

nz0

by the Weierstrass theorem for the convergence of holomorphic functions {20] it follows that
( )Vl n —a
gla)= ) —Fy"=(1-y)
n=0

is holomorphic in C. By application of the holomorphic functional calculus, [3], for any matrix A
in C"*, the image of g by this functional calculus, acting on 4 yields

(- =gy= Dy <, (30)

nz=0

where (4), is given by (7).
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Suppose that B and C are matrices in C"*" such that
BC=CB, (31)
C, B and C — B are positive stable. (32)
By (5), (7) and (32) one gets
(B).(C),'= I''"(BY[(B+n)["(C)T(C +nl)™
=TI YBY(B+n)I'"'(C+nl)I(C)
=TI'"'(B)["(C —~B)[(C — B)[(B+nl)['(C +nI)[(C). (33)
By (32) and Lemma 2 it follows that
/0] =Dl - Y 4t =B(B + nl,C — B)=I(C — BY[(B +nI)I"(C +nl), (34)

and by (33)—(34) one gets
B)AC);'=r " (BY'(C - B) </l BHO=DI( — )eB dt) I'C). 35)
0

Hence, for |z| <1 we can write

P B Ciz) = 3 A BR O,

nz0

:zm» S (/ B“"‘”’(l—m“‘“"*’)F(C>z"
0

Z </Ol (A)nF_I(B)F_'(C _ B)t8+("7l)[(l _ t)C_B_[F(C)Z" dt) ' (36)

|
nz0 n:

Now we are interested in the permutation of the series and the integral in the last expression.
To legitimate this operation let us consider the sequence of matrix functions defined by

D), L' B C — B)Bt=bI(1 — ) =81 (C)z"
n!

Sq(t) =

0<r<l,

and note that for 0 <¢z<1 and n=0 one gets

(JAID I BT ='(C = BTN 12 = )2 2]
n! ’

[NAGHIES

(37)
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By (8) it follows that
[ RO |

r—1 _ 1,2 j 2
iy s (Z(IIB 1)r lnw) (ch B-1|r 1nr>)

j=0 J! J!

and taking into account that for 0 <z<1 one gets Inr<t<1 and In(1 —¢f)<1 — t<1, from the
above expression one gets

[ = <A PO A= P <<l (38)
where
r—1 12 12
B-1 C—-B-— I
. (Z(“ Ir ))(Z(” Ir )) 39)
n=0 ]
Let S be the sum of the convergent numerical series
Al
soy D! o)
n=0

and note that by (37)—(40) one gets
S ISADI S @(t) =LASE® (1 — )7 0<r<], (41)

nz0

where
L=|r='@IIF(C =B IT(CO)].
Since a(B)>0, a(C — B)>0, the function ¢(t)=LAS t*#~1 (1 — ) B! i5 integrable and
1
/ o(t)dt = LASB(%(B),%(C — B)).
0

By the dominated convergence theorem [7, p. 83], the series and the integral can be permuted in
(36) an using (31) we can write

F(A; B; C;z):/ {Z <(A)"(tz) )tB"(l —t)"—B"} dt I~"(B)[~'(C — B)[(C). (42)
0 n=0
Now by (30) one gets
Z (A)"(tz) =(1—-12)"", |z]<]1, O<t<], (43)
nz0

and (42) takes the form

F(4,B;C;z)= /1(1 —tz)™ B — B de TN (BYFT(C - BY(C). (44)
0
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Summarizing, the following result has been established:

Theorem 5. Let A,B and C be matrices in C™" such that CB=BC and C,B,C — B are positive
stable. Then for |z| <1 it follows that

1
F(4,B;C;z)= (/ (1 —t2)™ 811 — )-8 dt) r=-'(B)yr-'(c — Br(c). (45)
0
The following corollary is a consequence of Theorem 5.

Corollary 2. Let A, B and C be matrices in C"™" and let 4(B,C)= min{a(B),(C),(C —B)} and
n =nm(B,C)=[|&(B,C) |1+ 1, where [ ] denotes the entire part function. Suppose that BC = CB,
and

o(B)C C~{—n;n=n,, n integer},
o(C —B)CC~{—n;n=n,, n integer}, (46)
o(C)CC~{—=2n;n>=n,, n integer}.

Then for |z| <1 one gets

FAB+mI;C+2nl;z)

1
= U (1 — tz) 4B+ =D = )C-BHm=D g4 | F=Y(B + n,])[~'(C — B+ m ) (C + 2n,1).
0

Proof. Consider matrices A4, l§’:B+n11, C= C 4 2n,I and note that C‘, Band C-B=cC —B+nl
are both positive stable. The result is now a consequence of Theorem 5. [
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