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A criterion is proved for a countable graph to possess a perfect matching, in 
terms of “marriage” in bipartite graphs associated with the graph. In the finite case, 
this yields Tutte’s l-factor theorem. The criterion is conjectured to be valid for 
general graphs. 0 1984 Academic Press, Inc. 

I. INTRODUCTION 

When does a graph possess a perfect matching? For finite graphs, the 
answer is provided by Tutte’s theorem [ 111. A criterion for countable graphs 
was proved by Steffens [lo]. The answer is known also for bipartite graphs 
of general cardinality: in [3] a criterion was given for the existence of a 
matching which covers a given side of the bipartite graph, and together with 
the Schroder-Bernstein principle (see, e.g., [4]) this characterises bipartite 
graphs possessing perfect matchings. 

We shall present here a criterion which we conjecture to hold for general 
graphs. ’ A graph P will be said to be peculiar (the source of the name is that 
this is a generalization of odd graphs in the finite case), if (a) P does not 
possess a perfect matching, and (b) P - {x} possesses a perfect matching for 
every x E V(P). (Such graphs are called in [7] and [9] “factor critical.“) 
Given a subset S of the vertices of a graph G we define a bipartite graph 
n(G, S) whose respective sides are the set of peculiar connected components 
of G - S and S, and in which a peculiar component P is connected to a 
vertex s of S if some vertex of P is connected to s in G. The proposed 
criterion is that G possesses a perfect matching if and only if fl(G, S) is 
espousable (in the sense of [3]) for every set S of vertices. Thus this criterion 
can be viewed as a generalization of Tutte’s theorem. Together with the 
result of [3], this criterion, if true, may provide a satisfactory answer to the 
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problem of characterising graphs having perfect matchings. Using the result 
of [lo] we prove the criterion for countable graphs. (In [2] it has been 
proved for graphs of size Ni.) 

A main concept used in [lo] is that of an “independent subgraph” 
(corresponding to the notion of a “tight set” used in [l] and below.) In 
Section IV we characterise the structure of independent subgraphs in terms of 
the graphs 17(G, S) and of the “critical sets” of [8]. 

II. PRELIMINARIES 

Unless otherwise mentioned, any graph in this paper is undirected. If the 
vertex set of graph H is X and its edge set is F we write H = (X, F) and also 
X = Y(H), F = B(H). If no explicit mention of the graph we are considering 
is made, it is to be understood that the graph is G = (V, E). If S is a subset 
of V then G[S] denotes the subgraph of G spanned by S and G - S denotes 

W’iSl. 
For any two sets A and B we write A i< B for the set of unordered pairs 

{a, b}, where a E A and b E B. We write [u, u] for the undirected edge {u, v}. 
If F is a subset of E, A a subset of V, and a an element of V, then F(u) 
denotes {b E V: [a, b] E F}, F[A] denotes U(F(u): a EA}, and F(u) denotes 
the element of F(u) if 1 F(u)1 = 1. The restriction of F to A, F r A, is defined 
as F n (A i< V). The support of F, s(F), is defined as F[ V]. A subset F of E 
is a matching if IF(u)1 & 1 for every a E V and a matching F is perfect if 
s(F) = V. If G has a perfect matching it is said to be mutchuble. If F is a 
matching and S c V then F is said to be a matching of S if F c S i<V and 
s(F) 3 S. A subset S of V is matchable if s(F) 1 S for some matching F; it is 
tight if it is matchable and s(F) = S for every matching F of S. A subset C 
of V is compressed if C = T U {z} for some tight subset T of V and a vertex 
z E V\T such that E(z) c T. We then write C = c(z, T). 

A puth P in a graph H is a sequence (uk: a < k < p) of distinct vertices of 
H, where --w < a <<p < w, such that [uk, uk+ i] E E(H) whenever a < k and 
k + 1 < 8. The set {uk: a < k < /I} of vertices of P will be denoted by V&(P), 
and the set { [uk, uk+i 1: a < k and k + 1 < /3} of edges-of P will be denoted 
by ED(P). The path (umk: a < k < /3) is denoted by P. If y = a, for some 
a <j < fi we write Py = (uk: a < k <j) and yP = (uk: j < k < 8). If two paths 
have the same set of vertices and the same set of edges then we consider 
them as identical. Let (P,: i < 6) be a sequence of paths, where 0 < 6 < w, 
and suppose that VR(P,) n VR(P,) = 0 whenever i, j < 6 and i #j # i + 1 
and that for each i < 6 the last vertex y of Pi is the first vertex of Pi+ 1 and 
VR(P,) n V.(Pi+,) = { JJ}. We then write *1<6 P, for the (unique) path Q 
such that VR(Q) = U{ VR(P,): i < S} and ED(Q) = U{ED(P,): i < d}. If 
6 = 2 we write P, *P, for *i<Z Pi. Clearly, the binary operator * is 
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associative, and hence we omit the parentheses in expressions like 
(P * Q) * R. If P and Q are paths, and y E VR(P) n VR(Q) and 4) * yQ is 
defined, we abbreviate PyQ for 4, * yQ. 

If F is a matching in G then a path P in G is called F-alternating if 
precisely one of each pair of adjacent edges in P is in F. For every z E V we 
denote by Z(z, F) the set of vertices x of G such that either x = z or there 
exists an F-alternating path starting at z and terminating at x, whose first 
edge lies outside F and whose last edge lies in F. We also write n(z, F) = 
F[Z(z, F)], m(z, F) = Z(z, F) U n(z, F), and o(z, F) = m(z, F)\Z(z, F). If 
specific mention of the graph G at which these sets are taken is necessary, 
we write Z,(z, F), nG(z, F), mc(z, F), and oG(z, F). 

A graph G is called “peculiar” (“factor-critical” in the terminology of [7]) 
if it is unmatchable, but G - {x} is matchable for every x E V(G). (When G 
is finite this clearly implies that ] V(G)] is odd; hence the name “peculiar.“) 
For any graph H and subset U of V(H) we write P(H) for the set of peculiar 
components of H and P,(H) for the set of those elements of P(H) which are 
contained in U. 

LEMMA 2.1. Let G be any graph, V = V(G), z E V, and Z a matching of 
G - (z}. Then G is peculiar if and only if 

(a) V= l(z, I) and 

(b) there does not exist an infinite Z-alternating path starting at z. 

ProoJ: Assume that G is peculiar. If there exists an infinite Z-alternating 
path P starting at z then ZU (ED(P)v)\(ED(P) nZ) is a matching of G, 
contradicting the assumption that G is unmatchable. This proves (b). If y # z 
is any vertex of G, then, since G is peculiar, there exists a matching J of 
G - { y}. In the graph (V, Z U J) the vertex z is the starting point of a path 
Q. By (b) Q cannot be infinite and hence must terminate at y, which shows 
that y E Z(z, I). 

The proof of the converse is left to the reader. 
Apart from Lemma 2.1 we do not know much about the structure of 

peculiar graphs. Is it possible to give them a more constructive charac- 
terisation? Such characterisation has been supplied for finite peculiar graphs 
in [7 and 91. 

A graph Z= (X, K) is called bipartite if X = MU W, where M n W = 0 
and KC it4 i< W. We then identify Z also with the triple (M, W, K). We say 
that Z is espousable if it4 is matchable, and that it is critical if it is 
espousable and s(Z) = MU W for every matching Z of M. 

The proofs of the next three lemmas are easy and are left to the reader. 

LEMMA 2.2 [3, Lemma 3.71. Let Z= (M, W, K) be a bipartite graph, 
and let E be a matching of Z, such that s(E) = MU W. Then T is critical if 
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and only tf there does not exist a sequence (mk: k < w) of distinct elements of 
M such that (mk, E(m, + ,)) E K for every k < o. 

LEMMA 2.3. If I = (M, W, K) is a bipartite graph, m E M, and I - {m} 
is critical then I is inespousable. 

LEMMA 2.4 [ 1, Lemma 51. If T is tight, F is a matching of T, and 
z E v\T then there does not exist an F-alternating path P starting at z such 
that either: 

(a) ]ED(P)] > 1 and P terminates at a vertex v E v\T, or 

(b) P is infinite. 

COROLLARY 2.4a. If C = c(z, T) is compressed and F is a matching of T 
then E[l(z, F)] c C. 

Proof: Suppose that [u, v] E E for some u E l(z, F) and u E v\C. Since 
C is compressed, E(z) c T, and hence u #z. Therefore there exists an 
F-alternating path Q from z to u such that ]ED(Q)] > 1 and Q ends in an 
edge from F. The path P = Q * (u, v) violates then case (a) of the lemma. 

Let T be a tight set, F a matching of T, and z @ T. Let B = m(z, F) and 
S = o(z, F). Let &z, F) be the connected component of G - S containing z 
and D”(z, F) = B(z, F)[ V@(z, F)) n B]. For each s E S denote by D’(z, F) 
the connected component of G - S which contains F(s). Also write P(z, F) 
for P, ,s(G - S). 

The main result of [lo] is: 

LEMMA 2.5. If G is countable then it is matchable if and only if it does 
not contain a compressed set. 

LEMMA 2.6 [5, Lemma]. Let F be a matching, and let v, w, y be elements 
of V. Suppose that there exists an F-alternating path Q from w to v and an 
F-alternating path R starting at y such that VR(R) f7 VR(Q) # 0. Then 
either 

(i) there exists an F-alternating path P from y to w such that the last 
edge of P belongs to F tf and only tf the first edge of Q belongs to F, or 

(ii) there exists an F-alternating path P from y to v such that the last 
edge of P belongs to F if and only tf the last edge of Q belongs to F. 

Proof. Let r be the first vertex on ! which lies on Q. If r # w  and r # v 
then precisely one of the paths Rr * rQ and Rr * rQ is F-alternating. In the 
first of these cases (i) holds, and in the second (ii) holds. Suppose r = w. If 
y = w  then (ii) holds. If y # w, then since the last edge of Rr and the first 
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edge of Q cannot both belong to F, either Rr satisfies (i) or Rr * Q satisfies 
(ii), Similarly if r = u 

III. ESPOUSABIUTY IN l7(G,S) 

We start this section by studying the connected components of G - S for 
a particular choice of S. This part of the discussion (especially Lemma 3.1) 
follows arguments presented in [5] (see also [6, pp. 86-871). However, for 
the sake of completeness we choose to repeat it here, since their terminology 
and ours are not easily interchangeable. 

Given a graph G = (V, E) we associate with every subset S of V a 
bipartite graph fl(G, S) = (P, S, K), defined by: P = P(G - S); if P E P and 
s E S then [P, s] E K if and only if [u, s] E E for some vertex p of P. 

Throughout the first part of this section, namely in Lemmas 3.1-3.4, we 
shall maintain the following fixed notation. Let C = c(z, 2) be a compressed 
set and F a matching of T. We write S for o(z, F), L = (U, J) for G - S, and 
I for FjF r S. Let P = P(L), IZ = ZZ(G, S) = (P, S, K), P’ = P(z, F) and J2 = 
n[P’ US] = (P’, S,K’). Let Do = D”(z, F) and for each s E S let Ds = 
D”(z, F). Let D = {Do) U {D’: s E S}. 

LEMMA 3.1. Let D E D and let x = z if D = Do and x = F(s) if D = Ds 
for some s E S. Then V(D) = 1,(x, I). 

ProoJ Let R be any F-alternating path from z to any vertex in D, and let 
y be the first vertex on R belonging to V(D) (thus y = z if D = Do.) We shall 
first show that 

This we do in two steps: 

V(D) = I,(Y, 1). (3.1) 

ASSERTION 1. nL(Y9 1) = MY, 0 

Proof of Assertion 1. Given any element u of n,(y, I) we shall show that 
u E I,(y, 1). Let Q be an I-alternating path in D from y to U, ending in an 
edge not belonging to I. Since o E l(z, F) there exists an F-alternating path 0 
from z to t), ending in an edge from F. If VR(0) c V(D) then, since 
z E VR(O), D = Do; therefore y = z, and the path 0 shows that v E Z,( y, I). 

We may therefore assume that VR(0) & V(D). Let q be the last vertex on 
0 which is not in D. Then q E S and therefore q 4 l(z, F), hence the last 
edge in Oq does not belong to F, and hence the first edge (q, w) of the path 
q0 belongs to F. Let N = ~0. The paths Q and N are both I-alternating and 
contained in D, and v E VR(N) n VR(Q). Hence, by Lemma 2.6, one of the 
following possibilities occurs: 
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(i) there exists an I-alternating path P in D from y to W, ending in an 
edge outside I; 

(ii) there exists an I-alternating path in D from y to u, ending in an 
edge from I. 

If (i) occurs, then the path Ry * P * (w, q) shows that q E l(z, F), contrary 
to our assumption. Thus (ii) must hold, which proves that u E ZL( y, 1). 

ASSERTION 2. v(D) = m,(y, 0 

Proof of Assertion 2. Since D is connected and y E m,( y, I), had the 
assertion been false there would exist a vertex n E V(D)\m,( y, I) connected 
to a vertex u E mL(y, I). By Assertion 1, u E I,( y, I), and hence there exists 
an I-alternating path X from y to U, terminating in an edge from I. Since 
u 4 m,( y, I), u 6$ VR(X), and hence o # I(U). This means that (u, u) 66 1, and 
hence X * (u, v) is an I-alternating path showing that u 6? n,( y, I). 

ASSERTION 3. y=x. 

Proof of Assertion 3. By (3.1) there exists an F-alternating path P 
contained in D from y to x, ending in an edge of F. But x = F(s) and s & D, 
therefore P must be the trivial path (y), which means that y = x. 

Since it will be needed later, let us repeat Assertion 3 as a separate 
corollary: 

COROLLARY 3.la [5, Theorem I]. Under the same notation as in the 
lemma, every F-alternating path R from z to a vertex of D passes through x; 
moreover, if x = F(s) for some s E S then the last edge in Rx is (s, x). 

The second part of the corollary holds since otherwise the path 
R * (x, F(x)) would demonstrate that F(x) E l(z, F), while by our assumption 
F(x) E S. 

COROLLARY 3.lb. If s E S then Ds # D’ for every t E S\(s), and 
D” # Do. 

ProoJ Let D = D’ for some tE S\{s} or D = Do, and let x = F(t) in the 
first case, x = z in the second. Then x E V(D) and x & s(Z). Since x # F(s), it 
follows by the lemma that x 6E V(D’). Hence we cannot have Ds = D. 

LEMMA 3.2. The peculiar connected components of G - S contained in 
C/S are precisely those connected components of G - S containing z or F(s) 

for some s E S (or in other words, D = P’). 

Proof: If H is a connected component of L which is contained in C\S 
and does not contain z or a vertex F(s) for any s E S then F r V(H) is a 
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matching of H, which implies that H is not peculiar and hence H 66 P’. Thus 
every element H of P’ contains either z or a vertex F(s) for some s E S, 
which means that HE D. Therefore the lemma will be proved if we show 
that each element D of D is peculiar. Let x be the vertex of D chosen as in 
Lemma 3.1. By Lemmas 3.1 and 2.1 it suffices to show that there does not 
exist an infinite I-alternating path in D starting at X. Suppose that such a 
path R exists. If x = z then R is an infinite F-alternating path starting at z. 
Assume that x = F(s) for some s E S. By Corollary 3.la there exists an 
F-alternating path Q from z to x such that the last edge in Q belongs to F 
and VR(Q) n V(D) = {x}. Then Q * R is an infinite F-alternating path 
starting at z. In both these cases we obtain, by Lemma 2.4(b), a 
contradiction to the fact that T is tight. 

LEMMA 3.3. U{ V(D): D E D} = l(z, F). 

Proof. By Lemma 3.2, Corollary 3.la, Lemma 2.1, and the definition of 
P’ we have U{ V(D): D E D} c l(z, F). Let u E l(z, F). There exists an 
F-alternating path Q from z to U, ending in an edge from F. If Q contains no 
vertex from S then u E V(D’). If Q contains an element of S and s is the last 
vertex on Q belonging to S then, clearly, u E V(Ds). 

COROLLARY 3.3a. If TV {z} is compressed (i.e., ifE(z) c T) then Do is 
a connected component in G - S, i.e., Do = &z, F). 

ProoJ Since T is tight it follows by Lemmas 3.3 and 2.4(a) that E(u) c 
TV {z} for every o E V(D’)\{z} and by our assumption E(z) c T, and thus 
E[ V(D’)] c TV {z}. The corollary follows directly. 

LEMMA 3.4. 52 - {Do} is critical. 

Proof. The matching {[D’, s]: s E S} shows that a - {Do} is espousable. 
By Lemma 2.2 it remains to show that 0 - {Do} does not contain a path of 
the form (DQ, si , Dsl, sl, D”*,...), where (sk: k < w) is a sequence of distinct 
element of S. Suppose that such a path exists. Then for every k < w  there 
exists a vertex vk of D”’ such that [vk, sk+ ,] E E. By Lemma 3.1 for every 
k < o there exists an F-alternating path Y, from F(s,J to vk, contained in 
Dsc. Let 2 be an F-alternating path from z to F(s,) and letj be the first index 
such that VR(Z) n V(D”) # 0. By Corollary 3.la the first vertex on Z 
belonging to Dsj is x = F(s,), and the last edge in Zx belongs to F. Then 
ZX* *j<k<w(Yk* (vk,sk+l,F(sk+1))) is an infinite F-alternating path 
starting at z, which, by Lemma 2.4(b), is impossible. 

COROLLARY 3.4a. If TV {z} is compressed then II is inespousable. 

ProoJ: If I7 is espousable then so is 0. But, by Lemmas 3.4 and 2.3 and 
Corollary 3.3a R is inespousable. 
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LEMMA 3.5. If G is matchable and S c V then II(G, S) is espousable. 

Proof: Let A4 be a matching of G. Since each PE P(G, S) is 
unmatchable, there exists a vertex v = u(P) of P such that M(v) @Z V(P). 
Since P is a connected component of G - S, E[ V(P)] c V(P) U S, and hence 
M(v) E S. Since (v, M(u)) E E, P is connected in n(G, S) to M(v). Hence 
the map J given by J(P) = M(o(P)) for every P E P(G, S) is an espousal of 
R(G, S). 

We can now prove the main theorem of this paper: 

THEOREM 3.6. A countable graph G is matchable if and only ifII(G, S) 
is espousable for any subset S of V. 

Proof. The necessity of the condition is given in Lemma 3.5. To prove 
sufficiency, assume that G is unmatchable. By Lemma 2.5 there exists then a 
compressed set C = c(z, 7’) in G. Let F be a matching of T. The graph 
n(G, S) is then inespousable for the particular choice S = o(z,F), by 
Corollary 3.4a. 

Conjecture 3.7. Theorem 3.6 holds for general (i.e., not necessarily 
countable) graphs. 

In [2] this conjecture was proved for graphs of size K,. 

IV. THE STRUCTURE OF TIGHT AND COMPRESSED SETS 

In view of the important role played by tight and compressed sets in the 
characterisation of matchability (see [ 10,2]) it is of interest to understand 
their structure. In this section the structure of these sets is characterised in 
terms of peculiar graphs and of critical bipartite graphs. 

LEMMA 4.1. If U is a tight subset of V, F a matching of U, and 
w, y E VjU then l(w, F) n o( y, F) = 0. 

Proo$ Suppose, to the contrary, that there exists an element u of 
l(w, F) n o( y, F). Let Q be an F-alternating path from w  to u whose last edge 
belongs to F, and R an F-alternating path from y to u whose last edge does 
not belong to F. Since the paths Q and R meet at u, by Lemma 2.6 one of the 
following holds: (i) there exists an F-alternating path from y to w  
(terminating, evidently in an edge outside F), or (ii) there exists an 
F-alternating path from y to u whose last edge belongs to F. Case (i) 
contradicts the tightness of U, by Lemma 2.4(a). In case (ii), on the other 
hand, u E I(y, F), contrary to the assumption that u E o(y, F). 

COROLLARY 4. la. If U is tight, F is a matching of U, and w, y E v\U, 
w  # y, and s E o( y, F) then V(D’(w, F)) n V(D’( y, F)) = 0. 
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Proof. Suppose that V(D’(w, F)) r? V(D’(y, F)) # 0. Since D’(w, F) is a 
connected component in G - o(w, F) and V(D’(y, F)) c I(y, F) it follows by 
the lemma that V(W(y, F)) c V(D’(w, F)). Therefore F(s) E V(D’(w, F)). 
By Lemma 3.1 this implies that there exists an F-alternating path from w  to 
F(s) which is contained in D’(w, F) and whose last edge belongs to F. This 
requires that s E V(D’(w, F)), and thus s E I(w, F) C? o(y, F), contradicting 
Lemma 4.1. 

THEOREM 4.2. (I) A subset U of V is tight tf and only if there exist 
disjoint subsets X, Y, Z, and S of U, a subset Q of P(G - S) and a set R of 
disjoint peculiar spanned subgraphs of G - S, such that, denoting ZZ(G, S) by 
lI, there holds: 

(a) XUYUZUS=U, 

(b) UMQ):QEQi=K 
(c) ZZ[Q U S] is critical, 

(d) there exists an injection y: R + v\U such that y(R) E V(R) for 
each R E R, 

(e) U{W)\ly(R)}:R E R} = K 
(f) G[Z] is matchable, 

(d WI cxu s, 

(h) E[V(R)]\{y(R)}]= V(R)USfir every R ER, 
(i) E[Z] cZUS. 

(II) A subset U of V is compressed if and only if it satisfies the same 
conditions as in (I), with (d) replaced by: 

(d’) there exists R, E R and an injection y: R\{R,} --f v\U such 
that y(R) E V(R) for each R E R\{R,}; 

and (h) replaced by: 

(h’) E[ V(R)\{ y(R)}] c V(R) U S for every R E R\{R,} and 
~[Wo)I = VCR,) u S. 

The theorem states that a tight set consists of three parts: 

(1) a pair (X, S) such that X is the union of the vertex sets of peculiar 
connected components of G-S, and these peculiar components must be 
matched onto S, in the sense of the matching in n(G, S). 

(2) a set Y which is the union of the vertex sets of graphs each of 
which is a peculiar graph R minus a vertex y(R), and R - {y(R)} is a union 
of connected components in G - (S U {y(R)}). 

(3) a set Z such that G[Z] is a matchable connected component in 
G - S. 
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Proof: Here we shall prove (I). The proof of (II) follows similar lines, 
and is therefore omitted. 

Assume that U satisfies conditions (a)-(i) in (I). By (c) ZZ[Q U S] is 
espousable, and hence for every Q E Q there exist vertices n(Q) E V(Q) and 
s(Q) E S such that [n(Q), s(Q)] E E and s(Q,) f s(Qz) whenever Q, and Q, 
are distinct elements of Q. By the definition of “peculiarity,” for each Q E Q 
there exists a matching F(Q) of Q - {v(Q)}, and for every R E R there exists 
a matching F(R) of R - {y(R)}. By (f) there exists a matching .Z of G[Z]. 
Then Z= u{~(w): WE Q U R} U {[n(Q), s(Q)]: Q E Q} UJ is a matching 
of U, and so U is matchable. 

To show that U is tight, we have to prove that if Z is a matching of U then 
s(Z) = U. Every graph Q in Q is unmatchable, and since it is a connected 
component of G - S, it follows that there exists a vertex U(Q) of Q such that 
t(Q) = Z(u(Q)) E S. Then {(Q, t(Q)): Q E Q} is an espousal of ZZ, and hence, 
by (c), {t(Q): Q E Q} = S. This implies that for every Q E Q there holds 
I[ V(Q)] c V(Q) U {t(Q)}. Therefore, by (b), Z[X] 1 S. Together with (g) this 
implies: 

Z[XUS] =xus. (4.1) 

Each R E R is unmatchable, and hence, by (h) and (4.1), I[ V(R)\ 
{y(R)}] = V(R)\{ y(R)}. By (i) and (4.1), Z[Z] = Z. The last two statements, 
together with (a), (e), and (4.1), imply that Z[U] = U. 

Assume now that U is a tight subset of V, and let F be a matching of U. 
Define: S = U{o(q,F): q E Vu); X= U{&F)\V”(q,O: q E v\u); 
Y=U{V(D’(q,F))\{q}:qE v\u}; Z=v\(XUYUS); Q=UP,(O): 
q E V/U}; R = {D’(q, F): q E v\U}; y(R) = q whenever R = D’(q, F) E R. 

By Lemma 3.1 XV Y c U and by Corollary 4. la Xn Y = 0. Write Q’ = 
{D’(q, F): q E v\U, s E o(q, F)} (in this mode of writing an element can be 
repeated more than once, but it is then taken as appearing just once in the 
set.) For any q E VU define Gq = (V, E\{q} i< (flu)). By Lemma 4.1, 
V(D’(q, I;)) c v\S whenever q E v\U and s E o(q, F). Hence, applying 
Lemma 3.2 to G,, we deduce Q c Q’. 

For every q E V/U denote by ZZ, the bipartite graph L![{W(q, F): 
s E o(q, F)} U o(q, F)]. By Lemma 3.4 applied to G,, ZZ, is critical. The 
bipartite graph ZZ[Q’ US] is espousable, by the espousal {(D’(q, F), s): 
q E v\U, s E o(q,F)}. Assume that H is an espousal of ZZ[Q’ US]. Let 
q E v\U. For every s E o(q, F) there holds, since W(q, I;) is a connected 
component of G - o(q, I;): E[ V(D’(q, I’))] c V(D’(q, F)) U o(q, F). Hence 
WP”(q, F): s E oh F>}l c o(q, F), and since ZZ, is critical this implies that 
H[ {W(q, F): s E o(q, F)}] = o(q, F). Hence, by the definition of S, 
H[Q’] = S. Thus ZZ[Q’ US] is critical. On the other hand, since U is 
matchable, ZZ[Q U S] is espousable, and therefore there must hold Q = Q’. 
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This entails at once (b) and (c). Conditions (d) and (e) follow directly from 
the definitions of Y and R. Condition (g) follows by Corollary 2.4a. By (b), 
(c), and (g) there follows: 

F[XUS] =xus. (4.2) 

Condition (h) follows from the definition of R and from Lemma 2.4(a). By 
(e), (b), and (4.2) one has: 

F[Y] = Y. (4.3) 

BY (4.2), (4.3), and the definition of 2 it follows that F[Z] = Z, which 
implies (f). By (e), (g), and (h), E[XU Y] cXU YU S, and hence E[Z] n 
U c Z U S. On the other hand, if v E v\U, then E(u) n U c m(v, F) c XU 
Y U S. Hence E[Z] c U, which proves (i). This completes the proof of (I). 
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