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Abstract

We derive global Carleman estimates for one-dimensional linear parabolic equations d; £ 9 (cdx) with a
coefficient of bounded variations. These estimates are obtained by approximating ¢ by piecewise constant
coefficients, cg, and passing to the limit in the Carleman estimates associated to the operators defined
with c¢,. Such estimates yields observability inequalities for the considered linear parabolic equation, which,
in turn, yield controllability results for classes of semilinear equations.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction and settings

We consider the elliptic operator A formally defined by —d,(cd,) on L?(£2) in the one-
dimensional bounded domain £2 = (0, 1) C R. The diffusion coefficient ¢ is assumed to be of
bounded variations (BV). The domain of A is given by

D(A) = {u € Hy(2); cdue H'(2)},

i.e., we consider Dirichlet boundary conditions.
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We let T > 0. We shall use the following notations Q = (0, T) x £2, I' ={0, 1}, and ¥ =
0, T)xTI.
We shall first study the following linear parabolic problems,

{8,yj:Ay:f in Q, 11

¥(0, x) = yo(x) (respectively y(T,x) = yr(x)) in §2,

for yg € L?(£2) and f € L*(Q).

Here, we show that we can achieve global Carleman estimates for the operators 9, + A, in Q,
with an interior observation region (0, T') X w, where @ € §2 with a non-empty interior, and such
that ¢ is of class ¢! in some open subset of w.

With a Carleman estimate for d; + 9y (cdy) at hand, we treat the problem of the null control-
lability for semilinear parabolic systems of the form

0y — 3x(coxy) +9(y,9xy) =1pv inQ,
y(,x)=0 on X, (1.2)
¥(0,x) = yo(x) in £2,
where 7 :R? — R is locally Lipschitz and (0, 0) = 0. In this case, we have
G(y1,y2) = 1801, 2) + 2G(y1,y2), yi. 2 €R,
with g and G in Li’o‘;(R2). We shall assume

Assumption 1.1. The functions g and G satisfy

i g1, y2)l . |G (y1, y2)I
im 37 =0, lim 7 =0.
|G y2)l=00 In/ 2 (1 + |y1] + |y2]) |i.y2)l—o00 In'/2(1 + |y1| + |v2])

(1.3)

Under such an assumption we shall prove the complete null controllability for system (1.2),
i.e., that for all positive time T and for all yp € L?(£2), there exists a control v € L*(Q) such
that the solution satisfies y(7') = 0. We also prove the controllability of system (1.2) in the case
where the control acts through one of the boundary conditions, at 0 or 1. Then, we need not
require the coefficient ¢ to be of class ¢! in some inner region of £2. More generally, we can
address the question of the controllability to the trajectories.

A null controllability result for a linear parabolic equation with BV coefficients was proven
in [12]. The proof relies on Russell’s method [19]. However, the question of the existence of
a Carleman-type observability estimate was open. The present article, providing a Carleman
estimate allows to treat the case of semilinear equations following the (fix-point) method of
[2,11] (generalized in [7]). For a review of the role played by Carleman estimates in establishing
controllability results for parabolic equations we refer to [10].

Carleman estimates for parabolic equations in several dimensions with smooth coefficients
were proven in [13]. The proof is based on the construction of suitable weight functions g whose
gradient is non-zero in the complement of the observation region. In particular the function g is
chosen to be smooth. In [8], the authors treat the case of piecewise regular coefficients and intro-
duce non-smooth weight functions assuming that they satisfy the same transmission condition as
the solution. To obtain observability, they have to add some assumption on the monotonicity of
the coefficients. In the one-dimensional case, this monotonicity assumption was relaxed in [3,4],
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by introducing additional requirements on the non-smooth weight function §. In several dimen-
sions, the existence of a Carleman estimate when the monotonicity condition is not satisfied is
an open question.

The Carleman estimates derived here for the operator d; &= 0y (cdy) are obtained through a
limiting process from the Carleman estimates associated for d; & 9, (c:9y), for ¢, piecewise
constant converging to c. The main issue in this limiting process is to keep both the weight
functions and constants in the Carleman estimate under control. Section 3 of the present article
is devoted to this question.

The approximation of the BV coefficient ¢ by some piecewise coefficient c; is closely related
to numerical methods. The techniques developed here could also be applied in the numerical
analysis of discrete type estimates of the form of Carleman estimates.

The outline of the article is as follows. In Section 2, we recall the Carleman estimate ob-
tained in [3,4] for piecewise continuous coefficients (Theorem 2.2) and especially the form of
the weight functions in the estimate (Lemma 2.1). (The results of this section are not essential as
we revisit the arguments used to prove them in the following section.) In Section 3, we construct
limit weight functions by approaching the BV coefficient ¢ by piecewise constant coefficients c,
(Lemma 3.3). In Theorem 3.8, we prove a Carleman estimate associated to d; & d,(cdy) by
proving that the constants in the Carleman estimate of 9, &= 9, (c;d,) can be taken uniform with
respect to the parameter ¢ (Proposition 3.4) and passing to the limit in each term of the esti-
mate. In Section 4, we derive a Carleman estimate for the linear system (1.1) with the r.h.s.,
f,in L*(0, T, H~'(£2)). This estimate is needed for the analysis of the controllability of the
semilinear system (1.2), which is carried out in Section 5.

In this article, when the constant C is used, its value may change from one line to the other.
If we want to keep track of the value of a constant we shall use another letter. We denote the
jump of a function p, at some point x € (0, 1), by [p], := p(xT) — p(x ™), with the conventions
[p]1 =—p(17) and [po] = p(07T).

2. Carleman estimate in the case of a piecewise €1 coefficient
In the case of a piecewise-¢"! diffusion coefficient ¢, we denote its singularities by
a,...,an—1, with 0 =ap <ay <ax < --- < ay—1 < a, = 1. We first introduce a particular

type of weight function to be used in the Carleman estimate. Let j € {0,...,n — 1} be fixed in
the sequel and wg € O € (a;, a41) be non-empty open sets. We have the following lemma [3,4].

Lemma 2.1. There exists a function p € € (§2) satisfying

By €6 (lanain)). i=0.n—1,
B>0 inS2, B=0 onT, (B,[aj,%])’;éo inlaj,ajp1]\ wo,
Bl ) #0, i€fl,. n}, i # ],

i1

B' >0 onthelh.s. of o, B <0 onthe rh.s. of o,
and the function B satisfies the following trace properties, for some a > 0,

(Aju,u) > alul®, ueR? (2.1)
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0 ay as a; Ajy1 Ap—q L

Fig. 1. Sketch of a typical shape for the function § for an ‘observation’ in (a s @jr1)-

with the matrices A;, defined by

B ( Pl B'@")lep'la, ) i=1 n—1
,é/(a;r)[clé/]a, 3’(ai+)[c5/]§,. + [62(5/)3]{1[ .

Figure 1 illustrates a typical shape for the function B.
Choosing a function B, as in the previous lemma, we introduce 8 = B+ K with K =m||Blse
and m > 1. For A > 0 and t € (0, T'), we define the following weight functions

B) B ML)

t(T—[)’ n(x,t):W, (22)

p(x,t)=

with 8 = 2m||B|lso (see [8,10]). We next set

R={q € C(Q.R); i1,y € € (10, T X [aj,ai411), i =0,...,n =1,

q)x =0, and g satisfies (TC,), forallz € (0, T)},
with
q(a;)=q(a’), c(a;7)oxq(a;)=c(a)oeq(a), i=1,....n—1.  (TCy)
The following global Carleman estimate is proven in [3,4].

Theorem 2.2. Let wg € O € (a;, aj11) be non-empty open sets. There exists i = 11 (£2, O) > 0,
s1 =s1(A1, T) > 0 and a positive constant C = C (82, O) so that the following estimate holds

f / 25151 (3,12 + |0y (corg)[2) dx di

+sA2// e_zs”golaxq|2dxdt+s3)»4//e_25"<p3|q|2dxdt

<c[ 34 f/ “24314] dxdt—i—f/ 2|3, £ 8, (cdeq)| dxdt:| (2.3)

0,7)yxO

for s = s1, A > X1 and for all g € R.



J. Le Rousseau / J. Differential Equations 233 (2007) 417—447 421

Remark 2.3. By a density argument, we see that the Carleman estimate (2.3) remains valid for ¢
(weak) solution to

0rq £ 0x(coxq) = f in Q,
qg=0 on X,

q(T, x) = qr(x) (respectively ¢ (0, x) = go(x)) in £2,
with f € L?(Q) and g7 (respectively go) in L?(£2).
3. Carleman estimates in the case of a BV coefficient

To obtain a Carleman estimate in the case of more general non-smooth coefficients, such
as BV coefficients, we shall first revisit the conditions imposed on the weight function § in
Lemma 2.1. Since the conditions imposed on B will only make use of its derivative, we shall
sometimes employ B in place of 8 here, as they only differ by a constant (see the definition of 8
in (2.2) above). We shall use a limiting process to obtain a Carleman estimate in the case of a BV
coefficient making use of estimate (2.3) in the case of a piecewise-%’' coefficients.

We first consider a piecewise—%l diffusion coefficient, ¢, with a discontinuity at a € (0, 1).
Defining a function 8, as in Lemma 2.1, we then define the matrix A as

A= < [,3/]& ﬂ/(a+)[c,3/]u )
B'@H)eBla B @HcB 1 +1c2(B))

This symmetric matrix is positive definite if and only if [8'], > 0 and det(A) > 0. We now set

y_cah B

T @)’ T Blat)’
and write
_ ( B (@)1 —X) c@ )P @Y —X) )
c@)B' @Y -X) )P @Y -x)2+x?-x3%))’

which yields det(A) = ¢2(a™) (B’ (at))* Py (X) with
Pr(X)=(1-X)(Y"-Xx%) - X - X)%

In the case Y = 1, there is actually no discontinuity for the coefficient ¢ at the considered
point. An inspection of the proof of the Carleman estimate (2.3) in [3] shows that with X =1,
i.e., 0y B continuous at a, the integrals over (0, T') at the point a vanish in the course of the proof
of the estimate.

We now place ourselves in the case Y # 1 and B’ < 0, i.e., on the r.h.s. of the open set wg (see
Lemma 2.1). There, [8], > 0 is equivalent to X > 1. The polynomial function Py can be made
positive for X sufficiently large, since its leading coefficient is positive. Here, we shall in fact
give explicit sufficient conditions on X for this to be satisfied.

Observe that Py(Y) = Y2(1 — Y)z. In the case Y > 1, we can thus choose X = Y and the
desired conditions on the function B are satisfied. This choice corresponds to that made in [8]
since in this case we have c(a™)d,S(a™) =c(a™)d,B(a™).
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X

1

0 1 Y

Fig. 2. Graph of the optimal solution g(Y) (thick) and graph of the proposed solution (thin) in the case 8’ < 0.

X
1

0

0 1 Y

Fig. 3. Graph of the optimal solution /(Y) (thick) and graph of the proposed solution (thin) in the case 8’ > 0.

In the case Y < 1, the previous choice, X =Y, is not possible as it would yield a negative def-
inite quadratic form A. Observe, however, that Py (2 —Y) = Y2(1 —Y)2. Inthecase 0 < Y < 1,
we can thus choose X =2 — Y. Observe also that Py(1/Y) > 0, which makes X = 1/Y an
alternative choice.

Remark 3.1. Note that the proposed choices are not optimal but yield easy-to-handle conditions
to compute an adapted weight function 8. We can actually show that there exists g(Y) > 1,
defined for Y > 0, with g(Y) > 1if Y # 1 such that Py (X) > O if and only if X > g(Y). Figure 2
compares the proposed solution to the optimal one.

In the case B’ > 0, i.e., on the Lh.s. of the open set wg, we now need 0 < X < 1 to satisfy
[8']s > 0. We can make the following choices: X =Y if ¥ <l and X = Ty—l if Y > 1. Figure 3
compares the proposed solution to the optimal one (here Py (X) > Oif andonly if 0 < X < h(Y)

for some function & satisfying 2(Y) < 1 if ¥ # 1). Note that X = 2YY—71, actually yields % =
2 — %, which makes the connexion with the proposed choice in the case 8’ < 0 above. In fact,
Y2(r=1>
QY—1* -

We now consider a diffusion coefficient ¢, of bounded variations, yet € L'on O, with O an
open subset of £2, O € £2. We also assume 0 < cpip < ¢ < cmax- Without any loss of generality
we may assume O = (xq, x1), with 0 < xg < x; < 1. We also let wg € O. We denote the total
variations of ¢ on [0, xp] and [x, 1] by 99 = V(;CO (¢), and ¥ = Vxl1 (c).

we have Py (377—) =
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Let € > 0. There exists a function c., piecewise-constant on (0, xg) U (x1, 1), and smooth
on O such that (see e.g. [5])

le—celle@) <o Vg'le) <o, and Vi) <t llee = cllgr g <e

We denote by ay, ..., a, the points of discontinuity of ¢, in the interval [x, 1]. We then have

Z’Cs ) —ce(a;)| <.

LetY; =c, (a;r)/cg (@;)and X;,i =1,...,n, be defined according to what is described above,
ie.,

X,‘ZY,‘, ifY,'>l, and X,‘=2—Y,’, ifY,'<1,

as we are on the r.h.s. of wy. We define the piecewise-constant function y; . as

yie):=yie() [] X, x¢lan....an, 3.1)

xX<aj

Vls(a ) -_1’

for some fixed y1 (1) < 0. Observe that X; = @ L.
In a similar fashion, if a,41, ..., ay4r are the discontinuities of ¢, on [0, xg], we build the
piecewise-constant function yp ¢ on [0, x¢] as
1
1.0 =00 [] —  x¢{anr..... angahs (3.2)
X
X>(l_,
for some fixed yp ¢ (0) > 0 and with X1, ..., X, defined as described above, i.e.,

Y.
X;=Y;, ifY; <1, and X,-:2Yl T ifY,>1,i=n+1,...,n+k.

P —

We then have X; = 2 SE +§

We define the functlons Bre(x):= [ y1..(»)dy and Bo¢(x) := [; 0..(y) dy, and we define
a continuous function ,88 by Be(x) = Bo.e(x) in [0, xp] and B (x) = By, g(x) in [x1, 1], and €2
on O, such that /38 does not vanish outside wg. The precise definition of B, on O will be given
below.

‘We observe that ,58 satisfies the conditions listed in Lemma 2.1. Hence, we obtain Carleman
estimate (2.3) for the operator d; = 9, (c;9d,) with the associated weight functions 1, and ¢.: we
introduce B, = ,58 + K, with K, > m||,z§8||Oo andm > 1.For A >0andt € (0, T), we define

i=n+1,...,n+k.

B () B _ hBs(x) _
Ne(x,1) = ————, with g, =2K,. (3.3)

gog(x’t)zt(T—t)’ ’ (T —1)
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We now wish to pass to the limit in the Carleman estimate as ¢, converges to ¢ in L*°(£2).
The remaining of this section is devoted to this question. We first need to control the behavior
of B, or rather its derivative, as € goes to zero.

Lemma 3.2. There exists K > 0 and gy > 0 that depend solely on the diffusion coefficient c €
BV(0, 1) such that, for all 0 < & < g9, Vy* (v0.) < Ky0,£(0) and V! (y1.6) <K |y1.6(D)].

Proof. We have Vx]l (r1.6) = 71,6 (x1) — y1,¢(1)] since y1 ¢ is a non-decreasing function. Thus
Vie) = X1+ Xy = Dly1e(1)]. We have

Z|C5( _Cs |+Z|Cs _Cs )|<ﬁla

iel iely

with i € I7 if cg(a ) >ce(a; ) and i € I if cs(a ) < ce(a; ). Dividing by cg(a; ) or c,s(a )
accordingly, we obtain

Y wi-n+ Z(— - 1) < 91/ (Cmin — £0)-

iel ielh
(Recall that ¢ > cpin > 0; here we take 0 < & < &9 < cmin.) Note that if 0 < Y < 1 then X =
2 —Y < 1/Y. We thus obtain Z?zl(X,- — 1) < 91/(cmin — €0)- Finally, since X1,..., X, > 1,

we write

Xy X, < X1 Xn—1 eZ?zl(Xi—D < eﬁl/(cmin_sﬂ)’

which concludes the proof for y .

For yp . we have Vgo(y(),g) = (m — 1)y0.¢(0). This time, if Y > 1 then
1 2Y — 1 Yy—1
——1= —l=——<Y -1
X Y Y
Thus, we obtain Z”i‘,l; 11 )}l_ — 1) < Yo/(cmin — €0), and accordingly
1 b owwinl b ovant B Z” 1(&=D 90/ (Cmin—£0)
ge n+1 c..entk i=n+ geo min O. 0

X1 Xntk

By Helly’s theorem [5,15], up to a subsequence, the functions yy . (respectively y1 ) converge
everywhere to a function yq (respectively y;) as € goes to 0. (We take for instance ¢ = ﬁ but
shall not write it explicitly for the sake of concision.) Moreover, these two functions satisfy

Vo' (0) < Ky0,(0) =Ky0(0), and V! (y) < K|y1..(D]=K|nD)].

The functions yp . (respectively y1.) are bounded in L°°(0, xp) (respectiyely L°°~(x1, 1)) uni-
formly w.r.t. €. Thus, by dominated convergence, the associated func}ions Bo. and B . converge
everywhere to the continuous functions By(x) := [ yo(y)dy, and B (x) := ] y1(y) dy.



J. Le Rousseau / J. Differential Equations 233 (2007) 417—447 425

_ We define 8 on £ by B(x) = fo(x) in [0, xo], B(x) = Bi (x) in [x1, 1], and we design B and
B to be €2 on O and such that

|BL(x)| = min('(0), |8 (1)|), and |B'(x)| =min(B(0), |F'(1)

), in2\wy, (34
and such that ,3;| o» converges to ,3|O in €2(O). We have thus obtained the following lemma.

Lemma 3.3. Let wy € O € £2, be open sets, O = (xq, x1). Let ¢ in BV(2) be of class €' in O
with 0 < ¢min < ¢ < Cmax. Let ¢g be piecewise-constant on $2 \ O, and smooth on O such that

1
lle —cellzeqy <&, Vo'(ce) <P0, and V(o) <1, e — cllgn ) <&

There exist weight functions B that satisfy the properties listed in Lemma 2.1 for the associ-
ated coefficient c,, and are uniformly bounded in L°°(§2), with derivatives uniformly bounded
in L°(2) and piecewise-constant on §2 \ O. Furthermore, B, converges everywhere in 2 to
a function B which is in €(82) and ,8~g| o can be chosen uniformly bounded in €*(O) and the

functions Be and B satisfy (3.4).

We shall now revisit the proof of Carleman estimate (2.3) and check that the constants, C, s
and A1, can be chosen uniformly w.r.t. & with the properties of j, listed in Lemma 3.3. Note that
in the definitions of ¢, and 7., in (3.3), the constants K, and Bg can actually be chosen uniformly
w.r.t. ¢ by Lemma 3.3.

Proposition 3.4. Let c € BV(0, 1) be €' in O. Let ¢, and B, be defined as above. The constant C
on the r.h.s. of the Carleman estimate (2.3) for the operators d; & 9y (c.0y) and the constants sy
and A1 can be chosen uniformly w.r.t. € for 0 < & < g9, with &g sufficiently small.

Proof. We treat the case of the operator d; + 9, (c¢9x). The proof is similar for 9; — 9y (cs0yx).
Call ay, ..., a,— the discontinuities of ¢,, withap=0<a; <--- <a,_1 < a, = 1. We choose
0 < g9 < cmin and thus 0 < cmin — €0 < ¢ < Cmax + €0-

In the derivation of Carleman estimate (2.3) (see [3]) we consider s > 0, A > 1 and g € 8,
with

N = {f] € %(Q»R)» q‘[O-T]X[”b“iJrl] € %2([07 T] x [a;, ai+1])’ i=0,...,n—1,

q|5s =0, and g satisfies (TC, ,), forall z € (0, T)},
with
q(ai_) =q(a?‘), cg(ai_)axq(ai_) =cg(ai+)8xq(a?'), i=1,....,.n—1. (TC.,)

We set ¥, = e *"#q. Since ¢ satisfies transmission conditions (TC,) we have

Ve(t.a;) =ve(t.a). (3.5)
[ceox e, ')]a,- = sA@e(t, a)Ye(t, a,»)[csﬁg]ai, i=1,...,n—1. (3.6)
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In each (0,T) x (a;j,ai+1),i =0,...,n — 1, the function . satisfies M1y, + Maye = fs,
with
2

Mire = 0y (ce0xre) + 572207 (BL) e +5(yme) Ve,
2

My = 01 — 25hpcce Brox Ve — 250> pcce (BL) Ve,
_ 2

fs=e7" f 4 shee (Ce,Bé)/I/fe - S)szece (/3;) Ve.

We have
1MV l17 2 oy + IMaVell 2 ) + 2(M1Ye, Ma¥ie) 12gry = L5l 72 ) 3.7

where Q' = (0,T) x £2/, with 2’ = (U;:Ol (a;,a;11)). With the same notations as in [8, Theo-
rem 3.3], we write (MY, Mgl//e)Lz(Q/) as a sum of 9 terms /;;, 1 <i, j < 3, where [;; is the
inner product of the ith term in the expression of M, and the jth term in the expression of
M3, above. For the computation of the terms /;; see [3].

The term I;; follows as

n—1 T

1
=35 Y [agett.afeal], vet.anf .

i=1Y
The term [, follows as
i=0 0

T
n
112=sxzf/we(ﬂ;)ﬂcgaxwdxdr+x12+sx2/wg(t,a,»)[ﬂgceaxwaz(r,.>]a,. dt,
Q/

where X1 = sA fo/ ¢5(,B;/)|Csaxlﬁg|2dx dt. The term I3 follows as

2
Iy =251 f / e 0 Ve e (BL) " dx dt + X13,
Q/

with
n—1 T
Xi3= 2522 Z / @ (8, ai) e (t, al)[(ﬂé)z CgaxWE(tv ~)]ai dt
i=1 0

+ 2523 /[ @ V) Vepe (BL) dx di + 2522 f/ ce D ve) Vewe (ce (BL)7) dx dt.
o o

The term I follows as

Iy = =523 / / cee (rpe) (1) 12 dx dr.
Q/
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The term I, follows as
4 ot 2 3
Iy =3s2" f / 02 (BL) leewe P dxdr + 5727y f 02 (1, a) Ve (1, a) [ [cZ (BL) ], df + X,
o i=1 0
with X2 = 5323 [, o @3 (c2(BL)?) |We|> dx dt. The terms I3 and I3 follow as
4 s
Iy = =257 / f w2 (B:) lecvePdxde, Iy =—> f / (67 ne) e dx d.
o 0

The terms I3 is given by

I =522 / / 0 (BL) ce (0me) Ve |2 dx di — 5232 f / 0 (9:90) (B) ce e l? dx d
o' (o4

e / / @e(ceBL) (Bne) e > dx dt
Q/

n—1 T

+SZKZ/%(t,ai)(azna)(t,ai)|%(t,ai)|2[csﬂé]ai dt.

i=1}

Finally, the term /33 follows as

2
=272 [ [ gecet@na (82 10 P .
Q/
Adding the nine terms together to form (M1, M2Ye) 2oy in (3.7) leads to

2
IMiYel}ag g + IMaVell 7o o) + 6547 / f @e(B2) leedx¥re | dx di
Q/

4
+2s3x4//<p§(ﬁ;) lcore | dx dt
Q/

T

+250 Y / ge(t,a) ([BLlecd e 21, )], + [2(BL) ], sheet, ad ez, ap) ) dr

=07
= ||fs||i2(Q/) —2(In + X2+ X3+ Iy + Xoo + 31 + 132 + I33). (3.8)

The terms 11, ..., I33 on the r.h.s. are terms to be ‘dominated.” The ‘dominating’ volume and
surface terms are the terms we kept on the Lh.s. of (3.8).
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We shall first treat the ‘dominated’ volume terms and bound them from above uniformly
w.rt. €.
With B piecewise constant outside O, the term X, reduces to

X12 =sA / / e (BY)lcedc e |* dx dt,
0,7)xO

and we have

|X12] < sAC // |0, e | dx dt,
0,T)xO

with C uniform w.r.t. ¢ by Lemma 3.3. The absolute value of the volume terms in X3 can be
bounded by [3,8]

CBT“s)\“//gogmﬂdxdr+5sx2//<pg|axw8|2dxdt, §>0,
0 0

with & arbitrary small, using ¢, < CT%S; the constants Cs is uniform w.r.t. €. (Recall that ¢, is
piecewise constant outside O and ||c, — c||<g1(@) < ¢.) Noting that [8, Egs. (89)—(91)]
0i0s| T2, 1dmel <T@l |9fne| <2T%},

we obtain

L1 <s2)\2CT//¢§’|we|2dxdt, |I31] SSCTZ//gog’Wslzdxdt,
Q 0
| 133] SSQAZCT// 02|l dx dt,
0

with the constants uniform w.r.t. ¢. Similarly we have

|X22| < Cs%23 //(pg Vel dx dt,
0

with a constant C uniform w.r.t. €. Finally, the absolute value of the volume terms in /3, can be
estimated from above by s?A>CT f f 0 (pg’ |, |2 dx dt with a constant C uniform w.r.t. €.

We shall use the properties of S, listed in Lemma 3.3 to now estimate from above the ‘domi-
nated’ surface terms.

Lemma 3.5. Let § > 0. There exists Cs > 0 uniform w.r.t. € such that the absolute value of the
surface terms in 11, I3 and 13> can be bounded by
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n—1

Cs(SAT? + 7T + (A 4+ 27)s7T2) Y |y — 1|/(pg(t ap)| e, an)|* di
i=1

+st|Y —1|/(pg(t ai)|(cedxwe) (1, a7) [P dr.

i=1

Proof. Note first that on the r.h.s. of the open set O (B, < 0) we either have X =Y if ¥ > 1 or
X=2-Y,if Y <1.In the first case, Y — X =0and ¥ — X2 = (1 — Y)Y; in the second case
X-Y _2(Y —1Dand Y — X2=(Y — 1)(4 — Y). On the Lh.s. ofO (B, > 0) we either have
X_2Y ifY>1lor X =Y if ¥ < 1. In the first case, ¥ — X_2 ;¥ —1Dand Y — X2 =

é’; e (Y —1);inthe second case Y — X =0 and Y — X2 = (1 — Y)Y. Hence, in any case, since

Cmin — & C + &
0 < min 0<Y< max 0

X X )
Cmax 1 €0 Cmin — €0

we obtain that |[X — Y| < C|Y — 1] and |Y — X?| < C|Y — 1| with the constant C uniform w.r.t.
& and w.r.t. the considered point of discontinuity of c.
Observing that [ce 8,14, = cc(a; )B; (al.+)(Y,- — X;) we obtain

n—1

(L1l <sACT3 ) 1Y, —1|/<pg(z an) | Ve (t.ap)| dr,

i=1

with C uniform w.r.t. ¢ by Lemma 3.3.
To estimate the surface terms in X3 we write, with a being one of the g¢;, i =1,...,n — 1,

T
2512 / et a)We(t, ) (BL) c20x e (2, )], dr
0
T
= 2522 / @e(t, e (t, a)ee (a7 ) BL(a™) ((cedwre) (ah) Y = (cedere) (a7) X2) dt
0
T
=252%(Y — X?)cs (a—)ﬁ;(a+)2 / Qe (t, a)Pre(t,a)(cedc o) (a™) dt
0
T
+2523( = )Y (a7)Bl(at) / 021, a) |y (1, @)| dt,

0

where we have used transmission condition (3.6). We thus obtain that the absolute value of the
surface terms in X3 can be estimated uniformly w.r.t. ¢ by
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n—1 T
SAPCY Y - 1|/ws(t,ai)wg(t,ai)(cgaxllfg)(af)dt
0

i=1

n—1 A
2
+22C =1 [ GRan |t ds
0

i=1

i=1

n—1 T
<Cs(sATH+5723T%) Y "y — 1 / 021, an) e (¢, ap) | dt
0

n—1 T
+SS)LZ|Yi - 1|/.Qae(t’ai)’(ceaxwe)(taai_)|2dt,
0

i=1
for § > 0 arbitrary small, by Young’s inequality and using <p§ <C <p3T2 and g, < C %3 T4,
Finally, we estimate the absolute value of the surface terms in /3, uniformly w.r.t. € by
n—1 T )
SPACT Y|V —1|f¢3(r,ai)|ws(t,ai>| dr,
i=1 0
which concludes the proof of Lemma 3.5. O
Continuation of the proof of Proposition 3.4. We now pass to the task of estimating from
below the volume and surface ‘dominating’ terms. We first treat the volume terms, restrict-

ing the domain of integration to (£2 \ wp) x (0, T). Since |B.(x)| = min(B.(0), |BL(1)]) =
min(8’(0), |8 (1)]) > 0 on £2 \ wy, from the construction we gave above, we obtain

7 T
6S}"2/ / ws(ﬁé)2|c8ast|2dxdt+2SS)\.4/ / ¢3(/3é)4|cgl/fg|2dxdt

0 2\wo 0 2\wo
T T
>c<sx2/ [ vleowPararssit [ ¢§|w8|2dxdr),
0 2\wo 0 2\wo

where the constant C is uniform w.r.t. €.
As in the proof of the previous lemma, to treat the surface terms, we write a as one of the a;,
i=1,...,n— 1. The ‘dominating’ surface terms in (3.8) are sums of terms of the form

T

ji=2sk f @e(t,a) ([BLlesdc e, )], + [2(B)°],|shee (1, )yt @)| ) dt.

0

Applying transmission condition (3.6) we obtain
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[Blleedc e, )], = [BL], es (@) axve (1.a”)|* + 523202 (1, ) BL(a ™) [ee 8] [ (. @) |
+ 2500 (2, a),Bé (a+)[csﬂé]a(caast)(t’ a_)l/fs(ta a,

which gives

T
o= s / pet. ) ([B), | ety 1.a7)
0
+ (BL(aM)[eeBL]: + [2(B)],) [shee (1, e (1, @) |
+2B.(a*)[ceBL], (ce0xtve) (1. a7 ) (she(t, @) e (1, @))) dt
T

= sA/gos(t,a)(Au(t,a),u(t,a))dt,

0
with u(t, a) = ((ce0x W) (t, a™), shpe (¢, a)Pe(t,a))’ and the symmetric matrix A given by

A:( [Bela BiablcsBlla )
Bi@Dleeflla BLlaDlceBll? +[2(B)*1a)

The matrix A is positive definite by Lemmas 3.3 and 2.1. However, we need to estimate its
eigenvalues from below, which is the object of the following lemma.

Lemma 3.6. The eigenvalues vy, v2 of the matrix A satisfy vi > C|Y — 1|, i = 1,2, with C
uniformw.rt. e andi € {1,...,n}.

Proof. We have several cases to consider. Consider first the r.h.s. of O, that is in the region where
,B; < 0. In the case Y > 1, we have made the choice, X = Y and the matrix A then reduces to

- (ﬂ;w)(l -Y) 0 )
h 0 2@ ) (BLa™)3Y2 (1 -Y)

and the result follows (recall that 0 < Ypin < Y < Ymax, Ymin and Ymax uniform w.r.t. & and
0 < cmin — 80 < ¢e < Cmax + 60 and |B(a™)| = [BL(D] = [B/(1)] > 0).
In the case Y < 1 we have X =2 — Y. The matrix A is then equal to
1 2ce(a™)Bl(a™
A=pBL(a")(¥ - A, withA:( R _Cg(/a )Jrﬁg(;z i )
2ce(a™)Bo(a™) (@) (B (@) (Y +4)

Observe that det( A) = Y2c2(a™)(BL(ah))? = c2(at)(BL(a™))? thus det(A) > C; > 0 and 0 <
tr(A) < Cy. The constants are uniform w.r.t. &. We thus obtain that v; > f] (a™H(Y — 1)%,
i =1, 2, since v and v, are both positive by Lemmas 3.3 and 2.1.
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Consider now the Lh.s. of O, that is in the region where 8 > 0. In the case ¥ < 1 we made
the choice X =Y and the result follows as above. In the case Y > 1 we have X = Ty—l The

matrix A is then equal to 8, (a™)(Y — 1)A with

% 200X
A= ,
T 20X o2@XAY — 1)+ X8V —4y 4+ 1))

where o« = c;(a7)BL(a™). Observe that det(A) = cf(a"’)(ﬁé(a*‘)ﬁﬁ >C;>0and 0 <
tr( A) < C;. Thus result thus follows as above. O

End of the proof of Proposition 3.4. With the estimations provided above we can absorb the
‘dominated’ terms by the ‘dominating’ ones, taking the parameters s and A sufficiently large.
More precisely we obtain

MYl 2 oy + 1MV 72 ) + 57 / f gee 2 )drg |  dxdi + 5731 f f gle” > |q? dx d
0 0

T T
g CHE_SnSinz(Q/) + CSAZ//goge_zm€|3xq|2 dx dt + CS3)\.4/ (pge—zsns|q|2dx dt,
0 0

wQ wQ

forA > A =11(82,0,¢),s =251 =01(2,0,c, \)(T + T2), with o1, A1 and C uniform w.r.t. &.
As in [8, Estimate (100)], we have the following estimate, uniformly w.r.t. €, because of the
properties of 8, on O (see Lemma 3.3)

T
sﬂ//<p€e—2s"e|axq|2dxdr
0

wQ

<Cle™ 12y + Cl*At + 5202 (A2T? + T) + sA2(AT* + 272 + T7))
T
x //goge—zms lg|* dx dt. (3.9)
00

For A > X; and s > 51, we then obtain

IMiVel3a gy + IMaVell 7o oy + 537 f / gee 2 |0:q|? dxdi + 5701 f / gie e |q|* dx di
Q Q

T
— 2 —
<Cle™ flLa gy + Cs™* f / gle g dx .
00
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with the constant C uniform w.r.t. ¢. To incorporate the higher order terms on the Lh.s. and
obtain Carleman estimate (2.3) we follow the classical procedure (see e.g. [10]) which can be
done uniformly w.r.t. . O

For ¢, defined as above, converging to ¢ in L°°, we shall now analyse the convergence of each
term in Carleman estimate (2.3), that holds for the operators 9; & 9, (czdx), as |c; — ¢|o gOes to
zero. For this purpose, we define the following weight functions associated to 8 by

MB) B M)

:t(T_t), U(X,t)zw. (310)

@(x,1)

The constant B used is the same used in the definition of 1, in (3.3), since BS can be chosen
uniformly w.r.t. £ as mentioned above.
At first, we consider f € €' ([0, T, L*(£2)), with £(0) € Hj (£2), and g (weak) solution to

0rq £ 0x(corvg) = f in Q,
{q:O on X, (3.11)
q(T,x)=qo(x) (respectively g (0, x) = qo(x)) in £2.

We also define g, as the (weak) solution to
01qe £ 0x(ce0xqe) = f in Q,
ge =0 on X, (3.12)
q:(T, x) = qo,¢(x) (respectively g-(0,x) =qo (x)) in $2.

The final (respectively initial) conditions are chosen such that 9,(cdygo) = ., and
dx(ce0xqo,¢) = W, with u € H] (£2). Then we find

llgo — 610,a||H01 (£2) <Cllec— Ca”oo”,u”LQ(.Q)' (3.13)
For the solutions g and g. we have the following lemma.

Lemma 3.7. The solutions to (3.11) and (3.12) satisfy

lat. ) = qe(t. )] 2oy + 18xg = 9x4ell 20y < Clle = cello (Il f 20y + Il L2(2))

(3.14)
fort e€l0,T] and
|9iq (@, ) = 8ige (@, )] 2 (g + |95 (€8:q) (1, ) = B (cedrge) (1. )| 12
< Clle = celloo(I1: fl 2200y + I1f O 202y + il p22y). 1 €10, T]. (3.15)

Proof. We treat here the case of the operators 9, — 9, (cd,) and 9; — 9, (c;d,). The other case
follows similarly. The solution to (3.11) satisfies

//(8,q¢+caxq8x¢)dxdt=f/ fodxdt, ¢ eL2(O, T, Hy (2)),

O
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for Q;, = (0,1) x §2,t € [0, T]. We write a similar weak formulation for the solution to (3.12),
from which we obtain

/ / (31(q — g0+ cods(q — q0) i) dix di
(o}

=/ (cs —©)dxqdspdxdt, ¢eL*(0,T, Hy(£2)), (3.16)
(o

which with ¢ = g — ¢, yields

1
//<§Bz|q — el +ce|dx(q — qs)|2> dxdt =/ (ce —€)0xq0x(q — qe)dx dt.
2 0

It follows that

1 2 2
190 =g [ 1) + Cmin = D006 = g0) [ 12
< Csllee — cllZ g2 +1|| —qo.el?
X LsliCe o I19xq LZ(Q) ) q0 q0,¢ LZ(Q)’

which yields (3.14) from a classical energy estimate and (3.13).
From the regularity assumption made on f, g and g, are in €' ([0, T], L?(£2)). In fact, for ¢,
we can write, by Duhamel’s formula [18, Chapter 4, Section 2]

t

q(t)=S(t)q0+/S(t—S)f(S)ds,

0

where S is the semigroup generated by A = 3, (cdy). The first term is in €' ([0, T, L2(£2))
since ¢ is in the domain of A (see Theorem 2.4.c in [18, Chapter 1, Section 2]). The second
term, g2 (t), is differentiable w.r.t. f on [0, T'] with

t

3:42(0=S(l)f(0)+/S(S)3tf(t—S)ds,

0

which is continuous on [0, T'] using the continuity of S(¢) and the uniform continuity of d; f
in L?(£2) on [0, T'].
Consider now p = d;¢q. Then the function p is solution to

p=0 on X, (3.17)

{(%p — 0x(cdxp)=20:f in Q,
p(0,x)=pu+ £(0) in £2.
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Similarly p, = 9,4, is solution to

pe=0 on X, (3.18)

{atps_Sx(Csaxps)zatf in Q,
Pe(0,x) =+ £(0) in 2.

Thus p(0,.) and p.(0,.) are in HOl (£2), since f(0) HOl (£2). With the previous procedure we
obtain

P, ) = pet, )| o) + 18P = xPell 2
< Clie = eelloo (13 fll2) + [ £ O | 2y F il 22))s £ €10, T,

which yields (3.15). O

To study the convergence of the term ], 0 e 23 |q.|? dx dt in the Carleman estimate for
the operators d; &£ 0y (cs 0y ), We write

‘// e_2s’7g03|q|2dxdt —// 6_25”5g03|q8|2dxdt
9 0

<//|e‘2‘"<p3—e‘2‘”€<p3|lqs|2dxdt+// e 293 1g1* — |ge|?| dx dt
[¢) 0

</‘/|e_2m<ﬂ3 —€_2Sn8¢3||q‘e|2dxdt—}-//e‘zsﬂs(pgw —qgl(lql n |6]g|)dxdt,
¢ 0

which converges to zero by Cauchy—Schwarz inequalities and dominated convergence. Recall
that B, converges everywhere to 8 and thus e~2%" and ¢, converge everywhere to e~2%" and ¢.
Similar arguments yield the following convergences, using Lemma 3.7,

Sli_r)r(l)//e_z‘m'—°<pg|8xqg|2dxdt://e_z‘mgmaquzdxdt,
0 0

lim / / 72 o7 (18,g¢ 2 + |95 (cedrge)|*) dx di
Q

e—0

= // e 2197 (18,g 12 + |0 (cBrq)|*) dx dr.
Q

In the case 1 € H} (£2) and f € €'([0, T], L?(£2)), with f(0) € H}(£2), from the Carleman
estimate associated to g, and the operators d; =+ 9, (c;9y), we thus obtain that (2.3) holds for ¢
and 0, 0, (cd, ) with the same constants C, s; and A . With such an estimate at hand, we can now
relax the assumptions made on the final (respectively initial) condition and on the function f, by
a density argument.
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Hence, with the convergence results above, Proposition 3.4, Carleman estimate (2.3) and Re-
mark 2.3, we have proven

Theorem 3.8. Let O € §2 be a non-empty open set and ¢ € BV (82) with 0 < cpin < ¢ < Cmax and
c of class €V in O. There exists . = 1 (2,0) >0, s1 =51 (A1, T) > 0 and a positive constant
C = C(£2,0) so that Carleman estimate (2.3) holds for s > s1, A > A1 and for all q (weak)
solution to

0rq £ 0x(covg) = f in Q,
qg=0 on X,
q(T.x) = qo(x) (respectively q(0,x) = go(x)) in 2,

with qo € L*(2) and f € L*(Q). The weight functions used are those defined in (3.10) and
Lemma 3.3.

Remark 3.9. Similarly, for ¢ in BV(£2), we can obtain a Carleman estimate with a side observa-
tion, say in {0}, i.e., an estimate of the form

7! / f e 267 (10 P + |0, (cdeq)|*) dx dt
0

+ 522 // e 2Np|ovg | dx dt + 532 /f e 293 g2 dx dt
0 0

T

gC[m/<p(:,0)e‘2m<f~0>|axq|2(z,O)dt+// e_z‘”]|f|2dxdtj|, (3.19)
0 0

for s > s1, A > A1. The proof is similar and makes use of such a Carleman estimate for a
piecewise—%l coefficient proven in [3,4]. Note however that to obtain (3.19), we need not as-
sume that c is of class ! in some inner region of £2.

4. A Carleman estimate for the heat equation with a r.h.s. in LZ(O, T,H -1(@2))

Following [14], from Theorem 3.8, we can derive a Carleman estimate for (1.1) in the case
ofarhs., f,in H —1 Such a estimate will be used in the next section to obtain controllability
results for classes of semilinear parabolic equations.

We set

Ry = lg€€(10,T1, Hy(£2)); q(t) € D(A) forall 1 € [0, T]
and 0;q £ 9, (cdxq) = Fo + 0, F1 with Fp, F) € LZ(Q)}.
In the case of a diffusion coefficient ¢ in BV, yet ¢! in some open region, we have
Theorem 4.1. Let O € §2 be a non-empty open set and ¢ € BV (§2) with 0 < cpmin < ¢ < Cmax

and ¢ of class €' in O. There exists Ay = 12(82,0,¢) > 0, 50 = 52(2, 0, ¢, 72, T) > 0 and a
positive constant C = C(£2, O, ¢) so that the following estimate holds
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sszf 2N 410,q > dxdt+s3k4//e_2snw3|q|2dxdt
<c[ 3 // e~ 3 g| dxdt—i—/f e 2 Fo|? dx dt

0,T)xO

+5%22 // e 2 Fi | dx dt], 4.1)
0

fors > s2, A > Ay and for all g € §i-

The proof can be adapted from the proof given in [10, Lemma 2.1]. We only highlight the
main points in the proof.

Proof. We treat the case of g € §+ with 9;q + 95 (cdxq) = Fo + 9y F1. The other case can be
treated similarly. With the notations £ = 9; — 95 (cdy) and L* = —9; — 95 (cdy), we define the
bilinear form

k(p, p)—/f AL pLFp dxdt 45700 // 03 pp' dx dt, 4.2)
0,7)xO

which is a scalar product on Py = ‘52([0, T1, D(A)) from Carleman estimate (2.3). We denote
by P the Hilbert space defined as the completion of Py for the norm || p|lp = (k(p, p))'/?. We
find, from Riesz Theorem, that there exists a unique p € P such that

k(p,p)=1(p), Vp' eP, (4.3)

where [ is the continuous form on P defined by I(p') = —s31* fo e 2g3qp’ dx dt. Observe

that the elements of P are functions in Q for which the Lh.s. of (2.3) is finite. In particular
observe that e™*"p € L>(Q) and e "9~ '/2L*p € L?(Q).
If we now solve the parabolic problem

L2 =519 (plo+¢) inQ,
7=0 on X,
2(0)=0 in £2,

there is a unique weak solution Z € L%, T, Hol(.Q)) NE0, T1, L2(£2)) [17]. We now observe

that Z = —e~2"L* p from (4.3). Since e "o~ 1/2L*p € L*(Q), we then have 2(T') = 0, because
z€%(0,T1], L2(.Q)). The function p defined above is thus a weak solution to

L(e™1L*p) = —s32% 2193 (plp+¢q) in Q,
p=0, e~ L*p =0 on X,
(e_zmﬁ*p)(O) — (e—ZSﬂg*p)(T) =0 in £2.
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Introducing &t = s3A%*e™>¢3 plo, and G = s3A*e >93¢ + i, we note that
Lz=G in Q,
z=0 on X,
50)=2(T)=0 in .

From the equation satisfied by g € §+ we obtain
T T
/(G(t),tZ(t))dt = —/(Fo(t) + 3 F1(1), 2(1)), (4.4)
0 0

where (.,.) denotes the duality brackets for H(} (£2) and H~1(£2). Noting that the function 8, and

the weight functions ¢ and 7 are in W1 w.r.t. the space variable, we can follow the proof of
Lemma 2.1 in [10] to prove

sTIn? // o730 dxdt—i—// Nz dxdr + s 20" //ez“’go_2|8x2|2dxdt

0,7)yxO

<Cshd f / 213 g Pdx dr. 4.5)

for s > s5(T + T?) and A > 1, (inequality (2.20) in [10]).
From (4.5) and (4.4), we first obtain (see [10])

s ff 6_2“7<p3|q|2dxdt§C|:s3)»4 /f e 293 \q1? dx dt
0

0,T)xO
+ // e N Fol? dxdt + 5222 // e 2% Fi ) dx dt},
0 0
(4.6)
for s > s5(T + T2) and A > Aj.

To obtain the first term on the l.h.s. of (4.1) we multiply d;q + 9, (cdxq) = Fo + 0y F1 by
e > pq and we integrate over Q. This then yields

1
_Ef/ 8,(e_zs’7g0)|q|2dxdt—// 2N 0c|deq)? dx di — // “2N4)cqdeq dx dt
0 0

- / / (Foe™9pq — Fid, (e *"9q)) dx dt. 4.7
0
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As the function 8, and the weight functions ¢ and 7 are in W1 w.r.t. the space variable, the
integration by part w.r.t. the space variable is justified since g(¢,.) € D(A). We observe that

9 (e759) | = [sA(3: B) e ™2 + (8 B)pe 27| < Csrp?e ™ + rpe ™", ae.in £2,

which yields

‘// Bx(e_z‘mgo)cqaxq dxdt
0

<8// (pe725”|8xq|2dxdt+Cgs2)»2//(p3efzs”|q|2dxdt+C5k2//(pe723”|q|2dxdl,
) o 0]

for any ¢ > 0. Next, we estimate the first term on the Lh.s. of (4.7) and the r.h.s. of (4.7), as

in [10], to obtain
‘// 8,(6_2S"g0)|q|2dxdt
0

< Cs? // <p3e_2“7|q|2dxdt,
0o

and

‘//(Foe_zs"goq - F18x(e_2”’<pq)) dxdt
0
< Cs?A? // (p36_25”|q|2dxdt+£//¢e_2sn|8xq|2dxdt
0 Q
+Cs_2k_2//<p_le_2s'7|Fo|2dxdt+(C+C€)//gae_2s’7|F1|2dxdt,
0 0

for any & > 0 and for s > C(T + T?). Using 1 < CeT?, and taking ¢ sufficiently small, we

obtain
‘[/ (pe_25"|8xq|2dxdt
0
gC|:S2A2//e_25”¢3|q|2dxdt+s_1)»_2//e_25"|F0|2dxdt
0 0

+s//e_25"<p2|F1|2dxdti|,
0

for s > s)'(T + T2) and A > A'. This last estimate, along with (4.6), gives the desired Carleman
estimate. O
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5. Controllability results

The Carleman estimate proven in Section 4 allows to give observability estimates that yield
null controllability results for classes of semilinear heat equations. We let w € §2 be a non-empty
open set and ¢ € BV(§2) with 0 < ¢min < ¢ < cmax and ¢ of class €' on O, with © some open
subset of w.

We first state observability results with L? and L' observations. We let @ and b be in L*®(Q)
and g7 € L?(£2). From Carleman estimate (4.1) we obtain

Lemma 5.1. The solution q to

—01q — 9x(cOxq) +aq — d:(bg) =0 in Q,

q=0 on X, 5.1
q(T)=gqr in £2,
satisfies
2
190) |12y < €€ Tl 10le) / lq1* dx dt, (5.2)
0.T)xw
2/3

where K (T, |allco, [1blloc) = 1+ 3 + Tllalloo + llallss” + (1+ T)1b]1%.

The proof of this lemma can be found in [7,8,10]. From Lemma 5.1, we can then ob-
tain the following observability results with an L' observation, which will yield controls in
L*°((0,T) x w) below.

Lemma 5.2. The solution g to system (5.1) satisfies

2
2
Hq(o)HLz(m<eCH(T"“'°°~”””°°)( // |q|dxdt>, (5.3)

0,T)xw
where

1 2/3
H(T, llalloos 1blloc) =1+ T +T+(T+ Tl/z)”a”oo +lalZ’ +a+ DblZ,. (54)

Since the coefficient c is ¢! on the open set w, the proof of [7, Theorem 2.5, Lemma 2.5] can
be adapted. See also [8, Proposition 4.2, Lemma 4.3].
Consider now the following linear system

0y — Ox(cdxy) +ay +bdry=1,v inQ,
y=0 on X, (5.5)
y(0)=yo in 2,

with @ and b in L>®(Q) and yo € L%(2). If v € L%(Q), we consider its unique weak solution
in € ([0, T1, L*(£2)) N L?(0, T, H} (£2)) [6,17]. We have the following null controllability result
for (5.5).
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Theorem 5.3. For all T > 0 and for all yq in L>(£2), there exists v e L*((0, T) x w), such that
the solution yy to (5.5) satisfies y,(T) = 0. Moreover, the control v can be chosen such that

1Vl 220 (0,7 xe) < eCH T MalloerlPlocdy g 5 (5.6)
with H(T, ||allco, ||10]lcc) as given in (5.4).
The proof of Theorem 3.1 in [7] can be adapted to the present case. It is based on the argument
developed in [9]. It makes use of the observability result in Lemma 5.2.

For the null controllability of the semilinear heat equation we shall need estimates for the
solution to the following linear system

y=0 on ¥, (5.7

{ 0ry — 0x(cOxy) +ay +box(y) = f inQ,
y(0) =yo in 2,

with @ and b in L (Q) and yg € L*(£2), f € L>(Q). We have the following classical estimates.

Lemma 5.4. The solution y to system (5.7) satisfies

2
YO 120y + 18231320, + 151720,

N

T, (5.8)

with Ky (T, llalloo, 1bllec) = eCOFTHT Nl TIVIZ) 1f vo € HI(R2) then, y € €([0, T1, HL(£2))
and

1003 ®) 32 + 18071220, + 063} 2,
<Ko(T. Nlalloo: 1B 1oc) (1/ 172y + |3 O[3 )). 0<E<T. (5.9)
with Ko (T, |allses 16]lec) = eC(1+T+(T+T'/2)IIaHoo+(T+T1/2)Hb\lgo)_
With further regularity on f and yo we actually obtain
Lemma 5.5. Let f € L0, T, L?>(£2)) and yo € D(A). The solution y to system (5.7) satisfies

Hax)’(t)”Loo(Q) < K3(T7 ”a”OO’ ”b”OO)(||f||L°°(O,T,L2(Q)) + ”y”D(A))’ (5.10)
with

K3(T, llalloo, 1Blloc) = CUFTHTH(TH lalloo T+ (TDIBIS) (5.11)

for I a non-negative increasing function such that l;(0) = 0. More precisely, I;(t) = fot(% +
%)s(%)l_s dt with % <s <1
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The domain of A = 9,(cdyx), D(A), is furnished with the norm of the graph denoted
by [.[lpa)- Note that in the proof we make use of the fact that £2 is one-dimensional.

Proof. We first recall some properties of the semigroup S(¢) generated by A = 9, (cd,). Consider
the system

O — 0 (coyu) =0 1in Q,
u=0 on X, (5.12)
u(0) =ug in 2,

with ug € L2(£2). The solution is given by u(t) = S(¢)up. Since the semigroup S(¢) is analytic,
we have [6,18]

1
||M(t) ”LZ(Q) < ”l’tOHLZ(_Q)v and ||Au(t) ”Lz(.Q) < ;HMOHLQ(Q)’ 0<t g T.

We can then write

1 1 )
(A @), w®) 20| < Zlloll 2@ [uO] 20y < Tlluollga ) 0<1<T,

which by integration by parts yields
1
||caxu(l‘) ”LZ(.Q) < ﬁ””tO”Lz(Q)v 0<t<T.
As [ledeu(®) | oy < (2 + %)Huoﬂ L2(52)- the interpolation inequality [17]

@15 2) < @l (Q)II¢I|L2(Q),

for 0 < s < 1, yields
| cBue) ||HS(_Q) <hy)luoll 2@ (5.13)

with hg (1) = ( + f)s(\[)l S ~,_01 2 .We choose 3 5 <s < 1. Then h(¢) is integrable on
[0, T].
The solution to (5.7) can be written by Duhamel’s formula [18]

1 t t

¥ = S(t)yo + / S(t— ) f (1) dr / S(t — D)ay)(v) dr / S(t — ©)(bdyy) (1) dr.
0 0 0
(5.14)

For the first term in (5.14), y; () = S(t)yo, we have Ay (t) = S(¢) Ayg [18], which yields

HA(yl)(t)“LZ(.Q) ”A()’O)”H(Q)
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c(1+T : :
By Lemma 5.4, we have [[coxyill 12y < e a+ )||yo||H01(_Q), which gives

[ca:y1® | 1) << yollpa- (5.15)
For the second term, y,, in (5.14) we have

t

t
|02 ey < [ et (3¢ =017 @)] oy 7 < [ et =D F O] g
0 0

by (5.13). We set [s(t) = [y hs(t — T)dT = [; hs(v) d7, and obtain

t

lcaxy2(0) | (@) S (/hs(l)df> Il 0,7,02(52)) = LsONfllp0,7,02(52y)-  (5-16)
0

For the third term, y3, in (5.14) we have

t
60330 sy < [ Ieds(50 = @) ©) |y e
0

t

< f hs )] ay(@)] 20y 4T <L O lalloollyll 0 7.22(2)
0

<L lalloo K1 (T. lalloo 1Bl00) (1£ 22¢0) + [ YO | 12c)-
by Lemma 5.4. Observe that the function /; is increasing. This yields
||C3xy3(t)||Hs(g) < eC(l+T+(T+1x(T))Htll\oo+THbHoo)(”f”LZ(Q) + Hy(o) ”LZ(.Q))' (5.17)
Finally, for the fourth term, y4, in (5.14) we have
|caxya ] s () < CLONBNoc 1Y L 0.7.L2(2))
<LOIbllooK2(T, llalloo, I1Bllo0) (ILF 20y + [ YO | 1)
< CUHTHTHT ) alloo+ T+ (T B115) (5.18)
Collecting estimates (5.15)—(5.18) we obtain

2911512
< eCUFTHT+Hs (M) llalloo+(T+s (T) )”blloo)(||f||L°°(O,T,L2(Q)) + ||y0||D(A))~

(5.19)

|lcaxy (@) ||HS(9)

Since the space H*(£2) can be continuously injected in %(£2) because £2 is one-dimensional
(see e.g. [17]), for s > %, the result follows, since ¢ > cpmin > 0. O
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We are now ready to prove the null controllability result for system (1.2) which is based on a
fixed-point argument.

Theorem 5.6. We let w € §2 be a non-empty open set and ¢ € BV(§2) with 0 < cmin < ¢ < Cmax
and ¢ of class €' on some non-empty open subset of . We assume that 4 is locally Lipschitz.
Let T > 0:

1. Local null controllability: There exists € > 0 such that for all yg in LZ(Q) with ||y0||L2(S2) <eg,
there exists a control v € L*°((0,T) x w) such that the corresponding solution to sys-
tem (1.2) satisfies y(T) = 0.

2. Global null controllability: Let & satisfy in addition Assumption 1.1. Then for all yg
in L%(82), there exists v e L®((0, T) x w) such that the solution to system (1.2) satisfies
y(T)=0.

The proof is classical and is along the same lines as those that in [7,8] and originates from
[2,11].

Proof. We first assume that g and G are continuous. We let R > 0 and set Z = L2(0, T, H& (£2)).
The truncation function Ty is defined as

s if |s] <R,
Rsgn(s) otherwise.

Tr(s) = {
For z € Z we consider the following linear system

atyz,v — Oy (Caxh,v) + 8(Tr(2), TR(axZ))YZ,v + G(Tr(2), TR(axZ))ax)’z,v =1l,v inQ,

Y20 =0 on X,
Yz,v(0) = yo in £2.
(5.20)

Since g and G are continuous, we see that a, := g(Tr(z), Tr(0x2)) and b, := G(Tr(2), Tr(9x2))
are in L°°(Q) and have bounds in L that only depends on g, G, and R. If yg € L2(.Q) and if
v=0forz €[0, 4], 5 > 0, we obtain y; ,(§) € D(A). Without any loss of generality we may thus
assume that yy € D(A). We apply Theorem 5.3 to system (5.20). We set

. -2/3 -1/3 ,— —1/3
T, = min(T, la: ", lla: s 17 (laz N 7)),
with the function /; defined in Lemma 5.5. Then we have

eCHTNazlloolbelloo) < @ Ko (T, lazlloos 1Bzlloc) < B K3 (T lazlloos 1b:lloo) < &,

2/3

with 8 = e CTDU+laclls’+1b:13)  for H, K, and K3 the constants in (5.6), (5.9), and (5.11).

According to Theorem 5.3, there exists v, in L*°(Q) such that v, and the associated solution to
(5.20), with v = v; satisfy y; ,,(T) =0 and

vzl oo 0. 7y xw) < HlIYoll 12(02)s (5.21)

”yZ,U”LOO(O,T,WLOO(,Q)) < f.)”yO”D(A), (5.22)
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with §) of the same form as &, by Lemmas 5.4 and 5.5, making use of the continuous injection
HOl (£2) = L°°(£2) in the one-dimensional case. Observe also that we have

1yzllz20.r. 00y + 18320l 200) < D 1Yol 1 2 (5.23)

by Lemma 5.4. We now set

U(z) = {v € LOO((O, T) x a)); y.(T) =0, (5.21) holds}
and  A(z) = {y.v; veU(z), (5.22) holds}.

The map z — A(z) from Z into &(Z), the power set of Z, satisfies the following properties

1. for all z € Z, A(z) is a non-empty bounded closed convex set. Boundedness is however
uniform w.r.t. to z (and only depends on R);

2. there exists a compact set K C Z, such that A(z) C K: by (5.23) A(z) is uniformly bounded
in L2(0, T, D(A))NH' (0, T, L?>(£2)), which injects compactly in L>(Q) [16, Theorem 5.1,
Chapter 1] since D(A) injects compactly in H& (£2);

3. adapting the method of [7, pp. 811-812] to the present case, we obtain that the map A is
upper hemicontinuous; the argument uses the continuity of g and G.

These properties allow us to apply Kakutani’s fixed point theorem [1, Theorem 1, Chapter 15,
Section 3] to the map A.

Result 1 follows by choosing ¢ sufficiently small such that the (essential) supremum on Q of
the obtained fixed point is less than R by (5.22).

Result 2 follows if we prove that R can be chosen greater that the (essential) supremum on Q
of the obtained fixed point. This is done exactly as in [7, p. 813] and makes use of the form of §,
estimate (5.22) and Assumption 1.1 on 4.

To treat the case where g and G are not continuous, we adapt the argument of [7, Section 3.2.1]
to the present cases, for both the local and global controllability results. 0O

Arguing as in [13] or e.g. [7] we can actually prove the following null controllability result
with a boundary control from Theorem 5.6:

Theorem 5.7. We let ¢ € BV (£2) with 0 < ¢min < ¢ < ¢max. We assume that 9 is locally Lipschitz.
Let y be {0} or {1}. Let T > 0.

1. Local null controllability: There exists € > O such that for all yo in L*(2) with
Iyoll2(2) < &, there exists a control v € €'[(0, T)] such that the solution to system

0ry — 0x(cdyy) —|—§§(y) =0 inQ,

y=0 on2\y, (5.24)
y=v ony,
y(0) =yo in $2,

satisfies y(T) = 0.
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2. Global null controllability: Assume the function 9 satisfies in addition Assumption 1.1. Then
forall yg in L%(2), there exists v € €[(0, T)] such that the solution to system (5.24) satisfies
y(T)=0.

Remark 5.8.

1. Note that for the distributed control (Theorem 5.6) we require that the coefficient ¢ be of
class ! on an non-empty open subset of w. On the other hand, for a boundary control
(Theorem 5.7) there is no such restriction on the coefficient ¢, which can have a very singular
behavior as the control boundary is approached.

2. Note that as usual, one can replace y(7') =0 by y(T) = y*(T) in the previous statements,
where y* is any trajectory defined in [0, 7] of system (1.2) (respectively (5.24)), correspond-
ing to some initial data y; and any v* in L*°((0, T') x w) (respectively L>°(0, T')). For the
local controllability result, one has to assume [|yo — y; | 12(2) < €, with & sufficiently small.
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