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Abstract

In this note, we give a description of the graded Lie algebra of double derivations of a path algebra as a
graded version of the necklace Lie algebra equipped with the Kontsevich bracket. Furthermore, we formally
introduce the notion of double Poisson—Lichnerowicz cohomology for double Poisson algebras, and give
some elementary properties. We introduce the notion of a linear double Poisson tensor on a quiver and
show that it induces the structure of a finite-dimensional algebra on the vector spaces V;, generated by the
loops in the vertex v. We show that the Hochschild cohomology of the associative algebra can be recovered
from the double Poisson cohomology. Then, we use the description of the graded necklace Lie algebra to
determine the low-dimensional double Poisson—Lichnerowicz cohomology groups for three types of (linear
and nonlinear) double Poisson brackets on the free algebra C(x, y). This allows us to develop some useful
techniques for the computation of the double Poisson—Lichnerowicz cohomology.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction

Throughout this paper we will work over an algebraically closed field of characteristic 0 which
we denote by C. Unadorned tensor products will be over C. We will use Sweedler notation to
write down elements in the tensor product A ® A for A an algebra over C.
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A double Poisson algebra A is an associative unital algebra equipped with a linear map
{——}ARA—->ARA

that is a derivation in its second argument for the outer A-bimodule structure on A ® A, where
the outer action of A on A ® A is defined as a.(a’ ® a”).b := (aa’) ® (a’b). Furthermore, we
must have that {{a, b}} = —{{b, a}}° and that the double Jacobi identity holds for all a, b, c € A:

fla. tto. W) © (. e} + (e )" @ {{b. (e, al)'}
+ e tta. b} )" ® . b} ® flc. fta. b} =O0.

where we used Sweedler notation, that is {{x, y}} = > _{{x, y}} ® {{x, y}} for all x, y € A. Such
a map is called a double Poisson bracket on A.

Double Poisson algebras were introduced in [12] as a generalization of classical Poisson
geometry to the setting of noncommutative geometry. More specifically, a double Poisson bracket
on an algebra A induces a Poisson structure on all finite-dimensional representation spaces
rep,(A) of this algebra. Recall that the coordinate ring Cl[rep, (A)] is generated as a com-
mutative algebra by the generators a;; for a € A and 1 < i, j < n, subject to the relations
Z.,' a;jbjr = (ab)i. For each n, the Poisson bracket on the coordinate ring C[rep,, (A)] of the
variety of n-dimensional representations of A is defined as {a;;, bi¢} := {{a, b}}; ; {{a, b}}/,. This
bracket restricts to a Poisson bracket on C[rep, (A)]®%, the coordinate ring of the quotient vari-
ety iss, (A) under the action of the natural symmetry group GL,, of rep, (A).

In case the algebra is formally smooth (i.e. quasi-free in the sense of [4]), double Poisson
brackets are completely determined by double Poisson tensors, that is, degree two elements in
the tensor algebra T4 Der(A, A ® A). For example, the classical double Poisson bracket on the
double Q of a quiver Q is the bracket corresponding to the double Poisson tensor

0 0
Pom=2_ 5030
0

ac

and its Poisson bracket corresponds to the symplectic form on the representation space of the
double of a quiver used in the study of (deformed) preprojective algebras (see [3] and references
therein for further details on deformed preprojective algebras).

We will denote by Der(A) the space Der(A, A ® A) of all derivations of A, with value in
A ® A, for the outer A-bimodule structure on A ® A. This space Der(A) becomes a A-bimodule,
by using the inner A-bimodule structure on A® A:if § € Der(A) and a, b, c € A, then (adb)(c) =
§(c)b®ad(c)”.

As in the classical case, it is possible to define Poisson cohomology for a double Poisson
bracket. This was briefly mentioned in [11] and will be formalized and illustrated in this note.
More specifically, in Section 2, we will recall and formalize the definition of the double Poisson
cohomology from [11]. We will then give, in Section 3, an explicit formulation of the Gersten-
haber algebra of poly-vectorfields and its noncommutative Schouten bracket for the path algebra
of a quiver in terms of its graded necklace Lie algebra equipped with a graded version of the
Kontsevich bracket. This description will first of all be used to define and classify linear double
Poisson structures on path algebras and quivers in Section 4. On the free algebra in n variables,
treated in Section 5, this classification becomes
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Proposition 1. (See Proposition 10, Section 5.) There is a one-to-one correspondence be-
tween linear double Poisson brackets on C(xy, ..., x,) and associative algebra structures on
V =Cx| & ---® Cxy,. Explicitly, consider the associative algebra structure on V determined by

n
e k
Xixj = CijXks

i,j.k=1
where cf.‘j € C, forall 1 < i, j,k < n, then the corresponding double Poisson bracket is given by

n
{{xi, xj)} = Z(Cf'(jxk 1 — C];il ®xk),
k=1

which corresponds to the Poisson tensor:

P N k00
= D g g
i,j.k=1 )

Next we show there is a connection between the Hochschild cohomology of finite-dimensional
algebras and the double Poisson cohomology of linear double Poisson structures. We obtain

Theorem 1. (See Theorem 3, Section 5.) Let A = Cx; @ - -- @ Cx,, be an n-dimensional vector
space and let

= Cije o
i et 0x; 0x;

be a linear double Poisson structure on TcA = C(x1, ..., x,). Consider A as an algebra through
the product induced by the structure constants of P (the cf.‘j € C) and let HH®(A) denote the
Hochschild cohomology of this algebra, then

(Hp(ITcA)), = HH*(A).

Here the grading on (H} (TcA)) is induced by the grading on (%)u which is defined
cAITe
through deg(x;) = 1.

From the appendix in [12] we know that the double Poisson cohomology of a double Poisson
bracket corresponding to a bi-symplectic form (as defined in [2]) is equal to the noncommutative
de Rham cohomology computed in [1], which is a translation of a similar result in classical
Poisson geometry. In general, little is known about the classical Poisson cohomology and it is
known to be hard to compute. In Section 6, we will compute, using the description of the algebra
of poly-vectorfields in Section 3, the low-dimensional double Poisson cohomology groups for
the free algebra C(x, y), equipped with three different types of nonsymplectic double Poisson
brackets. This will in particular allow us to develop some tools (including a noncommutative
Euler formula, Proposition 12) and techniques, that seem to be useful for the determination of
the double Poisson cohomology.
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2. Double Poisson cohomology

In [8], Lichnerowicz observed that d,; = {7, —} with & a Poisson tensor for a Poisson man-
ifold M ({—,—} is the Schouten—Nijenhuis bracket) is a square zero differential of degree +1,
which yields a complex

045 O(M) &> Der(O(M)) > A2 Der(O(M)) &> .,

the homology of which is called the Poisson—Lichnerowicz cohomology. In this section, we
show there is an analogous cohomology on T4 Der(A) that descends to the classical Poisson—
Lichnerowicz cohomology on the quotient spaces of the representation spaces of the algebra.

In [12, §4], the notion of a differentiable double Poisson algebra was introduced. For an al-
gebra A, the noncommutative analogue of the classical graded Lie algebra ( /\O( M) Der(O(M)),
{—,—1}) of poly-vectorfields on a manifold M, where {—,—} is the Schouten—Nijenhuis bracket,
is the graded Lie algebra

Tp Der(A)/[Ta Der(A), T4 Der(A)][1]
with graded Lie bracket {—,—} := 4 o {{—,—}} where w4 is the multiplication map on A and

{{—,—1}} is the double Schouten bracket defined in [12, §3.2]. The classical notion of a Poisson
tensor in this new setting becomes

Proposition 1. (See [12, §4.4].) Let P € (T4 Der(A)), such that {P, P} =0, then P determines
a double Poisson bracket on A. We call such elements double Poisson tensors.

In case A is formally smooth (for example if A is a path algebra of a quiver), there is a one-
to-one correspondence between double Poisson tensors on A and double Poisson brackets on A.
For a double Poisson tensor P = § A, the corresponding double Poisson bracket is, for a, b € A,
determined by

fla, bl p =8(a)' A8(a)"(b) — Ala)' 8 Aa)" (D).
In order to obtain the noncommutative analogue of the classical Poisson—Lichnerowicz coho-
mology, we observe that T4 /[T4, T4][1] is a graded Lie algebra, so it is a well-known fact that
if P satisfies {P, P} =0 the map
dp :={P,—}:Ta/[Ta, TaAlll] = Ta/[T4, Talll]

is a square zero differential of degree +1. This leads to

Definition 2. Let A be a differentiable double Poisson algebra with double Poisson tensor P,
then the homology Hp (A) of the complex

0225 Ty /[T, Tall1lo 22> T /[Ta. Tall1]) > Ta/[Ta. Talll], 22> - -

is called the double Poisson—Lichnerowicz cohomology of A.
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Analogous to the classical interpretation of the first Poisson cohomology groups, we have the
following interpretation of the double Poisson cohomology groups:

Hg(A) = {double Casimir functions}

:={acA|amod[A, Ale Z(A/[A, Al)},

H ,13 (A) = {double Poisson vector fields}/{double Hamiltonian vector fields},

where in analogy to the classical definitions, a double Poisson vector field is a degree 1 element
8 € Ta/ITa, T4] satisfying { P, §} = 0 and a double Hamiltonian vector field is a degree 1 element
of the form {P, f} with f € A/[A, A]. Indeed, let us illustrate the first claim. We have fora € A
that

(8A,a} =+A(a)8A@@)" —8(a) AS(a)”
whence for any P € (T4 Der(A)), we get
{P,a}(b) =—{{a,b}}p
so if P is a double Poisson tensor and this expression is zero modulo commutators then
a mod[A, A] is indeed a central element of the Lie algebra (A/[A, A], {—,—}p).
Let A be an associative algebra with unit. From [12, §7] we know that the Poisson bracket
on rep,, (A) and iss, (A) induced by a double Poisson tensor P corresponds to the Poisson ten-

sor tr(P). We furthermore know that the map tr: T4 /[T4, Tal[1] — /\ Der(O(rep,(A))) is a
morphism of graded Lie algebras, so we have a morphism of complexes

0 > (Ta/[Ta, Talo — > (Ta/ITa TAD1 — > (To/[Ta. Tal2 ——> -

L

O(rep, (A)) — = Der(O(rep,(A))) — = A2Der(O(rep, (A))) —= -+

0

which restricts to a morphism of complexes

d d
0 —= (Ta/[Ta. Talo ——= (Ta/[Ta. TAD1 — = (Ta/[Ta. Tal)g ——> ---

ln in lm
de(p) dyp

O(iss, (A)) Der(O(issy (A))) —— > A2 Der(Oiss, (A))) — -

0

So there is a map from the double Poisson-Lichnerowicz cohomology to the classical Poisson—
Lichnerowicz cohomology on rep, (A) and iss; (A).

Remark 1. It is a well-known fact that in classical Poisson cohomology, because of the bideriva-
tion property satisfied by the Poisson bracket, the Casimir elements form an algebra. The higher
order cohomology groups all are modules over this algebra. Note that in case of double Casimir
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Fig. 1. Lie bracket [w{, w>] in NQ.

elements, this no longer is the case, as for two double Casimir elements f and g of a double
Poisson tensor P, we have

{P. fehy=fUP. g} +{{P.fllg whence (P, fg}e f[A, Al +[A, Alg Z£[A, A].

It is a natural and interesting question to ask whether the map from the double Poisson coho-
mology to the classical Poisson cohomology is onto or not. For finite-dimensional semi-simple
algebras it is onto (see [11]), but for some of the double Poisson brackets considered in Section 6,
the map is not onto.

3. NC multivector fields and the graded necklace Lie algebra

For a quiver Q, the necklace Lie algebra was introduced in [1] in order to generalize the
classical Karoubi—-De Rham complex to noncommutative geometry. We will briefly recall the
notions from [1] needed for the remainder of this section.

Definition 3. For a quiver Q, define its double quiver Q as the quiver obtained by adding for
each arrow a in Q an arrow a* in the opposite direction of a to Q.

Now recall that the necklace Lie algebra was defined as

Definition 4. The necklace Lie algebra Ny is defined as Ng := CQ/[CQ, CQ] equipped with
the Kontsevich bracket which is defined on two necklaces w; and w, as illustrated in Fig. 1.
That is, for each arrow a in w;, look for all occurrences of a* in w;, remove a from w; and a*
from w; and connect the corresponding open ends of both necklaces. Next, sum all the necklaces
thus obtained. Now repeat the process with the roles of w; and w, reversed and deduct this sum
from the first.

Now consider the following grading on CQ: arrows a in the original quiver are given degree 0
and the starred arrows a* in Q are given degree 1. We now can consider the graded necklace
Lie algebra (C@/ [CO, (C@]wper equipped with a graded version of the Kontsevich bracket, as
introduced in [7].
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Pa Pa
. . . .
wi ) wyp )
7 7
s /
e — —a q2 e — —a
dl d2 a
Z (=) + (—=1)%
ag0 ptzl* e — — g* P;* e — —g*
N N
N N
wy L] wy .
. . e .
Q2* ql:*

Fig. 2. The graded Kontsevich bracket {w1, w;} in ng. The dashed links, the beads in between these links (denoted
as a and a* = %) and the round ornamentation are removed and the open necklaces are connected as indicated. The

exponents used are dj = (lwi| — 1)|p2| + |pallgs| + 1 and dZ = (lwa| — D|p2] + [pLellg)el.

Definition 5. The graded necklace Lie algebra is defined as
np = CQ/[(CQ» Cé]super

equipped with the graded Kontsevich bracket defined in Fig. 2. Monomials in ng are depicted
as ornate necklaces, where the beads represent arrows in the necklace and where one bead is
encased, indicating the starting point of the necklace.

An example of an ornate necklace is

representing the element fgAhA if we let o represent § and e represents A. The identities
coming from dividing out supercommutators then look like

o—8& 8
\.:f)g N
N

e — ) e — )

This graded necklace Lie algebra is the noncommutative equivalent of the classical graded
Lie algebra of multivector fields.
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Theorem 1. Let Q be a quiver, then
Tco Der(CQ)/[Tcp Der(CQ), Tep Der(CO) | Zng
as graded Lie algebras.

Proof. From [12] we know that the module of double derivations Der(CQ) is generated as a
CQ-bimodule by the double derivations %, a € Q1, defined as

0 . Jew®enw, b=a,
ﬁ(b)_{o, b+#a.

Now note that we may identify % with an arrow a* in Q in the opposite direction of a: % =
€ha) %et(a), so Tcp Der(CQ) = CQ. The arrows a* correspond to the degree 1 elements in the
tensor algebra and the original arrows to the degree O arrows. That is, supercommutators in the
algebra on the left correspond to supercommutators in the algebra on the right.

Now note that the NC Schouten bracket on a path in Q becomes

n—1

Y _(=nlalttala; aila*, g Yaiv .y
i=0

{a*,a1...a,})

n

Z (= DlaltHailg, g Q®ait2...ay,

i=0,a;11=a

where ag = f(ap). But this is the graded version of the necklace Loday algebra considered in [12].
This becomes the graded necklace Lie algebra when restricting to closed paths and modding out
commutators. O

An immediate corollary of the theorem above is

Corollary 6. A nonzero double bracket on the path algebra CQ is completely determined by a
linear combination of necklaces of degree 2.

For the remainder of the paper, we will assume the brackets to be nonzero.
4. Linear double Poisson structures

In classical Poisson geometry, linear Poisson structures are defined on C" through a Poisson
tensor of the form

P
T =C,~jxk— N —,
ax,- ax]'

where we use Einstein notation, that is, we sum over repeated indices. For this expression to be

a Poisson tensor, the constant factors cf.‘/. must satisfy
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h
]kchz + thch] +C Chk =0,

ie. cf.‘j are the structure constants of an n-dimensional Lie algebra.

In order to translate this setting to NC Poisson geometry, we first of all note that the role of

affine space is assumed by the representatlon spaces of quivers and the bivector - A i is

replaced by the degree 2 part of a necklace, -2 3a %, by Corollary 6. We define

Definition 7. Let Q be a quiver. A linear double bracket on CQ is a double bracket determined
by a double tensor of the form

with all ¢j;. € C. Note that the condition a5 ah ac 75 0 e ng means h(a) = h(b),t(b) = h(c) and
t(c) =t(a).

We can characterize the linear double Poisson brackets as follows.

Theorem 2. A linear double bracket

9 0
Pin = Z 35 3¢

is a double Poisson bracket on CQ if and only if for all p, q,r,s € Q1 such that p% a% aa_s #0¢e
ng we have

x P Py
§ : CrsCqx — E CysCqr»

erE”"””) yegiqr,p .5)

where
(p.q.rs) _ ’ ii 9 9 0
Qi {ate Coros Pogoa? 0N
and
(qr.p.s) _ ‘ d 3 9 9
€ —— 0e
2 {“ Ol or Poans 7 0EMe

Proof. We have to verify when { P}, Piin} = 0 modulo commutators. First of all observe that a
straightforward computation yields that for any x, y, z, u, v, w € Q
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39 9 9 3 9 9 N a9 9

X—— U —— (= U——— X———
dy 9z’ Qv dw M ovayoaz Ty dvow
3 3 0 3 0 9

— uyxaﬁa—z — Xvu@a_zﬂ

modulo commutators. Next, note that this equality implies that {le, le} lies in the subvector
space of ng that has as basis B all ornate necklaces of the form p- 8 3 % with p,q,r,s € Q1
and where p is the encased bead. We now write

Jd 0
{PhnaPhn}—Z Z{ :z ayaZ gw Bvaw}

X,Y,ZU,V,Ww

d d 0
_Z<Z yzvx 8v8y8z ;ysz 58_1)3—11)

X,,2
9 9 9 8D
_chz Cow 81)%8_1_20)%6}””“5&%)7

where in order to lighten notation, we do not explicitly write down the additional restrictions on
Xx,y,z,u,v,w for a cyZ and ¢}, to be defined. Regrouping this expression with respect to the
d 0 9

basis Pagar 55> We get

0 9 0

Piin, Piin} = 2 cr CP _ CP C} —

(Pin, Plin] HZ, ‘ ( 2 e Z war )P g or as
Pag 35 €B ergp,q,m yeQ(,""”‘”

where the summation sets simply list which coefficients are defined. Equating this last expression
to zero concludes the proof. O

We have the following immediate corollary for the induced Poisson bracket on the represen-
tation and quotient spaces.

Corollary 8. Let P, be a linear double Poisson bracket, then the induced bracket tr(Pji,) on
rep,, (CQ) and on iss, (CQ) is a linear Poisson bracket.

Proof. This is immediate from the definition of the induced bracket. O

Note that this proof immediately indicates that not all linear Poisson structures are induced
by linear double Poisson structures, as the condition on the coefficients of the latter is more
restrictive than the condition on the coefficients of the former. We even have

Corollary 9. With notations as above, let Py be a linear double Poisson bracket and v € Qy,
then Py induces an associative algebra structure on the vector space generated by all loops
inv.

Proof. It suffices to observe that the condition in Theorem 2 exactly determines the structure
constants of an associative algebra structure on the loops in a vertex. 0O
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5. Cohomology of linear double Poisson brackets and Hochschild cohomology

In this section, we will first of all specialize the description of linear double Poisson brackets
obtained in the previous section to the free algebra in n variables. Then, we will give a link be-
tween the double Poisson cohomology of such linear double Poisson brackets and the Hochschild
cohomology of the corresponding associative algebra.

First of all observe that Corollary 9 becomes much stronger for the free algebra in n variables.

Proposition 10. There is a one-to-one correspondence between linear double Poisson brackets
onC(xy, ..., x,) and associative algebra structureson V.= Cx| @ - - - ® Cx,,. Explicitly, consider
the associative algebra structure on 'V determined by

n
— E: k
XiXj = cl-jxk,
i,j,k=1

then the corresponding double Poisson bracket is given by

n
{{xi,xj = Z (Cf-(jxk ®1-— c’]‘-il ® xi).
i.jk=1

Proof. This holds because the free algebra in n variables is the path algebra of the quiver Q with
one vertex and n loops, for which we have Qgp’q’”) = ng”’”) =0,. O

As a corollary we obtain for the noncommutative affine plane.

Corollary 11. Up to affine transformation, there are only 7 different linear double Poisson brack-
ets on C{x, y). Their double Poisson brackets are

a d a 9
Pl 0
dx dx dy dy

CxCe? _ d 9
lin X5

ax ox’
0 d 0 0 Jd 0
P(.C@(CEZZ —_——ty———4y——,
lin xaxax yaxay yayax
J0 0
pCeeCe® _ ¢ 7
lin d0x 0x
B 99 30

P' = __+ PR
fin xaxax yaxay
B2 90 9 0

P =x——+y——,
lin x8x8y y8y8y

CeZpCe? _
P =0.
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Proof. This follows immediately from Proposition 10 and the classification of all (nonunital)
2-dimensional associative algebras obtained in [6]. The upper indices of the brackets listed here
correspond to the algebra structures they induce. O

Moreover, there is a direct connection between the Hochschild cohomology of the finite-
dimensional algebra and the double Poisson cohomology of the free algebra.

Theorem 3. Let A = Cx| & - - - ® Cx,, be an n-dimensional vector space and let

E Ko —
ij
el 8x, ax]

be a linear double Poisson structure on TcA = C{x1, ..., x,). Consider A as an algebra through
the product induced by the structure constants of P and let HH®(A) denote the Hochschild
cohomology of this algebra, then

(Hp(ITcA), = HH*(A).

Here the grading on (Hy (TcA)) is induced by the grading on ([TTT%)I‘, which is defined
A ITe
through deg(x;) = 1.

. . T, .. .
Proof. First of all observe that we have a basis for (ﬁ)i 1 consisting of all possible
[Troa,Trpal’t
elements of the form

0 d d
Oxg, 0xk, axk

Xg-

Now consider the linear map

T
i ATRAT® - ®AT®A— <¢)
i factors [TTcA’ TTCA]

defined as

¢i (X, ®x, ® - ® X ®x¢) =

then ¢ := (¢;) is a morphism of complexes

d d
0 A AFQA ——= A*QA* QA — -
%0 i‘ﬂl iwz
TT(CA dp T(CA dp TTCA
0 ([TT(CAvTTCA])O'l ([TTCA Tral )1 1 ([TTCA,TT(CA])Z’1

where the upper complex is the Hochschild complex with d defined as
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n
d()c,’:I Qx5 ® - QX[ ®x¢) = Z CopXy ®XF QX ® - ® X, ® X

s,t=1

kr
+Z( 1" chtx,fl@ RN RN ® @] ®x¢

s,t=1 rth factor

n
+ (DT @, ® - ® X ®xF @ x1.

s,t=1

In order to see ¢ is a morphism of complexes, we compute

d d d i 0
P, — =(-D o H{P, xel}
axkl 8xk2 axk 0xk k1 8xki
T
e d d d

, —— . X0
0xk, 0xk, 0xy; ¢

b3

The first term in this expression is mapped by the multiplication on the tensor algebra to

a 0 0
. —{P, x¢}
Xk, 0Xk, axy,

- d 0 a
:(—l)l_ —Z( E)Cr Czsaxr>

Xy, 0xp,

u(Ty) = (=1)

- i e
- S, axs Bxkl dxg, | Oxg

r,s=1

Jd 0
—(—1)i .
=D rz e axkl Bxk2 " Oxg, 0xs

Xy

The second term in the expression is mapped to

i—1
9 9 9 9 9
w(T) =3 -1y . —{P—} L
g Oxg,  Oxg, 0xg,,y ) Oxp,yr  OXg;

R I DT S o
8xk| Oxp, 0xs dx; OX, ., oxy,

s,t=1

Adding these two expressions together indeed yields
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0 d d
d oyt ) =dp (i (5 @xF ® @
P<3Xk1 dxk, dx, )Cg) P(‘/’t (xkl Q X, @ -+ Q@ Xy, ®x4))

=<ﬂi(d(x;§, ®xp, ® - ® X, ® x¢)).

so we have a morphism of complexes. It is easy to see this is an isomorphism when restricting to
degree 1 terms in the lower complex, which finishes the proof. O

Remark 2. Note that Theorem 3 can be seen as the noncommutative analogue of the fact that
for a Lie—Poisson structure associated to a compact Lie group the Poisson cohomology can be
written as the tensor product of the Lie algebra cohomology with the Casimir elements of the
Poisson bracket.

The relation between higher degree components of the double Poisson cohomology and the
Hochschild cohomology of the corresponding finite-dimensional algebra is less obvious. How-
ever, we have

Theorem 4. With notations as in the previous theorem, there is a canonical embedding

H}(TcA) — Co P HH(A, A%F),
k>1

where the action of A on A% is the inner action on the two outmost copies of A in the tensor
product.

Proof. We have already shown in Theorem 3 that the Hochschild cohomology H H(A)
corresponds to the degree 1 terms in Hg(T(cA). We will now show that (Hg(TCA))k —
HHY(A, A®%). Consider the map

k—1
TcA
%o m — A%k X Q- Qx> del._.k)xl'l Q- QX
’ £=0

where for s € S; a permutation we define o5(a1 ® --- @ ax) ' =as(1) ® - -+ @ ask). It is easy to
see that this map is well defined. We will also need the map

T
Q1 (7%'4 ) — A* @ A®K
(Trea, Trcal )k

defined as
a *
O\ gy, i K =X ®xj; Q- Xy,

.. . . Tr~a
where we fixed a similar basis as in Theorem 3 for (#)1 k-
(Trea, Treal”h

Now compute for f = x;, ...x; (using Einstein notations)
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af 4 af / af 4 af
d — r r
ri) < Pagx, axg " P ox, O )axp

k—1 // /
= r axiHl . ) 3X15+1
B “rq ox Kigya - - XigXiy - - Xi dx, Xr
s=0 q
i
" M X; Xi X o Bx,m 0
Tty Us s o s Mg AL e dxy ) 0xp
k—1
— r ) o 4
= (cpimxls+2 e X Xy X Xy
s=0
" xx o X x') a
[PERY Mt PR I ] St S U ] _
0xp
This is mapped by ¢ to
k—1
Z( Cpis1¥p P ®Xiy, ® - @i, ® Xy ® - ®Xi; ® Xy
s=0
— i ®X ® X, ® - @ Xy ®xiy ® - ® xiy).

On the other hand, we have

k—1
doo(f) =Y d(xi,, ® - ®X; ®x;, ® -+ @ x;)
s=0

=) (chi X @%@ X ®X; @ ®X;_, ® Xy

Clr3+1pxp X Xy @ D Xjy QXjy @+ ®xis)-
So, after reindexing the first term, we obtain d(¢o(f)) = ¢1(dp(f)), which finishes the
proof. O

6. Examples of H® and H! for several double Poisson structures on C(x, y)

In this section, we will determine the double Poisson cohomology groups H° and H!, of
three different double Poisson structures on the free algebra C(x, y). To do this, we will use
some tools and techniques that could be useful to compute other double Poisson cohomology
groups, associated to other double Poisson algebras.

In order to compute the double Poisson cohomology of C(x, y) with the different brackets
we will introduce below, the following noncommutative version of the Euler formula will prove
useful.
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Proposition 12 (NC-Euler formula). Let Q be a quiver, p a path in Q and a an arrow of Q, then

9
wo (aa—a>(p) = (deg, (p)) p-

Whence

9
> uo <aa—)(p) =plp,
a

ate

with | p| the length of the necklace.

Proof. From the definition of a %, for any pathin Q, of the formay-as - --a,—1 - a, (withn € N*
and ay, ay, ..., a,, some arrows of Q), we have:

9 da;
5(01-02 “Ap-1 - an)—Zal “Giyl-

= Z ap---aj—1- € (q) Q en(a) - i1 an

a=a;

n
= Z ap---aj—1 Qa1+ an

a=a;

So that, by definition of the inner product, we obtain:

8 n
(aa— (@r-az---an-1-an) = Zal"'ai—l®ai'ai+1“'an,
i=1

a=a;
proving the proposition. 0O

The rest of this section will be devoted to the determination of the low-dimensional double
Poisson cohomology groups H? and H' of the free algebra C(x, y), equipped with the following
(linear and nonlinear) double Poisson tensors:

(1) the linear double Poisson brackets Py = x5~ dx dx and x -+~ dx dx + yd— d_ for which the corre-
y dy
sponding Poisson bracket on rep; (C(x, y)) = Cl[x, y] is zero;
(2) the linear double Poisson brackets P; = x% % +y d‘i ;} or x % i + yﬁ d—, for which the
Poisson bracket obtained with the trace on rep; ((C(x y)) is a nontrivial P01sson bracket;
(3) the quadratic double Poisson bracket P = x4 x< which induces a quadratic (nontrivial)

dx™ dy
Poisson bracket on rep; (C(x, y)).
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d d d
6.1. The linear double Poisson tensors x - dx and x dx dx +Yoay

Let us first consider the linear double Poisson tensor, given by

Our aim, in this subsection, is to give an explicit basis of the double Poisson cohomology groups
Hgo (C{x, y)) and H},O (C(x, y)), associated to this double Poisson tensor Py.

First of all, let us consider the operator d?’o and the space quo (C(x, ).

Proposition 13. For f € C(x, y), we have
- df"df’ df’df’
dPO(f)_k(ﬁ ax ¥ T dx dx x)’
where o represents %. This leads to

Hp, (C(x,y)) = Clx] @ Clyl.

Proof. Let f € C(x, y) and let recall that Py denotes the double Poisson tensor Py = x d‘i d”i

Then, using the properties of the double Gerstenhaber bracket {—,—}}, given in [12, §2.7], we
compute the double Schouten—Nijenhuis bracket of f and Py:

d d
{s Po}}Z{{f X }}

il

d df// df/ df// df/d
Ydxdx Cdx  Ydx Tdx dx

so that, computing modulo the commutators, we obtain exactly

df’"d df"d
dpo(f)=u({{Po,f}})=(d_f d_f % %)d

Then, a 0-cocycle for the double Poisson cohomology, corresponding to Py is an element f €
C(x, y) satistying dp,(f) = 0, which means that

df//df df//df

L y—x—= L o,
dx dx dx dx
that is to say, the element d{C % € C(x, y) commutes with x, so is necessarily an element

of C[x]. According to the NC-Euler formula (Proposition 12), we have

d d 1 d //d
deg, () f = /w<x—>(f) j: é e% d—fx+[<C< .Clx, ],
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so that, modulo commutators, we either have deg, (f) = 0 and hence f € C[y], or f € C[x]. But
then

Hp (Clx.y) =Clxl®Ch]. O

Next, let us determine the first double Poisson cohomology group, related to Py. First of all,
observe that an element of (T (x,y)/[TC(x,y)> TC(x,y)])1 can be uniquely written as f% + g%,
with f, g € C(x, y). By a direct computation (analogous to what we did for dp,(f)), we obtain
the value of the coboundary operator dp, on such an element. We obtain that

d d
d%<f3;+g3;)=¢wf%+¢ﬂw,

where the operators @1 and @, from C(x, y) to (Tg(x,y)/[Tc(x,y)s TT(x,y)])2 are defined, for
/.8 € C{x,y), by:

o o o
. N AN
(pl(f) — _ 1+ %/x %//_ %/ x%//’ (1)
s /
°© o o
and
o e}
N AN
®y(g) = Z—ilx Z_i//_ Z—i/ x;,i—i//, )
s /
° °

where o represents % and e represents %. Now, to compute H 1130 (C(x, y)), we have to consider
elements f, g € C(x, y), satisfying the two independent equations: ®@{(f) =0 and ®,(g) = 0.
We first consider the second equation, @,(g) = 0. We then have

Proposition 14. The kernel of the linear map @3, from C(x, y) to (Tc(x,y)/[TC(x,y)» Tcix, 2 is
ker(@;) = C[y].

Proof. Let g € C(x, y) be polynomial in x and y, such that @;(g) = 0. Let us writedg =xgo+
vg1 + a, where go, g1 € C(x, y) and a € C. Then, we have z—i =1® go +x% + y% and the
equation @;(g) = 0 becomes:

o [e]
o

AN N AN
Oz(pz(g): g0+ x%/x %//4_ y%/x %//
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o o

doo! den!’ det! de "
— - x| oyl g

Then, we see that the term

has to cancel itself, which means that xgo =0 and g = yg1 +a € yC{x, y) + C.
Now, we know that we can write g = a + Zk>1 ykgk with, for any k > 1, g € xC(x, y) +C.

d kd kdgr! o dgi” .
We then have 2% =37 o y* ¥ =37 | y* 5% @ B¢ and the equation ®;(g) = 0 becomes

Dr(2)=0=")  V'®a(gn).
k>1

So that, for each k > 1, we must have @,(gx) = 0. But we have seen above that this implies
gr € yC(x, y) + C, while we have assumed that g; € xC(x, y) + C, thus g € C, for all k € N*.
We then conclude that g € C[y]. O

Now, let us study the first equation @1 (f) = 0. To do this, we will need the following

Lemma 1. Ler s € N* and (ki ka, k3, ... k) € (N, Let m = xkiykexks ... xkas-1yk ¢
C(x, y). We have

[¢]

N
di1(m) = Z xkL L ykai-n xkaion ykai .. ykas

i=1 /

[e]
(¢]
K \
- Z xkroyki-n xka@i-n ykai .. ykas 3)

i=2
o /

Next, let n = yK1 xk2yk3 ... ykas—1 ks € C(x, y), then
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&1(n) = — Z yki . xkei-n ykeion ki o ks

/5

+ Z yki oo xkaion ykai-n xkai .. xkos 4)

i=2 /

o

Proof. We will prove the first statement of the lemma. The proof of the second statement

is completely analogous. Let m = x¥1 yk2xks ... xkas—1yks e C(x, y), where s € N* and where
ki, ko, k3, ..., ks € N* are (nonzero) integers. First of all, we compute:
s kei-p—1

__Z Z xki .. k2(1 Dd ®x(k<2’ n—1- J)ykzx__,ykzs_

Then, by definition of @1, we have

/

@1(}1’[):— xkl...yklr 1

o
s kei-n—1 \
+ Z Z xkioykaion i+l xkai-n=I=p ykai . .. ykas

i=1 =0 . /
\

s kei-n—1
— Z Z xkioykai-n xkai-n=iykai ..y

i=1 j=0
o /

/

:—xk|...yk2-V 1
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o
s \
+ Z xki.. .ykZ(i—l)xk(Zi—l) ykzi .. .ykZS
i=1 _
o
o]
K \
— Z xkroykioy xkai-n ykai L ykas
i=1 /
(0]

which yields the formula (3). O

We will also need the following formula that gives a nice interpretation of dp,(m), where m
is a monomial like in the previous lemma.

Lemma 2. Let s € N* and (ki,kp, k3, ..., ks) € (N*)zs. We consider the monomial in C(x, y),

written as m = x¥1 yk2xks ... ka1 ykas Then, we have

X— — =

" / " / s
d_m d_m x — dm”dm - _ Zxkzi—l .. _kaxfly]stklykZ . ykZ(i—l)
dx dx dx dx .

=

N
+ ZykZi .. _ykzsxkl .. _ykZ(i—l)xk(Zi—l).

i=1

That is, d?’o (m) is obtained by considering all the cyclic permutations of the blocks x/ and y/
in m (together with the sign of the permutation) and multiplying the result by %.

Proof. Similar to the proof of the previous lemma, we have
dm s kei—n—1
ar ki L ykai-1) o J (k@i-n—1=j) ykai . .. ks
oY T e gyt
i=1  j=0

From this, it is straightforward to obtain Eq. (5). O

We are now able to determine the first double Poisson cohomology group of the double Pois-
son algebra (C(x, y), Pp).

Proposition 15. Let us consider the linear double Poisson tensor Py = x% j—x on C{x,y). The
first double Poisson cohomology space, associated to Py is given by:

d d
1
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Proof. Let f f—x +g diy be a 1-cocycle of the double Poisson cohomology associated to the double
Poisson algebra (C(x, y), Py). We have seen that the cocycle condition can be written as:

{¢1(f) =0,
Dy(g) =0,

where the operators @1 and @; are defined in (1) and (2). According to Proposition 14, we know
that g € C[y]. Asforany h € C(x, y), dp,(h) € C(x, y) j—x, it is clear that the elements of (C[y]diy
give nontrivial double Poisson cohomology classes in H },O (Cix, y)).

Remains to consider the equation @;(f) = 0. First of all observe this equation implies f €
xC{x, y)y + yC{x, y)x 4+ C. In fact, suppose that there is a monomial in f that can be written
as x fox, where fy € C(x, y). Then, we have

[e] o
AN N \
@1 (xfox) =| x| Jox+ x‘fi'—’j?/x %”}H- 1
S 4 /

[e] o

| _dfy’ dfo” . _
XW XW X xf() X.

has to cancel itself, so that xfox has to be zero. Now suppose a monomial of the form yfyy
appears in f. We have

[e]

N AN N

/ " / i
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The term

AN

-yfy 1
~_

cannot appear in @1 (f) in any other way and hence has to vanish, i.e. yfyy has to be zero.
But then we know that f canbe writtenas f =)« f2s +a, wherea € Cand fp, € C(x, y)
is of the form

fos = Z Ckalykzka ks yk2s _ Z ELyﬁlxizyb . ylzs,lxézx ’
K=(ki,....k2s) L=(t1,....La5)
E(N*)zs G(N*)zs

where cx and ¢, are constants. According to Lemma 1, the equation @ (f) = 0 implies that, for
each s € N*, @1 (f25) =0 (i.e., @1 (fas) cannot be canceled by another @1 ( f,)).

Let us then consider the equation @1 ( f25) = 0. According to Lemma 1, by collecting the terms
of the form

..y
and of the form
[e]
\
x.-.y
/
[e]

(which have to be canceled by terms of the same form), we get the three following equations:

[e]

5 S
0= Z CK Z xkL L ykaia-n ykaion ykai ... ykas

K=(ky,....,ka5) i=1 /
o

E(N*)Zs

xkai . ykos 5)

7

N
+ Z cL Z yki . xkai-n ykai-n

o
L=(£y,...,L2) i=l
E(N*)Zs o
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and
(]
s \
0= Z CK Z k.. .ykZ(i—l) xk(Zi—l)ykZi .. .yk2s_ (6)
K=k, ko) i=2
E(N*)z’? ° /

From Eq. (5), we conclude, as the first sum cannot cancel itself, that, foreach 1 <i <s

o
Z ck | xkr.. . ykai-n xkai-n ykai ... ykas
K=(ky,....k2s)
e ° -
o \
= — Z CK yk21 ykZA xk] . xk(zl‘,])
K=(ky,....kas)
E(N*)ZA ° /
o
=— Z ‘L ykl .. .ka(i—I)yk(zi—l) xkai L ke
L=(ty,...,L25)
(N> o ~
and this can only happen if, for each 1 <i <s:
Z C](ykzi . ykzsxk] cooxkei-n = Z ELykl oooxkes (7)
K=(ky,..., kas) L=({y,..., )
G(N*)ZY E(N*)Zv

Then, in Eq. (6), the sum obtained for 2 < i < s has to be canceled by the one obtained for the
s—i+2ie.,

o \
Z ck | xkr...ykai-n xka@i-n ykai ... yhos
K=(k,....kas)
e(NH) o /
[e] \
=— Z ck | xkai-v ykai ... ykas xkLykaion

K=(ky,....ka) /

E(N*)Zs o
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o \
= Z ck | xkr. .. ykas—ivy xkae-0+3) ykae—ita) ... yhos
K=(ky,....ka5)
e(N*)ZS o /

when written with exactly 2(s — i 4 1) blocks of the form x/ or y/ in the box. This implies, for
each 2 <i <, that

— Z cxxk@i-n L yka ke pkaion — Z cixk. . yks, 8)
K=(kp,....k2s) K=(ky,....kas)
G(N*)Z.Y E(N*)Zs
Now let
hagi= Y cgxly e Clx, y).
K=(ky,....ka5)
E(N*)ZS

According to Lemma 2, we have:

dhag ,/thS/ dhog Nths/
X —X
dx dx dx dx

- _ Z Z CkaZi—l . ,kaSflykZSxklykZ . ykZ(i—l)

+ Z Z cKyka -.-yklsxkl ...ykZ(ifl)xk(Zi—l).

From Egs. (7) and (8), we obtain

dhog Nths/ dhog //ths/ f
X —x = —sf.
dx dx dx dx 2

According to Proposition 13, this yields
d d d 1 d
— = — — =dp,| ——h —_—,
T = L P tag P"( s 2s> AP
seN*
and we conclude that H}JO (C(x,y)) ~ (C% =) (C[y]diy. O

An analogous proof shows that
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Proposition 16. Let us consider the linear double Poisson tensor

_ dd dd
Pyi=PSC=x— " 4y —
o= = VY

on C{x, y). Then, we have:

H} (Clx, y) = Clx] & Cly]

and the first double Poisson cohomology space, associated to Py is given by:

d d
H. (Cx,y))~C—g@C—.
Po( x y)) dx ® dy

Remark 3. On rep; (C(x, y)), the double Poisson tensors Py = Pﬁxcez and Py = PIE]X(C induce
the trivial Poisson bracket. However, on rep, (C(x, y)) (n > 2) the double Poisson tensor Pl(-CX(C
is mapped (by the trace map) to the canonical linear Poisson structure on the product gl? x gl*.
For the Lie algebra gl,, we know [5] that the Lie algebra cohomology space H Ll (gl,; C) is of
dimension 1. To obtain the first Poisson cohomology group of gl} x g, we have to consider the
tensor product of H Ll (gl, x gl,,; C) which is of dimension two and the algebra of the Casimir’s of

gl x gl¥, which is an infinite-dimensional vector space. That is, the trace map from H }1; (Cix,y))
0

1 .
to H| ;. (rep, (C{x. ))) is not onto.

: . d d d d d d
6.2. The linear double Poisson tensors x - 7- + Yo v Xdxdy TVa

Now we consider the linear double Poisson tensor:

p PBZI d d n d d
=P =x——+y——.
! fin dx dx ydxdy

We will determine the double Poisson cohomology groups H?,l (C{x,y)) and H }.l (C{x,y)). We
begin by observing

Lemma 3. Let us consider the free algebra C{xy, ..., x,), associated to the quiver Q, with one
vertex and n loops x1, ..., x,. Foreach h € C(xy, ..., x,), we have

;((d—moxi>(h)_ <xi ° d_)c,)(h)) =h®1—-1Q®h

(where o denotes the inner multiplication). This can also be written as:

2”: ﬁ /)C'® ﬁ //_ ﬂ /®X' ﬁ ! _h®1_1®h
iz dxl- ! dx,- dx,- ! dxi - ’
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Proof. This can easily be seen from the definition of the d_ but it is also a particular case
of Proposmon 6.2.2 of [12], which states that the gauge element E of Q is given by E =

Za€Q|[da’ ] g

Now, let us first consider the double Poisson cohomology space Hgl (Cx, y).

Proposition 17. For f € C(x, y), we have

0 _ df//df/ d //d /
dp () =[o | vgb & —[ef—yiL 4.
This means that
H} (C{x,y)) =C.

Proof. In fact, by computing dp, (f) = {P1, f}, one obtains exactly:

0 _ df//df/ f//df/ df //df/ df ”df/
dPl(f)_k(ﬂ dx * T Xax dx dy ay VY E'Cydx ax -
According to Lemma 3, we have

f df// f df// df/ f// df df//
= =L 1 = —- — —_ 1.
= %n T %h T ®f=—"®x— + o 2% +f®

Applying —°P and p, this last formula gives:

df//df df//df/

dx dx dy dy Y=

df”df

dy dy’

A df!

dx dx

which leads to the expression for dp, (f) given above.

Suppose now that f is a 0-cocycle, that is to say dp, (f) = 0. This is equivalent to say that

df//df/ df//df
Yoo o =y =0,
dy dy dx dx
which yields
df//df df//df
dy dy dx dx
and
df‘//df/ df//df
ydy dy dx dx
This implies
df df// df df//
+ - € [Clx, ), Clx, »)].

dy dy dx
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Using the NC-Euler formula (Proposition 12), we can then write
feCa[C(x,y),Clx, )]

Finally, Hgl (Cx,y) = ker(dgl)/[(C(x, v), C{x, y)] = C, which concludes the proof. O

Let us now determine H ;’1 (C(x, y)). We will first use Lemma 3 to obtain a useful expression
for the coboundary operator d},l .

Lemma 4. Let f% + gdiy € (Te(x,y) /1T (x,y)s Te,y) D1, then

p p O\ VRN O\
d}’l<fﬁ+g5>:_ f+ y%”— 8
/ N .
o o .
| h dg” | | dr” h ar’ _ | dg’ b dg "
dy Yy Yix dx | dx Yax -
./ ./ ./

Proof. First, by computing dp, (f% + gdd—y) ={P, f% + g%}, one can write

d d
dpl<fa +g5> =(A)+(B)+(C)s

where

/
/
/

_ df/ df//_ df/ df// ﬂ/ ﬂ//
(4= I+ G & | ax i Tla Y av
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According to Lemma 3, we have

df’

L xR =

dx

and the same for g. Applying — o % (where o means the right inner multiplication) and then the

[e]

right (outer) multiplication by %, we obtain:

df’
E.X

ﬂ/
dx

df// ﬂ/
o T dy Y
df// ﬂ/
Xdx dy

. AN
_ d / d //_ d / d "
(B) = Pt ds” | ds X8
. /
°
[e] [e]
AN AN
d_g/ d_g// df// df/
+ dy Y dy Yax dx
/ /
[ ] °
°
N
_ _| dg’ dg”
O)=—2 v
e
°
df// df/ df// df/ df// df/ df//
Ly +1®@f=-—L @x— +-—— @y— 1,
I +dyy®dy+®f dx®xdx +dy®ydy +f®
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whence

!/ "
(A)=-1] f+| 4 v

A similar argument for g (applying — o % and then the right multiplication by diy) yields

(¢] [¢]
o

N N \
_ d_g/ d_g” df// df/
(B) = /g+ dy Yy +yﬁ dx
S /

Adding the expressions obtained for (A), (B) and (C), leads to the expression of d }31 f % +g diy)
stated in the lemma. O

Now we can consider the double Poisson cohomology space H }’1 Cix,y)) = ker(d})l)/

Im(dgl). To do this, let f % + gdiy € ker(dll,l) be a I-cocycle. According to Lemma 4, this
means

AN
!/ "
(A)=—1] f+ 4 y& =0, Q)
o O/
° ¢} o
N AN AN
_ de'! de! df’" dr’ _
(B)—— L e yae" | ydf ar' =0 (10)
[} / /
[ ] [ ]
and
[}
(€)=—| %’ y&" =o. (11)
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Equation (9) yields f = yf +a,witha e Cand f € C(x, y). Indeed, write f =y f +xh +a,
with f,h € C(x, y) and a € C. Then, as

(up to commutators), we have

o

N N N
_ = df’ df _
(Ay=—1] x|y Y4l | dh yai" =o.
4 v v

[¢]

For this equality to hold, the first term has to cancel itself, so that hhastobe zeroand f =y f +a.
A similar argument for Eq. (10) shows that g = yg, with g € C(x, y) (but, in contrast with f,
g cannot be a constant because
¢}

AN
1 1 #0).
/

Now, Eq. (11) becomes

AN
_ dg’ dg” _
© =z vie =%
/
[ ]
so that
ds
—g=m/®m”+m”®m/,
dx

with m’, m” € C{x, y) (using Sweedler notation). Using the NC-Euler formula (Proposition 12),
We can now write

. 1
8= m(m/xm” +m"xm’) + p(y), (12)
X

where p € C(y). Then, computing % again, we get
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"

1 dm’
/ " /" /I _ " / " /
mm' +m Qm _—degx(m/m”)—i—l(dx xm +m m +mx Jx

+ dm” ’ ” / " dm'
xm +m m +m'x—|,
dx dx

that is to say

dm’ dm”  dm” m’
deg. (m'm))m' @m” +m" @m’') = —xm” +m'x + xm' +m’x—.
(deg,( )i’ ® ®m) dx dx dx dx

o ! F _ _,dh" dn’
Now let h = —(m"xm'x + m’'xm"x) and k = —p(y)x and let us compute —yg.
-y %N%/. First, we have
dh dm” dm’
—_— = " xm'x —m”" @m'x — m”xix —m"xm' @1
dx dx dx
dm’ dm”
— 7 xm x —m' @m'"'x —m'x x—m'xm" 1,
x
dk = ®1
dx P

so that

d_h”ﬁ/ _ dm” " , dm” / , .
—y =2y xm'x +2ym'xm
dx dx
dm/ " 1 dm/ ' " /
+2y xm''x +2ym” xm’,
dx dx

=yp(y).

dk” dk’
dx dx
But, applying the left outer multiplication by x, —°” and p to Eq. (13), we obtain

(deg, (m'm"))(m"xm’ +m'xm")
dm’\" dm’\’ dm"\" dm”\’
=2 xm” x +2 xm'x .
dx dx dx dx

dh"dh’
v o= (degy (m'm"y 4+ 2) (ym'xm” 4+ ym" xm’).

This implies

In combination with (12) we obtain

. -1 dh" dh’ dk” dk’
8§=Y8= I /! Il Yo 5 Y
(deg, (m'm”) + 1)(deg, (m'm") +2)" dx dx dx dx

2197

13)

and
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Now, we want to write f in terms of fﬁ—;’, and g—]y‘. To do this, we will use Eq. (10). Using f =

y f + a and g = yg, this equation can be written as follows:

[e] [¢]

N AN

| as dz d dF
(B) =y YE v yaL =o. (14)

/ /

This implies

df_ dg//@g,g/
dx — dy “dy’

Using this expression and the NC-Euler formula (Proposition 12), we get:

1 df/ df//
df'df” dx dx
(deg,(7r 7v )+ D

—1 dg" dg'
B T dy ay T
(deg, (42'48") 1 1y dy ~dy

+1(y)

f:

where [ € C(y). Now, the expression for g obtained in (12) yields

N x (%) ()
f= am’ xm ' x
(deg, (%m”) +2)(deg, (m'm”) + 1) dy dy

2 dm"\" dm™\’
/
" (dog, (BTm m ((d )’”’”(d ))
(deg, (" m') +2)(deg, (m'm”) + 1) \\ dy y

l d 4 d !/
2 x—p +1(y).

(deg, (2"42") 41y dy ~dy

Now, as degx(%) = deg, (m’) (unless m’ € C(x), that is, unless ‘Z—’;, = 0), which also holds

for m”, we have exactly

/ % ((dm> ’ (dm’>’>
= m
(deg, (m'm”) +2)(deg, m'm") + ) \\ dy ) " *ay

2 dm"\" dm”\'
" (deg, (m"m’) + 2)(deg, (m'm") + 1) (( dy ) o x( dy ))

dp// dp/
s G |
dy "y +1(y)

_ 1 dh"dh’
- (deg, (m"m’) +2)(deg, (m'm"”) + 1) dy dy
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dk” dk’

= = 41
+ o d +1(y).
So that, if
= ! h+k
 (deg, (m"m’) + 2)(deg, (m'm”) + 1)
-1

(m"xm'x +m'xm’"x) — p(y)x,

= (deg, (m"m’) + 2)(deg, (m'm") + 1)

we have shown that

dL"dL’ ¥ d + 1) +
=—y— —, =y— — a.
8TV dx Yay ay TV
Finally, as for every n € N*, y" = yZi’ % with ¢ = ly” € C{y), the element yl(y) is of the
form y‘fj—g dQ , with O € C(y) (and in particular de Cé—g/ =0) and
FL e L+ 0+l
—tg—= a—.
dx gdy P dx

As % ¢ Imdol , we have shown

Proposition 18. The ﬁrst double Pozsson cohomology group of C(x, y), associated to the double
Poisson tensor P1 = xdx dx + ydx d is given by

d
H} (Cx, ~C—.
P ( {x,y >) dx
Remark 4. If we consider the double Poisson tensor

B P% d d L d d
= X— — —_—
fin dx dy ydydy

we obtain in a similar fashion to the computations above for P; = Phn2 s

d
0 ~ I 2
Hﬁl ~C and HP1 _(Cdy.
Let us now consider the (classical) Poisson bracket on C[x, y], associated to P, that is
tr(P) =m = y% A diy. According to [9] or [10], or by a direct computation, we have

d

H7(T)1((C[x’y])=(c’ H;I(C[x,y])z(CE,

H} (Clx,y])=0, foralli>2.

So that the map tr: H;,l (Cix,y)) — H;',l (C[x, y]) is bijective, for i =0, 1.
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6.3. The nonlinear double Poisson tensor P = x%xdiy

We conclude this section with the determination of the first two double Poisson cohomology
groups of a nonlinear double Poisson bracket on the free algebra in two variables.

Lemma 5. The double bracket {{—,—}} defined on C{x, y) as

fix.x}={y,y}=0 and {x,y}=x®x
is a double Poisson bracket.

Proof. FlI‘St of all note that this bracket is defined by the double Poisson tensor x -7- d < d v . Repre-

senting - by ) and = by o, this double Poisson bracket corresponds to the necklace P depicted
as

Remark 5. To stress the difference between double Poisson brackets and ordinary Poisson brack-
ets, note that y % y di is also a double Poisson tensor. However, taking higher degree monomials

in x or y no longer yields double Poisson tensors. Whereas, of course, for C[x, y], any polyno-

mial ¥ in x and y defines a Poisson bracket i j—x A %.

For the remainder of this section, P will be the double Poisson tensor xdix o . First of all,

observe that

Proposition 19. For f € C(x, y), we have

_ df//df/ d //d /
dP(f)_kxd_y Ex_kxdj; dﬁx-
This means that

Hg (C(x, y)) =C.
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Proof. The computation of dp(f) was already done in greater generality in Section 1. To com-
pute Hg (C{x, y)), note that

ﬂ”ﬂ/ _ df//df/ _
e xF Fr e g =0

implies
df//df/_ df//df/_
dx dx dy dy
But then
df//df df//df‘/ B
dx dx dy dy Y
This means

df df//+df df//

yTR TR € [C(x, ), Clx, y)],

which by the NC-Euler formula (Proposition 12) implies that
feCa[Clx,y), Cx, y)].
Now Hp(C(x, y)) = ker(d%)/[C(x, y), C{x, y)], finishing the proof. O
Next, we can state that

Lemma 6. Let f 4 + g € (Teqw, ) /[Teq,y, Tewy Di, then

J AN
ir(rt o) ( = ( g
/

o o [ ]

AN N AN

f// ﬂ/ d_g/ dg// dg’ dg//
| x Xdx dx x+ dy xdy dax * Xdx -

/ / /

=
|
|
|
|

We will denote this expression by (x).
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Proof. Straightforward. O

Using this lemma, we can determine the kernel of d },. So assume now that f % + gdiy €
ker(d},). First of all note that if dp(f % + gj—y) = 0, the third term in the expression () for

dp(f % + gdd—y) in Lemma 6 has to cancel itself and the sixth term in this expression has to
cancel itself. This implies (using the Sweedler notations)

d
% = xm’f ® m’;x +xm’j’~ ® mffx + n’j ® n’;x —i—xn;f- ® n}- +crl®l

4

with m’f,mf,n’}i e C{x, y), Cf,n/f € Cand

d
ﬁ:xm%@mgx—i—xm;f@m;x—}—n;,@ngx—}—xng@n;’,—}—cgl®1

with mg,, mg,ng e C(x,y), cg, n;’, eC.
Using the NC-Euler formula (Proposition 12), this implies

1

f= degy(m/fm/}) + 1

(o + iy )a
1 !/ " 1 /
+ W(nfynfx +xnfynf) +px)+cyry

and

1 /

g=———"—X (m xm’ +m! xm’ )x
deg, (mymy) +3~ "8 8

8 &

/
2ng

4
+ deg, () +2" 8" a0+ cpx.

Now note that for c sy, the first two terms of (x) yield

N AN
—cy[x] y—cr[V] x.
/ /

Because of the degree in x of the remaining terms, these terms cannot vanish unless ¢y = 0.
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Using this last remark and the expression for f above to compute % again, we obtain

df 1 dm/f " m @m' +m dm/}/"_i_dm/f/' ’
- = x ~ym'y +m', @m’ +m',y—= + —=ym’,
dy ~ deg,(n/ympy 11\ “dy * S TSI gy gy
/
+m// ®ml _"_m//ydmf X
f f f dy
+—1 /®”+/—dn/}+—dn/} e+ xns@n'

This expression should be equal to the first expression found for Z—§. That is,

xm/f ®m/}x +xm’; ®m/fx +n/f ®n/}x +xn/} ®n/f

1 dmlf ” ’ " ’ dm/f/' dml;- ’
N degy(m’fm/})+1x< dy ymf+mf®mf—|—mfyw+wymf
/
+m// ®m/ +m//ydmf X
f f f dy
1 / 4 / dn// dn/f/l / " /
whence, by comparing elements of the form x ...x we obtain
/ " 7 /
de (m/ m//)(m/ ®m//+m//®m/)_dmf - dmf +dmf m's +m dmf
Byt g\ p @My Mg @My ) = = Y T Y= T Ty Y Ty

and n’,ﬁ e C[x].
Letting y act on the equality obtained in the previous paragraph by the left outer action, we
obtain

! i
’on ’ 7 ” AN dmf ” ’ dmf
deg, (m'ymy) (ym'y @ m'y + ymy @ m'y) = y=y S ymy o+ ympy ==

dm’} . , dm/f
+y—Lyms + ym'ty—-L.
gy Y Imyy

This yields, using —°7 and u, the equality

deg, (m'ym) (m'pym'y +m'y ym's)

dm’ . \" dm’,\’ dm’.\" dm”. N\’
f " f S / S
(( dy ) ymfy( dy ) +< dy ) ymfy( dy ))
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_ 2 " /
Now let h = G )+ 2) (g, D) TF Y Y then

dh” dh’ 1

X— —Xx= #(xm’fym’}x +xm/}ym/fx)
dy dy degy(mfmf) +1

and
dh" dh’ 2 dm'y dmy
Ydx dx ¥ T (deg, (n';m’) + 2)(deg, (m’ m”)+1)x<< dx ) . fy< dx )
gy(m ym’y gy\m g g
dm’,\" dm';\'
f " f
+( dx ) ymfy( dx ))x
So, writing
d //d /
fi ;:f—xd— o =yp1(x) + p1(x)y + p(x)

with py:=Y " a;x" and p =" b;x' and

n dh”dh’
= X— — ,
81:=8 dx dx

we again obtain an element fid = t8i5 dy in ker(d ) by Proposition 19. Observe moreover that

x! fori > 2 can be written as x ‘Zh ‘fihl with i; = x'~2y, so we may assume (modifying f and

g by the image of a suitable 7) p(x) = b1x + bg. Now note that by has to be equal to zero as only
the first two terms of () contain bg and these do not cancel each other. That is, we may assume
px)=bix.

The image under dIlJ of this element becomes

n \ n
<f1i+gl_> Za’ yxi X — Zai xiy
i=1 ya i=1 Ve

[} L)
o o
AN no AN
yx/ + Zaiz xi—itly x/
e i=2  j=2 /
[ ] [ ]
o ° °
N N
/ "
[} / /
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Note that we canceled two terms
o) o
AN n
X — Z a;
ya i=1

AN
yx!
/

n
i=1

against the similar terms obtained in the second row of (x) for j =i in the first sum and j =1 in
the second sum.

Now observe that for n > 2, the terms in the second row of the expression above cannot be
eliminated by any other term because of the location of the y factor, whence a; =0 for i > 2.
That is, f1 =a(xy + yx) + p(x). Moreover, if a # 0, the expression

o) \ o \
ol eE e
/ S

can only be canceled if g; = g» + ay?®. That is, the image becomes

o [ ]

d
d _
P(fldx + g1

d
) ="’1

/

Now if b; # 0, this expression can only be zero if g» = g3 + by, and we get

x+

dgs
dy

(L L)
P\ 1o gldy =

dy

N AN

/
dga’

/

"

g _

xdy

dgo’

dx ¥

dﬁ”

X dx

dgs’

dx

N

S

dﬁ”

X dx

However, the first term in this expression can only be zero if % =0, so g3 € C[x]. Finally,

observe that in g3, we can cancel all monomials xi withi >2 using h = xi-1 (which does not

modify f in any way).
But then we have shown that

Theorem 5. For P as above, we have that

d d
H},(C(x,y)) ~ {(a(xy+yx)+bx)a —I—(ayz—l—by—i—cx—i—d)a ’a,b,c,de(C},

so in particular dim H}, (Cix,y)) =4



2206 A. Pichereau, G. Van de Weyer / Journal of Algebra 319 (2008) 2166-2208

Let us now consider the Poisson bracket that corresponds to the double Poisson tensor P =

x[j‘ixd ‘We then obtain the Poisson algebra (Clx, y], ), where m =tr(P) = xzi A %

According to [10], as the polynomial x is not square-free, the first Poisson cohomology space
H!(C[x, y]) is infinite-dimensional, so that

Corollary 20. The map Hl (Cix,y)) — r(P)((C[x y]) is not onto.

Let us give an explicit basis for this vector space H; (C[x, y]), in order to make explicit this
map.

First of all, we recall that the Poisson coboundary operator is given by: df; =
{m,—}: /\k Der(Clx, y]) — /\k+1 Der(C[x, y]), where {—,—} denotes the (classical) Schouten—
Nijenhuis bracket and Der(C[x, y]) denotes the C[x, y]-module of the derivations of the com-
mutative algebra C[x, y].

We have, for f, g, h € C[x, y],

POy w24 d dhd
=X _ — 1,
T dydx dxdy

()t )
8y )~ dx " d dx N dy

So that

HY(Clx, y]) {h € Clx, y] dh_ dh —o} ~C,

dy —dx
{(f,) € Clx, yP* | xX*(4k + §) — 2xf =0}
(=3 ) | heClx, y1) '

H; (C[x, y]) ~

It is clear that the coboundary operator df; is an homogeneous operator for example if f and
g are homogeneous polynomial of same degree d € N, then d; N f ot dv) is given by an

homogeneous polynomial of degree d + 1, in factor of T —) This implies that we can work
“degree by degree” and consider only homogeneous polynomlals. We recall the (commutative)

Euler formula, for an homogeneous polynomial g € C[x, y]:

dq

dq
99 4 _ g 15
- +ydy eg(q)q. (15)

Let us consider (f, g) € C[x, y]z, two homogeneous polynomials of same degree d € N, sat-
isfying the 1-cocycle condition xz(% + Z—‘s) = 2xf, equivalent to x(% + Z—i) =2f. We divide

f and g by x? and obtain:

f=x*fi+xfr+ 5,  g=x’g1+xg+g
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with f1, g1 € Clx, y] and f>, f3, g2, g3 € C[y], homogeneous polynomials. Then the 1-cocycle
condition becomes:

dg, d
X2 f1+f 981 OB L A8 s 2,
dy dy dy

that leads to f3 =0 (because f3 € C[y]) and

df1 g1 dgr  dgs
+f dy +x dy + dy b

We then have also f> = dg* and x %L df L4 x2iL dg L+ 4 dgz = 0. This equation then implies that % =0,

ie., g2 € C and also df L = dg 1 Suppose now that d > 2 and let us consider the polynomial
h:=yfi —xg1. We have using the Euler formula (15) and the last equation above,

dh _dh L o ds__dsv A8 ),
dx  “dx o' T ax d =7 b
dh dfi dg dfi fi

oo UL L LI R |

dy fi J xdy i+ 7 +xd ( ) fi

‘We have obtained that, if d > 2, then xz(fl = T & dy) = do( h). Moreover, g3 is an homoge-

neous polynomial of degree d, in C[y], so that g3 = c3y?, with c3 € C. We have also seen that
f3=0, = % = C3dyd_1 and go = € C.

It remains to consider the cases where d = 1 and d = 0. First, if d =0, i.e., f, g € C, then the
1-cocycle condition is equivalent to f = 0, second, if d = 1, we have (f, g) = (ax+by, cx+dy),
with a, b, ¢, d € C and the 1-cocycle condition says that « = d and b = 0. We finally have obtain
the following

Proposition 21. The first Poisson cohomology space associated to the Poisson algebra
Clx, yl, = :xZ% A j—y) is given by:

(C[x y] @C GB(C(O x).
keN

The image of the double Poisson cohomology under the canonical trace map in the classical
cohomology now becomes

Corollary 22. For the double Poisson tensor P = xj—xxj—v we have

tr(P) (C[x Y] @C EBtr(HP((C(x,y))),
k>3

that is

tr(Hp (Clx, y))) = C(2yx, y*) & C(x, y) ® C(0,x) & C(0, 1).
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