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Since it can describe the rotation curves of galaxies without dark matter and can give rise to accelerated
expansion, conformal gravity attracts much attention recently. As a theory of modified gravity, it is
important to test conformal gravity with astrophysical observations. Here we constrain conformal gravity
with SNIa and Hubble parameter data and investigate whether it suffers from an age problem with the
age of APM 08279+5255. We find conformal gravity can accommodate the age of APM 08279+5255 at
3σ deviation, unlike most of dark energy models which suffer from an age problem.

© 2013 Elsevier B.V. All rights reserved.
1. Introduction

Many astronomical observations indicate that the Universe is
undergoing late-time acceleration. An unknown energy compo-
nent, dubbed as dark energy, is usually proposed to explain the
accelerated expansion. The simplest and most attractive candidate
is the cosmological constant model (ΛCDM). This model is con-
sistent with most of current astronomical observations, but suf-
fers from the cosmological constant problem [1], as well as age
problem [2]. It is thus natural to pursue alternative possibilities
to explain the mystery of the accelerated expansion. Over the
past numerous dark energy models have been proposed, such as
quintessence, phantom, k-essence, quintom, tachyon, etc. Rather
than by introducing a dark energy, modified gravity, such as f (R)

theories (for reviews, see e.g. [3–6]), f (T ) theories (see e.g. [7,8]),
and f (R, Rμν Rμν) [9–11] theories, are proposed as ways to obtain
a late accelerated expansion by modifying the Lagrangian of gen-
eral relativity. Conformal gravity (CG, following the original work
by Weyl [12], for reviews, see [13–15]), as a special f (R, Rμν Rμν)

theory, can give rise to accelerated expansion [16]. It was also
claimed that CG can describe the rotation curves of galaxies with-
out dark matter [17]. A static solution for a charged black hole in
CG was presented in [18]. Perturbations in the cosmology associ-
ated with the conformal gravity theory were investigated in [19].
It had been shown that currently available SNIa and GRB samples
were accommodated well by CG [21]. Although CG attracts much
attention, it is also confronted with some challenges. It was ar-
gued in [22] that in the limit of weak fields and slow motions CG
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does not agree with the predictions of general relativity, and it is
therefore ruled out by Solar System observations (recently, how-
ever, it was indicated in [23] that conformal gravity can potentially
test well against all astrophysical observations to date). CG cannot
describe the phenomenology of gravitational lensing [24] and of
clusters of galaxies [25]. CG is not able to explain the properties
of X-ray galaxy clusters without resorting to dark matter [26]. CG
cannot pass the primordial nucleosynthesis test [27], however, this
is an open problem, because all the possible mechanisms produc-
ing deuterium are still incomplete.

Besides the dark energy problem, the age problem is another
important test for cosmological models. A spatially flat Friedmann–
Robertson–Walker (FRW) universe dominated by matter (with age
T = 2/3H0), for example, is ruled out unless h < 0.48 (h =
H/100 km s−1 Mpc−1) [28], compared with the 14 Gyr age of the
Universe inferred from old globular clusters. Introducing dark en-
ergy cannot only explain the accelerated expansion, but also rec-
oncile the age problem. However, the discovery of an old quasar
APM 08279+5255 at z = 3.91 which was initially estimated to
be around 2–3 Gyr [29] and re-evaluated to be 2.1 Gyr [30] has
once again led to an age problem for cosmological models, such as
ΛCDM [30,31], the creation of cold dark matter models [32], Λ(t)
model [33], the new agegraphic dark energy [34], parametrized

variable Dark Energy Models [35,36], the f (R) =
√

R2 − R2
0 model

[37], quintessence [38,39], holographic dark energy model [40,41],
braneworld modes [42–45], and other models [46–48]. Most of
these researches imposed a priori on the Hubble constant H0, or
on the matter density parameter Ωm0, or on other parameters. To
a certain extent, the age problem is dependent on the values of
H0 or Ωm0 one takes. In [2], the age problem in ΛCDM had been
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investigated in a consistent way, not any special values of Ωm0 or
H0 have been taken with prejudice.

As a theory of modified gravity, it is important to test confor-
mal gravity with astrophysical observations. Here we aim to test
CG with observational data including the age of APM 08279+5255.
Following [2], we obtain directly observational constraints on pa-
rameters from SNIa and H(z) data in the framework of the CG,
then investigate whether it suffers from an age problem in the pa-
rameter space allowed by these observations.

The structure of this Letter is as follows. In Section 2, we review
the cosmology in CG. In Section 3, we consider constraints on the
parameters of the cosmology in CG from SNIa and H(z) data, and
use the best-fit values to discuss the “age problem”. Conclusions
and discussions are given in Section 4.

2. Cosmology in conformal gravity

The action of CG with matter is given by

I = −αg

∫
CμνκλCμνκλ√−g d4x + Im, (1)

where αg is a dimensionless coupling constant and Cμνκλ the Weyl
tensor. This action is invariant under local conformal transforma-
tions: gμν → e2α(x) gμν . This symmetry forbids the presence of any
Λ

√−g d4x term in the action, so CG does not suffer from the cos-
mological constant problem. Secondly, since αg is dimensionless,
unlike general relativity CG is renormalizable [15]. Thirdly, though
the equations of motion are fourth-order, CG is a ghost-free the-
ory [49]. However, CG is also confronted with some challenges as
discussed in the previous section. The matter action can be of the
form [27,50]

Im = −
∫ √−g d4x

×
[

1

2
S;μS;μ + λS4 − 1

12
S2 R + iψγ μDμψ − ζ Sψψ

]
,

(2)

where scalar field S(x) is introduced to spontaneously break the
conformal symmetry and renders the particles massive, ψ is a
fermion field representing all matter field, Dμ = ∂μ + Γμ is the
covariant derivative with Γμ the fermion spin connection, λ and ζ

are dimensionless coupling constants, γ μ are the general relativis-
tic Dirac matrices. λS4 represents the negative minimum of the
Ginzburg–Landau potential [16] with λ < 0. For action (1), varia-
tion with respect to the metric generates the field equations

4αgWμν = Tμν, (3)

where

Wμν = −1

6
gμν R;λ

;λ + 2

3
R;μ;ν + R;λ

μν;λ − R;λ
λν;μ − R;λ

λμ;ν

+ 2

3
R Rμν − 2RμλRλ

ν + 1

2
gμν Rλκ Rλκ − 1

6
gμν R2, (4)

and the energy–momentum tensor of matter is

T μν = iψγ μDνψ + 2

3
S;μS;ν − 1

6
gμν S;κ S;κ − 1

3
S S;μ;ν

+ 1

3
gμν S S;κ

;κ − gμνλS4 − 1

6
S2

(
Rμν − 1

2
gμν R

)
. (5)

By using local conformal invariance, the energy–momentum tensor
can be written as
T μν = T μν
kin − 1

6
S2

0

(
Rμν − 1

2
gμν R

)
− gμνλS4

0 (6)

where T μν
kin = iψγ μDνψ and S0 is a constant. According to Eq. (3)

and W μν = 0, we have

T μν
kin − gμνλS4

0 = 1

6
S2

0

(
Rμν − 1

2
gμν R

)
. (7)

Considering a perfect fluid, T μν
kin = (ρ + p)uμuν + pgμν , in the

Friedmann–Robertson–Walker–Lemaître (FRWL) spacetime with
the scale factor a(t)

ds2 = −dt2 + a2(t)

[
dr2

1 − Kr2
+ r2(dθ2 + sin2 θ dφ2)], (8)

where the spatial curvature constant K = +1, 0, and −1 corre-
sponds to a closed, flat and open Universe, respectively, Eq. (7)
takes the form

H2 + K

a2
= −2ρm

S2
0

− 2λS2
0, (9)

where H = ȧ/a and ρm represents energy density of matter which
can be separated into a relativistic and a non-relativistic compo-
nent: ρm = ρnr + ρr = ρnr0a3 + ρr0a4. Taking substitutions G =
−3/(4π S2

0) and Λ = −6λS2
0, Eq. (9) is identical to the standard

Friedmann equation: H2 + K/a2 = 8πGρ/3 + Λ/3. Both G and Λ,
however, are negative and depend on the same parameter S2

0 in
the opposite way in CG. Constrained from the rotation curves of
spiral galaxies, K must be negative: K < 0 [17].

If we define Θm ≡ 2ρm/(H2 S2
0) = Θnr + Θr, ΘΛ ≡ −2λS2

0/H2,
and ΘK ≡ −K/(a2 H2) (because K < 0 and λ < 0, all these parame-
ters are positive), Eq. (9) yields: ΘΛ +ΘK −Θnr −Θr = 1. By taking
the derivative of Eq. (9), we obtain

ä

a
= H2

(
ΘΛ + Θr + Θnr

2

)
, (10)

which is always positive, whereas the deceleration parameter

q ≡ − äa

ȧ
= −ΘΛ − Θr − Θnr

2
, (11)

is always negative. So the expansion of the universe in CG acceler-
ates at all times, unlike the standard cosmology. With the present
values of Θ parameters, Eq. (9) can be re-expressed as

H2 = H2
0

(
ΘΛ0 + ΘK0a−2 − Θnr0a−3 − Θr0a−4), (12)

which is analogous to the standard Friedmann equation, but has
negative signs in front of the matter parameters Θnr0 and Θr0.
This equation implies that in CG a will reach a minimum value
amin > 0, rather than the singularity a = 0. By adjusting parame-
ters, we can obtain smaller and smaller amin (lager and lager zmax).
Because there is no need to introduce dark matter in CG, terms
Θnr0 and Θr0 can be neglect for large scale factor a, comparing
with terms ΘΛ0 and ΘK0. The present age of the universe is found
to be

H0t0 = 1√−q0
atanh(

√−q0). (13)

3. Observational constraints on conformal gravity

In this section, we use the Union2.1 SNIa data and the observa-
tional Hubble parameter data to consider observational bounds on
CG, and test it with the age of an old quasar by using the best-fit
values constrained from SNIa and H(t) data.
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3.1. Constrain conformal gravity with SNIa and H(t) data

The SNIa data provide the main evidence for the existence of
dark energy in the framework of standard cosmology. The Union2.1
compilation, consisting of 580 SNIa data [51–53], is the largest
published and spectroscopically confirmed SNIa sample to date.
Each SNIa data point at redshift zi includes the Hubble-parameter
free distance modulus μobs(zi) (≡ mobs − M , where M is the ab-
solute magnitude) which is derived from the direct observables
provided by the SNIa data and is not a directly observable quantity,
and the corresponding error σ 2

i . The resulting theoretical distance
modulus μth(z) is defined as

μth(z) ≡ 5 log10 dL(z) + 25, (14)

where the luminosity distance in units of Mpc is expressed as [20,
21]

dL = (1 + z)2

q0 H0

[(
1 + q0 − q0

(1 + z)2

)1/2

− 1

]
. (15)

This equation is obtained approximatively from Eq. (12) and there-
fore is dependent on the cosmological model considered here, but
it can be safely applied to the real Universe at sufficiently late
times [21].

In order to discuss the age problem in CG in a consistent way,
we treat H0 as a parameter rather than marginalize it over in
data-fitting. Assuming the measurement errors are Gaussian, the
likelihood function is L ∝ e−χ2/2. The model parameters yield a
minimal χ2 and a maximal L will be favored by the observations.
The χ2 function for SNIa data is

χ2
SNIa(q0, H0) =

580∑
i=1

[μobs
L (zi) − μth

L (zi)]2

σ 2
i

. (16)

We also use 28 Hubble parameter data to constrain CG. Based
on the work in [54], 9 H(z) data were obtained by using the age
of evolving galaxies [55]. These data were revised at 11 redshifts
from the differential ages of red-envelope galaxies [56]. 2 H(z)
data were obtained by taking the BAO scale as a standard ruler in
the radial direction [57]. 3 H(z) data were acquired by combining
measurements of the baryon acoustic peak and Alcock–Paczynski
distortion from galaxy clustering in the WiggleZ Dark Energy Sur-
vey [58]. Recently, 8 H(z) data were obtained from the differential
spectroscopic evolution of early-type galaxies as a function of red-
shift [59]. Other 4 H(z) data were presented in [60]. Observed
values of the Hubble parameter can be used to constrain the pa-
rameters of CG. The χ2 function of the H(z) data is given by

χ2
H(q0, H0) =

28∑
i=1

[Hobs(zi) − Hth(zi)]2

σ 2
Hi

. (17)

Since the SNIa and H(z) data are effectively independent measure-
ments, we can minimize their total χ2 value given by

χ2(q0, H0) = χ2
SNIa + χ2

H, (18)

to find the best-fit values of the parameters of CG.
Constraining CG only with SNIa data, we find the best-fit values

of the parameters at 68.3% confidence as: q0 = −0.29 ± 0.07 and
H0 = 69.15 ± 0.57 km s−1 Mpc−1 with χ2

min = 575.41 (χ2
min/dof =

0.99, dof is the logogram of degree of freedom), as shown in Ta-
ble 1. If 28 H(z) data points are also included in fitting, we find
the best-fit values of the parameters at 68.3% confidence as: q0 =
−0.33±0.06 and H0 = 69.3±0.5 km s−1 Mpc−1 with χ2

min = 599.9
(χ2 /dof = 0.99), also as shown in Table 1.
min
Table 1
The best-fit values of the parameters (q0, H0) of CG with the corresponding forma-
tion redshift zf and χ2

min/dof fitting from SNIa and SNIa + H(z) observations with

1σ confidence level, here H0 with dimension km s−1 Mpc−1.

Observations q0 H0 χ2
min/dof

SNIa −0.29 ± 0.07 69.15 ± 0.57 0.99
SNIa + H(z) −0.33 ± 0.06 69.3 ± 0.5 0.99

In [20], Mannheim obtained q0 = −0.37 by constraining CG
from 54 SNIa data. In [21], Diaferio et al. obtained the best-fit value
as: q0 = −0.12+0.08

−0.16 constrained from 115 GRBs; q0 = −0.225+0.068
−0.066

constrained from 397 SNIa data; and q0 = −0.164+0.015
−0.022 con-

strained from 115 GRBs and 397 SNIa data. In [62], constraints on
parameters at 1σ level in power–law cosmology were obtained as:
q0 = −0.18 ± 0.12 and H0 = 68.4 ± 2.8 km s−1 Mpc−1 from H(z)
data, q0 = −0.38 ± 0.05 and H0 = 69.18 ±
0.55 km s−1 Mpc−1 from SNIa data, and q0 = −0.34 ± 0.05 and
H0 = 68.93 ± 0.53 km s−1 Mpc−1 from the joint test using H(z)
and SNe Ia data. Recently, Planck 2013 results found a low value
of the Hubble constant in the framework of ΛCDM model: H0 =
67.3±1.2 km s−1 Mpc−1 [63]. Our constraints on parameters of CG
are consistent with all these results.

In [21], a Bayesian approach has been used to infer the cos-
mological parameters, while a χ2 procedure based on the distance
modulus equation (14) is used here and in [20]. The distance mod-
ulus equation (14) is not a directly observable quantity but derives
from assumptions on the cosmological model, in other words, the
χ2 procedure is model-dependent, while the Bayesian approach
does not. Strictly speaking, a Bayesian approach is required to
constrain CG with observations, as done in [21]. The difference
between the Bayesian approach and the χ2 procedure may can
explain the two to three σ difference between the values of q0
derived in [21] and the values derived in [20] or in our work. The
degeneracies between different parameters may be another factor
resulted to the different values of q0 obtained from Bayesian ap-
proach or from χ2 procedure.

3.2. Test conformal gravity with the age of old high-redshift objects

Old high-redshift objects are usually used to constrain param-
eters or test cosmological models [61]. Recently, many dark en-
ergy models have been tested with the age of APM 08279+5255,
such as ΛCDM [30,31], the creation of cold dark matter mod-
els [32], Λ(t) model [33], the new agegraphic dark energy [34],
parametrized variable Dark Energy Models [35,36], the f (R) =√

R2 − R2
0 model [37], quintessence [38,39], holographic dark en-

ergy model [40,41], braneworld modes [42–45], and other models
[46–48], and it has been shown that none of these dark energy
models can accommodate the age of quasar APM 08279+5255.

In order to investigate whether CG can accommodate the quasar
APM 08279+5255, we must first understand the possible range
of the age of APM 08279+5255. From XMM-Newton observations
of APM 08279+5255, an iron overabundance of Fe/O of 3.3 ± 0.9
(the abundance ratio has been normalized to the solar value) has
been derived for the broad absorption line system [64], and the
age of APM 08279+5255 was estimated to lie within the interval
2–3 Gyr by using an Fe/O = 3 abundance ratio derived from X-ray
observations [29]. In [30], the age of APM 08279+5255 was re-
evaluated by using a chemodynamical model for the evolution of
spheroids: an age of 2.1 Gyr was obtained when the Fe/O abun-
dance ratio of the model reaches 3.3 which is the best-fit value
acquired in [64]; an age of 1.8 Gyr was obtained when the Fe/O
abundance ratio reaches 2.4 which is 1σ deviation from the best-
fitting value; an age of 1.5 Gyr was set when the Fe/O abundance
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ratio reaches 2 which is a highly improbable value of Fe/O, as
it would require NH in excess of 1.2 × 1023 cm−2 (see Fig. 3 in
[64]), which seems to be ruled out from the determinations of
NH = (5.3–9.1) × 1022 cm−2 by other Chandra and XMM observa-
tions; even considering only the XMM2 data set, the lowest value
of Fe/O is 2.4 at NH = 1.28 × 1022 cm−2 (see Fig. 3 in [64]). So the
age of APM 08279+5255 since the initial star formation has been
estimated as [2]: (1) the best estimated value is 2.1 Gyr; (2) 1σ
lower limit is 1.8 Gyr; (3) the lowest limit is 1.5 Gyr.

The age of a cosmic object (for example, a quasar, a galaxy, or a
galaxy cluster) is defined as the difference between the age of the
Universe at redshift z and the one when the object was born (at
its formation redshift zf)

T (z) =
z∫

zf

dz′

(1 + z′)H(z′)
. (19)

To test CG with the age of APM 08279+5255, we must also know
the formation redshift zf of APM 08279+5255. This redshift, how-
ever, can only be inferred from available observational results. In
many literatures, the zf of APM 08279+5255 have been taken as
infinity, which is incorrect. Only in [2], a finite zf has been taken
into account. Following [2], we will take a finite zf to discuss the
age problem in CG. Unlike in [2] the zf of APM 08279+5255 in the
frame of ΛCDM can be inferred from WMAP data: the peak epoch
of reionizing was found to be at zreion = 17±10 from WMAP1 data
[65] and at zreion = 10.8 ± 1.4 from WMAP5 data [66], and the
star formation processes could be inferred as early as z = 15–17
in high density peaks. The zf of APM 08279+5255 in CG, however,
should be inferred from observations which are independent on
cosmological models. Results based on the new Hubble WFC3/IR
imaging in the Ultradeep Field implied that the global star forma-
tion rate density might start from a very high value at z ≈ 10 [67].
Taking into account this result and taking the results from WMAP
data for reference, we take zf = 15 as the formation redshift of
APM 08279+5255 in the discussions.

Taking q0 = −0.29 and H0 = 69.15 km s−1 Mpc−1 fitted from
SNIa data only, and according to Eq. (13), we find the present
age of the Universe in CG is t0 = 15.82 Gyr, larger than 14 Gyr
estimated from old globular clusters [28]. CG accommodates the
age of APM 08279+5255 at 3σ deviation, as shown in Fig. 1.
Taking q0 = −0.33 and H0 = 69.3 km s−1 Mpc−1 fitted from SNIa
and H(t) data, we find the present age of the Universe in CG is
t0 = 16.07 Gyr, also larger than 14 Gyr estimated from old glob-
ular clusters [28]. In this case, CG also accommodates the age of
APM 08279+5255 at 3σ deviation, as shown in Fig. 2.

4. Conclusions and discussions

We have constrained the conformal gravity with 580 SNIa data
and 28 H(t) data. We obtained the best-fit values of the parame-
ter at 68% confidence level: q0 = −0.29 ± 0.07 and H0 = 69.15 ±
0.57 km s−1 Mpc−1 constrained from 580 SNIa data; and q0 =
−0.33 ± 0.06 and H0 = 69.3 ± 0.5 km s−1 Mpc−1 constrained from
580 SNIa data and 28 H(t) data. With these best-fit values of the
parameters of CG, we test CG with the age of APM 08279+5255.
We have found that CG can accommodate the best estimated value
of the age of APM 08279+5255 at 3σ deviation.

In the discussions, we have ignored the contributions of radia-
tion and non-relativistic matter. If their contributions are take into
account, the age of APM 08279+5255 will be a little lager. In this
cases, CG can more easily accommodate the best estimated value
of the age of APM 08279+5255. We can conclude that unlike most
of dark energy models CG does not suffer from a problem with
Fig. 1. The 68.3%, 95.4% and 99.7% confidence regions in the H0-q0 (H0 with di-
mension km s−1 Mpc−1) plane fitting from SNIa data. The line with t0 = 15.82 Gyr
at z = 0 and the region allowed by the age of APM 08279+5255 are also shown.

Fig. 2. The 68.3%, 95.4% and 99.7% confidence regions in the H0–q0 (H0 with
dimension km s−1 Mpc−1) plane fitting from SNIa and H(t) data. The line with
t0 = 16.07 Gyr at z = 0 and the region allowed by the age of APM 08279+5255
is also shown.

the estimated age of APM 08279+5255 at redshift z = 3.91, based
on the values of Hubble constant H0 and the deceleration parame-
ter q0 constrained from the currently available SNIa and H(z) data.
The results we obtained here can be tested with future cosmolog-
ical observations.
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