
Journal of Combinatorial Theory, Series B 95 (2005) 175–188
www.elsevier.com/locate/jctb

An equitable partition for a distance-regular graph
of negative type

Štefko Miklavič
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Abstract

Let � denote a distance-regular graph with diameterd�3. Assume� has classical parameters
(d, b, �, �) with b<− 1.
We investigate the extent to which� is 1-homogeneous in the sense of Nomura. We show that

either� is 1-homogeneous, or else� has a certain equitable partition of its vertex set which involves
4d − 1 cells.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction

Let�denote a distance-regular graphwith diameterd�3.Then� is said to haveclassical
parameters(d, b, �, �) whenever the intersection numbers of� satisfy

ci =
[
i

1

] (
1+ �

[
i − 1
1

])
(1� i�d), (1)

bi =
([

d

1

]
−

[
i

1

]) (
� − �

[
i

1

])
(0� i�d − 1), (2)
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where
[
j

1

]
:= 1+ b + b2 + · · · + bj−1. (3)

In this caseb is an integer andb �∈ {0,−1}. We say that� hasnegative typewhenever�
has classical parameters(d, b, �, �) such thatb < −1.
For the rest of this introduction assume� has negative type. We are interested in the

extent to which� is 1-homogeneous in the sense of Nomura[4]. If the intersection number
a1 of � is 0, then� is 1-homogeneous by Miklaviˇc [3]. For the rest of this introduction
assumea1 �= 0.
Let V� denote the vertex set of� and fix adjacent verticesx, y ∈ V�. We define

Di
j = Di

j (x, y) = {z ∈ V�|�(x, z) = i and �(y, z) = j} (0� i, j�d).

For eachi (1� i�d) and forz ∈ Di
i , define�(z) := |{w ∈ D11|�(z, w) = i − 1}|. It turns

out that� is kite-free in the sense of Terwilliger[6]; using this we find�(z) ∈ {0,1}. For
j ∈ {0,1} we defineDi

i (j) = {z ∈ Di
i |�(z) = j}.

Assume for the moment that� is a near polygon [4]. In this caseDi
i (0) = ∅ (1� i�d).

Moreover� is 1-homogeneous by Nomura [4].
Next assume� is not a near polygon. In this case we will show

(i) The setsDi−1
i , Di

i−1, D
i
i (1) (1� i�d)and the setsDi

i (0) (2� i�d)are all nonempty.
(ii) The partition ofV� into the setsDi

i−1, D
i−1
i , Di

i (1) (1� i�d) andDi
i (0) (2� i�d)

is equitable.
(iii) The corresponding parameters of the equitable partition in (ii) are independent of the

choice ofx, y.

We will prove (ii) using Terwilliger’s “balanced set” characterization of theQ-polynomial
property [5]. We will prove (iii) by displaying explicit formulae for the corresponding
parameters in terms of the intersection numbers of�. The results (i)–(iii) are the main
results of the paper.
Our paper is organized as follows. In Section 2, we review basic definitions and concepts

about distance-regular graphs. In Section 3, we discuss the 1-homogeneous property and
theQ-polynomial property. In Section 4 we discuss kites and parallelograms.We prove our
main results in Sections 5 and 6.

2. Preliminaries

In this section, we review some definitions and basic concepts of distance-regular graphs.
See the book of Brouwer et al. [1] for more background information.
Throughout this paper,�will denote a finite, undirected, connected graph, without loops

or multiple edges, with vertex setV�, edge setE�, path-length distance function�, and
diameterd := max{�(x, y)|x, y ∈ V�}. Forx ∈ V� and for an integeri define�i (x) to
be the set of vertices of� at distancei from x. We abbreviate�(x) := �1(x). The graph
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� is said to bedistance-regularwhenever for all integersh, i, j (0�h, i, j�d) and all
x, y ∈ V� with �(x, y) = h, the number

phij := |�i (x) ∩ �j (y)| (4)

is independent ofx, y. The constantsphij (0�h, i, j�d) are known as theintersection num-
bersof �. For notational convenience defineci := pi1,i−1 (1� i�d), ai := pi1i (0� i�d),
bi := pi1,i+1 (0� i�d − 1), ki := p0ii (0� i�d) andc0 = bd = 0. We observea0 = 0
andc1 = 1. Moreover,

ci + ai + bi = k (0� i�d), (5)

wherek := k1. From now on we assume� is distance-regular with diameterd�3.
In the following two lemmas we cite some well-known facts about the intersection num-

bers; see, for example,[1, p. 127, 134].

Lemma 2.1. Let� denote a distance-regular graph with diameterd�3.Then for all inte-
gersh, i, j (0�h, i, j�d) the following(i), (ii) hold.
(i) If one ofh, i, j is greater than the sum of the other two thenphij = 0.

(ii) If one ofh, i, j is equal to the sum of the other two thenphij �= 0.

Lemma 2.2. Let�denote a distance-regular graphwith diameterd�3.Then the following
(i)–(iii) hold.

(i) ki = b0b1···bi−1
c1c2···ci (0� i�d),

(ii) p1i,i−1 = ciki
k
(1� i�d),

(iii) p1ii = aiki
k
(0� i�d).

Lemma 2.3. Let� denote a distance-regular graph with classical parameters(d, b, �, �),
d�3.Then the following(i), (ii) hold.
(i) If b < −1 then� �= 0.
(ii) For each integeri (1� i�d),

ai − a1ci = −�(1+ b + a1)

[
i

1

] [
i − 1
1

]
.

Proof. (i) If b < −1 and� = 0 thenc2 = 1+ b < 0, a contradiction.
(ii) Straightforward from (1)–(3) and (5). �

Let � denote a distance-regular graph with diameterd�3. We recall the Bose–Mesner
algebra of�. For eachi (0� i�d) letAi denote the matrix with rows and columns indexed
by V�, andx, y entry

(Ai)xy =
{
1 if �(x, y) = i

0 if �(x, y) �= i
(x, y ∈ V�). (6)
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We callAi the ith distance matrixof �. We observe

A0 = I, (7)

A0 + A1 + · · · + Ad = J, (8)

Ati = Ai (0� i�d), (9)

whereJ is the all 1’s matrix, and whereAti denotes the transpose ofAi . Furthermore, we
have

AiAj =
d∑
h=0

phijAh (0� i, j�d). (10)

By (7)–(10), thematricesA0, A1, . . . , Ad form a basis for a commutative semi-simpleR-
algebraM, known as theBose–Mesner algebra. By Godsil [2, Theorem 12.2.1], the algebra
M has a second basisE0, E1, . . . , Ed such that

E0 = |V�|−1J, (11)

EiEj = �ijEi (0� i, j�d), (12)

E0 + E1 + · · · + Ed = I, (13)

Eti = Ei (0� i�d). (14)

TheE0, E1, . . . , Ed are known as theprimitive idempotentsof � andE0 is thetrivial
idempotent. It is well known thatM is also closed for the entrywise multiplication.
SetA := A1 and define the real numbers�i (0� i�d) by

A =
d∑
i=0

�iEi . (15)

ThenAEi = EiA = �iEi (0� i�d) and�0 = k. The scalars�0, �1, . . . , �d are distinct,
sinceA generatesM [1, p. 128]. The�0, �1, . . . , �d are known as theeigenvaluesof �.
For notational convenience we identifyV� with the standard orthonormal basis in the

Euclidean spaceV, 〈, 〉, whereV = R|V�| (column vectors), and where〈, 〉 is the dot
product

〈u, v〉 = utv (u, v ∈ V ).
ObserveM acts onV by left multiplication. The Euclidean spaceV, 〈, 〉 is known as the
standard moduleof �.
In the following lemma we cite some well-known results about primitive idempotents.

Lemma 2.4(Terwilliger [5, Lemma 1.1]). Let� denote a distance-regular graph with di-
ameterd�3.Pick any�, �∗

0, �
∗
1, . . . , �

∗
d ∈ R, and set

E := |V�|−1
d∑
i=0

�∗
i Ai . (16)
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Then the following(i)–(iii) are equivalent:

(i) � is an eigenvalue of� and E is the associated primitive idempotent.
(ii) For all x, y ∈ V�,

〈Ex,Ey〉 = |V�|−1�∗
i whenever �(x, y) = i

and ∑
z∈�(x)

Ez = �Ex.

(iii) The intersection numbers of� satisfy

ci�
∗
i−1 + ai�

∗
i + bi�

∗
i+1 = ��∗

i (0� i�d)

and�∗
0 = rankE.

If (i)–(iii) hold, we call the sequence�∗
0, �

∗
1, . . . , �

∗
d thedual eigenvalue sequenceassoci-

ated with�, E. The sequence istrivial wheneverE = E0 (in which case�
∗
0 = �∗

1 = · · · =
�∗
d = 1).

3. The 1-homogeneous property and theQ-polynomial property

In this section, we discuss the 1-homogeneous property and theQ-polynomial property
of distance-regular graphs. We begin with a definition.

Definition 3.1. Let � denote a distance-regular graph with diameterd�3 and letx, y
denote adjacent vertices inV�. For all integersi andj we defineDi

j = Di
j (x, y) by

Di
j = �i (x) ∩ �j (y).

We observeDi
j = ∅ unless 0� i, j�d. Moreover|Di

j | = p1ij (0� i, j�d).

Lemma 3.2. Let� denote a distance-regular graphwith diameterd�3and letx, y denote
adjacent vertices inV�. Then, with the reference to Definition3.1, the following(i), (ii)
hold.

(i) For all i, j (0� i, j�d) if |i − j | > 1 thenDi
j = ∅. If |i − j | = 1 thenDi

j �= ∅.
(ii) For eachi (0� i�d) we haveDi

i = ∅ if and only ifai = 0.

Proof. Immediate from Lemmas2.1 and 2.2. �

An equitable partitionof a graph is a partition� = {C1, C2, . . . , Cs} of its vertex set
into nonempty cells, so that for alli, j (1� i, j�s) the numbercij of neighbours, which a
vertex in the cellCi has in the cellCj , is independent of the choice of the vertex inCi . We
call thecij thecorresponding parameters.
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Let � denote a distance-regular graph with diameterd�3. Then� is said to be1-
homogeneous, whenever for all pairsx, y of adjacent vertices, the partition ofV� given
by {Di

j (x, y) |0� i, j�d, Di
j (x, y) �= ∅} is equitable, and moreover the corresponding

parameters are independent of the choice ofx, y.
Let � denote a distance-regular graph with diameterd�3. TheKrein parametersqhij

(0�h, i, j�d) of � are defined by

Ei ◦ Ej = |V�|−1
d∑
h=0

qhijEh (0� i, j�d), (17)

where◦ denotes entrywise multiplication. We say� is Q-polynomial(with respect to the
given orderingE0, E1, . . . , Ed of the primitive idempotents), whenever for all distinct
integersi, j (0� i, j�d),

q1ij �= 0 if and only if |i − j | = 1.

LetEdenote a nontrivial primitive idempotent of�.We say� isQ-polynomial with respect
to Ewhenever an orderingE0, E1 = E, . . . , Ed of the primitive idempotents of� exists,
with respect to which� isQ-polynomial.
We have the following lemma aboutQ-polynomial distance-regular graphs.

Lemma 3.3(Brouwer et al.[1, Theorem 8.1.1]). Let � denote a distance-regular graph
with diameter d�3. Let E denote a nontrivial primitive idempotent of� and let
�∗
0, �

∗
1, . . . , �

∗
d denote the associated dual eigenvalue sequence. Suppose� is Q-polynomial

with respect to E. Then�∗
0, �

∗
1, . . . , �

∗
d are mutually distinct.

The following result of Terwilliger will play a crucial role in our investigation.

Lemma 3.4(Terwilliger [5, Theorem 3.3]). Let � denote a distance-regular graph with
diameterd�3. Let E denote a nontrivial primitive idempotent of� and let�∗

0, �
∗
1, . . . , �

∗
d

denote the associated dual eigenvalue sequence. Then the following(i), (ii) are equivalent:

(i) � is Q-polynomial with respect to E.
(ii) �∗

0 �= �∗
i (1� i�d), and for all integersh, i, j (1�h�d), (0� i, j�d) and for all

verticesx, y ∈ V� with �(x, y) = h the following holds:

∑
z∈�i (x)∩�j (y)

Ez−
∑

z∈�j (x)∩�i (y)

Ez ∈ span{Ex − Ey}.

Suppose(i), (ii) hold. Then for all integersh, i, j (1�h�d), (0� i, j�d) and for all
verticesx, y ∈ V� with �(x, y) = h,

∑
z∈�i (x)∩�j (y)

Ez−
∑

z∈�j (x)∩�i (y)

Ez = phij
�∗
i − �∗

j

�∗
0 − �∗

h

(Ex − Ey). (18)
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Lemma 3.5(Brouwer et al.[1, Corollary 8.4.2]). Let� denote a distance-regular graph
with classical parameters(d, b, �, �), d�3.Then the following(i)–(iii) hold.
(i) The scalar� = [

d−1
1

]
(� − �)− 1 is an eigenvalue of�.

(ii) � is Q-polynomial with respect to�.
(iii) Let�∗

0, �
∗
1, . . . , �

∗
d denote the dual eigenvalue sequence associated with�. Then there

exist real numbers�, � such that

�∗
i = �

[
d − i

1

]
+ � (0� i�d).

4. Kites and parallelograms

In this section we recall kites and parallelograms and review some of their properties.
Let� denote a distance-regular graph with diameterd�3. We recall the notion of a kite in
�.
Pick an integeri (2� i�d). By akite of length i(or i-kite) in � we mean a 4-tuplexyzu

of vertices of� such thatx, y andz are mutually adjacent, and�(u, x) = i, �(u, y) =
�(u, z) = i − 1. We say� is kite-freewhenever� has no kites of any length. We have the
following result about kite-free distance-regular graphs.

Theorem 4.1(Terwilliger [6, Theorem 2.12]andWeng[7, Theorem 2.6]). Let� denote a
Q-polynomial distance-regular graph with diameterd�3and intersection numbera1 �= 0.
Then the following(i) and(ii) are equivalent.

(i) � has classical parameters(d, b, �, �), and eitherb < −1,or � is a dual polar graph
or a Hamming graph.

(ii) � has no kites of any length.

Let�denoteadistance-regular graphwith diameterd�3.Pick an integeri (2� i�d). By
aparallelogram of length i(or i-parallelogram) in �, we mean a 4-tuplexyzuof vertices in
V� such that�(x, y) = �(z, u) = 1,�(x, u) = i, and�(x, z) = �(y, z) = �(y, u) = i−1.

Theorem 4.2. Let � denote a Q-polynomial distance-regular graph with diameterd�3
and intersection numbera1 �= 0.Then the following(i) and(ii) are equivalent.

(i) � has no kites of any length.
(ii) � has no parallelogram of any length.

Proof. (i) → (ii ) By Theorem4.1,� has classical parameters(d, b, �, �). Pick an integer
i (2� i�d). Let x, y, u denote vertices of� such that�(x, y) = 1, �(x, u) = i and
�(y, u) = i − 1. Define

fi := |{z | z ∈ V�, xyzu is ani-parallelogram}|
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and

ei := |{z | z ∈ V�, xyzu is ani-kite}|.
ByWeng[8, Lemma 7.3], we have

fi = bi−2ei .

Sinceei = 0 by the assumption, we obtainfi = 0 as well.
(ii ) → (i) This follows fromWeng[8, Lemma 6.12]. �

Let� denote a kite-free distance-regular graph. Pick an integeri (1� i�d). With refer-
ence to Definition 3.1, forz ∈ Di

i define�(z) := |�i−1(z) ∩D11|. Observe in this case that
�(z) ∈ {0,1}; otherwise� has ani-kite or a 2-kite. This allows us to make the following
definition.

Definition 4.3. Let � denote a kite-free distance-regular graph with diameterd�3 and
intersection numbera1 �= 0. Pick an integeri (1� i�d). Then with reference to Definition
3.1, forj ∈ {0,1}wedefineDi

i (j) = {z ∈ Di
i | �(z) = j}.WeobserveDi

i = Di
i (1)∪Di

i (0).
We further observeD11(1) = D11 andD

1
1(0) = ∅.

Lemma 4.4. Let� denote a kite-free distance-regular graph with diameterd�3 and in-
tersection numbera1 �= 0.Then with reference to Definitions3.1and4.3 the following(i)
and(ii) hold.

(i) �(u, z) = 1 for all distinctu, z ∈ D11.
(ii) For any integeri (2� i�d) we have�(u, z) = i for all u ∈ D11 and all z ∈ Di

i (0).

Proof. (i) If u andzare nonadjacent, thenzxyuis a 2-kite, a contradiction.
(ii) Observe that�(u, z) ∈ {i, i + 1}. If �(u, z) = i + 1, then the 4-tupleuxyz is an

(i + 1)-kite, a contradiction. �

5. The main result I

Let � denote aQ-polynomial kite-free distance-regular graph with diameterd�3 and
intersection numbera1 �= 0. In this section we show some basic properties of the partition
of theV� given by the nonempty setsDi−1

i , Di
i−1,D

i
i (1) (1� i�d) andDi

i (0) (2� i�d).
We will be discussing the following situation.

Definition 5.1. Let�denoteaQ-polynomial kite-freedistance-regular graphwith diameter
d�3 and intersection numbera1 �= 0, which is not a near polygon (i.e., a distance regular
graph withai = cia1 (1� i�d − 1) and no inducedK1,2,1). By Theorem4.1, � has
classical parameters(d, b, �, �) with b < −1. We fix adjacent verticesx, y of � and let
Di
j ,D

i
i (0),D

i
i (1) denote the corresponding sets as in Definitions 3.1 and 4.3.

Our goal for the next two sections is to establish points (i)–(iii) from the Introduction.
We begin with a lemma.
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Lemma 5.2.With reference to Definition5.1 the following(i)–(iii) hold:

(i) There are no edges betweenDi−1
i ∪Di

i−1 andD
i−1
i−1(0) ∪Di−1

i−1(1) (2� i�d).
(ii) There are no edges betweenDi

i (1) andD
i+1
i+1(0) (1� i�d − 1).

(iii) There are no edges betweenDi
i (1) andD

i−1
i−1(0) (3� i�d).

Proof. (i) Let v ∈ Di−1
i (resp.,v ∈ Di

i−1) andw ∈ Di−1
i−1(0)∪Di−1

i−1(1). Suppose thatv and
w are adjacent. Then the 4-tupleyxwv (resp.,xywv) is ani-parallelogram, contradicting
Theorem4.2.
(ii) There are no edges betweenDi

i (1) andD
i+1
i+1(0) by the definition of the setD

i+1
i+1(0).

(iii) Assumev ∈ Di
i (1) is adjacent tow ∈ Di−1

i−1(0). Let z be the unique vertex inD11
such that�(z, v) = i − 1. By Lemma 4.4(ii),�(z, w) = i − 1. But now the 4-tuplexzwv
is ani-parallelogram, contradicting Theorem 4.2.�

Lemma 5.3. Pick an integeri (2� i�d).Then with reference to Definition5.1the follow-
ing (i)–(iii) hold.

(i) Eachv ∈ Di
i−1 (resp.,D

i−1
i ) is adjacent to

(a) precisely 0 vertices inDi−1
i−1(0),D

i−1
i−1(1),

(b) precisely ci−1 vertices inDi−1
i−2 (resp., D

i−2
i−1),

(c) precisely ci − ci−1 vertices inDi−1
i (resp., Di

i−1),
(d) precisely ai−1 vertices inDi

i−1 (resp., D
i−1
i ),

(e) precisely bi vertices inDi+1
i (resp., Di

i+1),
(f ) precisely ai − ai−1 − |�(v) ∩Di

i (1)| vertices inDi
i (0).

(ii) Eachv ∈ Di
i (0) is adjacent to

(a) precisely 0 vertices inDi−1
i−1(1),D

i+1
i+1(1),D

i
i+1,

Di+1
i ,

(b) precisely ci − |�(v) ∩Di−1
i−1(0)| vertices inDi

i−1,
(c) precisely ci − |�(v) ∩Di−1

i−1(0)| vertices inDi−1
i ,

(d) precisely bi vertices inDi+1
i+1(0),

(e) precisely
ai + |�(v) ∩Di−1

i−1(0)|−
ci − |�(v) ∩Di

i (1)|
verticesinDi

i (0).

(iii) Eachv ∈ Di
i (1) is adjacent to

(a) precisely 0 vertices inDi−1
i−1(0), D

i+1
i+1(0), D

i
i+1,

Di+1
i ,

(b) precisely ci − |�(v) ∩Di−1
i−1(1)| vertices inDi

i−1,
(c) precisely ci − |�(v) ∩Di−1

i−1(1)| vertices inDi−1
i ,

(d) precisely bi vertices inDi+1
i+1(1),

(e) precisely
ai + |�(v) ∩Di−1

i−1(1)|−
ci − |�(v) ∩Di

i (1)|
vertices inDi

i (0).
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Fig. 1. The partition corresponding to a pair of adjacent verticesx andy. The circles in the middle of the fig-
ure represent the setsDi

i
(0) (2� i�d) (upper line) and the setsDi

i
(1) (2� i�d) (lower line). Observe that

Di
i−1 ∪Di

i
(0) ∪Di

i
(1) ∪Di

i+1 = �i (x) andD
i−1
i

∪Di
i
(0) ∪Di

i
(1) ∪Di+1

i
= �i (y).

Proof. Routine using Lemma5.2 and the fact thatDi
i−1∪Di

i (0)∪Di
i (1)∪Di

i+1 = �i (x)

andDi−1
i ∪Di

i (0) ∪Di
i (1) ∪Di+1

i = �i (y). �

With reference toDefinition 5.1 and Lemma5.3we visualizeDi
i−1, D

i−1
i , Di

i (0), D
i
i (1)

in Fig. 1.

6. The main result II

In this section we continue to establish points (i)–(iii) from the Introduction.

Lemma 6.1.With reference to Definition5.1 the following holds: For each integer
i (2� i�d) and for allv ∈ Di−1

i ∪Di
i−1,

|�(v) ∩Di
i (1)| = a1(ci − ci−1).

Proof. Without loss we may assumev ∈ Di−1
i . Thenv is at distancei from every vertex in

D11, else there exists ani-kite. Hence there are exactlya1cici−1 · · · c1 paths of lengthi from
v toD11. Sincev hasci−1 neighbours inD

i−2
i−1, exactlyci−1a1ci−1ci−2 · · · c1 of these paths

pass throughDi−2
i−1. The remaininga1(ci − ci−1)ci−1ci−2 · · · c1 paths must pass through

Di
i (1). Letw ∈ Di

i (1). Since there is a unique vertexz ∈ D11 such that�(z, w) = i − 1,
there are exactlyci−1ci−2 · · · c1 paths of lengthi − 1 betweenw andD11. Hencev has
exactlya1(ci − ci−1) neighbours inDi

i (1). �

Lemma 6.2.With reference to Definition5.1 the following(i), (ii) hold:

(i) For each integeri (2� i�d) and for allv ∈ Di
i (0),

|�(v) ∩Di−1
i−1(0)| = ci

bi−2 − 1

bi − 1
.
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(ii) For each integeri (2� i�d) and for allv ∈ Di
i (0),

|�(v) ∩Di
i (1)| = a1ci

bi − bi−2

bi − 1
.

Proof. (i) We abbreviate� = |�(v) ∩ Di−1
i−1(0)| and 	 = |�(v) ∩ Di−1

i |. We observe
� + 	 = ci . Recall by Definition5.1 that� has classical parameters(d, b, �, �). Let the
eigenvalue� and the dual eigenvalue sequence�∗

0, �
∗
1, . . . , �

∗
d be as in Lemma 3.5. LetE

denote theassociatedprimitive idempotent of�. By Lemma3.4and since� isQ-polynomial
with respect toEwe find

∑
�(x,z)=i−1
�(v,z)=1

Ez−
∑

�(x,z)=1
�(v,z)=i−1

Ez = ci
�∗
i−1 − �∗

1

�∗
0 − �∗

i

(Ex − Ev). (19)

Observe that by the definition ofDi
i (0), we have{z ∈ V�|�(x, z) = 1, �(v, z) = i − 1} ⊆

D12. Taking the inner product of (19) withEyusing Lemma 2.4(ii) we get (after multiplying
by |V�|)

��∗
i−1 + 	�∗

i − ci�
∗
2 = ci

�∗
i−1 − �∗

1

�∗
0 − �∗

i

(�∗
1 − �∗

i ).

Evaluating the above line using	 = ci − � we obtain

� = ci
(�∗
i−1 − �∗

1)(�
∗
1 − �∗

i )+ (�∗
0 − �∗

i )(�
∗
2 − �∗

i )

(�∗
0 − �∗

i )(�
∗
i−1 − �∗

i )
.

Simplifying the above line using Lemma3.5(iii) we get

� = ci
bi−2 − 1

bi − 1
.

(ii) By Lemma 4.4(ii) the vertexv is at distancei from every vertex inD11. Hence
there are exactlya1cici−1 · · · c1 paths of lengthi from v toD11. By Lemma 6.2(i), exactly

a1
bi−2−1
bi−1 cici−1 · · · c1 of thesepaths pass throughDi−1

i−1(0). The remaininga1
bi−bi−2
bi−1 ci · · · c1

paths must pass throughDi
i (1). Letw ∈ Di

i (1). Since there is a unique vertexz ∈ D11 such
that�(z, w) = i − 1, there are exactlyci−1 · · · c1 paths of lengthi − 1 betweenw andD11.
Hencev has exactlya1ci b

i−bi−2
bi−1 neighbours inDi

i (1). �

Lemma 6.3.With reference to Definition5.1 the following(i), (ii) hold:

(i) For each integeri (2� i�d) and for allv ∈ Di
i (1),

|�(v) ∩Di−1
i−1(1)| = ci−1.

(ii) For each integeri (1� i�d) and for allv ∈ Di
i (1),

|�(v) ∩Di
i (1)| = (a1 − 1)(ci − ci−1)+ ai−1.
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Proof. (i) Let zbe the unique vertex inD11 such that�(z, v) = i−1. Then there are exactly
ci−1 · · · c1 paths of lengthi−1 joiningzandv, and all of these paths pass throughDi−1

i−1(1).
Since every neighbour ofv in Di−1

i−1(1) is joined toz via ci−2 · · · c1 paths of lengthi − 2,

we findv has exactlyci−1 neighbours inDi−1
i−1(1).

(ii) First assumei = 1. Then the result holds by Lemma4.4(i). Next assumei�2. Letz
denote the unique vertex inD11 such that�(z, v) = i−1. If z′ is another vertex fromD11, then
�(z′, v) = i. Therefore there are exactly(a1−1)cici−1 · · · c1+ (ai−1+· · ·+a1)ci−1 · · · c1
paths of lengthi from v toD11. Sincev hasci−1 neighbours inD

i−1
i−1(1), there are exactly

ci−1((a1−1)ci−1 · · · c1+(ai−2+· · ·+a1)ci−2 · · · c1) of these paths, for whichv is the only
vertex inDi

i (1). Recall there are exactlyci−1 · · · c1 paths of lengthi − 1 from each vertex
in Di

i (1) to D
1
1. From these comments we findv has exactly(a1 − 1)(ci − ci−1) + ai−1

neighbours inDi
i (1). �

Lemma 6.4.With reference to Definition5.1 the following(i), (ii) hold:

(i) For each integeri (1� i�d),

|Di
i (1)| = a1

b1 · · · bi−1
c1 · · · ci−1 .

(ii) For each integeri (1� i�d),

|Di
i (0)| = b1 · · · bi−1

c1 · · · ci (ai − a1ci).

Proof. (i)Assumei�2; otherwise the result is clear. By Lemma5.3 every vertex inDi−1
i−1(1)

hasbi−1 neighbours inDi
i (1). Moreover, by Lemma 6.3(i) every vertex inD

i
i (1) is adjacent

to exactlyci−1 vertices inDi−1
i−1(1). Counting the edges betweenD

i−1
i−1(1) andD

i
i (1) in two

different ways we obtain

|Di−1
i−1(1)| bi−1 = |Di

i (1)| ci−1.

Evaluating this equation using induction we obtain|Di
i (1)| = |D11(1)| b1···bi−1c1···ci−1 . Recall

D11(1) = D11 and|D11| = a1, so|Di
i (1)| = a1

b1···bi−1
c1···ci−1 .

(ii) Observe|Di
i (0)| = |Di

i | − |Di
i (1)| and that|Di

i | = p1ii . To finish the proof, evaluate
p1ii using Lemma2.2 and evaluate|Di

i (1)| using (i) above. �

Lemma 6.5.With reference to Definition5.1 the following(i), (ii) hold:

(i) Di
i (1) �= ∅ (1� i�d).

(ii) Di
i (0) �= ∅ (2� i�d).

Proof. (i) This follows from Lemma6.4(i).
(ii) Since� is not a near polygon, we obtainb �= −a1 − 1 from [1, Theorems 6.2.1 and

6.4.1]. The assertion now follows from Lemmas 6.4(ii) and 2.3.�
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Theorem 6.6. Let� denote aQ-polynomial kite-free distance-regular graphwith diameter
d�3.Assume the intersection numbera1 �= 0, and that� is not a near polygon. Letx, y
denote adjacent vertices of�. Then with reference to Definitions3.1 and 4.3, the parti-
tion ofV� into the setsDi−1

i , Di
i−1, D

i
i (1) (1� i�d) andDi

i (0) (2� i�d) is equitable.
Moreover, the corresponding parameters are independent of the choice ofx, y.

Proof. Immediate from Lemmas 5.3, 6.1–6.3 and 6.5.�

We end the paper with some comments on Theorem 6.6.

Corollary 6.7. Let�denoteaQ-polynomial kite-freedistance-regular graphwithdiameter
d�3.Assume the intersection numbera1 �= 0.Then the following(i), (ii) are equivalent.

(i) � is 1-homogeneous,
(ii) � is a near polygon.

Proof. Since� is aQ-polynomial kite-free distance-regular graph, it has classical parame-
ters(d, b, �, �) by Theorem4.1. If� is a near polygon, then we havea2 = a1c2 by Brouwer
et al. [1, Theorem 6.4.1]. So, by Lemma 2.3(ii), we obtain 1+ b + a1 = 0. But then also
ad = a1cd by Lemma 2.3(ii). Therefore,� is a near 2d-gon by Brouwer et al. [1, Theorem
6.4.1] and it is 1-homogeneous by Nomura [4, Theorem 1]. On the other hand, if� is not a
near polygon then, by Lemma 6.5, we haveD22(0) �= ∅ andD22(1) �= ∅. Using this we find
� is not 1-homogeneous.�

Let� be as in Theorem 6.6. By Theorem 4.1,� has classical parameters(d, b, �, �)with
b < −1. Now by a result of Weng [9, Theorem 10.3], at least one of the following (i)–(iv)
holds:

(i) d = 3,
(ii) c2 = 1,
(iii) � is the Hermitean form graph Her−b(d),
(iv) � = (b − 1)/2, � = −(1+ bd)/2, and−b is a power of an odd prime.
See[1, Section 9.5] for the definition of the Hermitean form graph.
We suspect that Theorem 6.6 implies new feasibility conditions which will enable us to

classify cases (i), (ii) and (iv) above. We will pursue this in a future paper.
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