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Abstract

From the irreducible decompositions’ point of view, the structure of the cyclic GL, (C)-module generated
by the a-determinant degenerates when o = j:% (1 <k <n—1) (see [S. Matsumoto, M. Wakayama,
Alpha-determinant cyclic modules of gl,,(C), J. Lie Theory 16 (2006) 393-405]). In this paper, we show
that —%-determinant shares similar properties which the ordinary determinant possesses. From this fact,
one can define a new (relative) invariant called a wreath determinant. Using (GLy,, GL;)-duality in the
sense of Howe, we obtain an expression of a wreath determinant by a certain linear combination of the
corresponding ordinary minor determinants labeled by suitable rectangular shape tableaux. Also we study
a wreath determinant analogue of the Vandermonde determinant, and then, investigate symmetric functions
such as Schur functions in the framework of wreath determinants. Moreover, we examine coefficients which
we call (n, k)-sign appeared at the linear expression of the wreath determinant in relation with a zonal
spherical function of a Young subgroup of the symmetric group G,.
© 2007 Elsevier Inc. All rights reserved.
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1. Away from the multiplication law

There is a notion called the «-determinant for a square matrix in probability theory. It was
first introduced in [11] and actually appeared as coefficients of the Taylor expansion of det(/ —
aA)~!/®_ This expansion has applications, in particular, to multivariate binomial and negative
binomial distributions. Moreover, recently in [9], the «-determinant is use to define a random
point process through a study of the Fredholm determinants of certain integral operators.

The «-determinant det® (X) for a matrix X (see (2.1) for the definition) does not have the
multiplication property which the ordinary determinant det(X) possesses. It is, however, interest-
ing from a viewpoint of invariant theory because the o-determinant is regarded as an interpolation
of the determinant (@ = —1) and permanent (« = 1)—recall that each of them generates an ir-
reducible representation of the general linear group GL,(C); as representations of the special
linear group SL, (C), the former defines the trivial representation and the latter generates the
representation on the space of symmetric n-tensors of (the natural representation on) C". These
facts raise naturally the following question:

“Where had the multiplication law gone when a moved away from —17”

The multiplication law of the determinant is equivalent to the fact that GL,(C) - det(X) C
C* det(X). Hence, it is natural to ask the question what the smallest invariant space contain-
ing GL,(C) - det®(X) is. From this point of view, Matsumoto and the second author [8]
have studied recently the irreducible decomposition of the cyclic module (gl,) - det® (X)
and showed that the structure of the module changes drastically when « is contained in the
set {£1, :I:%, e :i:ﬁ}. In fact, one can see that the irreducible decomposition of the cyclic

module U(gl,) - det® (X) degenerates when « is one of such values. More precisely, if we
denote by m* () the multiplicity of the irreducible highest weight 2/(gl,,)-module correspond-
ing to a partition A appeared in the decomposition, then, for instance, we have m)‘(—%) =0
when the first component of A is greater than k (see (3.1)). Therefore, we shall call o sin-
gular if o € {£1,£1, ..., £-1-}. This result indicates that if « is singular, then det® (X)
may share some distinguished feature which explains why such a drastic change of the mod-

ule structure happens. The special emphasis in this paper is laid on the study of the case o = —%

(k € Z~p). Actually, we first show that det(_%)(X ) has a certain alternating property which is
considered as a generalization of the alternating property of the ordinary determinant (as well as
its multilinearity) in Section 2. We also show that such an alternating property characterizes the
- % -determinants through the cyclic module ¢/(gl,,) -det— %) (X) by the effective use of the Young
symmetrizer (Section 3). We note that a quantum analogue of the «-determinant (which we call
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quantum «-determinant) is introduced and studied in [6], however, it is much more difficult to
describe the singular values in the quantum case.

Under these studies, one of the main purpose of the present paper is to construct an invariant,
which we will call a wreath determinant, defined by means of a singular «-determinant. In order
to obtain this new invariant for a rectangular matrix, we consider a kn x kn matrix gotten from
multiplexing a given kn x n matrix A by tensoring the 1 x k matrix (1, 1, ..., 1). By using the
property of a-determinants developed in Section 2 for o = —%, we show that the wreath deter-
minant is a relative invariant for the action of the wreath product of symmetric groups S;: S,
(see [7]) in Section 4. Furthermore, in Section 5, we give an expression of the wreath determinant
of kn x n-matrix A by a linear sum of the nth minor determinants of A labeled by the correspond-
ing rectangular shaped tableaux. In the derivation of this expression, (GL,,, GL,)-duality in the
sense of [3] provides a guiding principle. We then, beside the expression above, derive another
expression of such a wreath determinant conceptually by the Frobenius reciprocity. As a corol-
lary of the proof, we find that the wreath determinant is a relative invariant of (&4 1 &,,) x GL,,.
We also give one remark on the background which explains how to get this expression and to un-
derstand a structure of the cyclic module 2/ (gl,,) - det® (X)* for a general positive integer £ in the
framework of (GL,,, GL,)-duality. Note that the latter closely relates a problem for calculating a
certain plethysm [4,7].

The Cauchy determinant formula (see, e.g. [12])

d ( 1 ) Ay (x)An(y)
et =T
Xi +Yi/1<i,j<n ]_[l-’jzl(x,- + )

can be considered as one of the most important determinant formula from the representation
theoretic point of view. In Section 6, we prove an analogue of the Cauchy determinant formula for
the wreath determinants. It naturally leads us to study the wreath determinant of a Vandermonde
type. The aforementioned study enables us to deduce a formula for the Schur functions in terms
of the —%-determinants of the Vandermonde type, which is regarded as a —%-analogue of the
expression

Ajtn—j
det(x; )I<i,j<n

85, (X1, ..o, Xp) = -
det(x; "i<ijgn

The proof is to be done first for the corresponding expressions for the monomial symmetric
functions m; (x), and then, it can be completed immediately by the well-known linear expression
of the Schur function by m; (x) using the Kostka numbers (Section 6).

We further try to understand the coefficients which we call (n, k)-sign appeared at the afore-
mentioned linear expression of the wreath determinant in relation with a zonal spherical function
of a Young subgroup of the symmetric group &,. At this point, we shall provide one conjec-
ture about a positive definiteness of a certain symmetric matrix formed by the spherical function
(see Conjecture 7.8). We do not treat the remaining singular case o = % (k € Z~g). Note that,

however, one can deduce the fact mx(%) =m" —%) from the result in [8], where A’ denotes the
transposition of the partition A as a Young diagram.
We give an «-analogue of the Laplace expansion formula for o-determinants in Appendix A.

1.1. Conventions

As usual, N is the set of positive integers and C is the complex number field. For n € N,
we denote by &,, the symmetric group of degree n. The cycle number of an element o € G, is
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written by v, (0). Since the conjugacy classes of G,, are parametrized by the cycle type, v, is a
class function on &,,. In particular, we notice that v, (o ~!) = v, (o) for any o € &, because o
and o ! are always &, -conjugate.

We denote by Mat,, , the set of m x n matrices whose entries belong to a certain commutative
C-algebra, and we put Mat,, = Mat, ,. We also denote by 1,, = (8;;) 1<, j<n the identity matrix
of size n and 1, = (1)1, j<» the all-one matrix of size n. For a permutation o € G,,, P(0) =
(Bio(j)1<i, j<n 1s the permutation matrix for o.

The (complex) general linear group GL,(C) is the group consisting of invertible matrices in
Mat, (C). We exclusively deal with the complex vector spaces so that we often omit the symbol
C and simply write GL, instead of writing GL, (C).

Let us put [N]:={1,2,..., N} for N € N. For a given partition (or Young diagram) A of
size N, we denote by SSTaby (1) the set of all semistandard tableaux with shape A whose entries
are in [N], and we also denote by STab(A) the set of all standard tableaux with shape A. For a
semistandard tableau 7 € SSTaby (1), we associate a sequence wt(T) := (u1, 42,..., un) of
nonnegative integers where uy = [{t;; = k}| is the number of entries in 7" which is equal to k.
We call wt(T') the weight of T. Notice that a semistandard tableau T € SSTaby (1) is standard if
and only if wt(T) = (1,1, ..., 1). For a given partition A, u = N of the same size N, we denote
by K3, the number of semistandard tableaux 7" with shape A such that wt(T') = u. Namely,

K= |{T € SSTaby (1) | wi(T) = u}|.

We call K, the Kostka number. We also put f)‘ = |STab(A)| = K, (1,...,1), and denote by £())
the depth of the diagram A. See [1,7] for detailed information on partitions and tableaux.

The irreducible polynomial representations of GL,, are highest weight modules and the high-
est weights are identified with partitions such that £(1) < m. We denote by M@ the irreducible
GL,,,-module corresponding to the partition A. The irreducible representations of &, are also
parametrized by partitions of n. We denote by 7 the irreducible &,-module corresponding to
the partition A F n. See [12] (or [1]) for detailed information on representation theory of GL,,
and G,,.

2. Basic properties of general «-determinants

Let « be a complex parameter. The a-determinant det® A of a square matrix A =
(al'j)lgi,jgn € Mat,, is defined by

det™ A := Z an—vn(w)aw(l)l C e Aw(nyn- 2.1

weS,

We note that det(“)(tA) = det@® (A) because v, (w™") = v, (w) for any w € G,,. We also notice
that det® is multilinear with respect to the column (and/or row) vectors. We mainly deal with
the — %-determinants for k € N below, so it is convenient to put

dety A = |Alg ;= det"1/0 A,

We note that det; = det" ! is the ordinary determinant.
The a-determinant of the all-one matrix 1, (i.e. every element equals 1) is calculated as

det@ 1, = Z (W) — 1_[ (1 +ia). 2.2)

weS, 1<i<n
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We note that this is the generating function of the Stirling numbers of the first kind (see, e.g. [10]).
The following lemma is the (shifted) partial sum generalization of the identity above.

Lemma 2.1. For a subset I of [n]={1,2,...,n}, put
G,):= {w €6, | x¢l=wk) :x}.
Then, for any g € G,,, there exists a nonnegative integer m(g, 1) such that
Z gt valgw) — m(g,1) l_[ (1+ia),
weS, (1) 1<i<k

where k = |I|. The integer m(g, I) is given by n — v, (gwg) where wg € &, (1) is the unique
element such that v, (gwg) = v, (gw) for any w € S, (I).

Proof. Take an element & € G,, such that & - I = [k]. We identify & and &, ([k]) naturally.
Since w € &, (1) if and only if hwh ™! € &y, it follows that

Z oV (ew) — Z o Vn(gh™ wh) _ Z o vn(gh™! (hwoh™"ywh)

weS, (I) weSy weSy
— Z o Un(8'w)
weSy

where g’ = hgwoh~!. By the definition of wq and g/, it is easy to see that

v () Zv(g'w) (we&p). 2.3)
Assume that g’ contains a cycle of the form (j,,i2, j,i1) (1,12 € {1,2,...,k}, i} # iy and
J 1, Jo stand for certain disjoint strings in {1, 2, ..., n} which are possibly empty). Then it follows
that v, (g’ - (i1,12)) = v, (g’) + 1 because
This contradicts the inequality (2.3). Therefore, each cycle in the cycle decomposition of g’
contains at most one element in {1, 2, ..., k}. Namely, g’ is of the form

§=0rk (22 (. D-h

for certain (possibly empty) disjoint strings jq,..., j; in {k +1,...,n} and h € &,({k +
1,...,n}).

For distinct elements iy, ..., i; € {1,2, ..., k}, we have
Ui i) oo iy i) - Gy i) - s ooy i2,00) = (Jys il oo oy Jigs 825 Jiy s 01)-
This implies that / distinct cycles in g’ turn into one cycle in g’ - (iy, ..., i2,i1), that is,

v () —va(g' - G, i, i) =1 — 1.
Hence, if w € & is of the type 112”2 ... k"% then we have
k
v () —vn(gw) =Y nl —1) =k — v (w).
I=1
Therefore it follows that
Z "V @ w) _ g n—va () Z k) — o n—va(gwo) 1_[ A +ia).
weSy weSy 1<i<k
This completes the proof. O
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Let us define the left action of &,, (respectively the right action of &,) on the set Mat,, , as
permutations of row (respectively column) vectors:

o - (@i 1gi<m = (ag-13yj) 1<i<m (0 € Gm),
j 1</<

SIA K /N

@ij)i<i<m - T = (aiz()) 1<i<m (T €Sy).
1<j<n 1<j<n

Notice thato - A= P(c)Aand A- 71 =AP(t) foroc € G, 71 € &, and A € Mat,, ,. If m =n,
then we have

n
det® (w - A) = det® (@, 1)) = Y @O T ay 140,
geq, i=1

n
_ —1
= D " ) [Tagama) = det (@) = det® (A - w)
ge6, i=1

forany w € &, and any A = (a;;) € Mat,.

Lemma 2.2. The equality

Y dedAwy= ] A+ia) Y o ”]‘[ag(,),

weS, (1) 1<i<k geq,

holds for A = (a;j)1<i, j<n € Mat, and I C [n] such that |1| =

Proof. Using Lemma 2.1, we have

n
Z det™ (A - w) = Z Zan_u"(g)l_[ag(i)w(i)

weS, (I) weS, (1) ge6, i=1
=2 2 ”"“”Hagw Ly
2€6, weS,(I)

_ Z{ 3 anun<gw>}nag(i)i

g6, " weS, () i=1

H +4+ia) Z oM I)Hag(l),

1<i<k ge6,

as we desired. O
As a corollary, we have the following lemma.

Lemma 2.3. For I C [n] such that |1| > k and A € Mat,, the equalities
D dee(A-w)= Y de(w-A)=
weS, () we, (1)

hold. In particular, if k + 1 column (row) vectors in A are equal, then dety A =0.
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Lemma 2.3 and the multilinearity of det; yield immediately the

Lemma24.Let A= (ay,...,a,) eMat,. Ifa;, =---=a; =b forsome 1 <ij <--- <ix <n,
then

detx(ay,...,a;+b,...,a,) =detg(ay,...,a;,...,a,)

forany j € [n]\ {i1,..., i}

When we regard o € &, as an element in G,1,, (m € N) in natural way, we notice that
Vp+m (0) = v, (0) + m. Further, if we take a permutation 7 € &,, and regard t as an element
in &,,4+, which leave each letter in [n] invariant, then v,4,,(c7) = v,(0) + v, (7). This fact
readily implies the following simple consequence which will be used in the proof of Lemma 4.6
(see also Appendix A).

Lemma 2.5. The equality

det® (AOM ﬁZ) = det® (A1) det™ (An)

holds. In particular, det® (A1 @ Ap) = det™ (A1) det® (Ap).

Proof. Suppose that A = (a;;) € Mat, 1, and A1 = (aij)1<i, j<n» A22 = (@i n+1<i, j<n+m- We
also assume that @;; =0ifn + 1 <i <n+m and 1 < j <n. Then it follows that

n+m

det@ A — Z oM Vntm (@) 1_[ io (i)
i=1

0€Stm

n m
_ Z oMM Vngm (0T) Haio(i) Han-l,-i"[(n-‘,-i)

U€6n+m([n]) i=l i=1
r€6}'Hrm (n+[m])

n m
= Z 05”+m7vn(d)7vm(r)Haia(i)l_[an+i,n+r(i):det(a)(All)det(a)(Aﬂ)-

oeS, i=1 i=1
€6,

This proves the claim. O
3. Characterization of —%-determinants

In Lemma 2.3, we prove that det; has an alternating property among k + 1 column (and/or
row) vectors. In this section, we show, conversely, this property essentially characterizes dety.

We denote by P(Mat,(C)) the commutative C-algebra consisting of polynomial functions
on Mat, (C). The Lie algebra of GL, is denoted by gl,,, and its universal enveloping algebra is
denoted by U (gl,,). The algebra P(Mat, (C)) has a U(gl,,) x &,-module structure by defining

‘ 9
(Eij‘f)(X)ZZXika—f(X) (1<i,j<n), - HX)=fX-0) (e
k=1 Xk

for f € P(Mat,(C)) where E;; are the standard basis of gl,, and x;; are the standard coordi-
nate functions on Mat, (C). We note that this action of Z/(gl,) is obtained as the differential
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representation of GL, given by (g - f)(X) = f(‘gX) for g € GL,,, which is the contragradient
representation of the left regular representation on P (Mat, (C)). Here 'g denotes the transposed
matrix of g.

Let ML,, be a subspace of P(Mat,(C)) consisting of functions which are multilinear with
respect to column vectors. Clearly, we have

ML, = @ C-xjy1-- Xiyn-

I<iy,sin <0

The subspace ML, is a U(gl,,) x &,-submodule of P(Mat, (C)). For each k € N, we put

ALK .= {feMLn

Ichl H>k= Y f(X-r):O}

t€6,(I)

where X = (x;;)1<i, jgn- This subspace ALﬁ is also U(gl,)-invariant because the actions of
U(gl,) and G, on P(Mat, (C)) commute each other. We also see that ALﬁ is &, -invariant since

Z (0-NHX-1)= Z J(X-t0)= Z ﬂY'T)‘Y:X-a:O

€&, (1) €&, (1) €6, (1)

forany I C [n], |I| > kif f € ALﬁ and o € G,,. Since det; € ALﬁ by Lemma 2.3, it follows that
ALK S U(gl,) - det (X).

Theorem 3.1. The equality AL’,‘, =U(gl,) - dety(X) holds fork=1,2,...,n — 1.

Proof. In [8], it is shown that
Ual,) - dety (X) = @D (MbHeS, 3.1

Abn
<k

where Mﬁ denotes the highest weight U/ (gl,,)-module of highest weight A, which is the differ-
ential representation of M2 and we use the same symbol to indicate it. The irreducible module
M2 is realized in U(gl,) - det; (X) as an image of the Young symmetrizer

cr= Y sgn(q)qpeCI&,] (T eSTab(h)).

qeC(T)
PER(T)

Here C(T') and R(T) are the column group and row group of T respectively (see, e.g. [12]).
Hence, to prove the opposite inclusion ALﬁ C U(gl,) - detg (X), it is enough to show that each
element f in ALﬁ is killed by the Young symmetrizer cy when T € STab(A) and A1 > k. We
now prove this. The image cr - f of f € ALﬁ by cr is calculated as

cr-HX)= > senlq) > f(X-qpq~'q)= D sen(g) Y f(X-pg).
q€C(T) PER(T) q€C(T) PERGT)
For each g € C(T), we see that
Yo fXepp= Y { > (p’q~f)<X~p>}=o
PER4T) p'eR (@T) " pERI(qT)

since p'q- f € ALﬁ by &,-invariance of ALﬁ. Here R (gT) is the subgroup of R(g7T) consisting
of permutations which moves only the entries in the first row of ¢ T, and R|(¢T) is the subgroup
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of R(qT) which leaves the first row of ¢T invariant so that R(qT) = R1(qT) x Ri (gT). This
completes the proof. O

4. Determinants from a variation on wreath product groups

Let m,n, k € N. For a matrix A = (ay,...,a,) € Maty, ,, we define the column k-plexing
AlKl € Mat, 4, of A by
k k
AR = (@l Al . ay).

This is nothing but the Kronecker product matrix A ® (1,...,1) of A and (1,..., 1) € Maty .
The row k-plexing Ax] € Maty, , of A is also defined in a similar way.

Example 4.1. If
a, b
A= <a2 bz) € Matz 7,
ay b3
then

ar a1 by by
Alz] = <a2 a by b2> S Mat3,4,
a3 a3 b3 b3

ap a1 a by by b
AB]:(QZ a a by by bz)EMat3’6.

a3 az a3 by b3 b3
‘We notice that
AR — A ()R, Ay = U - A

for A € Mat,, ,. Hence one has the

Lemma 4.2. Let A € Mat,, ,,. Then the equalities
(PN =pP-AM (AQ)yy = A - 0

hold for P € Mat,,,, Q € Mat,,. In particular, we have
oAM= - AW Ay t=A-1)y

foro € G, T €6,

Definition 4.3. For a rectangular matrix A = (a;;) 1<i<kn € Maty, ,, we define the kth wreath
1<j<n
determinant of A by

1 kn—vg,(c) n k
wrdet; A := dety (A[k]) = Z <—z) 1—[ l_[aa((p—l)k-i-l),p-
0B p=11=1
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By Lemma 2.4, it is immediate to see that the equalities

wrdety (a1, ...,a;—1,a; +ca;,aiy1,...,a,)
=Wrdetk(al,...,ai_l,ai,ai+l,...,an) (l.¢j)9
k
wrdet; (ay,...,ca;,...,a,) =c wrdetg(ay,...,a;,...,a,)

hold for A = (ay, ..., a,) € Maty, , and ¢ € C. Then it also follows that
wrdety (A - o) = (sgno)f wrdety A (0 € &,). 4.1

In general, we have the

Lemma 4.4. If A € Maty,, , and P € Mat,,, then

wrdet; (A P) = (det P)F wrdety (A).

Namely, wrdety, is a relative invariant of GL,, in P(Maty, ,(C)) with respect to the (right) regular
representation (see also Section 5).

Example 4.5. Lemma 4.4 says that the equality
det® ((AP)M) = (det P)* det® (AIF]) 4.2)

holds when o« = —1/k. When k = 1 and @ = —1, this is nothing but the multiplicativity of
the ordinary determinant. We also notice that (4.2) becomes trivial when o« = —1, —1/2, ...,
—1/(k—1). Actually, because of Lemma 2.3, each side of (4.2) vanishes for such values. Further,
we notice that (4.2) holds only if « = —1,—1/2,..., —1/k. Actually, if det® (X¥]) satisfies
(4.2), then the ratio det(“‘)(X [kTy / wrdet; (X) gives an absolute invariant of GL,, which must be
a constant. If the constant is O, then it follows from (2.2) that « = —1, —1/2, ..., —1/(k — 1).
If the constant is not 0, then we immediately have « = —1/k. Here we give a simple and direct
example. Whenn =k =2and P = ((1) 11), we have

det® ((AP)) — (det P)? det™® (A1)
= (1 +o)(1 4+ 2a)((1 4+ 3e)ariaziazias + 2a(ana + ayan)aias

+ (1 + @)ayiai (azras + azias))

which is identically zero only if ¢ = —1, —%. See also Corollary 5.8.
Lemma 4.6. If A € Mat,,, then the equality
dety (AI]) = wrdet (Ap)) = K n(d t A
(1974 [k] = wrdety [k]) = kk €
holds for any k € N.

Proof. By Lemmas 4.2 and 4.4, we have
dety (Al}]) = wrdeti (Ap)) = wrdete (e - A)
= wrdetc (1)) - (det AY* = dety ((I)lf) - (det A)F.



K. Kimoto, M. Wakayama / Journal of Combinatorial Theory, Series A 115 (2008) 1-31 11

n

. k] _ _ iy _ Kk [kl _
Since (Iy); =Lk @ @ 1x and dete (1) = H1<i<k(1 ) = &> we have dety((In)f)) =

(%)” by Lemma 2.5. This completes the proof. O

This lemma will be used in Section 7.
We consider the two injective homomorphisms ¢ : &) — &y, and ¥ : &, — &, defined as

G0, ....00):[kn]> (i — Dk + ji> (i — Dk +0i(j) ekn] (1<i<n, 1<j<k),
Y(r):lkn]> (G — Dk+j—> (t()—Dk+jelkn] (1<i<n 1<j<k)

for (01,...,0,) € &} and T € &,. To avoid the confusion, we put S} := ¢(&}) and S, :=
¥ (&,). We note that S is the Young subgroup Gn) of &y, corresponding to the partition
(k") kn.

By the definition of k-plexing, one finds that ARl o = AlK for A € Maty, , and o € S,’C’,
whence it follows that

wrdety (o - A) = dety, (o . A[k]) = detk(A[k] ~0) = detk(A[k]) = wrdet; A (O’ € S,’C’)
We also see that A . Y(t)=(A- r)[k] for any 7 € G,,. Hence we have
wrdety (¥ (1) - A) = dety (¥ (7) - AM) = det (A - ¥ (1))
= wrdet; (A - 7) = (sgn ‘L’)k wrdet; A (1 € 6,)

by (4.1). Consequently, we obtain the

Lemma 4.7. If A € Maty,, ,,, then

wrdety (g - A) = Xn,k(g)k wrdet; A

for any g € S 16, In other words, C - wrdety C P(Matk, ) defines a one-dimensional rep-
resentation of &y 1 &,. Here &y 1 &, := S} X S, is the wreath product group (see [7]). The
character x, i of Si : &, is defined by

Xn.k(g) =sgnt
forg=(¢p(o1,...,0,); ¥ (7)) (0; €Sk, T € 6p).

5. Expressions of wreath determinants and (GLg,, GL,)-duality

For given two linear spaces V and W, as a GL(V) x GL(W)-module, the multiplicity-free
decomposition

SV ew) =@M, mM}, (5.1)
2
of the symmetric algebra S(V ® W) holds. Here A runs over the partitions such that £(1) <

min{dim V, dim W}. This fact is referred as (GL(V), GL(W))-duality (see [3] and [12]).
The algebra P (Maty, ,) has a GL, x GL,-module structure given by

((g.h).f)(A):= f('gAh) (g € GLin, h € GL,, A € Matyy ),

where ‘g denotes the transposition of g with respect to the standard coordinate. We see that
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P(Matin,) = P((C)" ® (C")") = S(C" ®C")

as GLy, x GL,-module. Here V* indicates the contragradient representation of V. We notice that
if (p, V) is a representation of GL,,, then 5(g) = p("g”!) (g € GL,,) defines a representation on
V which is equivalent to V*.

Remark 5.1. It is standard to define a representation of GLy, x GL, on the algebra
P(Matkn,n(c)) by

((g.1).f)(A):= f(g7"Ah) (g € GLin, h € GLy, A € Matyy, ),

which is a combination of the left regular action of GLy, and the right regular action of GL,.
If we adopt this one, however, then it is no longer a polynomial representation. Instead, in our
argument, we adopt the contragradient of the left regular action of GLg, so that each (irreducible)
factor of the GLy, x GL,-module P(Mat, ,(C)) is polynomial.

By (GLgn, GL,)-duality, one has the multiplicity-free decomposition of P(Matg, ,):

PMatn,n) = @ Mp, BM,.
y<n

If we look at the det-eigenspace with respect to the left action of the diagonal torus Ty, = (C*)k”
of GLy,, then we have

~ Ty det
PMatg, ) = @ (Mg,) " RM,.
Ly<n

det

Here, for a GL;,,-module V, we denote by V 7kt the det-eigenspace

Vet — fy e V | 1o =det(t)v (t € Tin) }

with respect to Tj,. Since the symmetric group Sy, is the normalizer of Ty, in GLg,, each det-
eigenspace (/\/l,)(‘n)Tk'“det becomes a Gy,,-module. It is known that the equivalence (/\/lﬁn)Tk"’det =
Jk);l holds as Gy,,-modules if A is a partition of kn (see, e.g. [3]).

Let us denote by M,  the irreducible GLy, x GL,-submodule of P(Mat, ,) corresponding

to the partition (k"), that is, M, j = ./\/l,(j;n) X M,S""). As Gy, -modules, we have the equivalence

Tin,det ~ (k)Tndet k) ~ (K )T,,det,\, (k™)
M, = (Mg, ) RMED = (M, ) Ten

since the multiplicity space M<k ) is of dimension one. In particular, we have dim M’ T"’ det _

£
By Lemma 4.4 and (GLy,, GL,)-duality, it follows that wrdet; € M, x. Moreover, since

kn

(diag(cy, . .., ckn). wrdety ) (A) = wrdety (‘diag(cy, . . ., cxn) A) = (1_[ c,) wrdety A,
i=1

it follows that wrdet; belongs to M, T"” det.

For each standard tableau T = (tl i) 1<i<n € STab((k")), we define the function detr on
1<j<k
Matg,., by
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k
det7 (A) := l_[det(at”,j)lgi,jgn (A= (aij) 1<i<kn €Matgyp).
=1 1<j<n

We also define the matrix I(T) € Mat, , so that #;;th row vector of I(T') is equal to the ith

ith

fundamental row vector ¢; = (0,...,0, 1,0,...,0) foreachi =1,...,nand j=1,...,k. In
other words, if we define g(T') € Gy, for T € STab((k")) by

g —Dk+j)=n; A<i<n 1<j<k), (5.2)

then 1(T) = g(T) - (I,)[x7- Denote by Tj the standard tableau with shape (k") whose (i, j)-entry
is (i — 1)k 4+ j. We note that g(T') € Sy, is the permutation determined by g(T) - To = T for
each T € STab((k")).

Lemma 5.2. For T, U € STab((k")), the equality

detr (1(U)) = {(1) ;;g

holds.

Proof. When T = U, the t;;th row vector I (T);, of I(T) isequalto e; if i € [n] and [ € [k], and
hence dety (I (T)) = 1. When T = (t;;) and U = (u;;) are distinct standard tableaux of shape
(k™), there exists a pair (s1, s2) of distinct elements in [kn] such that s; and s, are in the same
column of T and in the same row of U, say s1 =t;,c = u,j, and s2 = ti,c = uyj, (i1 £ i2, j1 # j2)-
Then we have

IU),, =1(U),, =e,

which implies that det(/ (U)y;,., j)1<i, j<n =0, and hence dety (/(U)) =0. O

Theorem 5.3. The wreath determinant wrdety A of a matrix A € Matyy, ,, is expressed as a linear
combination

wrdety A= Y wrdet I(T) - detr (A)
T eSTab((k"))

of detr (A) for T € STab((k")). The coefficient wrdety I(T) is given by the sum

wrde [(T) = <—%

n
oESy

’

)kn—wm (g(T)o)

where g(T) € Gy, is a permutation defined by (5.2).

Proof. We observe that detr (A) is a homogeneous polynomial in a;; of degree kn satisfying the
condition that det7 (A P) = (det P)¥ dety (A) for any P € Mat,. We also see that

kn
(diag(cy, ..., ckn)- detr) (A) = detr (diag(cy, . .., ckn) A) = (]‘[c,») detr A.
i=1

Thus, it follows that every dety belongs to MZ ",’g’det by (GLgy, GL,)-duality.
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We show that {det7 }7esTab((kn)) are linearly independent. Suppose that
> Crdetr(4)=0
T €STab((k™))
for any A € Maty, ,. Then, by Lemma 5.2, we have
0= > Crdety(I(U))=Cy
T €STab((k"))

for each U e STab((k")), which assures the linear independence of {detr}7ecsTab(k")). Since

dirp MnT”‘,g’de[ = f* it follows that {detr}TesTab((kn)) is a basis of M,Zkg’det. Hence wrdet;, is
written as

wrdet; A = Z C) detr(A) (A € Maty, ).
T eSTab((k"))
By Lemma 5.2 again, the coefficient C ;] for U € STab((k™)) is calculated as

wrdet 1(U) =Y Cp detr (1(U)) = Cpy dety (1(U)) = Cy,.
T

This completes the proof of the theorem. (The coefficient wrdety I (U) is calculated later in Sec-
tion7.) O

Example 5.4. When n = 3 and k = 2, there are five standard tableaux with shape (23):

12 12 13 13 1|4
Ui =|3]4]|, Uy=|3|5]|, Us=|2|4]|, Uy=|2]|5], Us=|2]5]|.
516 416 516 416 316

(We remark that To = U in this case.) The corresponding matrices / (U)) are given by

1 00 1 0 0 1 0 0
1 00 1 00 01 0
01 0 01 0 1 0 0
0 0 1 01 0 0 0 1
0 0 1 0 0 1 0 0 1
1 0 0 1 0 0
01 0 0 1 0
1 00 0 0 1
I(Uy) = 00 1l I(Us) = 1 ool
01 0 010
0 0 1 0 0 1
and their 2-wreath determinants are calculated as

1 1
wrdety I (Uy) = 3’ wrdety I (Up) = wrdet, I (U3) = BT

1
wrdety 1 (Uy) = wrdety I (Us) = VR

Thus we have
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1
wrdety A = 3 dety, (A) — T detU2 (A) — detU3 (A) + detU4(A) + detU5 (A)
for A € Matg 3.
As a corollary of the theorem, we obviously have the

Corollary 5.5. For A € Mat, , and B € Mat, ,, we denote by AW B € Mat,, , the matrix

obtained by piling A on B. If Ay, ..., Ay € Mat,, ,,, then the equality
k

wrdet (A; B BA) = Y wrdet, [(T) ] [detBi(T)
T eSTab((k")) i=1

holds, where Bj(T) is a matrix whose ith row is equal to the t;jth row of Ay @ --- H Ay.

Example 5.6. If

A:(““ a12> and B:(b“ b12>’
az) ann by by

then we have

apl  ap
a a
wrdet (A H B) = wrdet, 24
by b1z
by b
_Llan ap||bu bi|_llan an||an ax
4 |axt ax||bai bxn| 8|bu bia||ba b2

Recall that the wreath determinant wrdety is S} -invariant. By the Frobenius reciprocity, it
follows that

Tkn det S;{l _ S;(l Ty ,det _ Tin ,det Gk,, _ _
dim(M,, ) = {resd,, (M, 7). Lsg)gp = (M, ind g Lgp)s, = Kaomany = 1,

where (V, W) denotes the intertwining number of two G-modules V and W, and 1¢ is the
trivial representation of G. Hence we have

(M) St = € wrdete (X). (5.3)

This fact implies that ) 5y f (o - X) is proportional to wrdet (X) for any f € M nT k]j’det. There-
fore, we have

> dety, (o - X) = C wrdet (X)

n
oSy

for a certain constant C. If we set X = ({,,) 4, then we have

1 kn
mZdetTOG(I) < )Zl—k

=N

Consequently, we obtain another (symmetric) expression of wrdet, (X) as follows.
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Corollary 5.7. The equality

1
wrdety(4) = 7 > detgy (o - A)

n
OES]

holds for any A € Maty,, ,.
As a corollary of the discussion above, we obtain the

Corollary 5.8 (Characterization of the wreath determinant). Put

P (Matgy ) %
={f ePMaty, ) | F(0XP) = xui(0) (et PY f(X), 0 €628, PeGL,}.

ko gotk
Then P (Maty,, ,1)X"-k’CIet is a one-dimensional subspace spanned by wrdety. Namely, the equality

,P(Matkn,n)xf’k’detk =C - wrdety (X)
holds.

Corollary 5.8 and Example 4.5 suggest the following problem: Describe the irreducible
decomposition and singular values of the cyclic module U (gl;,) - det("‘)(X [k]) C P(Maty, )
(X = (xij)1<i<kn, 1< <n)- This is solved in the following way. If o = 0, then we see that

Ulglgy) - det® (x ) = 84 ()" = P (M) * 5
Akn
by a similar discussion in [5] (we also refer to [8] for the case where k = 1). By [8], the A-isotypic
component of the module U (gl;,,) - det@® ()? ) C P(Matkn) does have a positive multiplicity if and
only if f; () # 0 and is glven by U(gly,) - ImmA(X) (we put X = (xij)1<i, j<kn in order to avoid
confusion). Here ImmA(X) is the immanant of X for A and fla) = ]—[<l j)ex(l 4+ (j —i)a) is the

(modified) content polynomial for A. Since the map P(Maty,) > f (X Y= f (Xy e P(Matgy, )
defines a GLy,-intertwiner, we see that

. [k]
the A-isotypic component of U(gly,,) - det® (X 1) = {Z/I(g[k,,) Imm; (X)) fale) #0,
0 otherwise
for A I kn. Thus it follows that U(gly,,) - Imm; (X*1) = (M2, )®Kr6" | Hence we obtain the
following theorem which is regarded as a generalization of the result in [8].

Theorem 5.9. The irreducible decomposition of the cyclic module generated by det® (X%l is

given by
Ugl,) - det® (X = ) (Mg,) .
Akn
fila)#0

In particular, the singular values are given as roots of the content polynomials.
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5.1. Remarks on this section

Let S(C") = Zk>0 S*(C™) be the homogeneous decomposition of S(C”). Each symmetric

power SK(C"), that is, the space of kth symmetric tensors defines an irreducible GL, (C)-
module [1]. We see that the eigenspace decomposition of the GL,, X GL,-module S(C" ® C")
with respect to the diagonal torus 7, of GL,,(C) is given by

screcyz P sh(eye--est(C).
kiy.ooskm 20

Hence the mth tensor product S¥(C")®" can be identified to the det*-eigenspace

k
S(C"@C") " =y eS(C"®C") | v = (ett) v (1 € Ty)}
for T;, [3]. By (GLy,, GL,)-duality (5.1), we see that

SHEMET=sEr e xS (M) M, (5.4)
£(A)<min{m,n}

We notice that (an)TM*detk = {0} unless A I km, and hence the last sum (5.4) is effectively over

the partitions of km. Note also that dim(Mﬁ‘n)T’"’detk = Ky and (an)Tm’de‘k is stable under
the action of the Weyl group &,, of GL,,(C). We note that the decomposition (5.4) for k = 1
gives (&, GL,)-duality (Schur duality)

)= 3 girmMm;. (5.5)

AFm, (M) <n

Suppose now A - km. The group & : G,, acts on the weight space (M,An)Tm'detk because the
wreath product &y 2 &,, = ' % Sy, is obviously acting on the space Sk(C™)®™ Since &y acts
on SK(C™)®™ trivially, its action on the weight space (M%)Tm’detk is also trivial. Hence, (5.4)
does not provide the irreducible decomposition as a bi-module of (& 1 S,,, GL,, (C)). Then, the

question how the space (./\/lfn)TM’detk decomposes as a G,,-module comes into being. Now we
establish this question in a concrete way. From Schur duality, as a S, x GL(S*(C"))-module,
we obtain

SHen® = Y grrMy,
pubm, L(u) KN

where N = dim S¥(C") = (”+],§_1) > n. Decompose the module Mi‘\, of GL(S*(C™)) into irre-
ducible ones as a representation of the subgroup GL, (C) of GL(S*(C")):

MIZ\LJ|GL”((C); Z (Mﬁ)emk(w
eO<n

m; (i) being the multiplicity of Mﬁ in the irreducible summands of the restriction. Then we
have

Sk((cn)®m ~ Z Z(jrﬁgMz)@'m(u)'

rLA)<n ukFm



18 K. Kimoto, M. Wakayama / Journal of Combinatorial Theory, Series A 115 (2008) 1-31

Therefore, it follows from (5.4) that

SIS = (M) (5.6)

ukEm

The procedure explained above is a special case of the problem for computing plethysm (or
the functorial composition of operations A +— M?) (see [4,7]). Note also that the problem for
describing the decomposition (5.6) for A - km explicitly comes up naturally when one wants
to know the structure of the cyclic GL, (C)-module generated by det™ (X)* (k=(1,)2,3,...)
(see [5]).

6. Formulas for wreath determinants a la Cauchy et van der Monde

We give an analogue of the Cauchy determinant formula in the context of wreath determinants
developed in the previous sections.

Proposition 6.1. Let n, k € Nand x1, ..., Xkn, Y1, ..., yn be commutative variables. Put

Cuil(x,y)= < ) s Vor() = (51 1<ichn -

Xityj ) sk ) 1<j<n
Then we have
A k
wrdety Cp i (x, y) = n(y) wrdety Vy ¢ (x). 6.1)
[Ti<i<in i +yj)
I<j<n

Here A, (y) denotes the difference product
A= [ Gi-»p

1<i<j<n

Proof. For arational function f(¢) in variable ¢, we write

fx)
fx) = € Maty, 1 .
f(xkn)
Using this convention, we have
Cpix y):( ! ! ) Vk(x):(xnil o X 1)
n, ) x,,+y1’ ’x*—i-yn B n, * 5 s )
By Lemma 4.4, we have
1 1
wrdetk( e )
Xy + V1 Xe+ Yn
< 1 1 1 1 >
= wrdety, , — e, —
Xe+ Y1 Xety2 XAy XotYn Xt N
< yi— ¥ Y1 — Yn )
= wrdety ) REEE
X +y1 (e + YD) (X + y2) (xx + y1) (X + Y1)

=1 —y)" 1=y



K. Kimoto, M. Wakayama / Journal of Combinatorial Theory, Series A 115 (2008) 1-31 19

1 1 1
xwrdetk< , s )
X+ 31 (o + Y1) (X + ¥2) (X + y1) (Xx + yn)

Iterating this procedure, we reach to the expression

1 1
wrdetk< ey )
Xy + Y1 Xx+ Yn

Ay( )kwrdet ! ! 1_[
= k ,
nty Xyt 1 (X*-I-)’l)(x*-f-yz) (x*+y,

Using the multilinearity of det; with respect to the row vectors, we have

n

det 1 1 l—[ 1
wrdety , e, _—
Yoty (o4 Y1) (x + 32) i1 (et y))

= 11

n n
e wrdetk<l_[(x* + ), l_[(x* + i)y (Xt Yn), 1)~
it Yj

I1<i<kn j=2 j=3
I<j<n
The last wreath determinant is equal to wrdety (xf_l, .oy Xy, 1) = wrdety V,, x (x) by Lemma 4.4.

This completes the proof. O

We note that the proof above is exactly a wreath-analogue of the one of the Cauchy formula
[12].

Example 6.2 (k = 1). When k = 1, formula (6.1) is nothing but the ordinary Cauchy determinant
formula
d ( ) Ap(x)An(y)
et| —— =
xitYi)i<ij<n Ll j=1Gi +37)

Example 6.3 (k =2). When k =2, (6.1) gives the formula
1 1 1

X1+y1 X1+y2 U X1t
1 1 1
wrdet, X2+y1 X2+y2 X2+ Yn
1 1 1
X2n+y1 Xon+y2 T X2n+Yn
X" T |
H1<i<j<n(yi_yj)2 x5 b
== wrdet) o
[Tici<on (i +y)) e
1<j<n n 1
2” oo X2pn 1

We notice that the other variant of this Cauchy-type identity also follows immediately from
(6.1). Indeed, we have

wrdety V, x (x),

1 ) N An(y)k

T—xo” T l=xam)  [licicen (1 =xiy))

N

wrdety (
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which is a wreath determinant analogue of the formula
d < ) An(x) An(y)

etf —— = Y . <

V=xiyj)igijen T j=1(—=xiy))

As a corollary of Theorem 5.3, we have the

Theorem 6.4. The wreath Vandermonde determinant wrdet, V,, i (x) is given by
wrdety V,, 4 (x) = Z wrdety I(T) - Ar(x),
T €STab((k"))

where At (x) is the Specht polynomial for a standard tableau T = (t;;) € STab((k")) defined by
the product

k
Ar(x) =] An @y x1,)

i=1

of difference products.
Another (symmetric) expression for wrdety V, x(x) also follows from Corollary 5.7.

Theorem 6.5. The equality

1
wrdet Vo (¥) = 7 D 0+ Api(x)

n
oESy

holds where A, (x) is given by

k
Ak ) = [ An et Xigks - X 1) = Ay ().
1=1

For a partition > = (A1, ..., Ay) of depth at most N, the Schur function s (xy, ..., xy) of N
variables is defined as the ratio of the Vandermonde-type determinants as

)\_,‘""N—j
det(x; )i, j<N

s (X1, xN) = N7
det(x;” “)igi,j<n

An arbitrary symmetric function can be written as a linear combination of the Schur functions.
We show that any symmetric function in kn variables can be written as a linear combination of
the ratios of the Vandermonde type —%-determinants analogously.

We recall the Cauchy identity concerning the Schur functions (see, e.g. [7,12]).

Lemma 6.6. For m,n € N, the equality

1_[ %: Z S0 XLy e X))V ey Vi)

1—x
1<i<m i) 2()<min{m,n}
1<j<n

holds.
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By the multilinearity of det; with respect to column vectors, we have the following expansion
formula

1 1
wrdetk< AU )
1 — Xy 1 — Xeyn

=detk( PNERIEND PRCREI LN (x*yn)ik’l>

i11=0 i1 20 ikn 20
i1tk i1t i i ]
— Z ¥ ...y;l1n+ +itn detk(xi“,xim, .“’xikn).
1115021 5+0sikn 20
Thus we have
S b ey (x x xi)
i]lviZI,---qik/1>0
k
= A, (N wrdetg Vo k (¥) Y $.001, o Xkn)Sa (V1Y) (6.2)
e<n

Comparing the homogeneous terms in (6.2), we have the

Lemma 6.7. Put

d ._ i1+ +ikl I+t i i i
Hy (x,y) = E ¥ coyltin kn detk(x*ll’x*Zl’”_7x*kn).
11,0215 +sikn 20
i+ —Hkn—d—i— k”(ll D

Then, the equalities

1
det, ..
Wr ek(l—x*yl l—x*yn> Z k(x y)

and

HY (x,y) = Ag () wrdety Vo (x) D 55,0085,y
<
S

hold.

Since the Schur functions of n variables are the irreducible characters of the unitary group
U (n), it follows from (6.2) that

i1t tikn itnttikn
y Sy 5.(y)
(X1, -y Xn) = > {/ L = (’;)k dg(y)}
n

11,0215+ +5ikn 20
in+tip= |M+k"(" b

detk(xl“ 121, e, Xy

wrdety V,, k(x)

’

where 7, is the n-torus in U (n) and dg is its normalized Haar measure. Thus implicitly, we
find the Schur function sy (x1, ..., Xk,) can be written as a linear combination of the ratios
detk(x'” oo *") /wrdety V,, 1 (x) of Vandermonde type —%-determinants. Actually, we
have the following expression.
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Proposition 6.8. For a given sequence a = (ay, ..., ag,) € Z'g’o of nonnegative integers, put
=

C) — 4j
Dy i (x; @) = dety (x; )1<i,j<kn'

Let us also define e;, 8, 1 € Zg’o by

ith kn j—1
ei=(0,...,0, 1,0,...,0), sn,k=2<n—1— —|)es

j=1

Then, the Schur function s, (x) is written as

kn
1
s (x) = m Z Z Ky - Duk (x; Sn i + Z,U«o(i)ei)-

USA 0€6, /G, i=1
[el=[Al

We notice that wrdety Vi, x(x) = Dy k(x5 8 k).
For a partition A = (A1, ..., Ak,) Whose depth is at most k7, the monomial symmetric function
m; (x) is defined by

kn N
m, (x) = Z l—[xiam_

€S, /6, i=1
Here G, is the stabilizer of A, thatis, G, = {0 € Gy,: Aoy = Ai, 1 <i < kn}). The proposition
follows from the following simple lemma.

Lemma 6.9. Let L be a partition whose depth is at most kn. Then, the monomial symmetric
function m) (x) has the following expression

kn
1

— I E D ) E Asirei |-

m. () wrdetg V,, 1 (x) n’k<x n’k+i_l ow l)

0€6i, /G

Proof. For any o € Gy,,, we have
kn 1 kn—vg, () kn n—l—[dj kn i
Dy, i x;5n,k+zla(z’)ei = Z (‘g) er(i) ' 'l_[xrfi(;)'
i=1 166, i=1 i=1

Hence it follows that

kn
Z Dy« (X; Snk + Zka(z‘)ei)

oeBy, i=1

P\ @ kn o
_ 1 ==l . o (i)
= < k) l_[xr(i) ( Z l_[xr(i))
i=1 0€Gy, i=1
= wrdety Vy 1k (x)| Gy |mjy (x).

Therefore we obtain
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kn
1 1

= E D o) E Ao ()€

m;.(x) wrdety V;, 1 (x) |6;] n’k<x mk U(Z)el)

ceByy, i=1

kn
1
= E D x; 8 +E roirei |-
wrdetg V,, i (x) n’k< mk P s @ l)

0€Skn /G

This completes the proof. O

Since the Schur functions are written as a linear combination

=Y Kuumy(x)
U<
[l=I2
of monomial symmetric functions, Proposition 6.8 follows immediately.
Corollary 6.10. The power-sum symmetric functions pq(x), the complete symmetric functions
hq(x) and the elementary symmetric functions eq(x) are expressed as
kn

1
= D 16k +de;),
pa(x) wrdety Vn,k(x) IZI: n.k (x n.k e;)

d
1
h . D ;8 i |,
a(x) wrdety Vi k(x) Z ok (x et ; el/)

1< < <ig Skn

d
1
eq(x) wrdety Vy 2 (0) Z .k (x nk + Z e;,)

1<ip < <ig<kn j=1
7. Generalities on (n, k)-sign and spherical functions

For k,n € N, we put

Ry i = { f:lkn] — [n]| | F7 ()| =k, Vj enl}.

We notice that R, | = G,,. We also notice that &y, acts on R, x transitively from the right, and
&, acts on R, x from the left.
For f € R, r, we define the (n, k)-sign of f by

sgnn’k(f) := wrdety, (Sf(,'),j) 11<<,-_<<k,, .
/xRN

We see that

sgn, (T - f) = sgn(v)* sgn,, ; (f)

for T € 6,,. Using this sign for f € R, x and the very definition (4.6) of the wreath determinant
we have the
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Lemma 7.1. Let k, n € N. Then the equality

wrdet; A = Z sgn,, ¢ (f) 1_[ aif (i)

feRk i€lkn]

holds for any A = (a;j) € Maty, p.

We define the element ¢, x € R, « by

k(i —Dk+j)=i (1<i<n, 1<j<k).

The stabilizer of ¢, ; in &y, is S . Hence, it follows that

1
sgnn’k(f) = Z (—%

kn—vg,(w) n_ k
) l_[ l_[ 8 fw((i—Dk+j),i

weBp, i=1j=1
1 kn—vg, (w)
-2 (7)o
weSy,
1 kn—vn (8(f)w)
-Z() |
weSy

where g(f) € Gy, is defined by f =i, - g(f). Therefore, if we regard a standard tableau
T = (#;j) € STab((k")) as an element of R, by the assignment T : [kn] > t;; > i € [n], then
sgn, (T') = wrdety I (T). Hence, the result of Theorem 5.3 can be expressed also as

wrdety A = Z sgn,, (T) detr (A).
T eSTab((k"))

We consider the injection
w6 > (wi,...,w) > (( — Dk + j > w;j(i)) € Rux,

and denote its image by 9‘{: - By Lemmas 4.6 and 7.1, we have

n n k n n
<§> Z Sgn(w)l_[Hai,w(w>(<z‘—1>k+j>= Z Sgnn,k(f)l_[l_[ai,f«i—l)kﬂ')

wesk i=1j=I FRnk i=1j=1
(7.1

for (a;j)1<i, j<n € Mat,. Comparing the coefficients in both sides, we obtain the

Corollary 7.2. For any f € Ry, i, the equality
KU\ ICF - S MR |
kk |f =S¢

holds for w € 65; such that w(w) € (f - S) N D‘i:’k. The sign sgn(w) does not depend on the
choice of w.

sgn,, ; (f) = Sgn(w)(
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Proof. Fix an element f € R, . We notice that the monomial []/_, ]_[';:1 ai, f((i—1)k+j) in the
right-hand side of (7.1) depends only on the orbit f - S;'. We also notice that the function sgn,, ;
is constant on each S} -orbit. Hence the coefficient of the monomial [;_, ]_[;’: 1 @i, f((i—Dk+j) in
the right-hand side is sgn,, , ()| f - S |. Forany w = (wy, ..., wy) € 6’; such that w (w) € f- S},
the sign sgn(w) = sgn(wg ... wy) gives the same value, which can be verified by counting the
inversion numbers. It follows that the coefficient of the monomial []/_, l—[;le Qi f((i—Dk+j) 1n

the left-hand side is sgn(w)|(f - ) N %:,k| for any w e (f - ) N 9‘{;’,{. Thus we have the
desired conclusion. O

As a corollary of the discussion above, we obtain the
Proposition 7.3.
(1) Put

mij(f)={lelkl| f(G —Dk+1)=j}|
Then
S —
17-k= ,,(f)‘
(2) The equality

sgn,  (f)det(A) = > sgn, ; (h) Ha Fh()

he%,, k

holds for any f € Ry, and A = (a;j)1<i, j<n € Maty,. (When k = 1, this is just the definition
of the determinant.)
(3) For f € Rk, put

1 n k
Pf(xu,---,xnk):@ > T T*r@-vknoci-

ko1, nome) i=1j=1

Then
I(f - S NR
—S = the coefficient of 1_[ Xijin Pr(x11, ..., Xnk)-
f - Skl 1<i<n
1<j<k

It is convenient to express an element f € R, x as an n x k matrix whose (i, j)-entry is given
by f((i — Dk + j), that is,

VALY e R

f((n—i)k—l—l) f(;zk)

If f1, f> € Ry k and fr = f1 - o for some o € S}, then each row vector of f; is a permutation of
the corresponding row vector of f7.
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Example 7.4. Let us calculate sgn, 1 (Us) = wrdety I (Usg) for Uys (regarding as an element
in Rz ) given in Example 5.4. In the matrix notation,

113 l—1 22 1 2
U4=25={3r—>1 4r—>3}=<1 3).

4|6 52 63 2 3
It follows that

12y /1 2y /1 2y /1 2\ /2 1\ /2 1
U4-S§={<1 3),(1 3),(3 1),(3 1),(1 3),(1 3),
2 3/ \3 2/ \2 3/ \3 2/ \2 3/ \3 2
2 1\ /21
)6 )
2 3/ \3 2
12y /21
(U4-S§)mm;2=:(3 1),(1 3)}
2 3/ \3 2

Since

and

1 2
(3 1):w((2,3),(1,2))

2 3
and sgn((2, 3), (1,2)) =1 (where (i, j) denotes the transposition of i and j), we get

2\ 2 1
Wrdetz I(U4) = ? X g = i

We remark that

m11(Us) m12(Us) my3(Us) 1 10
(mzl (Us) mxpn(Us) m23(U4)> = (1 0 1)
m31(Us) m32(Us) m33(Us) 0 11

and we see that

213 213

= =8=\U,-S3
ngi,/<3mij(U4)! 1'totorton! 1 | 4 2|
as we counted above. We also note that
1
Py, (x11,...,x32) = g(xmm + x12x21) (*¥11X32 + X12x31) (X21X32 + X22X31),

. 201
and the coefficient of x11x21x31Xx12x22X32 of Py, is i

Let us put

10’)

dete(g-19") 4, 1 < 1>’<"—“kn<g
= KT pkn — 7.2
oni() =~ o B 5 27 (72)

n
o€eSy
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for g € Gy, We note that <p,,,k(g_1) = @k (g) since vg, (g_lo) = vkn(go_l). By Lemma 4.7
and its S 1’; -invariance of 1,?” , it follows that

Onk(h1gh2) = Xk (h1h2)* 0n i (8)

for g € &y, and hy, hy € Gy 1 6, In particular, ¢, is a S} -biinvariant (or S}/-zonal spherical)
function on Gy,,. We note that the rightmost side of (7.2) can be considered as an analogue of
the integral expression of the zonal spherical function of a Riemannian symmetric space due to
Harish-Chandra (see, e.g. [2]).

Lemma 7.5. The x,]l‘ p-Spherical function @, i relative to the wreath product & &, on Gy is

expressed as a matrix element of the (unitary) representation MnTk,f’det(% jk);z) of Gkp:

(g - wrdety (X), wrdety (X))
(wrdety (X), wrdet (X))

(pn,k(g) =

where () denotes the invariant inner product on M, T"" det

function.

. In particular, ¢, i is a positive definite

Proof. Consider the projection

Pok= G Y. 0 €C[Spl.

IS”I sest
By (5.3), for each g € Gy, there exists a constant C(g) such that
Py i g - wrdety (X) = C(g) wrdety (X). (7.3)
Since P, x is self-adjoint with respect to (, ) and wrdet, (X) is S} -invariant, it follows that
(g - wrdetr (X), wrdet (X)) = (g - wrdet (X), Py k - wrdet (X))
= (Pukg - wrdety (X), wrdety (X))
= C(g)(wrdet (X), wrdet (X)).
To determine C(g), let us calculate the coefficient of ]_[';): 1 ]_[5‘:1 X(p—1k+1,p in the both sides

of (7.3). It is immediate to see that the coefficient in the right-hand side is C(g)(%)” =
C(g) dety, (1,63"). We look at the left-hand side:

Py g - wrdety (X) = |S | Z og - wrdety (X)
k eSi‘l

kn—vga(h) nk
(--) [ 1] [*eemo—vrin.p

€S} heGpy p=1i=1

k

1Nk (8~ o )y 1
> (_g) ) [T Txeco-visn.p.

oeSy p=11=1

—Z(

heSy,

Hence the coefficient of ]—[Zzl Hf‘zl X(p—1)k+1,p in Py kg - wrdety (X) is equal to
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1 1\ kn=vin(g ™ o~ "h) 1\ kn—vin (810
S () ()T e

n |S]’:| n n
hesSy oSy SN

Thus we have

dete (g - 12"
C = — .
(8) det. (1% ©n.k(8)
This completes the proof. O

Remark 7.6. By specializing the Frobenius character formula for Gy, we have

A
oV = 3 %fk(a)x)‘(g) (g €Gy),
AN

where f () denotes the content polynomial defined by
f@= ] (1+G-ba).
(i,j)er
Since

1 | 1 .. _ (kn)!|SSTabx(1)|
fx<—z>= l_[ (1_E(J_l)>:kﬂ 1_[ (k+@G—1)= 12 kn

@i, j)exr (j,i)er

it follows that

1 \kn—vin (8) |SSTaby (A)|
(1) - ERSe.

M=kn
Hence the function ¢, x is a linear combination
onk(g) =Y |SSTabx(1)| ¢} ; (2)
M=kn

of §}-zonal spherical functions

1
A A1
Pui(®) = g 2 1 (s7'0)
k oesy
with nonnegative (integral) coefficients. Therefore, it is immediate to see again that ¢,  is a
positive definite function.

Remark 7.7. Since (ind?,"” Ly, jk*n) = K, ) for A = kn, the pair (Sy,, S}) is not a Gelfand
k

pair in general. Further, although one can verify that the pair (Sx,, S 1 G,) is a Gelfand pair

when k = 2 (see p. 401 in [7], in fact, the wreath product &3 : G,, is isomorphic to the hyperoc-

tahedral group of degree n), it is not the case for a general k. Actually, when n = 3, by looking

at the Schur function expansion of the plethysm h3 o hi (see p. 141 in [7]), it follows that the

induced representation ind%i’;63 l&,:&, 1s not multiplicity free when k > 18.
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For a standard tableau T' € STab((k")), we define

Dr(X) zwrdetk(g(T)_1 ~X),

where g(7T') is a permutation given in (5.2). We see that

Dr(X)= Y wrde(g(T)"'1(S))dets(X)
SeSTab((k™))

k"
=<ﬁ> Z onk(8(T)'g($)) dets(X).

SeSTab((k"))
We now define the f*") x f*") matrix En k by
- -1
Snk = ((pn,k(g(T) g(S)))S,TGSTab((k"))' (7.4)

Since ¢, x(g) = (p,,,k(g_l), one finds that the matrix =, x is symmetric. Moreover, we notice
that det =, x > 0 by Lemma 7.5, because ¢, x is a positive definite function. Then the following
conjecture looks quite reasonable.

Conjecture 7.8. The matrix E, i is positive definite; in particular, one has det 5y, x > 0. In other
words, {D(X)}1esTab(kn)) gives another basis of the space MnT",g’det = C[By,] - wrdety.

We try to examine the first few examples which may support the above conjecture.

Example 7.9. We have

1/3 2 2/3 5 3/2 5
detZrr==-|=-), detE3,=—-(-) , detErz3=—-(=),
et&n 2 3<2> et =32 3 <4> et=n 3 2(3)

265 3\ 4 3 /5\1
detE4’2=T(_> , detE2,4=—<—) .

We notice here that
f(22> -2, f<23> — f(32) —5, f(z“) — f<42> —14.
Appendix A. Laplace expansion of «-determinants

Proposition A.1 (Laplace expansion). For a given n by n matrix X = (x;j)1<i, j<n, We have

n
det(a) X = Z alflqu .qu det(a) qu,
p=1
where X p, is an n — 1 by n — 1 matrix obtained by the following procedure: (1) remove qth

column vector and qth row vector in X, (2) if p # q, then replace the row vector (Xp1, ..., Xpn)
in X by (xq1, ..., Xgn)-
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Proof. We have

n n
det® X = Z Z o8 l_[xg(,-),-

p=1 geS, i=1
gl@)=p

n
=Y xpg y, @O T x40
p=1 ge6, I<i(#q)<n
8(g)=q

n
1-8 —D)—v,_
ZZ“ P X pg Z =D 7n-1(®) l_[ X(p.q)-g()i
p=1 ge6, I<i(#q)sn
8(@)=q

n
_ 1-4 (@)
_E a "Xy det™ X py.
p=1

Here we use the fact that v,((p,q) - g) = vu—1(g) + 8pq if g(g) = q (see the proof of
Lemma2.1). O

Example A.2 (n =4). For

X111 X12 X13 X14
X21  X22  X23  X24

X = ,
X31 X32 X33 X34
X41 X402 X43  X44
we have
X21 X3 X24 X1l X13 X4
Xpp=|x31 x33 x3:4|, Xpn=\|x31 x33 X34 ],
X41  X43  X44 X41  X43  X44
X1l X13 X4 X1l X13 X14
Xpp=|2x21 x23 x4, Xpp=\1x31 x33 X34
X41  X43  X44 X21 X3 X24

Hence we have

X1l X12 X13 X14
det@ | 21 X220 x23 X4
X31 X3 X33 X34
X41  X42  X43  X44

X1 X23  X24 X1l X13 X14
=axppdet™ [ x31 x33 x34 | +xndet® | x31 x33 x34
X41 X43  X44 X41 X43  X44
X1l X13 X14 X1l X13 X14
+ ax3p det@ X21 X223 X4 | +oaxq det@ X31 X33 X34
X41  X43  Xa4 X21 X23  X24
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