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This paper investigates the concepts of relational homomorph-
isms and their closely associated concepts of generalized congruence
relations on automata which are in general incomplete, nondeter-
minigtic, and infinite. The concept of generalized isomorphism, which
is a natural extension of the isomorphism concept in dealing with
nondeterministic automata, is also studied.
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I. INTRODUCTION

The closely related concepts of homomorphism and the substitution
property are extremely useful in the structural theory of complete and
deterministic automata. However, not much has been done on the struc-
fural theory of incomplete and nondeterministic automata. One of the
reasons for this is probably the lack of tools to adequately study such
structures. And it is our convietion that “relational homomorphisms”
investigated in this paper are part of the tools desired for such studies.
Although many authors (Ginzburg and Yoeli, 1960; Keisler, 1960;
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Lyndon, 1959; and Thatcher, 1965), have investigated the concept of
relational homomorphism on algebraic systems, their definitions fail
to have the important feature that the relation $o¢p ™" defined by the
homomorphism ¢ satisfies the substitution property when extended to
partial on relational structures such as incomplete and nondeterministie
automata, whereas our definition in this paper does preserve this prop-
erty. And because of this, we are able to extend many of the results such
as isomorphism theorems in algebra to the more general structure of
incomplete, nondeterministic automata.

This paper investigates the concept of generalized (or relational)
homomorphism as well as the more restricted concept of generalized
congruence relation. It can be shown that a generalized functional
homomorphism on deterministic automata coincides with the ordinary
homomorphism. Also, generalized congruence relation adsorbs the con-
cepts of partition with substitution property and set systems, and is
associated with generalized homomorphism similar to the relationship
between. homomorphism and congruence relation in the complete and
deterministic case. Furthermore, each. of the concepts mentioned above
have two versions depending on whether the automata under eonsidera-
tion are complete. And this difference reveals why certain properties
(such as substitution property) which hold in the complete and deter-
ministic automata can be extended to the general case. Finally, prop-
erties of relational isomorphism, which is a weaker form of isomorphism,
between automats are also studied.

II. PRELIMINARY

In this section we give basic definitions and general background
which are necessary for the understanding of the following theory.

Let X, Y, and Z be arbitrary sets, X’ C X, Y C Y, 0 S X x ¥
and ¢ & Y x Z, define composition “o”” by the following rules:

z,2) | (3y € V)l(z,y) €6 A (y,2) € al};
X'o0={yecY|(3zeX)(a,vy) € 8l;
80Y ={z€ X|(3y€ Y)(xy) € 6.

We define Ix = {(z, 2) |z € X} and 67" = {(y, 2) | (z, ¥) € 6}.
An automaton M is a triple (8, 4, &), where S is an arbitrary non-

empty set (of states), A is a finite set (of input symbols), and

5§ C (8 x A) x Sis called the transition relation of M. Clearly, M can

I
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also be represented by the triple (S, A, {8.}scs) Where 8, = {(s, ) |
((s, @), t) € 8}. We also extend &, to §, for = in the free monoid A*
generated by A by the rules:
(i) 8, = Is, where e is the empty word of A™;
(i) o= as -+ @, then 8, = 8, 08,008, .
We say an automaton M is delerministic if 8, is single-valued for all
o in A. Otherwise, M is nondeterministic. We say M is complete if

(Va € A)(Vs € S)[scd, # .

Otherwise, M is said to be incomplete.

In this paper, we will restrict ourselves to the discussion of only
those automata which have the same inpuf alphabet A.

Let M = (8, A,8) and N = (T, A, \) be two automata, we define
the product automaton, M x N, of M and N to be the automaton
(8 x T,A, r),where Va € A,

1o = {((s,1), (s, ¢)) | (s,8) € 8, A (£, ) €A}

We say N is a subautomaton of M if and only if 7 C S and (Va € 4)-
e = 8, N T%. Clearly, every subset of S determines a unique subau-
tomaton of M. We say N is a semi-complete subautomaton of M if fur-
thermore (Wa € AY(Vt € T) [tod, # & —tod, # ). We say N is
an M-complete subautomaton of M if N is a subautomaton of N and
(Vae A)Y(Vt e TY(Ys € S)[(t,s) €8, — (,5) € A). 1n case N is
complete, then we say N is a complete subautomaton of M.

In the sequel, we assume that automata M and N will always be
represented by the triples (8, 4, §) and (T, 4, \) respectively unless
stated otherwise.

IT1. GENERALIZED CONGRUENCE RELATIONS

DermvrrioN 1. A relation' § on S is said to satisfy the (dual) substi-
tution propertyon M if and onlyif (Va € A)[5; 0008, C6]((Va € A)-
[Bacbos,” < 6l).

DermiTioN 2. § & §° is called a (dual) generalized congruence rela-
tion® (GCR) on M if and only if 6 is reflexive, symmetric and satisfies
the (dual) substitution property on M. We say 6 is a generalized produc-

1 Only binary relations will be considered in this paper.
"2 1f § is an equivalence relation, then a GCR becomes a congruence relation
in the ordinary algebraic sense. .
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twe congruence relation (GPCR) on M if furthermore (WaA)[f#o8,0 8
C 8,0 8l
We note that in case M is a complete automaton, then the two
concepts defined above are identical.
The following closure theorem. follows directly from properties of sets.
TrroreM 1. The partly ordered set of GCR (GPCR) on M, ordered by
set inclusion, forms o complete, distributive lattice which is o sublattice of
the lattice of oll reflexive and symmelric relations on S.
Derintrion 3. A family of nonempty distinet subsets ¢ = {83}z,
I is an index set, of S is called a cover with substitution property’ (or
SP cover for short) on M if, and only if,
(i) UieI S = S, and
(i) (Va€ A)(VS:€ C)( 3 8;€ O)[Sieod, € 8yl
We note that every SP cover € on M determines a unique GCR 8¢
on M by the rule:

bc = {(s,1) € 8’| (3D € O)l{s, #§ < DI}.

On the other hand, every GCR ¢ on M defines a SP cover C; on M by
the rule:

Co=1{TC S|[(V¥se S)lse T (Ve Dis, 1) € .

The correspondence between GCR and SP cover on an automaton M
is, nevertheless, not one to one. Since there are in general more than
GCR as shown by the SP covers which define the following example.
Example. Let M = (S, 4, 8) be defined as follows:

S =1{1,2345,6},
A = {d},
. = {(1,2), (1, 5), (2,4), (2,5), (3,2), (4 3), (5,4), (6, 6), (6, 3)}.
Let C1 = {{17 27 3}7 {2’ 4: 5}7 {37 4:7 6}} and € = Cy U {27 3’ 4}"
Clearly, C, & C,. However, 0¢, = f¢, .

Notation: If 6 is a relation on M, and N a subautomaton of M, then
denote by 0x(6r) the relation 0 restricted to N (the set T').

TaeoreM 2. A GCR 6 on N 4s a GPCR #f, and only if, N is a sub-

automaton of a complete automaton M so that 6 can be extended to ¢ GCR ©
on M such that (\dt € THite 0 = to O

2 Hartmanis and Stearns (1966) call it a set system and Yoeli (1963) calls it an
admissible partition.
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Proof. Suppose N is a subautomaton of a complete automaton M,
and @ is an extension of § on M such that (Vi € T)[te 6 = < O]

§E GodoT — (3t € TNV(Op € TNi(s, &) € 0 A (I, u) € A

M is complete implies that there exists s’ € S such that (s, s') € &,.
Since ® is a GCR, so (s, p) € ©. p € T implies pof = o O, and
hence s’ must be an element of 7' such that (s,s’) € A, . Thus, (Va € 4)-
[8eXsgo T C N,oT] and #is 2 GRCR on N.

Conversely, suppose 6 is a GPCR on N. Let Cp = {T}:cr for some
index set I. Construct a complete automaton M by the following rules:

(i) 8 =T U{p}, whereg ¢ T;
(i) (Ve € )5 =N U (8,8 U{(s,8)[s0n. = I}

Since 8 is a GPCR, we see that if so ), = &, then (VT;, T; € Cp)
seT: AT:NT;# & — Tijoh, = & Now, it is quite clear that M
is a complete automaton which has N as its subautomaton. If we let
C = {T}icr U{B}, and © = 6, then C is a SP cover on M and @ is a
GCR on M such that @y = 6. Furthermore, (¥t € T)[to 8 = to ),
and the theorem is proved.

TaroreM 3. To each relation 6 on S, there corresponds & unique maxi-
mal GCR (GPCR) m(8) and a unique minimal GCR (GPCR) M(8)
on M satisfying M(6) © 68 & m(8). Furthermore, if F is a family of
relations ¢ on S, then

() M(Uper o) = User M(o);
(i) m(Usera) = verm(0)3
(i) M(Nyero) = Nocr M(0);
(iv) m(Noer o) = Noerm(o).

Proof. Define M(8) = sup C, where C is the family of all GCR
(GPCR) p on M such that p C 6. Similarly, define m(8) = inf ¢,
where €’ is the family of all GCR (GPCR) § on M such that ¢ C .
Clearly, M(9) C 6 < m(8), and properties (i) through (iv) follow
directly from Theorem 1.

It is also clear that the above theorem holds for dual generalized
congruence relations as well. For a given relation 8 on M, we will denote
by M4(6) and ma(6) the unique maximal and minimal dual GCR on
M such that M(0) S 9 C me(8).

DermnttioN 4. Let 6 be a relation on a set X. Define the trace, T(B),
of @ by the rule:

7o) 1, if there exist an z in X such that (z, z) € 6.
" o, if for all z in X, (, z) § 0.
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LeEmwMA 1. Let 8 and p be relations on a set X then
(i) T(8) = T(67);
(i) T(8e p) = T(po 0),
(i) § S p=2T(6op ") = 0, where p = X* — p.

Proof. We will only prove (iii) since (i) and (ii) are quite trivial.
Suppose § C p. If there exists € X such that (z, 2) € 805 ', then
there exists y € X such that (x,y) € 6 and (y, 2) € 5. Since (y, x) €
5 = (x,y) € pand since 6 C p, we arrive at a contradlctmn Thus,
(Vz € X)[(x, ) ¢ 60p '] which implies that T(8e5 ") = 0.

Conversely, if (60 5 ') = 0 and we assume that 6 & p. Then there
existmandyinXsuchthat (z,y) € 6 but (x,9) ¢ - Le., (z,9) € b
But then (x, #) € 805" which implies that T(o5) = 1 a contra-
diction. Thus, we must have § <

Levmma 2. If 0 4s a relation on S, then 6 satisfies the substitution prop-
erty on M if, and only if, 8 = S* — 6 satisfies the dual substitution property
on M.

Proof. Ya € A,6,'0008, C0e2T(8, 0808,08 ") =0

T(,00  08."00) =0
28,00 05 S0
= §,0808," C 8.

Notations. If 6 and p are two relations on a set X, then we denote
by pe the relation 6 o po 6. For each automaton M, let S(IM) be the
semi-group generated by {8.ca U Is under composition. For each
a € S(M), let l(a) be the number of elements of {5,}.c4 contained in
the minimum representation of «, and {(Ig) = 0.

DrrmTion 5. If 6 is any relation on M, we define the SP closure
6* of 6 on M by the rule:

= U 4..
acS8(M)
Lemma 3. Let 6, p be relations on M, then
(i) 6% is the smailest relation satisfying the substitution property
which contains 0;
(i) § S p — 6" S p%;
(iii) 6 = 6%

Proof. We will only prove condition (i) here since the proof of (ii)
and (iii) are quite trivial. It is obvious that 8 < ¢*. For all ¢ in A,
e 0008, = Nacs(ar) 8200008, = Upes(a) 8 ca 0 foaod, C 6%
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If v is another relation satisfying the substitution property and con-
taining 6, then 6, C v for [(a) = 0. Assume that 6, C v, foralla € S(M)
such that I(a) = n, and let 8 € S(M) such that I(8) = n + 1. Then
B = aod, for some a € A and some & € S(M) such that I(a) < n,
and

1 1

0 = 6z o 'ofoaod, S o, 0ovod, C 7.

Thus, @ € S(M), 8, C v and hence §* . This shows that 6% is the
minimal relation satisfying the substitution property and containing 6.
The following theorem gives rules for computing the maximal and
minimal GCR a given relation on 3.
TueoreM 4. If 0 is a reflexive and symmetric relation on M, then
(i) m(8) = 6
(i) M(8) = M"(0) whered = d UG UI,.

Proof. (i) If p is any GCR on M such that § C p. Then by lemma 3
above, 6 C p. In particular, §° C m(6). However, ¢ is a GCR con-
taining 6, hence, m(8) < 6% and therefore, m(8) = 6*.

(i) We first note that m4(8) ean also be obtained in a similar fashion
as In (1). ma(8) satisfies the dual substitution property implies that
mg(0) satisfies the substitution property by lemma 2. Since mg*(8) is
reflexive and symmetrie by definition, ms*(4) is a GCR. § & my(§) —
mg*(8) C b= 6. Thus, m*(8) S M(8). Since ma(9) < p for all dual
GCR p on M such that § C p, and since M (8) < 6 and M(8) = M™(9),
s0 M(6) C my*(h). This implies that msA(§) = M(8), and the theorem
is proved.

IV. GENERALIZED HOMOMORPHISM

In this section, the concept of generalized (rational) homomorphism
between automata and their relationship with generalized congruence
relation will be discussed.

DrriniTioN 6. ¢ & S x T is called a generalized homorphism® (GH)

¢ In the conventional automata theory, a function ¢:8 — T' is a homomorphism
from M to N if and only if (Va € A)[6.09 = ¢oA,]. It is not hard to show that in
case M and N are complete and deterministic, and ¢ is a function from S to T,
then ¢ is a GH from M to N if and only if ¢ is a homomorphism from M to N.

Ginzburg and Yoeli (1965) defined ¢ € S X T to be a weak homomorphism from
M to N if and only if (i) Is C ¢o¢~1 and (il) (V2 € A*)[¢71e5: C Aog™Y]. Tt is easy
to see that weak homomorphism implies GH and that the two definitions are
equivalent in case N is also complete.
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from M to N if and only if
(Va € A)[5 7 opo, C gl

Tt is clear that ¢ © % is a GH from M to itself if and only if satisfies
the substitution property on M. Thus, following Theorem 1, the family
of all GH from M to N forms a complete, distributive lattice under set
inclusion.

TuaroreM 5. If ¢ © 8 x T, then the following statements are equivalent.

(i) ¢ is o GH from M to N.
(ii) ¢ 4s @« GH from N to M.
(iit) (Va € A)Da S ¢ 08,04l
(iv) ¢ determines an M x N-complete subautomaton of M % N.
Proof. (i) = (i) &= (iil). Va € 4,

Natogd 08, S 2, opoN, S
T(6. cdoNod ') =0
T(¢ od, opor,) =0

¢ 105;10(]5_(;}-\;1

1

T

14

¢ lodod S X,
2N C ¢los, 0 b

(i) = (iv). Suppose that ¢ is a GH from M to N. Let (¢, 4, 7. ) be
the subautomaton of M x N = (8 x T, A, 7,) determined by ¢.
If (s, 1) € ¢, and if there exists (s', 1) € ¢ © § x T such that ((s, t),
(s, 1)) € 7., then since 5; o oA, & ¢, and (s, s') € 8,, (1, £) € 74,
we must have (s, ¢') € ¢;ie., ((s,8), (s,¢)) € ¢".8ince .’ = ¢’ N,
((s,0), (s, ¢)) € 7., and (¢, 4, 7.)) is an M x N-complete subauto-
maton of M x N.

Hedetniemi’s definition of a full homomorphism (1966), Keisler’s definition of
a strong homomorphism (1960), and Thatcher’s definition of homomorphism (1965)
coincide in the structure of automata. Namely, ¢ C S X T is a homomorphism
(in their sense) from M to N if and only if

(Vo € A)¢7 o0 = A

Clearly, if Iy C ¢o¢~L, then this definition implies Ginzburg and Yoeli’s definition
of weak homomorphism. On the other hand, Lyndon’s definition of homomorphism
(1959) embodies only half of the above definition, namely, (Va € A)¢p~less0¢ C o).
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Conversely, if ¢ determines an M x N-complete subautomaton, then
Ya € A,

(5,8) €8z ogoda— (3(s, ) € S, 8) € & A (I, 1) € A
— (5, 1), (5,1)) € 7
— ((s, 1), (s, 1)) € ¢, since (5, 1) € ¢

and ¢ determines an M x N-complete subautomaton
=8 0goN S ¢

TueoreEM 6. If ¢ © 8 x T, then there is a maximal GH ¢4 and a
mintmal GH ¢, from M to N such that ¢ S ¢ S ¢u -
Proof. Define ¢,, by the following rules:
(1) ¢(1) = ¢
(i) Yk = 1, define
¢(k + 1) = ¢(k) U{(s, )| (3a€ A)(3(s, ) € 6(k))-
(s 8) €80 A (£,8) €N

(i) ¢m = Uis19(k).
We now define ¢ by the following rules:
(1) ¢ll] = ¢
(ii) Yk = 1, define
¢l + 1] = o[kl N {(s, 1) | (Ya € A)(V(s, 1) € 8 x T)-
[(5,8) € 8 A (1, 1) € N (5, 1) € oIk}
(iil) ¢ar = Mis10[k].
It is easy to show that ¢, and ¢, do satisfy the conditions of the
theorem.
DrermiTion 7. Let ¢ be a family of nonempty subsets of S. The

quotient automaton, M /C, of M modulo C is defined to be the automaton
(C, A, 8° such that

(Va € AY(YCi, C; € O)(C:, C) € 8.° = & # Ciod, C Cjl.

If ¢is a GCR, then we define the quotient automaton, M /6, of M modulo
6 to be M/Cy = (Cs, A), where 5 = 85°.

TaEOREM 7. Every GCR 6 on M determines o unique GH ¢(8) from
M to M/0. Conversely, if ¢ is a GH from M to a complete automaton N
such that Is S ¢poo ', then ¢ determines a uniqgue GCR 8(¢) on M.
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Proof. Let 8 be a GCR on M. Let Cy = {Ci}icr where I is an index
set. Define ¢(8) from M to M/8 by the rule:

(Vs € 8)(VC: € C)l(s, Cs) € ¢(6) =5 € C.
(s,C:) € 6. 0p(8) 08’
2 (35 € 8)(3C; € O)(s,s) €8a A (5,C;) €8(68) A (Cy,C:) €8]
—~§ €C; A Cjos, S Ci—s€ Ci,sinces € s'0d,
— 8, 0 ¢(0) ° 8.’ < 6(6).

Thus, ¢(8) is a GH from M to M/8.

Conversely, let ¢ be a GH from M to a complete automaton N, and
Is C ¢op. We define 8(¢p) = ¢ o¢ % It is quite clear that 6(¢) is re-
flexive and symmetric. Furthermore,

Va€ A, 5 00(¢)od =8 opog ol
C ologoNioNog 08 Shog = 6(g).
Hence, 6(¢) is indeed a GCR on M, and the theorem is proved.

V. GENERALIZED PRODUCTIVE HOMOMORPHISM

In the theory of complete and deterministic automata, we say two
automata are structurally equivalent if, and only if, they are isomorphic;
i.e., one automaton can be obtained from the other by renaming the
states. In this section, a stronger version of the GH is given which we
will utilize to compare the structures of incomplete, nondeterministic
automata.

DerFINITION 8. ¢ € S x T is called a generalized productive homomor-
phism (GPH) from M to N if and only if Va € 4,

(i) 8" ogpoNs C ¢;
(ii) ¢ 08,08 S Ao T}
(i) porge T & 8,0 8.

Clearly, in case M and N are complete, the two definitions of homo-
morphisms coincide. Conditions (ii) and (iii) in the above definition
guarantee that M and N have the same structure, even if they are in-
complete, in the sense that a state produces a next state if, and only if,
its corresponding states also produce next states under the same input.
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- It is also clear that the three conditions in definition 8 are equivalent
to (i), (ii') dohs S daog, and (iii') ¢ 08 S o™
In the following, we shall give an example to demonstrate the dif-
ference between GH and GPH.
Let M = (8, 4, 8) and N = (T, A, A) such that 8 = {a, b, ¢, d}.
T =1{1,2}, A = {a], and §, and A, are defined by the following matrices.

If we define the two relations ¢ and  on S x T by the matrices

ala b ¢ d Nl 2
a|0010 1]01
b0 0 1 1 2110
¢c|1 0 00
dio 0 0 0
61 2 v1 2
a1 0 a1 0
b0 0O and b1 O
e !0 1 c {0 1
00 d|o 1

Then ¢ is a GPH and ¢ is a GH but not a GPH as shown below.

0 0
- {100
aa © ‘p ° )\d - 1 1
0 1
However,

0

: 0

\P ° >\a = 1

1

1
0
0
0

OO e

0

1

OO O

1
0
0

[ W e R g
[y
| M| [

o]
3

C ¢ —yis a GH.

J= 8z 0 ¢ — ¢ is not a GPH.
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On the other hand,

"1 0]
Sa ool = g (1) = ¢ — ¢ is a GH.
L0 0.
0 17 {0 11
oAy = 2 8 - (1) (1) = §, 0 ¢, and
0 0] LO 0_’
ron[2 0L gones

Thus ¢ is a GPH.

TuroreM 8. A relation 0 on 8 s a GPCR on M if and only if there
exists an automaton N and o GPH ¢ from M {o N such that
IsCSéog =0

Proof. Suppose that ¢ is a GPH from M to N such that I3 S ¢ o .
Let 8 = ¢og¢ . Clearly, 0 is reflexive and symmetric. Furthermore,
a € A, we have

(i) 008,08 = ¢pog 08,08 S poroT S 8,08;

(i) (s,8) €6l 0hod2(s,8) €6 0opod 06,
> (Su,v € 8)(3t € TH[(u,8) €6 A (u,t) € A (4,v) €
A (v,8) €8] = (3w € TH[(t, w) € A, since g 08,08
ChoT—(5,8) €8 0opodioNog ™05 CSgog ™ =9

Thus, 6 is a GPCR on M.

Conversely, assume that 6 is a GPCR on M. Let Co = {Ci}icr, where
I is an index set. Let N = M/0 = (Co, 4, 5,”), and define¢ & 8 x
by the rule:

(Vs € S)(VC: € O)|(s, Ci) € p =25 € Cil.
By the proof of theorem 6 above, it is clear that
(Va € )5 oo’ C ¢l
Furthermore, Ya € A, we have

(i) Ci€ ¢ od, 082 (2s€ 8)((s,C:) €d Asodar= & — (3C;



152 : R. T. YEH

€ )Yl £ Ciod, C (), since Cy is a cover with substi-
tution property on M —s¢ 0,08 C 8, 0 Cy;

(i) s € gpod’oChe (3C: € Cl(s, Co) € ¢ A Ciod = &)
> (3t € Ci)[tod, # I 5808, = I, since (s, 1) € ¢ and
008,08 C 8,08 — dpod oy C 8,08.

Since (Vs € 8)(2C: € Co)l(s, Ci) € ¢], therefore ¢ is a GPH from
M to N such that Is C o " = 6.

DeFmviTION 9. ¢ © 8 % T is called a generalized isomorphism’ be-
tween M and N if, and only if, ¢ is a GPH from M to N such that
IsC¢og and Ir C ¢ ¢

Notation: We will denote by “M ~ N7’ the fact that there exists a
generalized isomorphism between M and N.

We note that “~* defines an equivalence relation on the family of
all automata over the same input alphabet A. Since clearly

(1) M A M;
H) ML N=N T M
(i) M 2 Nand N2 P » M %2 P,

Notation: If N is a subautomaton of M, and 8 a relation on M, then
denote by N(8) the subautomaton of M determined by T o 6; ie.,
N(@8) = (To#, A, a,), where ¢, = 8, = 8, N (T o 8)".

TreoreM 9. If N is a complete subautomaton of M, & a GPCR on
M, p a GPCR on N, then py is a GPCR on N(8) and N(8)/ps ~ N/p.

Proof. We first note that N(8) = (T o9, 4, o,) is also a complete
subautomaton of M. Since s € To 8 — (3t € T){(¢, s) € 6]. N being
complete then implies that (Va € A)[toN, # J]. Since 605,08
C 3,08, and (,s) € 6, therefore s 0 8, % . Furthermore, (Vs' € s03,)
(VY €ton) [(£,8) €0 AL € T), and thus s’ € T o 6 which implies
that (Ve € AY(Vs € To8)[sca, = ¢

We will now show that pp = 6 opo8 = fopof is a GPCR on
N(8). Clearly, po is reflexive and symmetric. Va € A, we have

(1) o3'cpoc,CoalofoNsoNs opor, 0N, 0800, C oy

§ If M and N are complete and deterministic, then ¢:8 — 7 is an ssomorphism
between M and N if and only if ¢ is a homorphism from M to N such that ¢ is
also one to one. It is obvious that ¢ is an isomorphism between M and N implies
that ¢ is a generalized isomorphism between M and N.
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(i) 8 € Bopofogo(Teb8)=2 (3t f € TY3s,s € 8)
(s, ) €8 A (1) Ep A (T,s) €O A(,8) €auh
8" €Tofl—bopo(fogge(Toh)) ChopogeeT C
Bocr,,oT,sinceNiscompleteandt’ET->006,,0T§
cao T o6, sinces € T o 0 and N(8) is complete.

Thus, ps is a GPCR on N (8).
Let C,, = {Xi}icr and C = {Y};er , where I and J are index sets,
then define ¢ © C,, % C, by the rule:

(X:, V) €2 (X:NY) # <.

Since T C T o 6, so for each X; € C,,, there exists an ¥; € C, such
that X; N Y, # & and vice versa. Therefore, I¢,, & ¢ o ¢ " and I,
Co o Let N(8)/ps = (Coy, A, 6.) and N/p = (C, A, A;). Then

(VX: € C)(YY; € CUX:, Y;) € 627 0goh] 2 (3Xe € Cp)
(Y, € C) I(Xe, X)) €Eéa AN (X, V) € A (Y1, Y;) €0 —
X, NY, = &F—X;NY; 5= F,since N is complete, — 65 oo A, S

¢. Also,

(VY: € CIY: € ¢ 06,00l 2 (3X;, X € Col(X;,7V) € 6 A
X, Xi) €ol=>BteMite X;NT— X NT = F, since N
is complete — (3Y; € C,)[X: NY; # &), since C, is a cover with
substitution property on T — (Wa € A)[¢ ™ 0 6,0 Coy S Aeo C,).

Similarly, we can prove that (W a € A)fpoAaoC, & 4,0 (. Thus,

¢ is indeed a generalized isomorphism and hence N (8)/ps ~ N/p.
TreoreM 10. If ¢ is ¢ GPH from M to N such that Is € ¢ oo™, then

M/6(¢p) ~ Mp. Where Mp = (8o, A, N) 1s the subautomaton of N de-

termined by S o, and 6(¢) = ¢po ¢ .

Proof. 6(¢) = ¢od " is a GPCR on M by Theorem 8. By the same
theorem, there exists a GPH ¢ such that M L. M/6(¢). Since clearly,
MAMs, so M/6(¢) ¥~ Mo,

Turorem 11. If N is a semi-complete subautomaion of M, and 6 a
GPCR on M, then N/6y ~ N(8)/6.

Proof. 6 determines a GPH ¢ from M to M /6 by Theorem 8. Let ¢ =
¢ | N, the restriction of ¢ to N. Since N is semi-complete subautomaton
of M, we see that ¢ is a GPH from N to N(6)/6 such that (Wt ¢ T)
[toy = {C; € Cs|t € C}). Furthermore, I+ < Yoy and Ir.m S
ylopandy oy = 6 N T° = 6y, where T o 0/6 isthe state set of N(6)/
6. Thus, by Theorem 10, we must have N/6xLN(8) /6.
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TuaeoreM 12. If M 4s a complete automaton, 8 and ¢ are GCR on M
such that ¢ & 0 then (M/¢) /04y ~ M /0. Where ¢(o) is the GH from M
to M /o determined by o.

Proof. Let Co = {Xi}icy and C8 = {Y} s, where I and J are index
sets. Sefine ¢ C C, x Cp by the rule:

(VX: € CH(VY; € Cl(X:,Y)) €2 X NY; = ]
Let M/o = (C», A, 8,) and M/s = (Cy, A, 6, ). Then
(Xi,Y3) € 6. 0go0d,”
2 (53X €0)3Y/ € XS, X:) €8/ A (X, Y]) €9
A (Y], Y5) €4,"]
- X/ NY/ =&
- (VX € X/ 08)Y Y/ € Vo8, )X NY, = &)

since M being complete implies that both M /s and M/¢ are com-
plete

- XiNY; = &
— (Ya€A) T opos” Sl
Now, G/s and G/6 are complete implies that Yo € A4, ¢ 08, o C, &
3. oCyand ¢pod,” oCy C 3, oC,. Thus, ¢ is a GPH from G/c to G/s.
By Theorem 10, we have (M /a)/¢ o é~ M /8. We must now show that
pod = boy = ¢(c) 0 fod(a).
(VX:, X; € COUX:, X)) €Epog]
2ONLEMXNYL=ZAX;NY =g
(>z€ Xi)(3y€ X))z, y) € 6]
(Xi,X;) € ¢(o) 7 0 6806(o)
= 0o = ¢o¢
Therefore, (M/c)/84w ~ M/6.
VI. CONCLUDING REMARKS

In this paper a general approach to compare the structures of incom-
plete, nondeterministic automata has been developed via the concept of
relational homomorphism. The concept of structural equivalence, we

=
=
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believe, is an important one in the sense that certain essential structures
of two systems are preserved without demanding them to be the same.
If we consider automata with output, then it can be shown that struc-
tural equivalence (with an additional condition on output) lies between
the concepts of isomorphism and behavioral equivalence. Furthermore,
in many cases when behavioral equivalence is demanded, structural
equivalence is there also.

It appears that the results obtained in this paper may be used to dis-
cuss the structural properties of graphs or formal grammars,
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