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Let X be a complete metric space, .# a set of continuous mappings from X into
itself, endowed with a metric topology finer than the compact-open topology.
Assuming that there exists a dense subset .+ contained in _# such that for every
mapping 7T in .4 the set {x € X: Tx =x} is nonempty, it is proved that most
mappings (in the Baire category sense) in .# do have a nonempty compact set of
fixed points. Some applications to a-nonexpansive operators, semiaccretive
operators and differential equations in Banach spaces are derived.

INTRODUCTION

A property is said to be generic in a Baire space FE if it holds in a residual
subset of E. In (7, 11] the generic existence of a fixed point for a metric
space .# of mappings on a complete metric space X has been studied. In
both papers it is assumed that there exists a dense subset .#'of .# such that
every mapping T in .#” has a unique fixed point. Proofs in these papers
heavily rest upon the uniqueness of the fixed point in .#". The main result in
this paper is a generic existence theorem of fixed points (Theorem I,
Section 1) with the weaker assumption: For every mapping T in .# the set
{x EX: Tx=x} is a nonempty set. We also prove that fixed points of T
continuously depends (in a weak sense, see, (Theorem 1(ii)) on the mapping
T). In Section 2, we apply Theorem 1 to prove the generic existence (and
weak continuous dependence) of fixed points for a-nonexpansive mappings
(i.e., mappings which satisfy a(T(4)) < a(4) for every bounded set 4, where
a(-) denotes the Kuratowski’s noncompactness measure [9, p. 412]) and a-
nonexpansive mappings defined on cones. Generic problems concerning «-
nonexpansive mappings have been treated in [2, 5]. In Section 3, Theorem 1
is applied to prove that most of the semiaccretive mappings (i.e., compact
perturbations of accretive mappings, see the definition in Section 3)
satisfying a boundary condition do have a zero. In Section 4, using
Theorem 1, we answer to an open question proposed in [11] about the
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generic existence of solution of a differential equation in 2 Banach space with
Caratheodory’s hypotheses. Further application are indicated in Sections 2
and 4.

1. MAIN RESULT

In the following X will be a complete metric space, N the set of the
positive integers and .# a set of continuous mappings from X into X
endowed with a metric finer than the compact open topology.

THEOREM 1. Assume that there exists a subset .#~ of # satisfying:

(a) A is dense in #,
(b) For every fin ¥ the set of the solutions of

x=f(x) (1

is nonempty.
(c) For every f in 4 and every sequence {x,} such that x, is a
solution of

X = fo(%), 2

where {f,} = [fin #, there exists a subsequence of {x,} which converges to a
solution of (1).

Then, there exists a residual subset A’ of .# such that the following
conditions are satisfied by every fin #':

(i) {xe€X:x=f(x)} is a nonempty compact set.

(i) If {f,) »fin # and x, is a solution of (2), there exists a subse-
quence of {x,} which converges to a solution of (1).

Progf. Let {x,} be a sequence in X. Define

A({x,})=sup{d(x,, x,): n,m € N}
B({x,})=inf {4({x.}): {x,} is a subsequence of {x,}}.

For every f in .# denote

V(f) = sup{B({x,}): {f,,} »fin.# and x,, is a solution of (2)}.
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Claim 1. Assume V(f)=0.If {f,} »fin .# and x, is a solutions of (2)
there exists a Cauchy subsequence of {x,}.

Since B({x,})=0 there exists a subsequence {x)} such A({x,})< 1. By

induction, if {x}'} is a subsequence of {x,} satisfying A({x'}) < 1/m we can

construct a subsequence {x7*!} of {x™} such that A({x7+'}) < 1/(m + 1).
Consider the diagonal sequence {x)}. For every real number £ > O let N be
an integer number greater than 1/e. Since x" is a term of {x}} for n > N we

obtain that {x}} is a Cauchy sequence.

Claim 2. For every fin.#, V(f)=0.

Let f be a mapping in .#", {f,} a sequence converging to fin .#, and x, a
solution of (2). By (c) there exists a Cauchy subsequence {x/} of {x,}. For
every real number ¢ > O we can choose a subsequence {x/} of {x/} such that

A({x,}) <e. Thus B({x,}) < ¢ that implies V(f)=0.

Claim 3. At every mapping f in ¥~ '({0}), V is continuous.

Otherwise, for some f in .# with V(f)=0 we can find a real number
n >0 and a sequence {f,} -/ in .# such that V(f,) > n for every n in N.
Then, for each n there exists a sequence {f, ,}—~f, in .# and a sequence
{Xy.m} Of solutions of x =/, .(x) such that B({x, ,}) > 1/2. We can assume
d(fy.m:Su) < 1/n for every m > n. For each n we can construct a subse-
quence {X, ,om!t (#: N — N order preserving) satisfying

d(xn,w(m)’xn,mm’)) > '7/4 (3)

for every m,m’ € N (m # m’). In order to do that choose ¢(1) = 1. Let ¢ be
defined for j = 1,..., k — 1, satisfying (3). There exists m > ¢(k — 1) such that
d(X, > Xu.06y) > /4 (J = 1,..., k — 1) because otherwise we could choose for
some X, ,;, (j <k — 1) a subsequence of {x, ,} formed by all points whose
distance to x, ,, is less or equal than /4, contradicting B({x, ,}) > 1/2.
Denote again (x, ,} the subsequence which satisfies (3). Hence we have

A(Xy s Xy m) > /4 forevery nom,m' EN. m#m'. 4)

By A < B we shall mean that 4 and B are ordered subset of N and A4 is
contained in B, so that {(n,x,):n € A} is a subsequence of {x,} if 4 <N.
Consider the sequence {(n, x, ,): n € N}. Since {f, ,} »fand V(f) =0 there
exists Ny <IN such that the sequence {(n,x, ,):n € N,} converges to a
solution x, of (1). Consider the sequence {(n, x, ,,,):n € Ny}. We can
construct a subsequence {(n,x,,,;):n €N} (N, <N;) converging to a
solution x, of (1). By induction we can construct sequences
n,x, .. 0):nENY (N, <N,_,) converging to solutions x, of (1). Since
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V(f)=0 we choose by Claim1 a Cauchy subsequence {(k,x,):k € K}
(KKN) of {x,}. Hence for k,k' €K (k <k') large enough one has
d(xy, x,:) <n/8. Since {(n,X,,,):nEN,} and {(n,X,,,,):n€E N}
converge to x, and x,, respectively, we obtain for n € N,, large enough
(X, p s ks Xnnek') < /4 contradicting (4).

Claim 4. The subset V~'({0}) is a residual subset of .#.

It suffices to note that ¥~'({0}))=N2, ¥~ ([0, 1/n)) and by Claims 2
and 3 ¥ ~!(|0,1/n)) contains a dense open subset of .#.

We can easily complete the proof. If f is in .4’ = V~'({0}), let {f,} be a
sequence in .#~ which converges to f. Let x, be a solution of (2). By Claim 1
there exists a Cauchy subsequence, which converges to a solution x of (1).
Continuous dependence follows in the same way. From (ii) every sequence in
the set {x € X:f (x) = x| contains a converging subsequence. Thus this set is
compact.

2. APPLICATIONS TO 0-NONEXPANSIVE MAPPINGS

Let X be a Banach space and C a bounded closed nonempty convex subset
of X. If a(-) denotes the Kuratowski’s noncompactness measure and 7 from
C into C is a continuous mapping satisfying a(7(4)) < a(A4) for every set 4
contained in C, it is known [10, p. 127] that the set {(xEX: Tx=x} is a
nonempty compact set. This result is not longer true if T is a-nonexpansive,
ie., T satisfies a(T(4)) < a(4), even if X is uniformly convex [10, p. 126].
By applying Theorem 1 we prove the generic existence of fixed points of a-
nonexpansive mappings.

THEOREM 2. Let .# be the set of all continuous mappings T: C—> C
which satisfy a(T(A4)) < a(4) for every subset A of C, endowed with the
topology of uniform convergence. Then, there exists a residual subset #' of
A such that for every T in #' the following conditions are satisfied:

(i) {x € C:Tx=x} is a nonempty compact set.

(ii) If {T,} converges to T in .# and x, is a fixed point of T, there
exists a subsequence of {x,} which converges to some fixed point of T.

Proof. Let .+ be the set of all a-Lipschitz operators with constant less
than 1. Since (1 — 1/n)T— T .#" is a dense subset of A#. By a Darbo’s result
[3] the set {x € X: Tx = x} is a nonempty compact set for every T in.#". To
prove condition (c) in Theorem 1 let {T,} be a sequence converging in .# to
Te, x, a fixed point of T, and assume a({x,:n€ N})> 0. Choose
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€= (1 —k;)/3a({x,: n € N}), where k, is te a-Lipschitz constant of 7. For
N large enough so that d(T, T,) < ¢ for n > N we have

al(ix,:n € NP =a({x,:n > Np) = a({T,x,:n > N})
< 2+ a(T({x,:n > N}))
<24 kya(ix,:n€NY) <a({x,:n€N})

Then {x,:n € N} is a relatively compact set.

Remark. Condition (i) in Theorem 2 has been proved in [2, 5] with a
different technique. In [5] it is proved that the successive approximation are
precompact and a similar result for upper semicontinuous g-nonexpansive
mappings which are compact convex valued. This result (replacing
precompactness of the successive approximation by (ii)) can be derived from
the result corresponding to Theorem 1 for multivalued mapping and the fixed
point theorem of Fan [6]. Theorem 2 also holds if we consider the f-measure
defined by f(4) =inf{e > 0: A can be covered by finitely many balls with
diameter less than ¢}.

Theorem 1 can be also applied to quasibounded a-nonexpansive mappings
defined on a cone. We recall |10, p. 128] that a mapping T defined from a
cone C in a Banach space X into X is said to be quasibounded if T maps
bounded sets into bounded sets and

q(T) = Ih;m x| ' Tx| < + oo.
X{—aC

xeC

It is known [10, p. 129] that every a-contractive quasibounded mapping
T: C— C with ¢(T) < 1 has a fixed point.

THEOREM 3. Let .# be the space of all quasibounded continuous
mappings T: C — C that satisfy: (q,) a(T(A4)) < a{A) for every bounded set A
contained in C; (q,)q(T) < 1, endowed with the uniform convergence on
bounded sets topology. Then, there exists a residual subset .#' of # such
that for every T in #' one has:

(i) {x€ X: Tx=x} is a nonempty compact sel.

(it) If {T,}>Tin # and x, is a fixed point of T,. there exists a
subsequence of {x,} which converges to a fixed point of T.

Proof. 1t runs as that of Theorem 2, .7 being the set of all quasibounded
a-Lipschitz mappings I' with Lipschitz constant £, < I and ¢(T) < 1. To
prove condition (c) in Theorem 1, let 7 be a mapping in ..# and {7,} a
sequence converging to 7 in . #. If g(T) <A <1 choose R >0 such that
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[Tx| < h|x| for every x in C, |x|>R. Denote M =sup{|Tx|:|x|<R},
r=max{R,M + 1}, C, = {x € C:|x|  r}. Choose n, large enough such that
|T,(x)|<r for every n>n, and x in C,. Then T, maps C, into C, for
n 2 ny. As in the proof of Theorem 2, we can obtain (ii).

3. APLICATION TO SEMIACCRETIVE MAPPINGS

Let X be a real Banach space with uniformly convex dual X*, D a
bounded closed convex subset of X. Denote by J: X - X* the (unique)
duality mapping. If T of D into X is a strongly accretive mapping, (i.e., there
exists a constant ¢ > O such that

Jx—y)Tx—=Ty)>clx -y

for every x, y in D) and T satisfies (I — T)(@D) < D, it is known [12] that T
has a unique zero in D. De Blasi [6] proves that this result holds for most
accretive mappings (i.e., mappings which satisfy

x—=p)Tx=Ty)>0
for every x, y in D) in the sense of the Baire category.

DEFINITION [1,p. 234,236]. A mapping T: D — X is said to be strongly
semiaccretive if there exists a continuous mapping S of D X D into X for
which the following conditions are all satisfied:

(s,) Tx=S(x,x) for every x in D.

(s,) For every x in D, the mapping S,:D—X defined by
S, y=S(x, y) is strongly accretive.

(s;) The mapping x— S, is a continuous mapping from D into a

relatively compact set of the space of continuous mappings from D into X,
endowed with the topology of uniform convergence.

A mapping T:D—- X is said to be semiaccretive if there exists a
continuous mapping S of D X D into X for which (s;) and the following
conditions are satisfied

(s}) For every x in D, the mapping S,: D — X is accretive.

(s;) The mapping x— S, is a continuous mapping from the weak
topology on D to the topology of uniform convergence on the set of
continuous mappings from D into X.
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We say that a mapping T: D — X is weakly semiaccretive if there exists a
continuous mapping S: D X D — X for which (s,), (s}), and (s,) are satisfied.

Since X* is uniformly convex, condition (s}) implies condition (s,). Thus,
every semiaccretive mapping is a weakly semiaccretive mapping. If 7 is
strongly semiaccretive and satisfies (/ — T)}oD)< D it is known {lI,
Theorem 13.15] that there exists a point x in D such that Tx = 0. This result
is also valid |1, Theorems 13.17] if T is semiaccretive and X is a uniformly
convex space. The Theorem 4 shows that this result still remains valid for
most semiaccretive and weakly semiaccretive mappings in arbitrary Banach
spaces with uniformly convex dual.

THEOREM 4. Let X be a Banach space with uniformly convex dual, D a
closed bounded convex subset of X. Denote # (resp..” ) the set of semiac-
cretive mappings (resp. weakly semiaccretive mappings) from D into X
satisfying (I — T)(éD) < D, endowed with the topology of uniform con-
vergence. Then, there exists a residual subset #' of . # (resp. . 7' of .7)
such that every T in.#"' (resp..7 ') has a zero in D.

Proof. We may assume without loss of generality that O is an interior
point of D, since translation of the independent variable for a mapping does
not affect its accretiveness and hence its semiaccretiveness. Denote by

# the set of the strongly semiaccretive mapping T that satisfy for some
constant ¢,>0 and for every X,u,v in D the inequality
Ju—~v)ySu—S,v)>celu—v|’ where S is the mapping given for T by
the semiaccretlveness. For every T in # or .7 the mapping
T,=(1—-¢)T+elisin ./ (for S(x,))=(1—¢)S(x.y)+¢ey) and I — T,
maps ¢D into D. Thus ./ ' MN.# (resp. ./ M.7 ) is a dense subset of . #
(resp. 7). To prove Theorem 1(c) let {T,} be a sequence converging in . #
or .~ to amapping T in. /" Let x, be a zero of T,. From (s,) there exists a
subsequence of {S, }, denoted again by {S,,! which converges uniformly to a
mapping U: D — X satisfying (J(u —v), Uu — Ur) > ¢, |u — v|* for every u. v
in D. Let L be the diameter of D and ¢ > 0 arbitrary. Choose N large enough
so that d(T,. T) < e.d(S, . U) < e for n > N. For every n.m > N one has

<J(xn - xm)' Txn - Txm\/ = <J(X" X ) UY A b

+{Jx, = x,) Tx,, X, < 2LE.
Furthermore

1* < Jx, — x,) Ux, — Ux,,
= (J(xp = Xp)s S(x5 %) = S, X))
+ (e, — x,) Ux, — S (,x,,. X, )0
+ {J(x, — X, ) S(X, - Ux,,) < 4Le.

Crlx,— Xy,
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Thus {x,} is a Cauchy sequence. Let A be defined by A(T)=/—T.
Applying Theorem 1 to A(#) (resp. A(>)) the poof is complete.

THEOREM 5. Let X be a Banach space with uniformly convex dual, D a
closed bounded convex subset of X. Denote by (¥ the set of all continuous
mappings from D into X which satisfy the following conditions

(c;) T=A+C, where A is accretive and C is a compact continuous
mapping from D into X.

(c,) (I—A—C) maps 8D into D.

Then, there exists a residual subset (' of (! such that every T in (7' has a
zero in D.

Proof. It runs as that of Theorem 4.

4, APPLICATIONS TO DIFFERENTIAL EQUATIONS

Let X be a Banach space, I an interval in the set R of real numbers and f
a mapping from I X X into X. Consider the Cauchy problem

X =f6x),  x(to)=x. (5)

If (5) has unique solution for (¢, x,) running in a dense subset 4 of 7 X X
and f satisfies Caratheodory hypotheses for X = R, Cafiero |3] proves that
uniqueness holds almost everywhere in I X R. Vidossich [11] extends this
result (in the sense of Baire category) to an arbitrary Banach space X,
assuming that for every (4y, x,) in 7 X X the mapping

x()=xo+ [ (5 x(s)) ds ©)

is a compact mapping from C(I, X) into itself, C({, X) being the set of all
continuous mappings from / into X with the compact open topology. Since
in infinite-dimensional spaces, Caratheodory hypotheses do not assure the
existence of solution, we can study an existence problem analogous to
Cafiero uniqueness problem. This question was raised in [11]. By using
Theorem 1 we can easily prove

THEOREM 6. Ler f: I X X —» X be a mapping which satisfies

(e,) fis continuous with respect to the second variable,

(e,) [ is medible with respect to the first variable and there exists
h€ L\, (I, R) such that | f(t, x)| < h(t) for every (¢, x) in I X X.
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Assume in addition

(e;) There is a solution of (5) for (t,, x,) running in a dense subset A
of I X X.

(es) If (tgoxo) is in A, {(t,, x, )} = (tg. xo) in I X X and ¢, is a solution
of x'=f(t. x); x(t,) =x,, then there exists a subsequence of {¢,} which
converges to a solution of (5).

Then, existence of solution is a generic property in I X X.

Proof. Define for (¢, x,) in I X X a mapping from C(I, X) into C(I, X)
as in (6). It is easy to prove that this mapping, denoted by F(t,, x,). is
continuous on C(I, X). We can topologize {F(¢,x): (f, x) €I X X} setting
d(F(t, x), F(s, y)) = max{|t —s],|x — y|}. This topology is finer than the
topology of uniform convergence. By applying Theorem | we can complete
easily the proof.

Remark. The technique used in Theorem 6 can be equally well applied to
prove similar results for integral equations or functional equations. For
instance, consider the nonlinear integral equation of Volterra type

X(1) = 8(0) + | alt,)f (s, x(5)) s ™

where g: [ - X is a continuous mapping, f is as in Theorem 6, and «a is a
continuous mapping from 7 X I into the set of bounded linear operators on
X. If there exists solution for (7) when g runs in a dense subset of C(I, X) we
can prove the analogue of Theorem 6.
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