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1. Introduction

Weighted algebras of entire functions on C have been studied for many years. Berenstein, Li and Vidras in [1], Braun in
[2] and Meise and Taylor in [3] used some particular weights to describe such algebras, for instance ones of infraexponential
type. Motivated by this approach and by the very recent study by Carando and Sevilla-Peris [4] of weighted algebras of entire
functions, essentially of exponential type, we study general conditions on a countable family V of weights such that the space
HV (U) has a Fréchet algebra structure. Moreover its spectrum 9V (U) has a natural analytic manifold structure whenever X
is a symmetrically regular complex Banach space. This structure is based on the classical one given for any open (connected)
subset of C" (e.g. see [5, H.7. Lemma]), which was extended to the space H,(U) of holomorphic functions of bounded type
on the open set U in [6] and to weighted algebras of entire functions, with weights of exponential type, in [4]. The notation
and the approach of the proofs are infinitely dimensional, but the Riemann analytic structure obtained in Section 2 is new
even for MV (C"),n = 1, 2, ..., where our construction works since any finite dimensional Banach space is symmetrically
regular. The main reason for writing the results in the setting of Banach spaces is that if X is a non-reflexive Banach space,
then the Riemann structure on 9tV (U) is obtained on the topological bidual of X. In the case of U = X, in Section 3, we
prove (Theorem 3.7) that 9V (X) is a disjoint union of analytic copies of X**. To do that, a key ingredient is extending the
concept of associated weight given in [7] to the bidual of X.

By a Fréchet algebra we will understand an algebra for which the respective topological vector space is a Fréchet space in
which the product is continuous (these are sometimes also called By-algebras). For a Banach space X, a functionP : X — C
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is called an n-homogeneous polynomial if there exists a continuous n-linear mapping L : X x --- x X — C such that
P(x) = L(x, ..., x) for every x. The space of all n-homogeneous polynomials is denoted by #2("X). A function f is called
holomorphic if for every point x there exists a (P,(x)), (with each P,(x) € 2("X)) such that f = )" P,(x) in some ball
around x.

Also, for x € X and r > 0, Bx(x, r) (resp. Bx (x, r)) will denote the open (resp. the closed) ball centered at x with radius r.
Given an open set U C X, by a weight we will understand any continuous function v : U — [0, oo[. Following [8,7,9-14,4,
15-17] we consider a countable family V = (v,), of weights and define the space

HV(U) = {f : U - C:holom. ||f||, = supv(x)|f(x)| < oo forallv € V}.
xeU

It is worth mentioning that, since each || - ||, is a seminorm and the family V is countable, we are dealing with Fréchet spaces
and (when that is the case) Fréchet algebras. Also, the fact that X is finite or infinite dimensional makes no difference in our
study.

Given a weight v, the associated weight v was defined in [7] by

1
sup{lf (®)| : f holomorphic, [If|l, < 1}

It is well known that v < v [7, Proposition 1.2] and that, if U is absolutely convex, then |f||, = |/f|; for every f
[7, Observation 1.12].

Aset A C U is said to be a U-bounded set if it is bounded and d(A, X \ U) > 0. The space of holomorphic functions on
U that are bounded on U-bounded sets is denoted by H,(U). Following [15], we will say that a family of weights satisfies
condition I if for every U-bounded set A there exists some v € V such that infyc4 v(x) > 0. If condition I holds, then HV (U)
is continuously included in H,(U), a fact which we denote by HV (U) < H,(U).

We will also consider the following conditions: for each v € V there exists > 0, w € V and C > 0 such that

v(x) =

suppv + Bx(0,5) C U (1
v(x) < Cw(x+y) forallx € suppvandally € X with |ly|| <s. (2)

We will say that a family of weights V has good local control if it satisfies condition I, conditions (1)-(2) and X* is
contained in HV (U). Unless otherwise stated, we will always assume that V has good local control. Our interest in this good
local control will become apparent in the next section.

2. The analytic structure of the spectrum

Given a Fréchet algebra .7, its spectrum is the set of all non-zero, continuous, linear and multiplicative functionals
¢ : &/ — C.Our aim in this section is to define an analytic structure on 9V (U), the spectrum of HV (U). We will follow
essentially the same trends as in [6] (see also [4] or [18, Section 6.3]).

It is known [4, Proposition 1] that HV (U) is an algebra if and only if for every v € V there exist w € V and C > 0 such
that v(x) < C(x)? for every x € U. Clearly, this holds if we can get C and w such that

v(x) < Cw(x)?. (3)

The good local control will be crucial for the existence of the analytic structure on 9V (U) (see Theorem 2.12 and the
lemmas preceding it). Let us then present some examples of families that enjoy this property jointly with (3), for which our
main results in this section apply.

Example 2.1. In [15, Example 14] a family of weights V is defined such that HV (U) = H,(U). Obviously, this family V has
good local control.

If we consider entire functions, condition (1) is trivially satisfied. In this case, a standard way to define a family of weights
such that HV (X) is an algebra is to take a continuous and decreasing function ¢ : [0, co[— ]0, oo[ such thatlim;_, o, tfe(t) =
0 for every k (this condition is needed to get that X* < HV (X)) and then define weights v,(x) = ¢(||x])"/". If we define
the family V = {v,},, condition (2) translates into restrictions on the decreasing rate of ¢.

Proposition 2.2. V defined as above has good local control if and only if there exist « > 1 and s > 0 such that

)"
sup <
teR Qﬂ(t + S)

(4)

Proof. Let us assume first that for each n there exist s, C > 0 and m such that v,(x) < Cvp,(x +y) foreveryxand ||y|| < s
(i.e. V satisfies (2). Given t € R, let us choose x € X with ||x|| = t and puty = *-x. Then ||x + y|| = t + s and we have

lIxIl
et/ < Co(t +5)/™. Defining @ = m/n we have (4).
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On the other hand, let K = sup ¢(t)*/¢(t + s). Given n we choose m such that m/n > « and t, such that ¢(t) < 1 for all
t > to.Theng(t)™" < @(t)* < Kg(t+s) foreveryt > to. TakingM = supc(o ) 9 ()™"/@(t+s) and C = max(K'/™, M'/™)
we have
P(0)'" < Co(t +5)™

for every t.
Finally, if ||x]| = t and ||y|| < sthen ||x+ y|| < t 4 s.Then, since ¢ is decreasing, we have ¢(t +5s) < ¢(||x+y||) and this
gives v,(X) < Cop(x +y). O

In [4] weights are defined as above in terms of a function ¢ satisfying
pS)p(t) < Co(s+1t) (5)

for some constant C > 0 and all ¢, s. In that case an analytical structure is given to the spectrum of HV (X). It is easy to check

that if V satisfies (5) then it also satisfies (4). As a consequence, we have that ¢(t) = e~ satisfies (4) for every k (the fact
that (s + £)* < 2%(¢k + s*) implies that ¢ satisfies (5)). However, the converse is not true, as is shown in the next example.
Therefore, even for entire functions, our setting is more general than that of [4].

Example 2.3. The function ¢(t) = e~ satisfies (4) but does not satisfy (5). Indeed, if we choose s and « such that e’ < «
we have that

a
et N
= _ <1
a—etts o =5

forevery t > 0.

Example 2.4. Let (a,), be a sequence such that a, > 0 forall n,ay > 0 and a:—jl < % (equivalently _ "—” < n, L for all k < n).
Then we define

-1
o(t) = (Z ant”) )
n=0

Let us see that ¢(t) < e’p(s + t) for all s, t (this obviously implies (4)).

S .- - n! skgn—h Ak 1 gk
Y oas+0" =) a Z ProErTA ZZ S
n=0 n=0

n=0 k=0

_ i n %Skan_ktnfk — (Z )(Z A t" k) —e Za "

k=0

This clearly implies our claim.
Examples of sequences satisfying this condition can be constructed by taking p,+; > p, > 1 and defining a, = (nl!)p "
1 t

(eg.ay = (L) ora, = (n,) ). Obviously, for a, = & we get o(t) = e~

n!

Condition (4) implies that the function ¢ cannot decrease ‘too fast’, as the next example shows.
2
Example 2.5. The function ¢(t) = e~ does not satisfy (4). Indeed, for each fixed « > 1 and s > 0 we have

2\ o
et 2 2 2 2 ¢
(e ¢ ) e—ae e—ae e —e e’ NG
_et+92 ettt - p—etles? et - e et - oo

e

and this tends to oo.

Example 2.6. Let X be a complex Banach space and ¢ : [0, oo[—]0, oo[ be an increasing and convex continuous function.
Define the weights v, (x) = e~*?UXI/%) for 0 < A € Q and the family of weights V = {v, }. Since

V() (Y) < v (x + ),

for every x, y € X, then condition (2) is fulfilled, for example, considering s = 1 and C = max{e’?/* :0 <t < 1}. Hence
V has good local control. On the other hand ¢ is increasing; hence

2ip (P < g5 (X
\x \ 2
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for every x € X, and we obtain that

V(%) < (V1)2(%))?,

for all x € X. So, as condition (3) is also satisfied, HV (X) is a Fréchet algebra.
Example 2.7. In [1-3] the following weighted algebra is studied:

A) = {f € H(C) : sup I @)]e” 1”@ < oo, foralln € N},
zeC

where p : C — [0, oo[ has the following properties:

(i) pis continuous and subharmonic.

(ii) log(1+ |z|*) = o(p(2)).
(iii) There exists a C > 1 such thatforally € C

sup p(z) <C inf p(z) +C,
lz—y|=1 lz—yl=1

and hence
(iv) px+y) < Cp(x) + Cforallx €e Candally € Cwith |y] < 1.

In [1,2], (iii) is replaced by
(iii") p(2z) = 0(p(2))
which also implies (ivl).
Define v, (x) = e~ 1”@ forn € Nand V = (v,). Since
o= iP®) < it o~ ACPXHY)

forallx € Cand ally € C with |y| < 1, we have thatifm > nC,m € N,

n(X) < €M v (x+)

forallx € Cand ally € C with |y| < 1, and then Ag = HV(C) is a Fréchet algebra and V has good local control (actually, V
has what is later called excellent local control).

More general algebras Ag for families P = (p,) are given in [3, 1.2. Definition]. In a similar way it can be checked that Ag
is a Fréchet algebra and V has good (excellent) local control.

Let us now turn our attention to functions defined on open subsets of X. If U C X is a bounded, open set and V is a
family of bounded weights, it is easy to check that if V satisfies (1) then HV (U) = H,(U). The condition that the weights be
bounded is an extra hypothesis, but it is actually fulfilled by all usual examples. Thus, we will always consider unbounded
sets, as in the following examples.

Example 2.8. In C? we consider U = C x DD (where I is the open unit disk). Then we define functions v, on [0, 1] letting
Yn=1on[0,1/n],¥, =00n[1/(n+ 1), 1] and be linear on [1/n, 1/(n + 1)] and we consider weights defined on U by

_lal
Un(z1,22) = e Yn(|22]).
HV (U) is a Fréchet algebra and the sequence V = (v;,), has good local control.
The previous example can be seen as a particular case of the following:
Example 2.9. Let X;, X, be two Banach spaces, X = X; ®,X; and U = X; ® By, (0, R). We choose a strictly increasing

sequence (by,), such that b, > 0 for all n and lim, b, = R. We consider , such that ¢, = 10n [0, b,], ¥, = 0 on [by1, R]
and v, is linear on [by, by1] and take ¢ satisfying (4). Then we define weights by

vn (X1, X%2) = @(llxa 1D Y llx2 ).
It is not difficult to check that the family V = (v,), has good local control and HV (U) is a Fréchet algebra.

We consider now a symmetrically regular complex Banach space X. In particular, this covers the case X = C" for
n = 1,2...(in other words, the cases of one or several complex variables). Let U € X be open and unbounded, and V
be a countable family of weights defined on U with good local control and satisfying (3). Our aim is to define an analytic
structure on MV (U).

. . —w* . Lo
In the particular case that U is an open convex and balanced subset of X, we denote by U~ the norm-interior in X** of
the weak-star closure of U. Given a holomorphic function of bounded type f : U € X — C we denote the Aron-Berner

extension of f by f : ﬁw C X* — C.Then foreachz € ﬁw the mapping 8, defined by 8,(f) = f(z) is in MV (V).

In this way, we can have ﬁw — 9V (U). For details see e.g. [19, page 620] and use that the family of weights V satisfies
condition I.
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For a general open set U, we do not have a canonical set in the bidual to which any holomorphic function can be extended.
But we can fruitfully use a kind of ‘local Aron-Berner extension’ as the following method shows. Our next step is, for a given
¢ € MV(U), to find r = r(¢) > 0 such that for any z € X** with |z|| < r, we can define a new ¢* € MV (U) which
is, in some sense, close to ¢. To do that we need some preliminary work. Given any f € HV(U) and x € U we take the
Taylor series expansion Z;io P, (x) (for each P, (x) € 22("X)) of f at x and, for each polynomial, we consider its Aron-Berner
extension P, (x) € 2("X**). Hence, for each fixed z € X** the mapping U — C defined by x ~ P, (x)(z) is well defined and
holomorphic. Let us see that it also belongs to HV (U); this follows from the next result.

Lemma 2.10. Suppose V has good local control. Given v € V, there exist C,s > 0 and w € V such that ||x ~ P,(X)(2)|, <
C|\If llw forevery f € HV(U), ||z]| <sandn=0,1,2,....

Proof. Given v € V, by the good local control of V there exist C,s > 0 and w € V such that supp v + Bx(0,s) € U and
v(x) < Cw(x + y)forallx € suppv andall |ly|| < s.For fixedx € suppv, f € HV(U)and 0 < r < s, we have that
f € Hp(Bx(x, 1)), and hence we can use a ‘local Aron-Berner extension’ f, : Bx= (x, s) —> C given by

few) =Y PO —x),
n=0

for u € X** such that ||ju — x|| < s. Now, by Cauchy’s integral formula we have for each n

- 1 filx + A2)
Pn(X)(Z) = % it Tdk

Then

N 1 .
V) [Pr(x)(2)] < 5/ v fi(x + A2)[d[A].

IAl=1

Now, for every fixed x € U andz € X** with ||z]| < s we get, by [20, Lemma page 355], some (X, ) € X with [|x,]| < ||z]| <5
for all o such that |f,(x + Az)| = lim, |f (x + AX)|. Then, using (1) we have

V() fux + A2)| = li;n V) (x + Axy)| < sup v(X)|f (x + Ax,)|
< sup Cw (X + Ax)f (x + Axo)| < ClIf [l

This altogether gives

vX)Pr()(@)] < ClIfllw,
forallx e Uandallz € X**, ||z|| <s. O

Now, for each given ¢ € MV (U) there exists some v € V such that |¢(f)| < ||f||,. With this v we have s, C, w satisfying
(2). Now, ifz € X** and ||z|| < s then

Y 1o~ Pa@@)] < Y lx ~ P @)l
n=0 n=0

= Zsup v(x) |Pp(x) iz M

el Iz s
[ 21\ = 21\
ana)(”Z”z) (S) SCIIfIIw;(S) :

o0
n=0

This implies that for each fixed ¢ € MMV (U) and z € X** with ||z|| < s, the mapping ¢* : HV(U) — C given by

¢ () =) p(x -~ P0)(2) (6)
n=0

is well defined, linear and continuous. Moreover, proceeding as in [6, page 551], using the fact that ¢ is multiplicative, we
have that ¢* (fg) = ¢*(f)¢p*(g) forallf, g € HV(U). Then ¢* € MV (U).

If X* < HV(U), we can follow [21] and [6], and consider the mapping 7 : MV (U) — X** given by 7 (¢) = ¢ |x+.

Now, if x* € X*, we have x*(y) = x*(x) + x*(y — x); this means that the Taylor series expansion of x* € HV (U) around
x consists of Py(x) = x*(x) and P1(x)(y — x) = x*(y — x); considering the extensions to the bidual we get Py(x)(z) = x*(x)
and P;(x)(z) = z(x*). Then

¢ () =D p(x — Pal0)(2) = p(x ~ X' (V) + p(x ~ 2(X)) = (") +2(x").

Since this holds for every x* € X*, this means 7 (¢*) = 7 (¢) + z.
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Our aim is to show that the sets
Vye = {¢*:z € X™, |Iz| < €} (7)
where ¢ < s for some s > 0 depending on ¢ form a basis of neighbourhoods of a Hausdorff topology on MV (U). We need

first the following technical lemma. We denote by A, (x) and A, (x) the symmetric n-linear forms associated with P, (x) and
P, (x), respectively.

Lemma 2.11. For f € HV(U), let P,(x) and A, (x) be as before. If V has good local control, then given v € V, there exist C,s > 0
and w € V such that, for every zy, ..., z, € X**, the following holds:

_ n"
X ~ An ) (z1, . .. s Z)lly < Cwllfllwllllll o lzall

Proof. First of all we have
1

An(x)(zl» RN Zn) = 2np! Z &1 EnPn(X)(Slzl +-+ gnzn)
: Ej=:|:1
n" — (8121 + -+ €&nZ
= >l Z &1+ '8I1Pn(x)(fnn>-
: Sj:ﬂﬂ
If |z1]l, ..., |lza]l < s then H m ” < 5. Now, given v € V we have C, s, w from (2) and, applying Lemma 2.10,
— n" —(e1z1+ -+ &z
VA @, - 2] S Vs D [P0 ( —————
2"n! & n
ej==+1
n nn
< 2o 2 Clflle = —Clf -
gj==+1

For general zq, . . .z, € X** the conclusion follows easily. O

Now we are ready to show that for symmetrically regular Banach spaces, we have an analytic structure on 9tV (U), where
the neighbourhoods are given by (7). In the proof of the following theorem, by (y*, z"~¥) we mean that y is repeated k times
and z is repeated n — k times.

Theorem 2.12. Suppose U is an open subset of a symmetrically regular Banach space X and V is a countable family of weights
which has good local control such that HV (U) is a Fréchet algebra. Then, w : MMV (U) — X™** gives a structure of a Riemann
analytic manifold on 9V (U), where 1 is defined by mw (¢p) = ¢|x+ for ¢ € MV (U).

Proof. We are going to see that the system defined in (7) for ¢ < i (s = s(¢)) is a basis of neighbourhoods of a Hausdorff
topology on MV (U). The main step is to check that, for any given ¢ € MV (U) andy, z € X**, we have (¢)* = ¢’™*. To
begin with, we fix ¢ € MV (U) and we choose v € V such that |¢(f)| < ||f|l, for every f € HV(U). For that v € V and all

Y,z € X**(C, s, w are taken satisfying (2)), we have

S0 (%) Ik AnGoem 20 = 30 Y

k=0 m=k

o) 1= AnGO O™ 2,

m

m m m—k k
) C Il Iz

m e . )
k:o(k) (s) vl kllzll’)Canw

<yl + 1zl
()

m=0

Eﬂg ?E/%S
o

|
o
=

and the last sum is finite whenever |y|, [|lz]l < <. This means that the series Y o> > () [x ~ An()(/™ ¥, 25)]
converges (absolutely) in HV (U) and then

¢<xw : fj(':)fwcym’:z’w) =

0 m=k

Y () o0 = AnGO0™ % 24,

o0
=0 m=k

k

and this last series converges absolutely too.
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Now we take y,z € X** with |y||, |zl < i and f € HV(U). In order to compute (¢¥)*(f) we need the Taylor series
expansion of the mapping x ~ P,;(x)(z) (since we will have to apply ¢’ to this mapping). This is done in [6]. We have

@2 = Y ¢ P@) =YY () - A0, 2)
k=0

k=0 m=k

= i Xm: (':) P ~ An() (", 24))
5 ("))

m
m=0 k=0

= Y px — Pu( @ +9)) = 67 ().
m=0

I
[
<
=
¢

From this, it easily follows that the sets V, , define a topology. The fact that this topology is Hausdorff follows as in [6].

The composition of the inverse of any chart with another chart given by the suitable restrictions of 7 gives always the
identity on certain open subsets of X. This is obviously a holomorphic mapping, so we get that 7 : HV(U) — X** produces
an analytic manifold structure in 9tV (U). For details see [6, Corollary 2.4]. O

Corollary 2.13. Suppose U is an open subset of C" and V is a countable family of weights on U such that it has good local control
and HV (U) is a Fréchet algebra. Then the spectrum MV (U) of the algebra HV (U) has the structure of a Riemann analytic manifold
givenby & : MV (U) — C".

This corollary extends to weighted spaces on open subsets of C" the classical result for H(U) (see [5, H.7. Lemma]).
3. Extensions to the bidual and the spectrum of HV (X)

One of the aims of this section is to show that the spectrum of HV (X) can be seen as a disjoint union of analytic copies of
X**, just as in the case of the spectrum of H,(X) [6,18]. For this, we must study the extensions of a weight on X to its bidual
X**. Given a weight v on X, we define, in the spirit of the associated weight, the associated extension

. 1
z) = = . (8)
sup{lf )| : f € Hv(X), IIfll, = 1}
Note that v(x) = v(x) whenever x belongs to X.

This extension will be seen to have many good properties. It can be hard to compute, but we will show that this weight
is somehow equivalent to more natural and simple extensions. As a consequence, the simple extensions will share the good
properties of the associated extension.

First, let us see that the Aron-Berner extension is an isometry from Hv(X) into Ho(X**). Indeed, since ||f|l, = |/f|s for
all f in Hv(X), we have

If 1l = sup IFeIvXx) < sup IF ()10

< sup F@1o@ = Il
f
(nfnu)(z)
ifl
T )’

On the other hand,
from which the reverse inequality follows. We have shown:

f @)

TR = [Ifll, sup{lg(@)| : & € Hu(X), ligllv < 1}

Proposition 3.1. Let v be a weight on X and 0 be its associated extension to X**. For each f € Hv(X) we have that f belongs to
HYX™) and |If[l5 = IIfl.-

Now, suppose we have a family V of weights on X such that condition (2) is fulfilled. Let us see that the family of
associated extensions also verify (2). First, note that if we have z € X** and a net (x,) with ||x,] < |z|| for all @ such
that x, converges polynomially to z (in the sense of Davie and Gamelin [20]), then for any x in X and any f € H,(X) we have
that f(x+x,) — f(x+42).Also, givenz in X we can define 7,f : X — Cas 1,f (x) = f(x+2). Recall that if X is symmetrically
regular, then the Aron-Berner extension of z,f is simply t.f (z') = f (z' 4 z) [21]. Therefore, for (x,) as before, we also have
f@ +x) = f@ +2).

Now we can state the following.
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Theorem 3.2. If the family V of weights on the symmetrically regular Banach space X satisfies condition (2), then so does the
familyV = {v:v e V}.

Proof. Givenv € V,let C, sand w be asin (2). Fix z, z’ in X** with ||z|| < s and consider a net (x,) converging polynomially
to z such that ||x, || < s for all @. Note that

VAITf (] = Emu)If (X +xo)| = Climsup wx +xo)If (x + Xo) |

=< Clifllw,
and therefore ||z,f ||, < C||f|l., for all z € X** with ||z|| < s. Now we have
1 r —frro
———— = sup{lf @ +2)| : Iflln < 1} = sup{lf @)| : [Ifll, < 1}
w(z' + z)
< sup{|z.f (@] : Izfllv < C} < Csup{|g(@)| : ligll, < 1}
1
RETAN

which completes the proof. O

As we have already mentioned, condition (1) is automatic when the domain under consideration is X. Note also that the
dependence of s on v in condition (2) is forced precisely by condition (1), so for entire functions we feel that the following
variant of condition (2) is more appropriate.

Definition 3.3. A family V of weights on X is said to satisfy condition (%) if there exists s > 0 such that, for any v € V, we
canfind C > 0and w € V for which v(x) < Cw(x +y) forallx,y € X, |ly|| < s. We will say that the family V has excellent
local control when it satisfies all the conditions involved in the good local control, but changing condition (2) to condition

(%).

All examples in Section 2 of weighted spaces of entire functions satisfying good local control actually also satisfy the
excellent local control condition. In fact, for any family of the form {v'/™ : m € N}, conditions (4) and () are equivalent,
since the value of s that works for v, works for v'/™ for all m. It is clear that with the same proof as Theorem 3.2 we have the
following.

Theorem 3.4. If the family V of weights on the symmetrically regular Banach space X satisfies condition (x), then so does the
familyV = {v:v € V}.
So we have:

Corollary 3.5. Let V be a family of weights on X satisfying condition (x) and suppose X is symmetrically regular. Foreachz € X**,
the mapping t, : HV(X) — HV (X) given by t,f (x) = f (x + z) is continuous.

Proof. Choose N € Nsuchthat|z|| < Ns.Forv € V,we cantake C, sand w as in Definition 3.3. Proceeding as in Theorem 3.2,
we can see that [|7;nflv < ClIf [l This means that 7,y : HV(X) — HV(X) is a continuous operator. As a consequence,

7, = (1zyn)V is continuous. O

Now we are ready to simplify the description of 9V (X), for X symmetrically regular and V with excellent local control.
Indeed, given ¢ € 9MV(X), we can give an alternative definition of ¢* that works for all z € X**. First, let us define
Jp(@) : HV(X) — Cby Js(@)(f) = ¢(rf). Since 7, is multiplicative (because the Aron-Berner extension is multiplicative)
and, as we have shown, is continuous, we have that J,(z) belongs to MV (X).

Since X is symmetrically regular, we have that 7,/ ,(g) = 1,7 o 7,(g) forall z, z/ € X** and allg € H,(X) [21, Theorem
8.3.(vii)] or [6, Lemma 2.1]. Therefore, since HV (X) is contained in Hy(X) we have that J4(z' + 2)(f) = J4(z')(z.f) for all
z,Z' € X* and all f € HV (X). This fact will allow us to show the following.

Lemma 3.6. If X is a symmetrically regular Banach space and V is a countable family of weights with excellent local control such
that HV (X) is a Fréchet algebra, then the mapping

Jp 1 X* = MV(X)
is bicontinuous into its image (in fact, ], is bianalytic), when 9V (X) is endowed with the analytic structure defined in Section 2.

Proof. Fixz’' € X** and let us show that J, is continuous at z'. For this, let us take the constant s > 0 provided by condition
(%). If we consider |z|| < s, then J4(z' + 2)(f) = J4(@)(f) = (J4(2))° () (the last equality follows from expanding z,f
and comparing this with the definition of ¥* for ¥ € 9V (X)). Since the analytic structure of 9V (X) was defined such that
z — Y*isanalyticin ||z|| < s forany ¥ € MV (X), we have that J,(z’ + z) is an analytic function of z in ||z|| < s, so in
particular J, is analytic at z'.

On the other hand, since 7 (J4(z)) = 7 (¢) + z, we have thatjqj1 W) =n¥) —n(p) for¥ € J4(X*™) and the inverse of
Jo is also continuous (and analytic). O
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If we look at the previous proof for the particular case z/ = 0, we note that for ||z|| < s, J,(z) and ¢ coincide. Therefore,
we could define ¢ for arbitrary z by setting ¢* := J4(z) = ¢ o 1, and this will extend our previous definition of ¢* in
Section 2.

As a consequence of Lemma 3.6 we have an analytic copy of X** in the connected component of 9V (X) containing ¢.
Since this analytic copy of X** is necessarily open and closed, it must coincide with the connected component. Then we
have:

Theorem 3.7. Let X be a symmetrically regular Banach space and V a countable family of weights on X with excellent local
control such that HV (X) is a Fréchet algebra. Then, 9V (X) is a disjoint union of analytic copies of X**. Each copy is given by
{¢p o1, : z € X**} for some ¢ € MV (X), where t7,f (X) = f(x +z) forallx € X,z € X** and f € HV (X).

We have seen that the associated extension defined in (8) has some good properties: it makes the Aron-Berner extension
an isometry and preserves conditions (2) or (x) for families of weights. However, it may be hard to compute. Many weights
have natural (and simple) extensions to the bidual. For example, if we have v(x) = ¢(||x||) for some appropriate function
@, then v(z) = @(||z]|x*) for z € X** is clearly the most natural extension of v to X**. More generally, suppose we have
a continuous non-negative function ¢ : R}, — R, and forj = 1,...n we have Banach spaces Y; and continuous linear
operators Tj : X — Y;. We can define a weight on X by

v(x) = @UITi®lyys - - -5 1Ta @) ly,)- 9
Then a natural extension to X** is
1(2) = eUIT" @ llyz, ., 1T @ llyg)- (10)

Particular cases of weights as in (9) are obtained by decomposing X as a direct sum of closed subspaces and defining the
weight as a function of the norms of the projections (like in Examples 2.8 and 2.9). Also, note that any ¢ as above can be
considered as a weight on C", extending it as a function of the modulus of the coordinates.

We will see that these natural extensions share some good properties with our associated extension. First we have the
following general result:

Lemma 3.8. Let v be a weight on X and v any extension of v to X**. Then, for each f € HV (X) we have |f|l; < |If |l5.
Proof. Suppose ||f||; < 1. Clearly, ||f|l, < 1and then

If @)| < sup{lg@)]: ligll, <1} <

S| =

This means that ||f||; < 1, which completes the proof. O

In order to show that the extension defined by (10) makes the Aron-Berner extension an isometry, we need the following
version of Goldstine’s theorem.
Lemma 3.9. Let X, Y1, ..., Y, be BanachspacesandT; : X — Y;,j = 1, ..., n, be continuous linear operators. For eachzy € X**
and each § > 0, there exists a net (x,) € X such that x, B zo and for all o, we have

(@) %l < llzoll,
(b) ITxall < T 20l i T7*20 # 0,
(0) el < 81f T720 = 0.

Proof. For simplicity, we will assume that Tj**zo = 0 only for j = n. Let us define on X the following equivalent norm:

— .. —ITax||
’ 9 k ’
lzoll "~ IT 2ol 1Ty q20l 6

|||X|||=max{ Xl Tl ITacsx]] 1 }

This norm makes the mapping T : X — £, (X, Yy, ..., Y,) givenby T(x) = (IIZXW’ HTQ()Z(OH’ e ”TTQQ‘Z’;”, %Tnx) an isometry.
1 n—1
By [22, Ex. 3.22], the bitranspose T** is also an isometry, which means that the norm in (X, || - ||)** is given by
lzll Tzl 1Tzl 1
lzll = max{ =, ——— .. i —|Tz| {.
lzoll " T 2ol 1Ty 201l 8

By Goldstine’s theorem applied to X and X** with the norm || - ||, we obtain a net (x,) converging weak-star to z, with
Xl < llzoll. This inequality implies the three inequalities in the statement and, by the equivalence of the norms, the
weak-star convergence obtained is the desired one. O

Theorem 3.10. Let v be a weight on X of the form (9), where ¢ is non-increasing in each coordinate. If v is the extension defined
in (10), then for each f € HV (X) we have ||f [z = IIf ls = Ifl.-
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Proof. We have already seen the second equality and, for the first one, one inequality follows from Lemma 3.8. For the
reverse one, given z € X** fixed and ¢ > 0, let § > 0 be such that for any A € C" with

I =iz, 0Tz, <6,

we have [h(X) — h(||T{*z]|, ..., IT*z])| < e.

For this é§ and for the given z, let (x,), be the net obtained in Lemma 3.9. Applying Davie and Gamelin’s procedure to
the net (x,), we can find another net (yg) polynomially converging to z. Thus we can find Sy such that |f (yg,) — f(2)| < &.
Moreover, every yg is a convex combination of elements of the net (x,), and hence (y) satisfies the inequalities (a), (b) and
(c) too. Since ¢ is non-increasing in each coordinate and by the choice of §, we have

F@1@ = F@ledT @I, - IT* @)
< F@I@UTIG) N, - - ITape) D + €)
(f @po)| + OOUTI W) - - ITaWpe) ) + £l @]
Ifll, + 9(0, ..., 0) + elf (2)].
Consequently, [|f[l; < Ifll, = Iflls- O

Our next step is to obtain an analogous result, but for every function g defined on X** (not only for Aron-Berner
extensions). For this, we must impose some orthogonality-like conditions on the operators Ty, ..., T,. First, denoting by
v the associated weight of v, we have the following.

IA

IA

Corollary 3.11. With the hypotheses of Theorem 3.10, we have v < v < D and then HO(X**) is contained in Ho(X**) with
lglls < lligll; for all g in HO(X™).

Proof. Since ||f |5 = IIf I = |If llo for all f € Hu(X), we have for z € X**,
sup{lg(@)| : liglls < 1} = sup{lf @)| : If s < 1} = sup{lf @] : IIf l, < 1}.

Therefore, we have v < v < v (the first inequality always holds). In particular, || g]l; = ligll; < llgll; forallg inHO(X*™). O

Definition 3.12. We say that the operators T; : X — Y; satisfy the orthogonality condition if each x € X can be written as
X =X1 + -+ X, insuch away that Tj(x;) = 0ifi # jand Tj(x;) = O only if x; = 0.

The orthogonality condition is readily verified if, for example, we can decompose X as a direct sum of n closed subspaces
and Ty, ..., T, are the compositions of injective operators with the corresponding projections. Namely, if we write X =
X1 @ --- ® Xy, I1; is the projection on X; associated with this decomposition and S; : X; — Y; are injective linear operators,
thenT; = Sjo IT; (j = 1, ..., n) satisfy the orthogonality condition. To illustrate this with an example, consider X = ¢; and
the weight

1/2
v = ¢ ((Z |x2i|2) , sup |x2,-+1|> :

i
Here, £1 = X; @ X5, where X; (resp., X3 ) is spanned by the even (resp., odd) elements of the canonical basis, and Sy : X; — ¢,

and S, : X; — cg are the formal inclusions.
As we have already mentioned, any continuous function ¢ : R}, — R, canbe considered as a weight on C", by extending

itas (A1, ..., An) = @(|A1l, ..., |An]). Therefore, we can consider its associated weight ¢, which is also a weight on C".
This allows us to define the following weight on X:

w®) = @UIT1®)ly;s - - - 1T () lly,)- (11)
Then a natural extension of w to X** is

W@ = oUT @y, .o T @ ). (12)

Note that w is a weight on X** related to v which is, in some sense, simpler than v, since it involves ‘taking the associated
weight’ in a finite dimensional space. Comparing the different definitions, it is natural to wonder about the relationship
between v and w (which are associate-like weights on X) and between v, v and @ (associate-like weights on X**). The
following theorem presents some of these relationships. The most important is the third one, since it shows the isometry
between Ho(X**) and Hv(X**), i.e., that the norms induced by the associate extension (the one with good properties) and
the simplest extension coincide.

Theorem 3.13. Let v be a weight as in (9), where ¢ is continuous and non-increasing in each coordinate. Then the following hold:

(a) w > 0.
(b) If Tq, ..., T, satisfy the orthogonality condition, then v = w.
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(c) If the bitransposes T;*, ..., T;* satisfy the orthogonality condition, then b = w = v. In particular, |Ig|l; = llglls for all
g € Hu(X**) = Hu(X**).

Proof. (a)To establish the inequality it is enough to show the following: for fixed zo € X**,forany h € H(C") with ||k, < 1
and any ¢ > 0, there exists f € H(X) with ||f]l, < 1suchthat |f(z0)| > [h(IT{*2ll, ..., IT;*20lD)| — €.
Let § > 0 be such that for any A € C" with

Ir = ATz, ... 1T 20l | o, < 6.
we have |h(A) — h(IT{*z|l, ..., IT;*2ll)| < e. Choose y;‘ € Y]* such that ||y]fk | = 1and Tj**zo(yf) > ||Tj**zo|| — § for
j=1...n _
Now we define f(x) = h(y;(TiX),...,y;(Ta.x)), and observe that its Aron-Berner extension is given by f(z) =
h(Ty*z(y3), ..., T;*z(y;)). Also,
fFOlvx) = h(Tix), ..., Yy (Tex)e(ITiXll, - . ., I Tax]])

< h(yT(Tlx)s oo 7y:(Tnx))(p(yT(T1X)v e ,y:,:(TnX)) = ”h”(ﬂ’

andso [fll, <1.
Finally, we have | (z0) — h(|IT{*2l, . .., IT,*20 )| < €, which ends the proof.
(b) We adapt the proof of [4, Proposition 2], so we omit some details. Fix xo € X and choose y]f“ € Y]* such that ||y;‘ |I=1
and y;‘(zjo) = || Tjxo|| forj = 1...n.For h € H(C") with ||k, < 1, we can define f (x) = h(y](T1X), ..., y5(TpX)). We can
easily check that ||f||, < 1and, clearly, f (xo) = h(||T1Xo]l, ..., || TaXo||). Therefore,

sup{|h(IT1xoll, - - -, ITaXolD| = IAll, < 1} < sup{lf (xo)| : IfIl, = 1}. (13)

As a consequence, D(Xg) < w(xp).
On the other hand, take xo € X and f with ||f], < 1. Using the orthogonality condition, we can write xg = x; + - - - + X,
with Tjx; = 0 for i # j. If we define

X1 Xn
hr, oA =fl A ——+ -+ e
! " VT | Tl

(we write 0 instead of ﬁ whenever x; = 0), since ||f|| < 1 we have
P, AR, - A = @Al ARDTR(G, - A
X1 Xn X1 Xn
=M + i+ — I+ — ]| =1
( ITixa | ! ||Tnxn||> ‘ ( T2yl " T
Then, ||h|l, < 1and, since h(||Tixoll, . .., [ITaXoll) = f(x0), we obtain the reverse inequality in (13).

(c) Note that we can apply (b) to v to obtain v = . Also, by Corollary 3.11 we have v < D. This, together with (a), gives
the conclusion. 0O

It is easy to see that T;*, ..., T;* satisfy the orthogonality condition if Ty, ..., T, are projections associated with a
decomposition of X as a direct sum.
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