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It is shown that there are at most eight Q-isomorphism classes of elliptic curves 
in each Q-isogeny class. 

In the table of elliptic curves published in [l] one finds that the number of 
vertices in the graph of rational isogenies is at most 8. Serre [ 121 has asked 
whether in fact 8 is a universal bound. Below we show that this is so. 

Let Q denote the algebraic closure of Q; N any positive integer; Y,(N) the 
algebraic curve over Q which is a moduli space for C-isomorphism classes of 
pairs (E, A) of elliptic curves E and a cyclic subgroup of E of order N. 
Y,,(N)(C) is the quotient space flr,#V), where H is the upper half plane. Its 
compactification X,,(N) is a projective algebraic curve. If k is an algebraic 
number field, then the point of Y,(N)(k) corrsponding to (E,A) is k-rational 
if and only if there is a representative (E’, A ‘) in the C-isomorphism class of 
(E, A) such that E’ is k-rational and A’ is a k-rational subgroup of E. 

THEOREM 1. Y,,(N)(Q) is empty except for N < 10, and N = 12, 13, 16, 
18, 25 (all of genus 0) 11, 14, 15, 17, 19, 21, 27, 37, 43, 67 and 163. 

ProoJ Mazur [9] proved that if N is a prime and Y&V) # 0 then N = 2, 
3. 5, 7, 13, 11, 19, 37, 43, 67 or 163. 

We define an integer N to be minimal of positive genus if the genus of 
X,(N) is > 0, but the genus of X,(d) is 0 for all proper divisors d of N. To 
decide the isogeny question for composite N, it therefore suffices to show 
that Y,(N)(Q) is finite (possibly empty) for all minimal N of positive genus, 
determine the invariants of the curves corresponding to the fmitely many 
rational points on those curves, as well as the prime cases N, where genus 
X,(N) > 0 and find out what other isogenies belong to elliptic curves with 
such invariants. 
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The integers N which are minimal of positive genus are as follows: 13 *, 
13.7, 13 * 5, 13. 3, 13. 2, 72, 7.5, 7. 3, 7.2, 5’, 5. 3, 5. 22, 52. 2, 33, 
32 ’ 22, 3 e 2’ and 2’. 

The cases in which X,(N) is of genus 1 were all settled by Ligozat ]8J, 
Ogg [ 1 l] and Jean-Rene Joly; N = 35, 50 in [7]; N = 26 in [lo]; N = 39 in 
[2]; N=65 and 91 in [3]; N=169 in ]4] and N=125 in [5]. 
Y,(N)(Q)= 0 except for the values N = 11, 14, 15, 17, 19, 21, 27, 37, 43, 
67 and 163 amongst the values N prime with genus X,(N) greater that 0 and 
N minimal of positive genus. For N in this last list, the j-invariant of the 
curves corresponding to the rational points of Y,,(N) are integral except for a 
pair of points on Y,(17)(Q), which are transposed by the Atkin-Lehner 
involution W,,, the j-invariant of one of which Velu has shown to be -(17)’ 
(101)’ 22i; a quadruple of points on Y,,(15)(Q) also transposed by nj3, nj5 
and wis and thej-invariant of one of which is 52 . 2 -I (from the table in ] 1 J) 
and lastly a quadruple of points on Y,(2l)(Q) transposed by w3, W, and w2, 
and the j-invariant of one which is 53 + 3’ . 2 ‘. 

To complete the proof of the theorem, it therefore suffices to show that if 
an elliptic curve has an isogeny of degre N = 11, 14, 15, 17, 19, 21, 27, 37, 
43, 67 and 163 rational over Q, then no elliptic curve E C-isomorphic to it 
and defined over Q has a Q-rational cyclic isogeny of degree m = N’N, 
where N’ # 1 is prime. If the genus of X,(N’) is > 0 and N’ #N, then this 
cannot happen because for no distinct values N’, N in the above list does the 
same j-invariant appear. Suppose then that N’ = N; let (E, A) be a rational 
representative of a point of Y,,(N’)(Q). Then (E/NA, .E/NA) and (E/NA, 
A/NA) are two representatives of points of Y,(N)(Q) which are distinct if 
Aut(E/NA, A/NA) is f 1. But this is so unless the j-invariant of E/NA is 
either 0 or 1728 which is not so for any N in the list. 

It now remains to check the cases N’ = 2, 3, 5, 7 and 13. Klein-Fricke (61 
gives the j-invariant of a curve with N’-isogeny in terms of uniformising 
parameter t as follows: 

j= (t + 16)‘/t if N’ = 2; 

= (t + 27)(t + 3)‘/t if N’=3; 

= (t2 + lot + 5)3/t if N’=5; 

= (t’ + 13t + 49)(t2 + 5t + 1)3/t if N’ = 7; 

= (t2 + 5t + 13)(r4 + 7t3 + 20t2 + 19r + 1)3/t if N’ = 13. 

If (E, A) is a representative of a point of Y,(N’N)(Q) which is Q-rational, 
then (E, NA) is a representative of a point of Y,(N’)(Q) so that there is a 
rational number t, such thatj(E) = RN,(t,,)/f,,. Since, as we indicated earlier, 



ELLIPTIC CURVES 201 

we can choose E such that j(E) is either an integer or has 2 as its 
denominator, it suffices to check RN,(tO)/tO for 

t, = *2”, o<s< 13 for N’ = 2; 

= f2’ . 3”. i=Oor 1. O<s,<6 for N’=3; 

= f2’ . 5s. i=Oor 1, O<s<3 for N’=5; 

1 &2’ . 7”, i=Oor 1, O<s<2 for N’=7; 

= *2’ * 13”, i=Oor 1, O<s< 1 for N’= 13. 

The onlyj invariants of points of Y,(N)(Q) for N in the list which showed up 
are those in which N’ divides N, i.e., N’ = 2, N = 14; N’ = 3, N = 15 and 
N’ = 3, N = 2 1. So to complete the proof it suffices to show in these cases 
that Y,(N’N)(Q) is empty. 

Let (E,A) be a rational pair representing a point of Y,,(N’N)(Q) in the 
above three cases. Consider the pairs (E/N’A, A/N’A) and (E/N/A, 
N’A + ,,E/N’A). These should represent two distinct points of Yr,(N)(Q) 
with the samej-invariant. As we mentioned earlier, this does not arise. This 
completes the proof of Theorem 1. 

THEOREM 2. There are at most 8Q-isomorphism classes of elliptic curves 
in each Q-isogen.v class. 

ProoJ Let C(E) denote the number of Q-isomorphism classes of elliptic 
curves in the Q-isogeny class of E. C(E) is also the number of distinct Q- 
rational cyclic subgroups of E-(including the identity subgroup). 

For a prime p, let C,(E) be the p component of C(E). We have the 
product formula 

C(E) = 11 C,(E). 

From the definition of C(E) it is independent of the choice of the represen- 
tative of the class; so also are the p-factors. By Manin’s theorem C,(E) is 
bounded for each p as E varies over all the Q-isogeny classes of elliptic 
curves. By considering d;: as a Gal(Q/Q)-module and using Theorem 1, we 
have the following table for bounds C, of C,(E) 

P 2 3 5 7 11 13 17 19 37 43 67 163 

C,8432 2 2 2 2 2 2 2 2 

and C, = 1 for all other primes. Mazur [9] has already determined C,, for all 
p except p = 5 and 13. In the case of p = 2 we have that C,(E) = 2t if an 
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elliptic curve in the class of E has a Q-rational cyclic group of order 2’ and 
none has one of order 2”‘. 

Let us now fix a Q-isogeny class and a representative E of that class. If 
C,,(E) = 2 for a p > 11 then by Theorem 1, C,(E) = 1 for all other primes. 
So C(E) = 2. 

If C,(E) = 2, then C,(E) = 1 by Theorem 1, also either C,(E) < 2 and 
C,(E) = 1 or C,(E) = 1 and C,(E) < 2. All these yield C(E) < 4. 

If C,(E) = 3, then by Theorem 1, C,(E) = 1 for all primes p # 5. This 
follows because then a curve in the class of E has a Q-rational cyclic 
subgroup of order 25. 

If C,(E) = 2, then either C,(E) < 2 and C,(E) = 1 or C,(E) = 1 and 
C,(E) = 2. Hence C(E) < 4. 

If C,(E) = 4, there exists a representative of the class of E with a Q- 
rational cyclic subgroup of order 27; by Theorem 1 C,(E) = 1 so C(E) < 4. 

If C,(E) = 3, then by Theorem 1 C,(E) < 2 so that C,(E) < 6. 
If C,(E) is < 2, then again C,(E) < 4 so that C(E) < 8. This completes 

the proof of the theorem. 
We will like to note that in fact C(E) = 8 is possible only if C,(E) = 8 or 

if C,(E) = 2 and C,(E) = 4. 
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