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cylinders to calculate the heave forces as well as surge and 
sway forces. Firstly, the results obtained from the present 
method are compared with the results obtained from HOBEM 
(Choi et al., 2000) in order to verify the developed numerical 
analysis method. Moreover, the wave force and wave run-up 
acting on the various cylinders are presented, and the 
comparison between the impermeable cylinder and the 
permeable cylinder is made for the wave force and wave run-
up in order to examine the effects of porosity. From these 
results, it is suggested that the present method is very useful 
to evaluate the wave force acting on the array of impermeable 
or permeable truncated vertical circular cylinders. It is found 
that the porosity of cylinders is remarkably effective to 
reduce the wave excitation forces and wave run-up.  
 
 
 
MATHEMATICAL FORMULATION 
 

It is formulated by the complete boundary-value problem 
in the general diffraction theory as follows. The basic flow is 
assumed to be oscillatory, incompressible, and irrotational so 
that the fluid velocity may be represented as the gradient of a 
scalar potential, Φ. Under potential theory, the total velocity 
potential, Φ, is obtained by a sum of the incident and a 
scattered potential. An arbitrary array of N porous circular 
cylinders is situated in water of uniform depth d and the 
clearance beneath each cylinder is denoted by h. The radius 
of the jth cylinder is aj and the global Cartesian coordinate 
system (x, y, z) is defined with an origin located on the still-
water level with the z-axis directed vertically upwards. The 
center of each cylinder at (xj, yj) is taken as the origin of a 
local polar coordinate system (rj, θj), where θj is measured 
counterclockwise from the positive x-axis. The center of the 
kth cylinder has polar coordinates (Rjk, αjk) relative to the jth 
cylinder. The coordinate relationship between the jth and kth 
cylinders is shown in Fig. 1.Moreover, the fluid domain is 
divided into three regions i.e. a single exterior region, N 
interior regions and N beneath regions.  

 
Fig. 1 Coordinate system for an array of porous cylinders. 

The array of the cylindrical structure is subjected to a 
train of regular waves of height H and angular frequency ω 
propagating at an angle β to the positive x-axis. For the 
uniform geometry of the array structure, the depth 
dependence of the problem can be written as follow, 
 

     , , , , i t
ex y z t R x y f z e        (1) 

 

where  Re  denotes the real part of a complex expression 

and  
 

     / 2 cosh

cosh

ig H k z d
f z

kd


   (2) 

 
in which g is the acceleration of gravity and the wave number 
k is the positive real root of the dispersion relation, 
ω2=gktanhkd. 

The incident plane wave potential can be expressed with 
the jth local polar coordinate system by 
 

 cosj jikrj
in jI e

    (3) 

 
where Ij (=eik(xjcosβ+yjsinβ) is a phase factor associated with 
cylinder j. This equation can be written as follow, 

 

   / 2 jinj
in j n j

n

I J kr e
  


 



    (4) 

 
in which Jn denotes the Bessel function of the first kind of 
order n. 

Following boundary conditions such as the Helmholtz 
equation and the usual radiation, the general form for the 
scattered wave emanating from cylinder j can be written as 
follow, 

 

  jinj j j
s n n n j

n

A Z H kr e 




    (5) 

 
where An

j are the unknown complex potential coefficients, 
and the factors Zn

j can be determined by the boundary 
conditions on the cylinder surface, where for the limiting case 
of cylinders being rigid leads to, 
 

   
 

n jj j
n n

n j

J ka
Z Z

H ka



 


 (6) 

 
here Hn is the Hankel function of first kind of order n and 
J`nand H`n are the first derivatives of the Bessel and Hankel 
function of the first kind respectively. 

The total potential,which is obtained by a sum of the 
incident and a scattered potential,in the exterior region can 
therefore be written as follow, 
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   cos

1 1

j

N N
inikrj j j

I in s n n n j
j j n

e A Z H kr e  




  

         (7)

 
To account for interaction among the cylinders, it is 

necessary to evaluate the scattered potential Φs
λ in terms of 

the representation of the incident potential ΦI
λ at cylinder j, 

j=1, 2, 3, …, N, j≠λ. This can be accomplished by using 
Graf’s addition theorem for Bessel functions to give, 

 

         j j jin im

n n m j m j
m

H kr e H kR J kr e      
 


  




  (8) 

 
for λ, j=1, 2, 3, …, N, j≠λ (Abramowitz and Stegun, 1972). 
Equation (8) is valid for rj<Rλj, which is true on the boundary 
of the jth cylinder for all λ. The exterior region potential can 
be expressed as follows, 
 

 

     

     

1

/ 2

/ 2

1

,

j j

j j j

j
j j

in inj j
j n j n n n j

n

N
im in

n n m j n m j
n m

j

r

I J kr e A Z H kr e

A Z J kr H kR e  

   

    








 



 
  


  




    





  

(9) 

 

in which if rj<Rλj for all λ, i.e., this expansion is valid near 
cylinder j. The final term in equation (9) may be rearranged 
as follow, 
 

   

       

1

/ 2

1

,

j j

j j j
j j n n n j

n

N
i m n inin

j m m m n j n j
m

j

r A Z H kr

I e A Z H kR e J kr e    














 


  

 
       



 

 
(10) 

 

By the way, if the structure has some pores, it would be 
treated with the fluid flow through the pore. The wall of each 
cylinder is assumed to be thin with fine pores. The fluid flow 
passing through the porous walls is assumed to obey Darcy’s 
law. Hence, the porous flow velocity is linearly proportional 
to the pressure difference across the thickness of the porous 
cylinder. Now the hydrodynamic pressure p(x, y, z, t)=Re{p(x, 
y)f(z)e-iωt} at any point in the fluid domain may be determined 
from the linearized Bernoulli equation as P(x, y)=ρiωΦ(x, y) 
where ρ is the fluid density. Therefore it follows that 
(Williams and Li, 2000) 

 

 
( )
2

2 1 1,2,3,...,
j

j
j ji on r a j N

r

  


           (11) 
 
where μ is the coefficient of dynamic viscosity and γ is a 
material constant having the dimension of length. 
Subsequently, the porosity of the cylinder will be 
characterized by the dimensionless parameter, G. The body 

boundary condition on the porous cylinder can be expressed 
with the G as follow, 
 

 
 2
2 1

j
jiG

r

     
 (12) 

 

in which, 



G  

Also, the porosity parameter G, which is obtained from the 
numerical analysis and the numerical model experiment, can 
be expressed as follows (Cho, 2003), 
 

9.172 0.155G P   (13) 
 
where P is the porosity rate of cylinder. 

Following the Helmholtz equation,the potential in the jth 
interior region, Φ2

j, can be written as follow, 
 

 2 1,...,jinj j
n n j

n

B J kr e j N




    (14) 

 
for j=1,2,….,N, where Bj

n are unknown potential coefficients. 
Applying boundary conditions, equation (5) and (7) by means 
of the properties of eigenfunctions, leads to following 
relationship between the potential coefficients An

j and Bn
j, 

 

     

1

j

N m
n i m nin j j

j m m m n j n n
m

j

I i e A Z H kR e B A  









 


     

(15) 
 

     

     

   
1

1,2,...,

j

n in j j
j n j n n n j

N m
i m n

m m m n j n j
m

j

n jj
n n j

I i e J ka A Z H ka

A Z H kR e J ka

iJ ka
B J ka j N

G





 
 










 






 
   
  

 
(16) 

 
Combining equation (15) and (16), and using the Wronskian 
relationship for the Bessel functions results in the following 
infinite systems of equations, 
 

   

     
1

2
1

1, 2,..., ,

j

j
n

j n j n j

N m
ni m n in

m m m n j j
m

j

G
A

ka J ka H ka

A Z H kR e I i e

j N n

  








 


 


 
 

   

  

    

 

     

(17) 

 

   
2 j

j n
n

j n j n j

AG
B

ka H ka J ka
  

 
 (18) 
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In order to calculate the potential coefficients An
j the 

infinite system in equation (17) and (18) is truncated to a 
(2M+1)N system to equation in (2M+1)N unknowns,  

 

     

   

1

2
1

1,2,..., ,

j

N m M
n i m nin

j m m m n j
m M

j

j
n

j n j n j

I i e A Z H kR e

G
A

ka J ka H ka

j N n

  











 




 
   

   
    

 

 

(19) 

 
Good accuracy can be achieved by increasing M in spite 

of the expense of computing time. Except for the cylinders 
being very close together, taking M=10 could achieve 
accurate results to all examinations. The potential coefficients 
Bn

j may then be obtained from equation (18). The velocity 
potentials in each fluid region may be determined in the same 
manner. 

The solution to a number of limiting cases may be 
obtained from equation (19). If the porosity parameter G=0 
(which corresponds to an impermeable cylinder), the linear 
system in equation (19) becomes 

 

     

1

1, 2,..., ,

j

N m M
n i m nin j

j m m m n j n
m M

j

I i e A Z H kR e A

j N n

  









 


  

    

 

   

(20) 

 
which is similar to the result of Linton and Evans (1990). 

Using the method of separation of variables, a physically 
acceptable general solution for the beneath region can be 
constructed as follow, 

 

 
    0

0 1

/
cos /

2 /

cos

n
nj n

b nm
n m n j

I m r hC r
C m z d h

a I m a h

n


 





 

 

      
   

   (21) 

 
Valid for -d≤z≤-(d-h) and r≤a; where Cnm(m=0, 1, 2, …) are 
arbitrary constants. Here In(mπr/h) is the modified Bessel 
function of first kind of order n. Let us define ζb

j(r,z) as 
follows, 

 

 

 
    

0

1

,
2

/
cos /

/

n
j n

b

n
nm

m n j

C r
r z

a

I m r h
C m z d h

I m a h












   
 

         

(22) 

 

 
such that at r=a, it becomes a half range Fourier cosine series 
expansion 
 

    0

1

, cos /
2

j n
b nm

m

C
a z C m z d h 





  
           

(23) 

 
Defined in -d≤z≤-(d-h). The Fourier coefficients Cnm’s are 
obtained from 
 

   
( )2

, cos ( ) /
d h j

nm nd
C a z m z d h dz

h
 

 


 

(24)

 
In addition to the boundary condition, the exterior and 

beneath potentials must be matched to ensure continuity at 
the interface between the exterior and beneath regions. This 
results in conditions on the potential, 
 

1 , ( )j j
n on r a d z d h        (25)

 
By applying the boundary and matching conditions, we arrive 
at the key equations, 

 

 
 

 
2

2 2 2 2

sinh 14

cosh

nj
n

nm

n j

h k khiA
C

h kaH ka n h k kd 

 
 

   
(26) 

 
Based on the derived velocity potentials, the wave 

excitation forces can be computed. The exciting forces on the 
each cylinder are obtained by the integration of the pressure 
on the surface of the respective cylinder. Surge force given 
by the real part of Fxe

-iωt is obtained as follows, 

 

 
2 0

10 ( )
, cosj in

x d h
n

F i gH r z e a d dz
   



 


    (27)

 

 
   1 12

1

sinh sinh

cosh
j j

x

j

kd khi gH
F A A

kdk H ka





  


 (28)

 
Sway force given by the real part of Fye

-iωt is obtained as 
follows, 

 

 
2 0

10 ( )
, sinj in

y d h
n

F i gH r z e a d dz
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

 


    (29) 

 

 
   1 12

1

sinh sinh

cosh
j j

y

j

kd khi gH
F A A

kdk H ka





  


 (30) 

 
Heave force given by the real part of Fze

-iωt is derived as 
follows by integrating the potential around the cylinder, 
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The free-surface elevation in general is given by 

 

   , ,
2

H
x y x y    (33)

 
In particular, the free-surface elevation outside the cylinders 
can be calculated by substituting equation (7) into the above 
equation, 
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The wave run-up on the outer surface of the jth cylinder is 
given by, 
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For the interior region of the jth cylinder, the free-surface 
elevation can be calculated from equation (14) as given below, 
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RESULTS AND DISCUSSION 

 
Firstly, the wave excitation forces evaluated by the 

developed numerical analysis in the present study are 
examined to validate the availability with some numerical 
results obtained from HOBEM (Choi et al., 2000). 

Fig. 2 shows the comparison of total wave forces acting 
on the impermeable single cylinder for different incident 
wave angle (β). In these figures, the wave excitation forces 
are non-dimensionlized by ρgHa2 and the abscissa denotes 
the non-dimensional wave number (ka). The present results 
are in good agreement with the results obtained from 
HOBEM. It is shown that the surge forces decrease as the 
incident wave angle increase and the sway forces present 
converse pattern to the case of surge forces. The heave forces, 
however, have same values for all cases. It is indicated that 

the heave forces are not influenced by the variation of 
incident wave angle for the impermeable single cylinder.  

 
(a) Surge force 

 

 
(b) Sway force 

 

 
   (c) Heave force 

 
Fig. 2 Non-dimensionless total wave force on the 
impermeable single cylinder with a=8.44m, d=200m, h=165m, 
G=0 for different incident wave angle (β).  
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(a) Surge force. 

 
(b) Sway force. 

 
(c) Heave force. 

 
Fig. 3 Non-dimensionless total wave force on the 
impermeable two cylinders with a=8.44m, d=200m, h=165m, 
R=86.25m, G=0 for different incident wave angle (β). 
 

Fig. 3 shows the non-dimensionless total wave forces on 
the impermeable two cylinders for different incident wave 
angle. The various parameter are a=8.44m, d=200m and 
h=165m. The cylinders are situated at (0,-43.125)m and 
(0,43.125)m. The wave excitation forces are significantly 
influenced by the interaction effects between wave and 

structure and the incident wave angle play very important 
role on the interaction. It is understood that interaction effects 
can be remarkably important in determining the amplitude of 
the wave excitation forces. It is noted that the wave force by 
the present method gives the good agreement to the results 
from HOBEM. Therefore, the present method on wave 
excitation force evaluation is quite useful to evaluate the 
wave forces acting on the array of impermeable truncated 
vertical circular cylinders. 
It was reported that the porous circular cylinder is 
significantly effective to reduce the hydrodynamic force and 
wave run-up on the cylinder compared to the impermeable 
cylinder (Williams and Li, 2000). Fig. 4 show the wave 
excitation forces on the permeable three cylinders for the 
different porosity rate (G). The cylinders are situated at (-
49.796, 0)m, (24.898,43.125)m and (24.898,-43.125)m. In 
these figures, G=0 means an impermeable cylinder and the 
wave excitation forces are non-dimensionlized by ρgHa2. 
 

 
(a) Surge force. 

 

 
(b) Heave force. 

 
Fig. 4 Non-dimensionless total wave force on the permeable 
three cylinders with a=8.44m, d=200m, h=165m, R=86.25m, 
β=00 for different porosity rate(G). 
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(a) Surge force 

 
(b) Heave force 

 
Fig.5 Non-dimensionless total wave force on the permeable 
four cylinders with a=8.44m, d=200m, h=165m, R=86.25m, 
β=00 for different porosity rate (G). 
 
The abscissa denotes the non-dimensional wave number (ka). 
The surge forces are slightly decreased as the porosity rate 
increase when the wave number is less than 0.4, but their 
decreasing rate is dramatically increased when wave number 
is greater than 0.4 compared to fore cases. It is noted that the 
porous cylinders are very efficient on the reduction of surge 
forces as the incident wave becomes a short wave. The heave 
forces are remarkably decreased by the porosity rate for all 
wave numbers and the pattern of heave force is very similar 
to the case of a horizontally submerged plate disk. Therefore, 
the porous cylinders play very important role on the 
reduction of wave excitation forces, and especially it is 
significantly effective on the reduction of heave forces 
compared to other forces. When the porosity rate is zero, the 
present results are in good agreement with the results 
obtained from HOBEM. 

To investigate the interaction effect between wave and 
structure more clearly, the non dimensionless total wave 
force on the permeable four cylinders is plotted in Fig. 5 and 
Fig. 6 for different porosity rate and incident wave angle. 

 

 
(a) Surge force 

 

 
(b) Sway force 

 
   (c) Heave force 

 
Fig. 6 Non-dimensionless total wave force on the permeable 
four cylinders with a=8.44m, d=200m, h=165m, R=86.25m, 

β=22.5° for different porosity rate (G). 
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The cylinders are numbered clockwise from 1 to 4, and 
are situated at (-43.125, 43.125)m, (43.125, 43.125)m, 
(43.125, -43.125)m and (-43.125, -43.125)m respectively. In 
these figures, the present results also give the good agreement 
to the results from HOBEM when the porosity rate is zero.It 
can be seen that the wave excitation forces are strongly 
influenced by the interaction effects caused by the variation 
of incident wave angle and when the incident wave angle is 

22.5°, the interaction effects clearly show as the wave number 
increases compared to zero. As expected, the wave force on 
the cylinder can be reduced significantly by the porosity and 
the forces tend to decrease as the porosity parameter G 
increases. In this case, the surge forces are also dramatically 
decreased by the porosity when the incident wave becomes a 
short wave compared to the cases of long wave and the heave 
forces are remarkably decreased by the porosity for all wave 
numbers. 

 

.  
(a) Front cylinder. 

 
(b) Rear cylinder. 

 
Fig. 7 Non-dimensionless wave run up on the permeable four 
cylinders with a=8.44m, d=200m, h=165m, R=86.25m, β=00 
for different porosity rate(G). 
 

Fig. 7 shows the wave run-up amplitude both front and 
rear cylinder for ka=0.61. The maximum wave run-up occurs 
at θ=1800 and as porosity G increase, the maximum wave 

 run-up tends to decrease. Because the reflection wave 
from cylinders is rapidly decreased by the damping effect of 
energy that is produced as the incident wave goes through the 
permeable cylinders. It is noted that the porosity has the 
significant effect to reduce the wave run-up. 
 
 
 
CONCLUSIONS 
 

The interaction of water waves with arrays of truncated 
vertical circular cylinders has been investigated theoretically. 
Under the assumptions of potential flow and linear wave 
theory, a semi-analytical solution has been obtained by an 
eigenfunction expansion method based on Williams and Li, 
2000. Analytical expressions have been developed for the 
wave motion in the three regions i.e. a single exterior region, 
N interior regions and N beneath regions. Moreover, the 
present method can apply to an array of truncated vertical 
circular cylinders.Numerical results are compared with the 
results obtained by HOBEM to verify present method and 
have been presented which illustrate the effects of various 
incident wave angle and structural parameters such as 
impermeable or permeable cylinders on the wave excitation 
forces. It has been found that the present method on wave 
excitation force evaluation is quite useful to evaluate the 
wave forces such as surge, sway and heave forces acting on 
the array of truncated vertical circular cylinders and the 
porosity of the truncated vertical circular cylinders is very 
efficient on a significant reduction in both the wave 
excitation forces and wave run-up. 
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