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Abstract

Let G be a plane bipartite graph with at least two perfect matchings. The Z-transformation
graph, ZF (G), of G with respect to a speci-c set F of faces is de-ned as a graph on the perfect
matchings of G such that two perfect matchings M1 and M2 are adjacent provided M1 and M2

di/er only in a cycle that is the boundary of a face in F . If F is the set of all interior faces,
ZF (G) is the usual Z-transformation graph; If F contains all faces of G it is a novel graph and
called the total Z-transformation graph. In this paper, we give some simple characterizations for
the Z-transformation graphs to be connected by applying the above new idea. Furthermore, we
show that the total Z-transformation graph of G is 2-connected if G is elementary; the total
Z-transformation digraph of G is strongly connected if and only if G is elementary.
c© 2003 Elsevier B.V. All rights reserved.
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1. Introduction

Let G be a graph with vertex-set V (G) and edge-set E(G). A subset E′ of E(G)
is called a matching of G if no two edges in E′ share an end-vertex. Further, a
matching of G is said to be perfect if it covers all vertices of G. Following Lov9asz
and Plummer [7], an edge of G is said to be allowed if it is contained in some
perfect matching of G and forbidden otherwise. Then G is said to be elementary if
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all allowed edges of G form a connected spanning subgraph of G. It is known that
[7] a bipartite graph is elementary if and only if it is connected and each edge of
G is allowed; If an elementary bipartite graph has more than two vertices, it is 2-
connected.
There are two families of interesting plane bipartite graphs, hexagonal systems

(cf. [8]) and polyomino graphs (or square systems) (cf. [6,15]), which often arise
in some real-world problems. Since a hexagonal system with at least one perfect
matching can be regarded as the carbon–carbon skeleton of a benzenoid hydro-
carbon molecule, graphs of this kind are of chemical signi-cance [1,10] and their
topological properties have been intensely studied [3,10,19]. The dimer
problem in crystal physics is to count perfect matchings of polyomino
graphs [6,15].
In connection with the concept of the aromatic sextet for benzenoid hydrocarbons

[1], Zhang et al. [11,12] introduced the concept of Z-transformation graphs, Z(H),
of perfect matchings of hexagonal systems H and showed that the connectivity of
Z(H) is equal to the minimum degree. By virtue of this concept a complete char-
acterization for hexagonal systems with forcing edges was given (cf. [13]). Here a
forcing edge means an edge that belongs to exactly one perfect matching [5]. Hansen
and Zheng [4] independently solved the same problem in an alternative way. For
polyomino graphs, it was proved [15] that the connectivity of its Z-transformation
graph is also equal to the minimum degree with the exception of two graphs. In
[18] the present -rst two authors treated general plane bipartite graphs with perfect
matchings in a uni-ed way and also extended the concept of Z-transformation graph
to general plane bipartite graphs in a natural way. For a plane elementary bipartite
graph, some basic and analogous results were obtained. Here we would like to men-
tion that it was proved that the block graph of the Z-transformation graph Z of a
plane elementary bipartite graph is a path by orientating all the edges of Z in a certain
way [17].
For a general plane (elementary) bipartite graph G, the connectivity of its Z-

transformation graph will be more complicated. In this article, we -rst give an exten-
sion of the concept of the Z-transformation graph: The Z-transformation graph, ZF(G),
of G with respect to a speci-c set F of faces is a graph on the perfect matchings of
G such that two perfect matchings M1 and M2 are adjacent provided M1 and M2 di/er
solely in a cycle that is the boundary of a face in F . If F is the set of all interior
faces, ZF(G) is the usual Z-transformation graph; If F contains all faces of G it is a
novel graph and called the total Z-transformation graph.
The remainder of this paper will be organized in the following way. In Section

2, we describe some useful de-nitions and main results obtained in this paper. In
Section 3, by the above-extended concept of the Z-transformation graph and some
decomposition of a plane bipartite graph we give characterizations for the usual and
total Z-transformation graph of G to be connected. In Section 4, we show that the
total Z-transformation graph of a plane elementary bipartite graph with more than two
vertices is 2-connected. In Section 5, it is shown that a plane bipartite graph G with
at least two perfect matchings is elementary if and only if the total Z-transformation
digraph of G is strongly connected.
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2. De�nitions and main results

A plane graph (map) G is an embedding of a planar graph in the plane. Each
connected component of the set of points of the plane not on G is called a face of G.
For any face f of G, let @f denote its boundary. Let @G denote the boundary of the
exterior face of G. A ring is the boundary of an interior face that is a cycle. If G is
2-connected, the boundary of any face of G is a cycle. Let G∗ denote the dual of a
plane graph G. It is obvious that G∗ is a connected plane graph, which may contain
multiple edges and loops. A subgraph H of a given plane graph G is a planar graph,
which always can be regarded as a planar embedding of H restricted on that of G. A
face of H is either a face or composed of several faces of G. Let F(G) denote the set
of all faces of G and F0(G) the set of all interior faces of G.
Let G be a plane bipartite graph with a perfect matching M . A cycle (path) of G

is said to be M -alternating if its edges appear alternately in M and E(G) \M . A face
of G is said to be M -alternating if its boundary is an M -alternating cycle. A subgraph
H of G is said to be nice if G − V (H) has a perfect matching. If a nice subgraph
of G has a perfect matching, then it can be extended to a perfect matching of G.
It is obvious that a cycle C of G is nice if and only if G has a perfect matching
M such that C is M -alternating. The symmetric di/erence of -nite sets A and B
is de-ned as A ⊕ B := (A ∪ B) \ (A ∩ B). This binary operation is associative and
commutative. Let C be an M -alternating cycle of G, then M ⊕ C (here C is viewed
as its edge-set) is another perfect matching of G, which di/ers from M only in C. It
is obvious that the symmetric di/erence of two distinct perfect matchings M1 and M2

of a graph consists of a number of both M1- and M2-alternating cycles. The vertices
of a bipartite graph considered are always colored properly black and white; that is,
adjacent vertices receive di/erent colors. Other terminology used and not de-ned in
this article is standard and can be found in textbooks.

De�nition 2.1. Let G be a plane bipartite graph with perfect matchings and let F ⊆
F(G). The Z-transformation graph of G with respect to F , denoted by ZF(G), is de-ned
as a graph in which the vertices are the perfect matchings of G and two vertices M1

and M2 are joined by an edge provided the symmetric di/erence M1⊕M2 forms exactly
one cycle that is the boundary of a face of G belonging to F .

In particular, if F = F0(G), the Z-transformation graph ZF(G) with respect to F is
the usual Z-transformation graph Z(G) previously de-ned in [11,12,18]. In the case
of F = F(G), the Z-transformation graph ZF(G), however, is a novel graph. We call
it the total Z-transformation graph of G and denote it by Zt(G). For an example, see
Fig. 1.
We consider some trivial cases. Let K2 be a complete graph of two vertices and

C2n a cycle of length 2n. Then Z(K2) = Zt(K2) is an isolated vertex; Z(C2n) =K2 and
Zt(C2n) is viewed as the graph on two vertices with a pair of parallel edges. For plane
bipartite graphs G with more than one cycle, it can be shown that ZF(G) is a simple
graph.
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Fig. 1. The nine perfect matchings (the sets of thick edges) M1–M9 of a cube graph Q3, the Z-transformation
graph Z(Q3) and total Z-transformation graph Zt(Q3).

The Z-transformation graph ZF(G) is a spanning subgraph of the perfect matching
graph PM(G) (cf. [7]), which is the skeleton of the perfect matching polytope of G
(de-ned as a graph: two perfect matchings are adjacent if and only if they di/er in
precisely one cycle).
In general, a planar bipartite graph admits di/erent planar embeddings, which may

have non-isomorphic Z-transformation graphs. But a 3-connected planar bipartite graph
uniquely determines its total Z-transformation graph since its planar embeddings are
equivalent (Whitney, 1932) [2].
For the Z-transformation graph Z(G) of a plane elementary bipartite graph G, the

following results are known and Theorem 2.1(a) also shows that ZF(G)\{f}(G) is con-
nected for any face f of G.

Theorem 2.1 (Zhang and Zhang [18]). Let G be a plane elementary bipartite graph.
Then

(a) Z(G) is a connected bipartite graph,
(b) Z(G) has at most two vertices of degree 1, and
(c) If Z(G) has a vertex of degree ¿ 3, then the girth of Z(G) is 4; otherwise Z(G)

is a path.

Theorem 2.2 (Zhang and Zhang [17]). Let G be a plane elementary bipartite graph.
Then the block-graph of the Z-transformation graph of G is a path.

In this article, we shall give simple characterizations for the (total) Z-transformation
graph to be connected. The following result will play an important role in such char-
acterizations.

Theorem 2.3. Let G be a plane elementary bipartite graph and let F ⊆ F(G). If G
has at least two faces not belonging to F , then the Z-transformation graph ZF(G) of
G with respect to F is not connected.
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Fig. 2. (a) Clockwise orientation of faces of cube Q3, (b) proper M9-alternating face C2 and improper
M9-alternating face C1, and (c) Z̃ t(Q3).

It is known that many non-elementary plane bipartite graphs (for example, hexagonal
systems) have connected Z-transformation graphs. Let G be a plane bipartite graph with
perfect matchings. Let C be a cycle of G. I [C] (resp. O[C]) will denote the subgraph
of G consisting of C together with its interior (resp. exterior). For a nice cycle C of
a plane bipartite elementary graph, both I [C] and O[C] are elementary [18]. G is said
to be (<rst-) weakly elementary if I [C] is elementary for every nice cycle C of G;
second-weakly elementary if either I [C] or O[C] is elementary for every nice cycle
C of G. It is obvious that a plane elementary bipartite graph is a weakly elementary
graph; the latter is second-weakly elementary. From Theorem 2.11 of [18] we know
that hexagonal and square systems with perfect matchings are weakly elementary.

Theorem 2.4. Let G be a plane bipartite graph with a perfect matching. Then Z(G)
is connected if and only if G is weakly elementary.

For the total Z-transformation graph, we have the following results.

Theorem 2.5. Let G be a plane bipartite graph with a perfect matching. Then Zt(G)
is connected if and only if G is second-weakly elementary.

Theorem 2.6. Let G be a 2-connected plane bipartite graph with perfect matchings.
Then either Zt(G) or each component of Zt(G) is 2-connected.

In the proof of Theorem 2.2 of Ref. [17], an orientation of Z-transformation graph
was introduced. We distinguish between proper and improper alternating cycles and
faces [16].

De�nition 2.2. Let G be a plane bipartite graph with a perfect matching M . An
M -alternating cycle C (resp. face f) of G is called proper if each edge of C (resp.
of the boundary of f) belonging to M goes from the white end-vertex to the black
end-vertex along the clockwise orientation of C (resp. f) to be suppressed, where the
clockwise orientation of face f means an orientation of its boundary such that the face
f lies on the right side when one goes along the direction; Otherwise C (resp. f) is
called improper. For example, see Fig. 2(a) and (b).

De�nition 2.3. Let G be a plane bipartite graph and F ⊆ F(G). The Z-transformation
digraph Z̃F(G) with respect to F is de-ned as an orientation of ZF(G): an edge M1M2
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of ZF(G) becomes an arc from M1 to M2 if and only if M1 ⊕M2 forms the boundary
of a proper M1- and improper M2-alternating face of G. For an example, see Fig. 2(c).

In an analogous way, the Z-transformation digraph Z̃F(G) is the usual or the total
Z-transformation digraph according as F = F0(G) or F = F(G).

Theorem 2.7 (Zhang and Zhang [17]). Let G be a plane elementary bipartite graph
with more than two vertices. Then Z̃(G) contains no directed cycles and has a unique
sink t and a unique source s. For any other vertex w, Z̃(G) has a directed path from
w to t and a directed path from s to w.

For the total Z-transformation digraph, we have the following result.

Theorem 2.8. Let G be a plane bipartite graph with at least two perfect matchings.
Then Z̃ t(G) is strongly connected if and only if G is elementary.

3. Proofs of Theorems 2.3, 2.4 and 2.5

Lemma 3.1 (Zhang and Zhang [18, Theorem 2.4]). Let G be a plane bipartite graph
with more than two vertices. Then the boundary of each face of G is a nice cycle if
and only if G is elementary.

Proof of Theorem 2.3. For F ′ ⊆ F ⊆ F(G), ZF′(G) is a spanning subgraph of ZF(G).
For any given distinct faces f1 and f2 of G, let F = F(G) \ {f1; f2}. It is suLcient
to prove that ZF(G) is not connected. Let C1 and C2 denote the boundaries of f1

and f2, respectively. By Lemma 3.1, G has a perfect matching M such that C1 is an
M -alternating cycle. Then M ′ = M ⊕ C1 is another perfect matching of G. We shall
prove that there is no path between M and M ′ in ZF(G). If G is a cycle, the result is
trivial. From now on, we thus suppose that G has more than two faces.
Assume to the contrary that M (=M0)M1 · · ·Mt(=M ′) is a path in ZF(G) between

M and M ′. It follows that t¿ 2. Let si=Mi−1⊕Mi (16 i6 t). Let s∗i (16 i6 t) be
the face of G bounded by si. It is obvious that {s∗1 ; : : : ; s∗t } ⊆ F . For any f∈F(G) let
�(f) be the number of occurrence of f in the face sequence s∗1 ; : : : ; s

∗
t . Then �(f1) =

�(f2)=0. For any edge e of G, there are exactly two faces f and f′ adjoining e. Since
C1=M⊕M ′=s1⊕s2⊕· · ·⊕st , it can be seen that �(f)+�(f′) ≡ 1 or 0 (mod 2) according
as e is an edge of C1 or not. Let w0(=f1)w1 · · ·wrwr+1(=f2) (r¿ 0) be the shortest
path in G∗. Since f1 and w1 share an edge lying on C1, we certainly have �(w1) ≡
1 (mod 2). Further, wi and wi+1 share an edge not belonging to C1; i = 1; : : : ; r. Then
�(wi) + �(wi+1) ≡ 0 (mod 2). But �(w1) ≡ 1 (mod 2) implies that �(wi) ≡ 1 (mod 2)
for all i¿ 1. In particular, �(wr+1) = �(f2) ≡ 1 (mod 2), a contradiction. The proof is
completed.

In order to prove Theorems 2.4 and 2.5, we introduce some further concepts. Let
G be a plane bipartite graph with a perfect matching. If G is not elementary, we
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consider the maximal nice subgraphs of G that are elementary. Such subgraphs are
called elementary components or pieces of G. In other words, elementary components
of G mean components of the subgraph obtained from G by the removal of all forbid-
den edges. A trivial elementary component is K2. Further, an elementary component
G′ of G is said to be elementary in-domain (resp. out-domain) if F(G′)\{f} ⊆ F(G)
for the exterior face (resp. for some interior face) f of G′. A fast algorithm for deter-
mining the elementary components of G was described in [14]. The following result
is immediate.

Lemma 3.2. Let G be a plane bipartite graph with a perfect matching and F ⊆ F(G).
Let G1; : : : ; Gk denote the elementary components of G. Then

ZF(G) ∼= ZF1 (G1)× · · · × ZFk (Gk);

where Fi = F(Gi) ∩ F; i = 1; : : : ; k; and × denotes the Cartesian product between
graphs.

Lemma 3.3. Let G be a plane bipartite graph with a perfect matching. Then G is
weakly elementary if and only if every elementary component of G is an elementary
in-domain.

Proof. Let G be a plane bipartite graph. Suppose that G is weakly elementary. Let
G′ be a non-trivial elementary component of G. Then G′ is elementary and has at
least one cycle. By Lemma 3.1, @G′ is a nice cycle of G′ and thus of G. By the
de-nition, the subgraph I [@G′] of G is elementary. So G′ = I [@G′]; namely G′ is an
elementary in-domain of G. Conversely, suppose that every elementary component of
G is an in-domain. It is obvious that any given nice cycle C of G must be contained
in some elementary component G′. Since G′ is an elementary in-domain, I [C] in G is
the same as in G′, and it is elementary.

Proof of Theorem 2.4. Let G be a plane bipartite graph with a perfect matching. Let
G1; : : : ; Gk denote the elementary components of G. By Lemma 3.2 we have

Z(G) ∼= ZF1 (G1)× · · · × ZFk (Gk);

where Fi = F(Gi) ∩ F0(G) = F0(Gi) ∩ F0(G); i= 1; : : : ; k. Then Fi ⊆ F0(Gi) and Fi ⊆
F0(G). It is obvious that Z(G) is connected if and only if each ZFi(Gi) is connected.
By Theorem 2.3, ZFi(Gi) is connected if and only if Fi=F0(Gi) ⊆ F0(G) (i.e. Gi is an
elementary in-domain of G). Further, by Lemma 3.3 we know that Z(G) is connected
if and only if G is weakly elementary.

Lemma 3.4. Let G be a plane bipartite graph with a perfect matching. Then G is
second-weakly elementary if and only if every elementary component of G is an
elementary either in- or out-domain.

Proof. Suppose that G is second-weakly elementary. Let G′ be a non-trivial elementary
component of G. By Lemma 3.1, the boundary of every face of G′ is a nice cycle of
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G′ and thus of G. If I [@G′] in G is elementary, by the proof of Lemma 3.3 G′=I [@G′]
is an elementary in-domain of G; Otherwise, G′ must have an interior face f such
that I [@f] in G is not elementary. By the de-nition O[@f] in G is elementary. So
O[@f] = G′ is an elementary out-domain. Conversely, suppose that every elementary
component of G is an either in- or out-domain. For any given nice cycle C of G, C
must belong to some elementary component G′. If I [C] in G is not elementary, G′ is
an out-domain and O[C] is elementary.

Proof of Theorem 2.5. Let G be a plane bipartite graph with a perfect matching. Let
G1; : : : ; Gk denote the elementary components of G. By Lemma 3.2 we have

Zt(G) ∼= ZF1 (G1)× · · · × ZFk (Gk);

where Fi=F(Gi)∩F(G) ⊆ F(G); i=1; : : : ; k. It is obvious that Zt(G) is connected if
and only if each ZFi(Gi) is connected. Similar to the proof of Theorem 2.4, combining
Theorem 2.3 with Lemma 3.4 we immediately arrive at the proposition that Zt(G) is
connected if and only if G is second-weakly elementary.

4. Proof of Theorem 2.6

Lemma 4.1 (Zhang and Zhang [17]). For any subgraph Z of Z(G), let Z̃ denote an
orientation of Z such that the orientation of each edge of Z is the same as in Z̃(G).
Assume that Z(G) has a cut-vertex M . Then

(1) each proper M -alternating ring of G intersects each improper M -alternating ring
of G,

(2) M belongs to exactly two distinct blocks Z1 and Z2 of Z(G), and
(3) M must be the source (a vertex of in-degree 0) of one and the sink (a vertex of

out-degree 0) of the other in Z̃1; Z̃2.

Lemma 4.2. Let G be a plane elementary bipartite graph with more than one cycle.
Then Zt(G) is 2-connected.

Proof. By Theorem 2.5 Zt(G) is connected. Since Zt(G) has at least three vertices, it is
suLcient to prove that Zt(G) has no cut-vertex. By Theorem 2.1(a) Z(G) is connected.
Since Z(G) is a spanning subgraph of Zt(G), any non-cut-vertex of Z(G) is also that
of Zt(G). If Z(G) is 2-connected, the result is trivial.
Suppose that Z(G) contains a cut-vertex M . We shall prove that M is not a cut-vertex

of Zt(G). By Theorem 2.2 or Lemma 4.1(2), Z(G) has exactly two blocks B1 and
B2 that contain M . By Lemma 4.1(3), G has at least one proper and one improper
M -alternating rings. Let f1 be any given proper M -alternating ring and g1; g2; : : : ; gt
(t¿ 1) all improper M -alternating rings of G. Since the gi’s are improper M -alternating
rings, they are pairwise disjoint [16]. Let V2 = {M ⊕ (⊕j∈T gj) : T ⊆ {1; 2; : : : ; t}}.
Without loss of generality assume that M ⊕ f1 ∈V (B1). Then V2 ⊆ V (B2) and the
subgraph B2[V2] of B2 induced by V2 is a t-dimensional hypercube. Set Mg := M ⊕
g1 ⊕ · · · ⊕ gt . It is obvious that Mg ∈V (B2).
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Fig. 3. Illustration of the proof of Lemma 4.2.

Let G0 = f1 ∪ (
⋃t
i=1 gi), illustrated in Fig. 3. Then G0 is elementary. By Lemma

4.1(1) f1 ∩ gi �= ∅ consists of some paths of odd length for each i; 16 i6 t. The
restriction of M on G0, denoted by M |G0 , is a perfect matching of G0. The faces
in F(G0) \ {f1; g1; : : : ; gt} are denoted by C∗

1 ; C
∗
2 ; : : : ; C

∗
r (r¿ 1); Ci (16 i6 r) will

denote the boundary of C∗
i . Without loss of generality, assume that C∗

1 is the exterior
face of G0. It follows that the Ci are pairwise disjoint and

⋃r
i=1 Ci =f1 ⊕ (⊕t

i=1gi). It
is obvious that g1; : : : ; gt and f1 lie in the exterior of Cj (r¿ j¿ 2). Since each cycle
Cj alternates in some paths on f1 and some paths on gi’s, where such paths are all
M -alternating and every end-edge does not belong to M , then all C∗

j (16 i6 r) are
improper Mg-alternating faces of G0. Accordingly, the Ci’s are pairwise disjoint cycles.
The subgraphs I [Cj] and O[Ci] of G are de-ned as in Section 2. Then the subgraphs

O[C1] and I [Cj] (j=2; : : : ; r) are pairwise disjoint. Since G is elementary, both I [Cj]
and O[Ci] are all plane elementary bipartite graphs. Let G′=O[C1]∪I [C2]∪· · ·∪I [Cr] ⊆
G. It is obvious that Mg|G′ is a perfect matching of G′ and G′ is a nice subgraph of G.
Let NM=Mg\(Mg|G′). Then the union of any perfect matching of G′ and NM is a perfect
matching of G. So ZF(G′), F = F(G)\{f1; g1; : : : ; gt}, corresponds to a subgraph of
Zt(G). It is obvious that O[C1] is an elementary out-domain and the I [Cj] (j¿ 2) are
elementary in-domains of G′. Then G′ is second-weakly elementary. Thus by Lemma
3.2 and Theorem 2.1(a) ZF(G′) is connected. Namely, ZF(G′) has a path P′ between
Mg|G′ and Mg|G′ ⊕ (⊕r

i=1Ci). If all vertices M
′ of P′ are replaced by M ′ ∪ NM , we get

a corresponding path P of Zt(G) between Mg and Mg ⊕ (⊕r
i=1Ci). It is obvious that

Mg ⊕ (⊕r
i=1Ci) =M ⊕ f1 ∈V (B1). We assert that P does not pass through M .

Let L be a component of f1 ∩ g1. Since f1 and g1 are M -alternating rings, L is
an M -alternating path whose end-edges are in M . Further, L and G′ are edge-disjoint
and L is an Mg-alternating path whose end-edges are not in Mg. For any vertex N of
P, L is still an N -alternating path whose end-edges are not in N , which implies that
M �= N . The assertion is proved.
On the other hand, Z(G) has a path between Mg and M ⊕f1 which passes through

M . Thus, B1 ∪ B2 lies in one block of Zt(G) which implies that M is not a cut-vertex
of Zt(G).

Lemma 4.3 (Shiu et al. [9]). Let G be a 2-connected plane bipartite graph with per-
fect matchings. If G is not elementary, then G has at least two non-trivial elementary
components each being either in- or out-domain.
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Proof of Theorem 2.6. If G is elementary, by Lemma 4.2 Zt(G) is 2-connected. In
what follows assume that G contains a forbidden edge. By Lemma 4.3 we may suppose
that the elementary components of G are denoted by G1; : : : ; Gm (m¿ 2), where G1 and
G2 are non-trivial elementary components each of which is either in- or out-domain.
By Lemma 3.2 we have

Zt(G) ∼= ZF1 (G1)× ZF2 (G2)× · · · × ZFm(Gm);

where Fi=F(Gi)∩F(G). Since only one face of Gi does not belong to Fi; i=1; 2, by
Theorem 2.1(a) both ZF1 (G1) and ZF2 (G2) are connected and non-trivial graphs. Thus
ZF1 (G1) × ZF2 (G2) is 2-connected. Further, either Zt(G) or each of its components is
2-connected.

5. Proof of Theorem 2.8

Let G be a plane bipartite graph with a perfect matching M and let C be a cycle of
G. Recall that I [C] (resp. O[C]) represents the region or subgraph of G consisting of
C and its interior (resp. exterior). The clockwise orientation of a face of G (De-nition
2.2) can be extended naturally to that of C with respect to the region I [C] or O[C].
If C is an M -alternating cycle of G, C is said to be proper with respect to I [C]
(resp. O[C]) if each edge of C belonging to M goes from the white end-vertex to
the black end-vertex along the clockwise orientation of C with respect to I [C] (resp.
O[C]); otherwise C is improper with respect to I [C] (resp. O[C]). We make the
convention that a proper (or an improper) M -alternating cycle C always means proper
(or improper) with respect to I [C] unless speci-ed.

Lemma 5.1 (Zhang and Zhang [17]). Let G be a plane elementary bipartite graph.
If M1 and M2 are two perfect matchings of G such that M1 ⊕ M2 is a proper
M1-alternating cycle, then Z̃(G) has a directed path from M1 to M2.

Since the total Z-transformation graph of a plane elementary bipartite graph G is
2-connected, any two vertices must lie on some cycle of Zt(G). But there exist two
vertices not lying on a directed cycle of Z̃ t(Q3) (see Fig. 2(c)). We have the following
result.

Lemma 5.2. Let G be a plane elementary bipartite graph. Let M and M ′ be two
perfect matchings of G such that M ⊕M ′ forms a unique cycle of G. Then M and
M ′ lie on a directed cycle of Z̃ t(G).

Proof. Let C =M ⊕M ′ be a cycle of G. Without loss of generality assume that C is
a proper M -alternating cycle with respect to I [C]. Thus, C is a proper M ′-alternating
cycle with respect to O[C]. By Lemma 5.1, Z̃(I [C]) has a directed path from M |I [C]
to M ′|I [C] and Z̃F(O[C]) has a directed path from M ′|O[C] to M |O[C], where F consists
of all faces of O[C] except for the interior face of C. Both Z̃(I [C]) and Z̃F(O[C])
correspond to subgraphs of Z̃ t(G). Accordingly, Z̃ t(G) has a directed path P(M;M ′)
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from M to M ′ and a directed path P(M ′; M) from M ′ to M : all perfect matchings
of G lying in P(M;M ′) (resp. P(M ′; M)) have the same restriction on the subgraph
G − I [C] (resp. G − O[C]) of G. It will be shown that P(M;M ′) ∪ P(M ′; M) is a
directed cycle of Z̃ t(G).

Claim 1. P(M;M ′) and P(M ′; M) have no arcs in common.

Otherwise, assume that an arc (M1; M2) belongs to both P(M;M ′) and P(M ′; M).
Then R=M1 ⊕M2 is a proper M1-alternating face lying on I [C] and, simultaneously,
a proper M1-alternating face lying on O[C]. Thus G = C = R. On the other hand,
C is properly M1-alternating with respect to I [C] and improperly M1-alternating with
respect to O[C], a contradiction.

Claim 2. P(M;M ′) and P(M ′; M) are internally disjoint.

Otherwise, assume that P(M;M ′) and P(M ′; M) share an interior vertex M0 (i.e.,
neither M nor M ′ is M0). By the above arguments, we have that M; M0 and M ′ have
the same restrictions on both the exterior and interior (not including C) of C. In other
words, M0 and M (or M ′) may di/er only in C and C is M0-alternating. Then M0 is
identical to either M or M ′, a contradiction.

Proof of Theorem 2.8. Let G be a plane bipartite graph with two perfect matchings.
Then G has at least one nice cycle. If G is not elementary, let G1; G2; : : : ; Gm (m¿ 2)
denote the elementary components, where G1 has at least one cycle. Then

Z̃ t(G) ∼= Z̃F1 (G1)× Z̃F2 (G2)× · · · × Z̃Fm(Gm);

where Fi = F(Gi) ∩ F(G) (16 i6m) and × denotes the Cartesian product between
digraphs. Obviously, F1 has fewer faces than F(G1). Thus, by Theorem 2.7 Z̃F1 (G1)
has at least two vertices and no directed cycle. Then Z̃ t(G) is not strongly connected.
In what follows assume that G is elementary. Let M and M ′ be any distinct perfect

matchings of G. Then M ⊕M ′ consists of cycles, denoted by C1; C2; : : : ; Cr (r¿ 1).
Let Mi+1=M1⊕C1⊕· · ·⊕Ci; i=1; : : : ; r, where M1 =M and Mr+1=M ′. It is obvious
that the Mi’s are perfect matchings of G and Mi+1 ⊕Mi = Ci; i= 1; : : : ; r. By Lemma
5.2 we know that Mi+1 and Mi; i=1; : : : ; r; lie on a directed cycle of Z̃ t(G). Namely,
Z̃ t(G) has both directed paths from Mi+1 to Mi and from Mi to Mi+1; i = 1; : : : ; r.
Hence Z̃ t(G) has a directed path from M to M ′ and a directed path from M ′ to M .
So Z̃ t(G) is strongly connected.
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