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1. Introduction and summary

The purpose of the present paper is to give a unified framework for deriving upper bounds for some quantities induced
by translation-invariant maps. To this end we employ vectorial intervals induced by two preorders on a linear space, and
radii of families of maps at a point (to be defined in Section 2).

In Section 2 we begin with some relevant notation and terminology. In Theorem 2.2 we present a general framework that
will be used throughout the paper. This result contains a set of assumptions leading to the required estimate. A particular
case of Theorem 2.2 related to a compact group of linear operators is demonstrated in Theorem 2.5. In the second part of
Section 2 we deal with so-called GIC preorders. In Theorem 2.9 we extend a result of Li and Mathias [20, Theorem 2] from
the matrix case to a general setting of an inner product space equipped with a GIC preorder.

In Section 3 we focus on the differences of two operators, e.g., on commutators. Here we generalize recent results of
Wang and Du [35, Corollary 4] and of Bhatia and Kittaneh [4, Theorem 4].

Section 4 is devoted to Griiss type inequalities. In Theorem 4.2 we apply vectorial intervals induced by cone preorders
to get a generalization of some results of Dragomir (see [5, Theorem 1] and [7, Theorem 2.5]). Applications for L2-functions
are given in Corollary 4.5. The discrete case is presented in Corollary 4.7. Finally, Corollary 4.8 extends a result of Renaud
[29, Theorem 2.1].
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2. Upper bounds for translation-invariant maps

Unless stated otherwise, throughout the paper X, Y and Z are linear spaces, and
®:Y—>R and ¥:Z— R are real maps.

It is also assumed that Z is equipped with two preorders <; and <.
Given two vectors «, 8 € Z, the vectorial interval [«, Bl<, , induced by <1 and < (in short, <1 »-interval) is defined by
(cf. [12, pp. 120-124])

[a, Bl<,, =la, Bl={z€ Z: @ <1z <3 B}.

The subscript is sometimes omitted, if not relevant.

The preorder <j (k=1,2) is said to be translation-invariant with respect to (w.r.t.) the vector zg € Z, if z <, v implies
z—2zog=<rVv—zpforall z,veZ.

Given a point x € X and a (nonempty) subset M in X, a map L: X — Y is said to be translation-invariant at x w.r.t. M if
L(x — xo) = Lx for all xp € M.

Let £L={L;: i € Z} be a family of maps L; : X — Z. The ¥ L-radius is the map ry  : X — R defined by

rgr(x) =sup¥Li(x) <oo forxeX.
ieZ

The set
Lx)={Li(x): i €T}
is called the L-range of x € X.
Example 2.1 (Numerical radius and numerical range). Let X =Y = M), be the linear space of n x n complex matrices. Consider
Y =| .| = the modulus on C, and
I={aeC" a'a=1} and L={L,()=da*()a: aeI},
where (-)* stands for the conjugate transpose. It is easily seen that
rec(x) =max{|a*xal: aeC", a*a=1}

is the numerical radius w(x) of a matrix x € M (see [14, p. 7], [19, Section 14]). It is known that w(-) is a (weakly unitarily
invariant) norm on M, and

w(X) < |1Xlloo <2wW(x) for x € M, 1)

where | - || denotes the operator norm on M, [2, p. 4]. If x is a normal matrix then |x| .o = w(x) [29, p. 96].
Furthermore,

Lx)={a*xa: aeC", a*a=1}
is the numerical range W (x) of x [19, Section 1] (also known as the field of values of x [14, Chapter 1]).
Take @ =|| - ||o. For a linear map L : M; — M, and ng = 2, it follows from (1) that
ILxlloo < ILIIXNloo < IILIImow(x)  for x € X = M.

(If x is a normal matrix then ng = 1.) Putting n = ng||L| yields

PLx < nryp(x) forxe X. (2)

In this section, we are interested in an upper bound for the expression @Lx, where x is a point in X, and @ : Y — R is
a given map and L: X — Y is a translation-invariant map at x.

In our considerations, the crucial assumption is an inequality of type (2) (see (4), (10), (22), (40)). It strongly depends
on &. In some cases, it is a consequence of a certain nontrivial estimate (see e.g., (1)). On the other hand, (2) holds
automatically when @ =ry -, n =1 and L is a contractive map wW.r.t. Ty .

For the statement of our results we need some notation.

Given a family £ ={L;: i € Z} consisting of maps L; : X — Z and given a (nonempty) set M C X, a vector zg € Z is said
to be £, M-admissible at x € X, if there exists xo € M such that

Lix) —zo=Li(x—xg) foriel.
We denote
Adm(L, M, x) ={z9 € Z: zp is £, M-admissible at x € X}.
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IfroeR, g€ X and ® : X — R is a map, then the set
B (x0.10) = {x € X: ©(x —x0) <10}

is called ®-ball of radius rg centered at xg.

We are now in a position to give Theorem 2.2. This result provides general assumptions of type (i), (ii) and/or (iii) leading
to estimate (iv). Interpretations and applications of the implications (i) = (iv) and (ii) = (iv) are presented in Sections 3
and 4.

Theorem 2.2. With the above notation, let X, Y and Z be linear spaces and let ® : Y — R and ¥ : Z — R be maps. Assume that <4
and < are preorders on Z such that
—Vv<1z=<yVv implies W(z) <W¥(v) forz,velZ. 3)

Let x € X and M be a subset of X. Suppose that L : X — Y is a translation-invariant map at x w.r.t. M, and L ={L;j: i€ Z} is a
family of maps L; : X — Z, and n > 0 is a constant such that

D(Lv) <nrygps(v) forvex— M. (4)
Consider the following four statements (i)-(iv):
(i) For some vectors o, B € Z, with notation zg = %(a + B)andrg = llf(%(ﬁ — )), the following conditions (a)-(c) hold true:
(a) the L-range of x is included in the <1 -interval [, B] C Z,
(b) the vector zq is L, M-admissible at x,
(c) the preorders <1 and <> are translation-invariant w.r.t. the vector zg.
(ii) The L-range of x is included in certain ¥ -ball of radius ry centered at a point in Adm(L, M, X).

(iii) The vector x lies in certain ry ,-ball of radius ry centered at a point in M.
(iv) @Lx < nro.

Then (i) = (ii) = (iii) = (iv).

Remark 2.3. In Theorem 2.2, statement (i) simplifies if the <1 z-interval [«, B] is symmetric, i.e, « = —§ and g = § for some
8 € Z. In this event, zo =0 and ro = ¥ (§). Then conditions (b) and (c) holds automatically, and can be dropped.

Proof of Theorem 2.2. (i) = (ii). On account of (a) we have L£(x) C [«, Bl<,,, S0 o <1 Lj(x) <3 B for i € Z. Hence, by (c),

—%(,3—0!)=0l—%(01+/3) <1 Li(x) — %(Ol-i-ﬁ) <2ﬁ—%(a+ﬂ)=%(ﬂ—a) forieZ.

Therefore, by (3) applied to v = (8 —a) and z=L;(x) — 3(a + B), we deduce that
1 1 X
W(L,»(x)—?a—l—ﬂ))gllf(z(ﬁ—oc)) forieZ,

that is ¥ (Lij(x) — zg) <19 for i € Z. This means L(x) C By (zp,19), and zg is £, M-admissible at x (see (b)). Thus (ii) is
proved.

(ii) = (iii). We have L(x) C By (z0,19) for some zo € Adm(L, M, x). Therefore ¥ (L;(x) — zg) < 1o for i € Z. Since zg is
L, M-admissible at x, there exists xg € M such that Lj(x) — zg = Lj(x — xg) for all i € Z. Consequently, ¥ L;(x — xo) < Tg
for i € Z. Hence

ry £ (X —Xo) = sup¥Li(x — xp) < 1o.
ieZ

This means x € By, . (X0, o), as desired.
(iii) = (iv). Because x € By, . (Xg, To) for some xo € M, we have ry 2 (x — Xo) < o, and further

Nry £ (X — Xo) < Nro. (5)
Clearly, by Lx = L(x — xg), we get

PLx=PL(x — xp). (6)
In addition, by (4),

DL(x —x0) < Nry (X — Xo). (7)

Now, combining (6), (7) and (5) yields (iv), completing the proof. O
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Let (X, (-,-)) be an inner product space over F =R or C. Let G be a compact subgroup of the orthogonal/unitary group
on X according as F = R or C. So, (ga,b) = (a, g~ 'b) for a,b € X and g € G. Given vectors c, x € X, we define

’

r6.c(X) = max| (x, gc)| = max|(gc, x)
geG geG

We.c(x) = {(x, gc): g€G},
Mg (X) ={e € X: ge=e for g€ G}.
The quantity r¢ (x) is called G(c)-radius of x [21,27]. The set W ((x) is said to be G(c)-range of x. The subspace Mg (X)

consists of fixed points for all operators in G.

Example 2.4 (C-numerical radius and C-numerical range). Let X =Y = M), be equipped with the trace inner product (x, y) =
trxy* for x, y € M, where (-)* stands for the conjugate transpose. Take G = {g = u*(-)u: u € U,} with U, denoting the
group of n x n unitary matrices. Then M¢(X) = span I,;, where I, denotes the n x n identity matrix.

Fix arbitrarily ¢ € M. It is not hard to check that

16+ (x) = max{|tru*cux|: u e Uy}
is the C-numerical radius r.(x) of a matrix x € M, and
We,e+ (%) = {tru*cux: u e Uy}
is the C-numerical range W(x) of x (see [14, p. 81], [19, Sections 2 and 15]).

We now interpret Theorem 2.2 in terms of the G(c)-radius and G(c)-range of x € X. To do this, we consider the following
specification:

Z=F=R or C, M C M¢(X), ¥ =|.| isthe modulusonF, Z=G and L={Lg=(, gc): g€G},
fora,feFand k=1,2, we define a<ypg iff B—aeRy. (8)
Then the <1 -interval is given by
[, 8] ={z€F: Rea <Rez<Ref, Ima =Imz=Imp}. 9)

We denote spane = {te: t € F} and spang e = {te: t € R}.

Theorem 2.5. Let (X, (-,-)) be an inner product space over F = R or C, and let G be a compact subgroup of the orthogonal/unitary
group on X. Let c € X and e € M (X) be such that (e, c) # 0. Assume that <1 and <; are preorders on [F given by (8).

Let x € X and M = spane. Suppose that ® : Y — R is a real map on a linear space Y, and L : X — Y is a translation-invariant
map at x w.r.t. M, and n > 0 is a constant such that

@(Lv) <nrgc(v) forvex—M. (10)

Consider the following four statements (i)-(iv):

(i) For some o, 8 € F, the G(c)-range of x is included in the <1 z-interval [«, B] C F, with notation zg = %(a + B) and rg =
3B —a).
(ii) The G(c)-range of x is included in certain | - |-ball of radius ro > 0.
(iii) The vector x lies in certain r¢ ¢-ball of radius ro > 0 centered at a point in M = spane.
(iv) @Lx < nry.

Then (i) = (ii) = (iii) = (iv).

Proof. It follows that each zp € Z =F is £, M-admissible at x € X, i.e.,, Adm(L, M, x) =F. To see this, we set t = zgp/ (e, c)
and xg = te, where e € Mg (X) and (e, c) # 0. Then for any g € G we can write

Lg(x) — 20 = (x, gc) — t{e,c) = (x, gc) —t{g e, c)
= (x, gc) —t(e, gc) = (x, gc) — (X0, g¢) = (X — X, g€) = Lg(x — Xo).
Thus zg € Adm(L, M, x), as claimed.
Moreover, the preorders <1 and <; are translation-invariant w.r.t. any vector in F (see (8)). In addition, for z, v € F the
condition —v <1 z <, v implies z, v € R, and therefore (3) is fulfilled for the modulus ¥ = -|.

Now, the validity of the implications (i) = (ii) = (iii) = (iv) follows from Theorem 2.2 applied to the specifica-
tion (8). O
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Remark 2.6. In Theorem 2.5, if in addition #/(c, e) € R then spane can be replaced by spange.

In the remainder of this section, we deal with so-called GIC preorders.

Suppose that (X, {-,-)) is a finite-dimensional real inner product space and G is a closed subgroup of the orthogonal
group O(X) on X. For a vector x € X, by convGx we denote the convex hull of the G-orbit Gx = {gx: g € G}. Given two
vectors X, y € X, we write

y<¢x iff yeconvGx. (11)

The relation <¢ is a G-invariant preorder on X called G-majorization.
It is known [12, Theorem 1] that for x, y € X

y=<cx iff mge(y)<mge(x) forceX, (12)
where
mg ¢(v) =max(gc,v), veX.
geG
Since G C O(X) we have mg (v) =mg v(c) for all c,v € X [12, p. 114]. The function mg¢, () is the support function of the
set conv Gv [30].

Following [9,10], we say that the G-majorization <¢ is a group induced cone (GIC) preorder if there exists a closed convex
cone D C X such that

(A1) DN Gv is not the empty set for each v € X,
(A2) maxgeg(gc,v) ={(c,v) for c,veD.

See [9,10,17,18] for some important examples and [31,32, Examples 1 and 2] for an interpretation of (A1)-(A2) in Lie theory.
Under (A1)-(A2), for each v € X there exist elements v, v4 € X such that
{vi}=DNGv and {v4}=-DNGv

(see [23, p. 14]). Then mg (v) = (cy, v,) for ¢, v € X, and (12) simplifies to

y=<cx iff {c,y,;)<({c,x)) forceD,
iff (gc,y)<({c,x)) forceD and geG. (13)
Furthermore,
(c,vqy) <{gc,v)<(c,vy) forveX,ceDand geG (14)

(see [31]). In other words, for each c € D the G(c)-range of v € X is contained in [«, 8], where o = (c, v4) and B =(c,v}).

Example 2.7. (See [9].) Given x, y € R", x is said to weakly majorize y, written y <y, x, if the sum of k largest entries of y
does not exceed the sum of k largest entries of x for each k=1, ...,n [22, p. 10]. If, in addition, equality holds for k =n, x
is said to majorize y, written y <y, x [22, p. 7].

If X=R" and G =P, is the group of n x n permutation matrices, then the G-majorization <z becomes the usual
majorization <, i.e., for x, y e R,

y=<cx iff y=<pmx.

It is well known that < is a GIC preorder with the cone D = {v = Vi, vi)T € R% vy > --- > vy). Here v, =
vy -, v and vy = (vay, ..., vy)T, where vy >+ > vy and vy < --- < v are the entries of v = (vq,...,vp)T
stated in decreasing order and in increasing order, respectively.

Example 2.8. (See [17, Example 7.4], also cf. [9, Example 2.4].) Take X to be the (real) space H, of n x n Hermitian matrices
with the inner product (x, y) =trxy for x, y € Hj. Let G be the group of all unitary similarities u(-)u*, where u runs over
the group U, of n x n unitary matrices. Then the preorder <¢ is characterized by: for x, y € Hj,

y=<cx iff Ay) <mA(X),

where A(v) = (A1 (V), ..., An(v))T stands for the vector of the eigenvalues of v € H, arranged in decreasing order, i.e.,
M) == (V).
The G-majorization <¢ is a GIC preorder with D = {diag(A1,...,An): A1 =>--- > Ay} and

vy =diag(A(v), ..., Aq(v)) and vy =diag(Aa(v), ..., A1 (v)).

In fact, (A1) is the Spectral Theorem for Hermitian matrices, and (A2) is Fan-Theobald’s trace inequality [11,33].
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Let Y be a subspace of X. A linear operator L: X — Y is said to be G-contractive, if
Lx <gx for x e X. (15)
In light (12), (15) is equivalent to
mg,c(Lx) <mg(x) forc,xe X. (16)

Therefore (4) holds for

& =mg.c(), n=1, ¥ = the identity on R , L={(gc."): geG} and ryrs()=mgc(). (17)

The next result is motivated by [20, Theorem 2].

Theorem 2.9. Let (X, {-,-)) be a finite-dimensional real inner product space. Let G be a compact subgroup of the orthogonal group on
X and D C X be a closed convex cone such that the G-majorization <¢ is a GIC preorder satisfying axioms (A1)-(A2).

Assume that goD C —D for some gy € G. Denote Q = %(id —go) and Do = QD. Let Y be a subspace in X such that Y =
Ugeco gD for some subset Gy C G.

IfL: X — Y is a G-contractive operator, then

1
Lx <¢ 5()@ —xp) forxeX.
The proof of Theorem 2.9 will be simplified if we first prove a lemma.

Lemma 2.10. Under the assumptions of Theorem 2.9 for (X, (-,-)), G and D, assume that goD C —D for some go € G. Denote Q =
3 (id —go).
Then

(i) gois aninvolution on span D,
(ii) for c € D and x € X we have %(a + B) =0, wherea =(Qc,xy) and B = (Qc, x,).

Proof. (i). Since —goD C D, for any xp € riD (the relative interior of D), we find that géxo = —go(—8oXo) € D. By
[23, Lemma 2.1], we deduce that g%lspanp =id spanp, as desired.

(ii). Let c € D and x € X. Define P = 1 (id +go). Notice that x; = gox, . For this reason 1 (x; —x;) = Qx, and 1(x; +x;) =
Px,. Since go € G is an orthogonal operator, we have gg =g, ! where gg denotes the dual operator of go w.r.t. the inner
product (-,-). Therefore we can write

1 1 1
5(0{ +B) = §<QC’ xy +x1)=(Qc, Px}) = (PTQC, xy)= Z((id +g0)T(d—go)c, xy)

1,,. 1y . 1, _ 1, _4,.
= ((id+g5")dd—go)e,x,) = 2 {(g5" — go)e. /) = 4 (g5 (id —g5)c. x, ) =0,

the last equality being a consequence of the proved part (i) of Lemma 2.10. O

Proof of Theorem 2.9. Fix arbitrarily x € X. Since x, € D and x4 € —D, we get %(x¢ —Xx4) € D. So, by (13), we have to prove
that

(c. (Lx)y) < <c, %()@ - x¢)> for ce D. (18)

Observe that Dg = Q D C D. Making use of Lemma 2.10(i), it is not hard to verify that Q%|p = Q |p. It can be shown in
a similar way as in the proof of Lemma 2.10 that (Pc, Qy) =0 for c, y € D. Moreover, a simple computation shows that
(Qc,y)=/{c,Qy) for ce D and y € span D, because ggy =g51y =goy by g%y =y.

Since Lx e Y = UgeGO gDo, we obtain Lx = gyo for some g e Go and yg € Do. Hence (Lx), = yo = g~ 'Lx by Do CD.
For this reason Q(Lx), = (Lx), because Qyo = yo by Q2%|p = Qlp and yg € Dy = QD. Therefore 0 = (Pc, Ix))) =
((id—Q)c, (Lx)}) and further

(e, (o) =(Qc, (Lx))) =(Qc, g7 'Lx) = (gQc, Lx).

So, in order to show (18), it is sufficient prove that

(gQc, Lx) < <c, %(xl —x¢)> for ce D. (19)
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Since Q D C D, it follows from (14) that
(Qc,x4) <(gQc, gx) <(Qc,x;) forceD and geG. (20)

But L is G-contractive, so we have Lx <¢ x. That is, the vector Lx is a convex combination of some vectors of the form gx
with g € G. Hence (20) gives

(Qc,x4) <(gQc, Lx) <(Qc,xy) forceD.

Denoting @ = (Qc, x;) and B =(Qc,x,), we find that
B0 <(8QC Y~ J@+ A <3 (B-a) forceD. 1)

According to Lemma 2.10 (ii), we get %((x + B) =0. On the other hand, x4 = gox, and gox, = g51x¢. As a result we obtain

1 1 1
E(ﬁ —a)= <QC, §(X¢ *X¢)> =(Qc,Qxy) ={c. QTQX¢> =(c,Qx,) = <c, §(x¢ fx¢)>.
Therefore (21) implies (19). This completes the proof. O

Remark 2.11. The last part of the proof of Theorem 2.9 can be obtained from Theorem 2.2 applied to the case when
z0= %(a + B) =0 and M = {0}, with (17) updated by £ ={(gQc,): g € Go}.

3. Applications for differences of operators

Bounds for norms of the difference of two operators have attracted a great research interest [3, Section VI]. A particular
attention is paid to commutators [4,15,16,35]. In this section we generalize some recent results of Wang and Du [35] and of
Bhatia and Kittaneh [4].

The following result holds.

Corollary 3.1. Let (X, || - |x) and (Y, || - |ly) be two norm spaces over F = R or C. Assume (-,-) is an inner product on X. Let G be a
compact subgroup of the orthogonal/unitary group on X. Let c € X and e € M (X) be such that {c, e) # 0. Assume that <1 and <>
are preorders on IF given by (8).

Let x € X and M = spane. Suppose that g > 0 is a constant such that

Iviix < norg,c(v) forvex—M. (22)

Assume that L1 : X — Y and L, : X — Y are linear operators such that the map L = L1 — L, is translation-invariant at x w.r.t. M.
If the G(c)-range of x is included in <1 z-interval [, ] C F, then

B
[IL1x — Lax|ly < ko

s 23
2 (23)
where i = ||L1 || + |IL2]| with L]l = sup{liLviy: v € X, llvlx =1} fork=1,2.

Ifin addition #/(c, e) € R, then spane can be replaced by spang e.
Proof. By (22), for v €e x — M we obtain

IL1v —Lavily < ILivily + IL2vily S kllviix < knorc,c(V).

Utilizing the implication (i) = (iv) of Theorem 2.5 for @ = || - ||y and 1 = knp, we conclude that (23) holds.

The last part of the theorem follows from Remark 2.6. O

We now illustrate Corollary 3.1 in matrix setting. Set X =Y = M), with the operator norm | - ||cc on M and with the
trace inner product. Let G be the group of all unitary similarities acting on M,. Take e to be the n x n identity matrix I
and M = spang e. Choose ¢ = diag(1,0,...,0). Let x be an n x n Hermitian matrix with the smallest and largest eigenvalues

o and B, respectively. Then W¢ () = W (x) = [a, 8] and 16 (V) = w(v) = ||V|l for v ex — M C Hj, [14, p. 12]. So, (22) is
fulfilled for o =1.
For given matrix a € M,;, we define

Lix=xa and Lyx=ax for x e M,.

Evidently, L1x — Lox is the commutator xa — ax. Since || - ||« is submultiplicative, we can put x = 2||a]|« into (23).
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As a consequence of Corollary 3.1, we obtain

Corollary 3.2. (See Wang and Du [35, Corollary 4].) Let a be an n x n matrix and let x be an n x n Hermitian matrix. Denote o =
min{A: A € o0 (x)} and B = max{A: A € 0 (x)}, where o (x) stands for the spectrum of x.
Then we have the inequality

llxa — axlleo < [lalloo (B — ).

A related result to Corollary 3.2 is Corollary 3.4. A more general framework is demonstrated in Theorem 3.3.

To state this theorem, we need some notation. Let (X, (-,-)) be a finite-dimensional real inner product space and G be
a compact subgroup of the orthogonal group on X. Assume that Y is a subspace in X and H is a subgroup in G. It is not
hard to check that the set of all G-contractive operators on X is G-invariant and convex.

In Theorem 3.3 we deal with some special pairs of G-contractive operators. Namely, we introduce

m m m
Co = {(Za;gihli,Za;gihZi): Zaizl, o >0, gieG and hyj,hyje Hy. (24)
i=1 i=1 i=1

This definition is motivated by the construction described in [4, pp. 147-148].
For instance, let Hy = {h1,...,hig} and Hy = {hy1, ..., hom} be finite subgroups of H of order q and m, respectively.
Assume H; is a subgroup of H;. By Lagrange’s theorem, m = kq for some positive integer k. It is known that the operators

1 1 o 1<

L1=—Zh1,’=EZkh1,’ and LZZEZhZi
95 i=1 i=1

are the orthogonal projections onto the subspaces My, (X) = {x € X: hx=Xx, he H1} and My, (X) = {x € X: hx=x, h e Hy},

respectively (see [1,24]).

Theorem 3.3. Let (X, (-,-)) be a finite-dimensional real inner product space. Let G be a compact subgroup of the orthogonal group on
X, and D C X be a closed convex cone such that the G-majorization < is a GIC preorder satisfying axioms (A1)-(A2).

Assume that Y is a subspace in X with the inherited inner product, H is a closed subgroup of G and F C Y is a closed convex cone
satisfying axioms (A1)—(A2).

IfLq, Ly : X — X are G-contractive operators on X such that (L1, Ly) is in the class Cy defined by (24), then

Lix—Lyy<cxt —yt forx,yey, (25)

where for z € Y the symbols z¥ and z' stand for the unique elements of the sets F N Hz and —F N Hz, respectively.

Proof. By [25, Corollary 2.5] applied to the triple (Y, H, F) we have
x—y=<pxt—yt forx,yeV.
Hence
hix—hyy <y xt —y" forx,yeY, hy,hy €H,
because (hz)¥ =z' and (hz)" =z' for h € H and z € Y. In consequence, by H C G, we obtain
hix —hyy <gx¥ —yt forx,yeY, hy,hy € H.
Because the preorder < is G-invariant, we get
ghix—ghyy <¢x¥ —y" forx,yeY, g€G, hi, hy € H. (26)
Fix arbitrarily x, y € Y. Since (L1, L) € Co, there exist g; € G, hyj,hy; € H and «; >0,i=1,...,m > 0, with Zf”:] ai=1
satisfying
m m
Lix=) aigihix and Ly =) aighy.
i=1 i=1
It follows from (26) and from the definition of G-majorization that
m m
Y aigihix =) aigihaiy < x* — y'
i=1 i=1

In other words, (25) holds, as required. O
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In the remainder of this section we interpret Theorem 3.3 when

X = M, = the vector space of n x n complex matrices endowed with the (real) inner product (x, y)
=Retrxy* for x, y € M,
G = the group of unitary equivalences uq(-)u with 1y and u, running over the unitary group Up,
D = {diag(s1,...,sn): $1 =+ =5, >0},
x, =diags(x), where s(x) = (s1 x),...,5n (x)) denote the n-vector of the singular values of x € M,
ordered so that s;(x) > --- > sp(x),
Y = H,, = the vector space of n x n Hermitian matrices,
H = the group of unitary similarities u(-)u* with u running over Uy,
F={diag(h1,....An): A1 =+ 2 An},
yi = diag)\i(y) and yT = diagﬂ(y), where A1(y) > --- > Ay (y) denote the eigenvalues of y € Hj,, and
M@ =), da)) and TG = (), ).
It is known that (X, G, D) and (Y, H, F) satisfy conditions (A1)-(A2) (see [22, pp. 498, 514], [17, pp. 943-945], Exam-
ple 2.8, also cf. [9, pp. 17-18]), and
y <¢x iff s(y) <wsx) forx,ye My, (27)
y <y x iff A(y) <m A(x) for x,y eH,. (28)
A direct application of Theorem 3.3 gives
Corollary 3.4. Let L1, Ly : M, — M, be two G-contractive operators on My, (i.e., S(Lxv) <y S(v) for v e My, k =1, 2) belonging to

the class Cy with the groups G and H as above. Let x and y be n x n Hermitian matrices.
Then we have the inequality

s(L1x — Lay) <w S(M 0 = A1 (1) = (| ) = 1) - [l () = 1)), (29)
or, equivalently, for any unitarily invariant norm ||| - || on My,
liLix — Layll < [|diag(2¥ 0 — 2T ()] (30)

Corollary 3.5. (See Bhatia and Kittaneh [4, Theorem 4].) Let a be an n x n matrix and let x and y be n x n Hermitian matrices.
Then we have the inequality

s(xa —ay) <w lalloo(|21(X) = 2], ..., [AnC) = 21(¥)]), (31)
or, equivalently, for any unitarily invariant norm ||| - ||| on M,
lixa — ayll < llalloo || diag(r* (x) = T () |- (32)

Proof. The operators

1 1
Lix=——xa and Lyx=-——ax for xe M,
lalloo lalloo

are G-contractive on M. In fact, we have
s(ab) <y s(a) os(b) for a,b € M,

where o denotes the Hadamard (entrywise) product on R" (see [14, Theorem 3.3.14]). Furthermore, ||a||o = s1(a) and
s(a) os(b) <s1(b)s(a) and s(a)os(b) <si(a)s(b) for a,b e M,.

Therefore
s(xa) <y |lallcoS(x) and s(ax) <y [alleos(x) for a,x € M.

Employing (27) one sees that L1 and L, are G-contractive.
In addition, (L1, L) belongs to the class Cp. To see this, use the argument given in [4, pp. 147-148]. By Corollary 3.4 we
deduce that (31) and (32) hold. O
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4. Applications for Griiss type inequalities

The classical Griiss’ inequality [13] states that

1
< Z(ﬁo — o) (80 — Y0) (33)

b b b
1 1 1
m/f(f)g(f)dt—m/f(f)dt'm/g(f)dt

for two bounded integrable functions f, g:[a,b] — R such that

o< f(H)<Bo and Yo < gt)<§ foralltela,b]

The constant % is best possible and is achieved for

f)=gt)= sgn(t — #), t €la,b].

Let X be a linear space over F =R or C equipped with an inner product (-,-) and norm | - || = (-,-)1/2. A Griiss type
inequality (cf. [5-8,28,29,34]) estimates from above the quantity

. (34)

‘<X,y) - (X,e)(e,y)

where x, y € X and e € X is a given vector such that (e,e) =1.
A standard initial step in the problem of estimating (34) is as follows [5, p. 75]. By Schwarz inequality, for any x, y € X,
we have

|(x, y) — (x,e)(e, y)| =|(x — (x,e)e, y — (y,e)e)| < |[x — (x.ede| |y — (v, e)e| = lQxIlQyl. (35)

where Q =idy —(, e)e is the orthoprojector from X onto M=, the subspace in X orthogonal to M = spane.
Taking x € X and xo € M, we find that Q (x — xo) = Qx, i.e. Q is translation-invariant w.r.t. M. This allows to apply a
special case of Theorem 2.2 when

X =Y is a linear space with an inner product (-,-), and ® = | - || = {-,-}1/?,
L=Q is the orthoprojector from X onto M., where M = spane. (36)

These assumptions are valid throughout this section.
In the sequel, we study Griiss type inequalities in two cases. The first employs Theorem 2.2 for vectorial intervals induced
by two cone preorders (see Section 4.1). The second uses Theorem 2.5 for G(c)-ranges (see Section 4.2).

4.1. Making use of cone preorders

Before giving results, we recall some definitions.
If K€ Z= X is a convex cone, then the dual cone of K is defined by

dualK ={z€ Z: Re(z,v) >0 forall veK}.

We define the cone preorders <x and <quajx on Z by

y=<kxx iff x—yeKk,
Y <dualk X iff x —y edualK.

The symbol [a, 8]k stands for [o, Bl<y, <quux =12 € Z: @ <k Z <dualk B}
Lemma 4.1 provides an interpretation of vectorial interval induced by convex cones K and dual K. The equivalence
(b) & (c) is due to Dragomir [7, Lemma 2.1].

Lemma 4.1. (See [7, Lemma 2.1], [26, Lemma 2.1].) Assume Z is a linear space with inner product (-,-) and norm || - || = (-,-)V/2. For
any vectors «, B8, z € Z, the following statements are mutually equivalent:

(a) There exists a convex cone K C Z such that z € [«, Blk.
(b) Re(B—z,z—a) >0.
© llz= 3@+l <3 —l.

In addition to the specification (36), in this section we also assume that

Z=X, Ww=|-l=¢-"% and L£={idx}, (37)
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where idyx denotes the identity on X. In this case,
LX) ={x} and ry,x) = x| forxeX.

Notice that any zg € M = spane is £, M-admissible at any x € X. Evidently, by (36)-(37), inequality (4) holds for n =1.

We let <; and <3 to be the cone preorders < and <gua k. respectively, for some convex cone K C Z. Observe that
Lemma 4.1 ensures that property (3) is valid for ¥ = || - |.

We return to Griiss type inequalities.

Theorem 4.2. Let (X, {-,-)) be an inner product space over F =R or C, and let e € X with ||e|| = 1, where || - | = {(-,-)1/2. Assume that
X,y,, B,y,8 € X are vectors such that

(a) o <k, X <dualk, B and y <k, ¥ <dualk, 8 for some convex cones K1, Ko C X,
(b) @+ B espane and y + § € spane.

Then we have the inequality
|(x.y) — (x.e)(e. y)| < fllﬂ alll|s =yl (38)

Proof. With the specifications (36) and (37), conditions (3)-(4) are fulfilled (see Lemma 4.1). By virtue of (a)-(b), one sees
that condition (i) of Theorem 2.2 is satisfied.
Applying implication (i) = (iv) of Theorem 2.2, we get

Qx| < H%(ﬁ—a)

1
and [Qyll < H 706- )/)H-
Using the initial bound given at (35), we conclude that (38) follows. O

With the additional restriction that the end-points of the vectorial intervals [«, 8] and [y, 8] are proportional to the
vector e, the last theorem becomes

Corollary 4.3. (See Dragomir [5, Theorem 1], [7, Theorem 2.5].) Let (X, (-,-)) be an inner product space over F =R or C, and lete € X
with |le|| = 1, where || - || = (-,-)1/2. Assume that x, y € X and oo, o, Yo, 80 € F.
If

Qo€ <k X <dualk; Boe and Yoe <k, ¥ <dualk, d0€

for some convex cones K1, K2 C X, or, equivalently,

1
X— —(ao + fole| < Iﬁo —ag| and Hy - —()/o +éo)e Iﬁo — Yol,
then we have the inequality
|(x.y) — (x.e)(e. y)| < Iﬁo — aol|80 — yol-
A direct application of Theorem 4.2 for the space R" with the inner product (x, y) Z; 1Xiyi gives

Corollary 4.4. Assume that x, y, «, B, ¥, 8 € R" are vectors such that

(Q) i <x; < Biand y; < yi < S foralli=1,...,n, or more generally

=

D Bi—x)xi—ai) >0 and Y (8 —y)(yi— i) =0

i=1

—_

(b) a + B espaneand y + 8 € spane, wheree = (1, ..., HT.

Lo 172 , 4 1/2
i < 5(2(& —ozi)z) (Z(Si —y,->2> :
=1 i=1

Then we have the inequality
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The constant }l is best possible and is achieved (if n even) for

n+1
Xi:yi:Sgl‘l(i—%>, Ol,':]/i:—] and /8,’:&:], i:l,...,n.

Using Theorem 4.2 for the space of real L2-functions on a real interval [a,b] with the inner product (f,g) =
o fab f()g(t)dt, we obtain the following result.

2

Corollary4.5. Let f, g, a,B8,y,8 € Lla"bJ

be functions such that

(a) a(t) < f(H) < B(t)and y(t) < g(t) <48(t) forallt € [a, b], or more generally

b b

/wm—ﬂm0®—ﬂmm>0am /@m—ﬂm@m—ﬂMM>a

a a

(b) a + B e spaneand y + § € spane, wheree(t) =1 for t € [a, b].

Then we have the inequality

b b b
‘b_a/f(t)g(t)dt—m/f(t)dt-m/g(t)dt

b b

1 1/2 172
— 2 2
<4®_m</Wm—am)m) (/@m—ym)m> ) (39)

a

The constant }l is best possible and is achieved for

f(t):g(t):sgn(t—#), at)=y@t)=—-1 and B@{)=58(t)=1, tela,b].

Example 4.6. Put

fO=g®) =sint, a®=y®O=—It, BO=8® =]t forte[—E ”}.

2°2
Then the left-hand side of (33) and of (39) equals % fﬁz sin®tdt = % while the right-hand side of (39) equals
= fﬁz(zm)zdt = ’17—22 < 2. Taking ag = o = —1 and By = 8o = 1, we find that the right-hand side of (33) equals 1.

This shows that (39) provides a more precise estimate than (33) does.

A function v : R" — R is said to be Schur-convex, if ¥ (o) < ¥ (B8) whenever o <, B for o, 8 € R". It is well known
[22] that any convex permutation-invariant function ¥ : R"™ — R is Schur-convex. For instance, @ <, 8 implies ||| < |81l

where ¥ (2) = |z| = ﬁ(Z?ﬂ V2 for z=(z1,...,z)"T € R
Referring to Example 2.7, it is known that o <, 8 iff & <7 x <, B for some x € R", where <; is the usual componentwise

order after ordering the entries of o and x, that is o) <x, [12, p. 120], and z| = (z[1, ..., Z[nJ)T and zp1j > -+ > zqp are the
entries of z € R" in decreasing order.
In the corollary below we combine the map (-); and the cone preorder <p induced by D = {z = (z1,...,z0)T € R

Z1 > --- > zn). Namely, we write o <1 x iff &y <p x,.

Two vectors o, x € R" are said to be similarly ordered (synchronous) if a = po; and x = px, for some permutation p € Py
(see Example 2.7).

A majorization counterpart of Corollary 4.4 is as follows.

Corollary 4.7. Assume thatx, y, o, 8, ¥, § € R" are vectors such that « and x are similarly ordered and y and y are similarly ordered
and

(@) a<1x<ppandy <1y <né.
(b) @y + B, e spane and y, + 8, € spane, wheree € R" with 1 31 | e? =1.
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Then we have the inequality

1< 1« 1«
0 ;X[iIY[i] “n Z;X[i]ei n Z;J/[i]ei
1= 1= 1=

1/2

n 172 n
1
< ym ( Z(ﬁm - Oé[i])z) (Z(S[i] - V[i])2>
i—1 i=1

Proof. To see this result, remind that x <m B iff x| <quaip B, (see (13) and Example 2.7). Similarly, y <y 8 iff ¥ | <dualp 8-
Next, use Corollary 4.4 for the vectors x|, y, oy, By, v, and 6,. O

4.2. Applying G(c)-ranges

In this section we utilize Theorem 2.5 (with (8) and (9)) for the spaces X, Y and M and for the maps L and & defined
in the specification (36).
The following result holds.

Corollary 4.8. Let (X, (-,-)) be an inner product space over F =R or C, and let G be a compact subgroup of the orthogonal/unitary
groupon X. Let c € X and e € M (X) be such that (c, e) # 0 and |le|| = 1, where || - || = (-,-)1/2. Assume that <1 and < are preorders
on [F given by (8).

Denote M = spane. For vectors x, y € X, let n1, n2 > 0 be numbers such that

vl <mrcc(v) forvex—M and |v|<nmarcc(v) forvey—M. (40)

(i) If G(c)-ranges of x € X and of y € X are included in <1 2-intervals [, 8] and [y, 8], respectively, then

|(x,y>—<x,e)<e,y>|<mnz%|/3—allﬁ—yl- (41)
(ii) If G(c)-ranges of x € X and of y € X are included in | - |-balls of radii ro and s, respectively, then

|(x, ) — (. e) (e, ¥)| < mimzroso. (42)
Proof. Since ||Qv| < ||v]| for v € X, it follows from (40) that (10) is satisfied for the vectors x and y and maps @ = || - ||

and L=Q.
(i). By virtue of the implication (i) = (iv) of Theorem 2.5 applied to the specification (36), we have

1 1
1Qxll < m5 (B —a) and lQyll < M5 @ =y).

Using the initial bounds given at (35), we conclude that (41) holds.
(ii). Likewise, the implication (ii) = (iv) of Theorem 2.5 gives

lQxl <mro and [QyI < n250.

The assertion (42) now follows by (35). This completes the proof. O

To derive a result of Renaud [29] from Corollary 4.8, take X = M, endowed with the inner product (x, y) = tr Txy* for
X,y € M, where T € M, is positive definite with trT = 1. Let G be the group of unitary similarities acting on M),. Putting
c =diag(1,0,...,0) gives r¢ c(x) = w(x), the numerical radius of x € M, (see Examples 2.1 and 2.4).

Let || - || =(-,-)}/? and | - || be the operator norm on M. Since

IxIl < [IXlloo <2w(x) for x € My,

(see [29, p. 97] and [2, p. 4]), condition (40) holds for 71 =71, =2, e =1, and M = spane. The constant 2 can be replaced
by 1 if x and y are normal matrices.

Remind that W (y*) = W (y) and w(y*) = w(y) for y € M, [19, pp. 52 and 71]. Finally, by Corollary 4.8(ii) applied for x
and y*, we obtain

Corollary 4.9. (See Renaud [29, Theorem 2.1].) For matrices x, y € My, assume that the numerical ranges W (x) and W (y) are con-
tained in disks of radii ro and sy, respectively. Let T € M, be positive definite with tr T = 1.
Then the following inequality holds

|tr(Txy) — tr(Tx) tr(Ty) | < 4roso.

If x and y are normal, the constant 4 can be replaced by 1.
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