=

View metadata, citation and similar papers at core.ac.uk brought to you by i CORE

provided by Elsevier - Publisher Connector

Available online at www.sciencedirect.com -
JOURNAL OF

-
*»” ScienceDirect Functior}al
Analysis

ELSEVIER Journal of Functional Analysis 258 (2010) 2910-2936 —_—
www.elsevier.com/locate/jfa

Rough paths analysis of general Banach space-valued
Wiener processes

S. Dereich

Philipps-Universitit Marburg, Fb. 12 — Mathematik und Informatik, Hans-Meerwein-Strafe,
D-35032 Marburg, Germany

Received 10 July 2009; accepted 14 January 2010
Available online 6 February 2010

Communicated by Paul Malliavin

Abstract

In this article, we carry out a rough paths analysis for Banach space-valued Wiener processes. We show
that most of the features of the classical Wiener process pertain to its rough path analog. To be more precise,
the enhanced process has the same scaling properties and it satisfies a Fernique type theorem, a support
theorem and a large deviation principle in the same Holder topologies as the classical Wiener process does.
Moreover, the canonical rough paths of finite dimensional approximating Wiener processes converge to
the enhanced Wiener process. Finally, a new criterion for the existence of the enhanced Wiener process
is provided which is based on compact embeddings. This criterion is particularly handy when analyzing
Kunita flows by means of rough paths analysis which is the topic of a forthcoming article.
© 2010 Elsevier Inc. All rights reserved.
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1. Introduction

The notion rough path was coined by Terry Lyons in 1994 [20]. The corresponding theory
provides an extension of Young integrals to less regular driving signals. In the context of prob-
ability theory, it allows an alternative representation for solutions to Stratonovich differential
equations as solutions to rough path differential equations (RDE). The power of the approach
is that once the driving signal has been associated to a rough path, the solution can be written
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as continuous function (/0 map) of the rough path signal by Terry Lyons’ universal limit theo-
rem [22]. In general irregular controls admit several extensions to rough paths. Nonetheless, in
the context of stochastic analysis there is one canonical choice which is uniquely defined up to
a null set. Since the null set does not depend on the choice of the RDE this allows one to pick a
random RDE depending on the path itself and, in particular, the concept of filtrations becomes
obsolete for the existence of solutions.

As eluded by Ledoux, Qian, and Zhang [18] the theory of rough paths leads to natural proofs
of support theorems (ST) and large deviation principles (LDP) since both properties behave
nicely under an application of the continuous It6 map. Consequently, it suffices to prove a support
theorem and a large deviation principle for the canonical rough path of the driving signal and
then to infer the corresponding results for the solution of the SDE. This approach has been firstly
carried out in [18] for the multi-dimensional Wiener process under the p-variation topology
for p > 2. Later on, analogous results were proved under fine Holder topologies by Friz and
Victoir [10] (see also [12]). General Banach space-valued Wiener processes were embedded
into the theory of rough paths by Ledoux et al. [17] in 2002. A series of articles by Inahama
and Kawabi [14-16] followed which was mainly motivated by its applicability to heat kernel
measures on loop spaces. Nowadays the theory of rough paths is well established and we refer
the reader to the monographs [21,23], and [11] for a general account on the topic.

Our results are manifold. First we establish a representation of the enhanced Wiener process as
limit of finite dimensional enhanced Wiener processes. This [t6—Nisio type theorem implies that
the enhanced Wiener process has the same scaling properties as the classical Wiener process. For
finite dimensional Wiener processes there are various ways to define the canonical rough path
(either as solution to a Stratonovich stochastic differential equation or via the limit of certain
smooth approximations, see for instance [11]) and it is thus conceived as a universal object.
Since we can freely approximate the enhanced infinite dimensional Wiener process by finite
dimensional approximations, also the infinite dimensional canonical rough path can be seen as a
universal object.

We derive a support theorem and a large deviation principle in fine Holder topologies similar
as the one known for finite dimensional processes [10]. By doing so we extend results of [14]
who analyzed the problem under p-variation topology.

In general, the existence of the canonical rough path is not trivial (at least for projective tensor
products), and Ledoux et al. provide a sufficient criterion in [17]. We relate their concept of finite
dimensional approximation to entropy numbers of compact embeddings. Since these are known
for various embeddings [7,8], we obtain a new sufficient criterion which can be easily verified in
many cases. We phrase its implications in the case where the state space of the Wiener process
is a Holder—Zygmund space. Our main interest in the theory developed here is its applicability
to stochastic flows generated by Kunita type SDEs. Indeed, we will establish a support theorem
and a large deviation principle for Brownian flows in a forthcoming article [5].

We start with summarizing the results of the article. Here we introduce some notation rather
in an informal way in order to enhance readability. All notation will be introduced in great detail
at the end of this section.

Results
Let (V,|-|v) be a separable Banach space, and let X = (X;);¢[0,1] denotes a V -valued Wiener

process on a probability space (§2, F,P). More explicitly, X is measurable with respect to the
Borel sets of C([0, 1], V) and satisfies, for 0 <s <1 < 1,
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e X; — X, is independent of o (Xy: w < 5) and
o L((t—s5)"V2(X, — X)) = L(X,) is a centered Gaussian distribution.

We denote by (Hi, |- |n,) and (H,| - |g) the reproducing kernel Hilbert spaces of X and
X = (X1)te0,17- Note that H can be expressed in terms of Hj as

H:{/f,dt: feL*([0,11, H) ¢,
0

where the integral is to be understood as Bochner integral. For a general account on Gaussian
distributions we refer the reader to the books by Lifshits [19] and Bogachev [2].
We let ¢ : (0, 1] — (0, 00) denote an increasing function with

fim—2®)
810 ./—381logd
and consider the geometric ¢-Holder rough path space G$2,(V), which will be rigorously in-

troduced below. Moreover, X is assumed to possess a canonical rough path X in the sense of
assumption (E), see Section 2.

(1)

Theorem 1.1. X is almost surely an element of G $2,(V) and its range in that space is the closure
of the lift of the reproducing kernel Hilbert space H of X into G§2,(V).

Theorem 1.2. The family {X®: ¢ > 0} with X® being the canonical rough path of (¢ - X)se[0.1]
satisfies a LDP in G$§2,(V) with good rate function

$Ih1%,  if 3h € H withh = S(h),

00 else,

J (h) :{

where S denotes the canonical lift of H into G§2,(V).

Suppose now that the reproducing kernel Hilbert space H; of X is infinite dimensional and
fix a complete orthonormal system (e;);cn of Hi. We represent X as the in C ([0, 1], V) almost
sure limit

n
— 1 @,
Xt—nlggo Elét €, (2)
i=

with {(é,(i)) te[0,1]: I € N} being an appropriate family of independent standard Wiener processes.

Theorem 1.3. Each X™ = (Z;’Zl é},(i)el-)te[o, 1] possesses a canonical rough path X™ and one
has almost sure convergence

lim X" =X in G2,(V).

n—oo
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Remark 1.4. The latter theorem can be proved in a more general setting. One can replace the
assumption that (e;) is a complete orthonormal system of the reproducing kernel Hilbert space
by the assumption that, for any h € Hj,

n
nlggo Z(h, e g e =h.
i=1

We proceed with a sufficient criterion for the existence property (E) for Holder—Zygmund
spaces. For an open and bounded set D, for n € Ny, n € (0, 1], and y = n + n, we denote by
C(’)/ (D, R?) the set of n-times differentiable functions f: RY — RY whose derivatives are n-
Holder continuous and satisfy the zero boundary condition

flpe =0.
The space is endowed with a canonical norm || - ||cv, see (14).

Theorem 1.5. Let 0 < y <y and D C D’ be bounded and open subsets of R? with D C D'
Let u be a centered Gaussian measure on C())/ (D, R?). Then there exists a separable and closed

subset V C Cg (D', RY) and a V -valued Wiener process X = (X;)se[0,1] satisfying the existence
property (E) and L(X 1) = . For instance, one may choose V as the closure of Hj.

Remark 1.6. In the theorem, the two Banach spaces Cg (D, R?) and C(’)/ (D', R%) can be replaced
by arbitrary Banach spaces V; and V5 for which V) is compactly embedded into V, and for which
the entropy numbers of the embedding decay at least at a polynomial order, see Section 5 for the
details. In particular, one can use the results of Edmunds and Triebel [7,8] on embeddings of
Sobolev and Besov spaces.

Let us summarize the implications in a language that does not incorporate rough paths. Let
W denote a further Banach space, let f: W — L(V, W) be a Lip(y)-function for a y > 2 in the
sense of [23, Def. 1.21]. For a fixed absolutely continuous path g : [0, 1] — V with differential
in LZ([O, 1], V), we consider the Young differential equation

dy; = f(y)dlx +gli,  yo=§. 3)

By Picard’s theorem, the differential equation possesses a unique solution /4 (x) for any x €
BV (V) (actually unique solutions exist under less restrictive assumptions).

For a V-valued Wiener process X and n € N, we denote by X (n) the dyadic interpolation
of X with breakpoints D,, = [0, 1] N (27"Z). We call Y the Wong—Zakai solution of (3) for the
control X, if {I,(X (n)): n € N} is a convergent sequence in Cy ([0, 1], W) with limit Y.

As is well known Wong—Zakai solutions are tightly related to stochastic differential equations
in the Stratonovich sense: If the state space W is an M-type 2 Banach space and if dg; = vdt
for some v € V, then the Wong—Zakai solution solves the corresponding Stratonovich stochastic
differential equation, see [3].

Theorem 1.7. Let X be a V -valued Wiener process with reproducing kernel Hilbert space H. If
property (E) is valid, then the following is true:
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(D X admits a Wong—Zakai solution Y of (3).
() Forn €N, let X™ be as in Theorem 1.3 and denote by Y™ the corresponding Wong—Zakai
solution of (3). Then {Y(”): n € N} converges almost surely to Y in Cy([0, 1], W).
(IIl) The range of Y in Cy([0, 11, W) is the closure of 1,(H).
(V) For ¢ > 0, we let Y® denote the Wong—Zakai solution of (3) for the control ¢ - X. Then
{Y®: & > 0} satisfies a large deviation principle in Cy([0, 11, W) with speed (&)g=0 and
good rate function

1
J(h) :inf{§||x||H: xeH, I;(x) =y}.
Here and elsewhere, the infimum of the empty set is defined as oc.

Agenda

The article is organized as follows. Sections 3 and 4 are concerned with the derivation of
Theorems 1.1 and 1.2, respectively. Section 2 has rather preliminary character. Here, we prove
a preliminary version of the representation provided by Theorem 1.3 (see Remark 3.3 for the
extension to the stronger statement). Moreover, we derive a Fernique type theorem together with
Lévy’s modulus of continuity. Section 5 is concerned with the proof of Theorem 1.5. Finally, we
explain the implications of the theory of rough paths (Theorem 1.7) in Section 6.

Notation

We start with introducing the (for us) relevant notation of the theory of rough paths. For a
profound background on the topic we refer the reader to the textbooks [23] and [11]. For two
Banach spaces V| and V, we denote by V| ®, V> the algebraic tensor product of V| and V5.
Moreover, we let V| ® V; denote the projective tensor product, that is the completion of V| ®, V>
under the projective tensor norm | - |y,gv, given by

n
lviev, =inf Y [ filvgilv,.
i=1

where the infimum is taken over all representations

n
v=> fi®g (meN, fieV, geVafori=1,...n).

i=1

From now on V denotes a separable Banach space. For a (continuous) piecewise linear function
x :[0, 11— V, we may compute its iterated (Young) integrals

5
-
xs’t_/dx,,eV,
N

X2, f dx,, ® dx,, € V&2, (4)

s<up<uz<t



S. Dereich / Journal of Functional Analysis 258 (2010) 2910-2936 2915

and set X; ; = X;t + x_%’, eV @ VO where (s,1) € A:={(s',1): 0<s' <t <1}. As is well
known the iterated integrals satisfy the Chen condition:

1
s,t

2

— <l 1 _ 2 2 1 1
Xg, =Xg, X, and X{, =X0, X, +X;, Q% forO<s<u<r<1.

We need to consider the truncated tensor algebra. For ease of notation, we omit the real compo-
nent and set

V=Ve Vv
It is endowed with the standard addition and the multiplication
usv=u'+v t*+v tu' @vi=utviu @V
Using the convention u ® v:=u' ® v! we also write
uxv=u+v4+u®yv.

In terms of * the Chen condition can be rewritten as

Xs,t = Xg,u * Xy 1.

We endow V and C(A, V) with the norms

. 1 2
luly :=[u'|, +[u|, o, and |Ixllc = sup [x;lv,
(s,t)eA

and call

2(V)= {(Xs,t)(s,t)eA € C(A,V): xsatisfies the Chen condition}

the set of multiplicative functionals on V. It is a closed subset of C(A, V). In the following, we
shall reserve the notation X = (X ;) (s,r)ea for V-valued multiplicative functionals. In the context
of rough path theory we mainly work with the following homogeneous norm on V,

lull = [of, + /02 e

It enjoys the following properties, foru,ve 'V,

@) [[u=0 < u=0;

(ii) [|8;ull = |¢||u|l for the dilation operator §;u = ru' + r2u? (r € R);
@iii) [full = —ull;
V) flu+ vl < [fall + (v
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We consider rough path spaces with Holder norm topologies: Let ¢ : (0, 1] — (0, co) be an
increasing function, and set, for x € C(A,V),

Ixl, = sup 1,
o= )
0<s<1<1 9 —8)

We denote by
£24(V) = {x € 2(V): Ixlly < oo}
the set of @-Hélder rough paths in V. It is equipped with the metric (x,y) — [x — y|l,. The set

is nontrivial whenever liminfs o ¢(8)/8 > 0 which we assume in the following without further
mentioning. Moreover, the set of geometric ¢-Holder rough paths is given by

G82,(V) = {S(x): X € C([O, 1], V) piecewise linear} C £24(V),
where S(x) = (X;,1)(5,nea With Xy, as in (4), and the closure is taken with respect to || - ||.
Analogously, we denote by Cy([0, 1], V) the Holder space induced by ¢ that is the space of

all functions x : [0, 1] — V with finite Holder norm

|xs,t|V

xllg =llxlloo + sup ,
0<s<t<1 9 —5)

where we — as usual — denote x;; = x; — x; and |[x]e0 = Sup;efo.17 1Xrlv for functions x €
C([0, 1], V). Moreover, we denote by BV (V) the set of all functions x € C([0, 1], V) with finite
bounded variation norm

n
IxlBvey = Ixllse + sup D xy_ylv.
0<py<--<t, <1 =1

Interpreting the integrals in (4) as Young integrals allows us to assign each path x e BV(V) to
a path S(x) :=x € £2(V). Furthermore, we call x € BV(V) absolutely continuous if it admits
X € L1([0,1], V) with xo,, = f; &, ds.

We will make use of the following three operators: The dilation operator, which appeared
already above, is given by

6: V>V, 8 (u) = ra! + t2u2, fort e R,
and the logarithm which is defined by
1
log:V—>V, vi>v-— §V®V.

Both operators naturally extend to continuous functions that map C (A, V) into itself via §;(x) =
(8t (X5,u)) s,uyea and logx = (logX; 1) (s,nea. Additionally, we consider the translation operator
on the set of multiplicative functionals which is defined for f € BV(V) by
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Tr: (V) = 2(V),

t t t
Tf(X)s,t =X5r + for +v/xs.u ®dfy + / Ssu ®dx, + / Ssu ®@dfu.
s s

N

All integrals are well defined Young integrals and restricting the translation operator to more
regular paths allows to relax the assumption on f. Note that the definition of Ty is motivated
by the following property: for x € C([0, 1], V') for which I"(x) exists (in the sense that the limit
converges in £2(V)) and f € BV(V) one has

Ti(r(x)) =T+ f). S

Finally, we denote by my : V— V and mye2 : V — V®2 the projections onto the V- and
V®2_component, respectively. In general, we use analogous notation for W-valued paths.

2. The canonical rough path

In this section, we introduce the canonical rough path (called enhanced Wiener process) as-
sociated to a Banach space-valued Wiener process. The main task will be to establish Lévy’s
modulus of continuity together with a Fernique type theorem.

As before we let X denote a Wiener process attaining values in a separable Banach space V.
Let D, = (27"Z) N[0, 1] (n € Ny) and denote by X (n) the linear interpolation of X with dyadic
breakpoints D,. Moreover, let X(n) = S(X (n)). The definition of the enhanced Wiener process
relies on the following assumption:

(E) There exists an £2(V)-valued random element X such that
lim X(m) =X in L'(P;c(a,V)).
A sufficient criterion for property (E) is provided in [17]:
Definition 2.1. Let i« be a centered Gaussian measure on the Borel sets of the separable Banach

space V. For a fixed tensor product norm | - |y gy the measure u is called exact, if for independent
wu-distributed random elements G;, G; (I € N) and some constants C and & < 1 one has

N
E Z G ® G < CN¢
=1

VeV

forall N e N.
By [17, formula on p. 566] property (E) is satisfied if the measure u is exact with respect to
the projective tensor norm. From now on we assume that property (E) is satisfied without further

mentioning.
In general, we denote, for a path x € C([0, 1], V),

1"(x):nli)rrolo S(x(n)), (6)
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provided that the limit exists in C(A, V). Here and elsewhere, we denote by x(n) the interpola-
tion of x with dyadic breakpoints D,,. The proposition below allows us to choose X = I"(X) as
the canonical rough path (enhanced Wiener process) of X.

Proposition 2.2. The family (log X(n)),eN is a C(A, V)-valued martingale and one has
logX(n) = E[logX|G],
where G, = o (X;: t € D) = o (X (n)). In particular,
nll)ngo X(n) =X, almost surely.

The proof is based on the following lemma.

Lemma 2.3. Let f = (ft):ef0,1] be a BV (V)-valued random element such that almost surely f
is a one-dimensional excursion, that is dim(span(im( f))) = 1, almost surely. If the distribution

of f is symmetric in the sense that f £ —f and ifIE||f||2BV(V) < 00, then for an arbitrary path
x € 2(V) we have

E[log T¢(x)] = logx.
Proof. According to the definition of log and the shift operator we have (with f = S(f))

log T¢(x)s, = logxs,s + logf

t t t t
1
+§|:/xs,u ®dfu+/fs,u ®dxu_/dxu®fs,u_/dfu ®xs,u:|-
s

s N N
Due to the symmetry of the distribution of f we have

1 t t t

E|:/xx,u ®dfu+/fs,u ®dxu_/dxu®fs,u_/dfu ®xs,u:|=()'

N N N N

The expectation of the first component 7y (logf ;) vanishes for the same reason. The second
component of logf ; is identically zero since f takes values in a one-dimensional subspace of V.
Indeed, we can write f; =& - v for a V-valued random vector v and a real valued process (&;).
Correspondingly, fs.; =&, - v and therefore

I t
1
7TV®V(1ngs,t)=§ /f?u ®dfu_/dfu®fs,uj|
L

s

ot t
:E /gsv“dsu_/déués,u]l’@l):o. O

—_—
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Proof of Proposition 2.2. Note that AX(n) := X(n + 1) — X (n) can be written as the sum
of 2" independent symmetric one-dimensional excursions that are also independent of the o -
algebra G,. Applying Lemma 2.3 2"-times then gives that

E[logX(n + 1)5,11Gs ] = log X(n)y;. (7)

Hence, for general k € N, we have
E[logX(n + k)y.11Gn | = log X(n)s s
so that by assumption (E)
E[logX|G,] =logX(n).

In particular, log X(n) converges almost surely to logX in C(A, V) (see for instance [6, Propo-
sition 5.3.20]). The inverse of log (that is x — (x + %X ® X)(5,n)eA) is continuous on C(A, V),
and we also get that (X(n)),cn converges to X. O

Finite dimensional approximation

Based on a complete orthonormal system (e;);cn of the reproducing kernel Hilbert space Hj,
we establish a limit theorem for certain finite dimensional approximations to X. We represent X
as the in C ([0, 1], V) almost sure limit

e .
Xt = th(l)eia
i=1

where & 0 = (St(i))te[()’]] (i € N) are independent Wiener processes. For m € N denote

m .

X*(m), =Y & e;.

i=1

Proposition 2.4. For X*(m) = I'(X*(m)) (m € N) one has
lim X*(m) =X, almost surely in 2(V). (8)
m— o0

Remark 2.5. The theorem yields that, for the enhanced Wiener process X,

L
Xoi £8 ;= Xo,1).  for (s.1) € A,

where § denotes the dilation operator. Indeed, this statement is true for R9-valued Wiener pro-
cesses and it can be easily extended via (8).
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Proof. We denote the n-th dyadic interpolation of X*(m) by X*(n,m) and let X*(n,m) =
S(X*(n,m)) and G, ,, = o (X*(n,m)). By Lemma A.3, one has, for n,m € N,

|log X*(n, m)s,; —log X(n)s |y
L2 XFm) = X )| (L4 [ X* )| + [ X )] )

Thus the Cauchy—Schwarz inequality implies together with the equivalence of moments of Gaus-
sian measures that

lim logX*(n,m) =logX(n), inL'(P,C(A,V)).
m—00

As in the proof of Proposition 2.2 one verifies that (log X* (1, m))men 18 @ (Gn.m) meN-martingale
for any fixed n € N. Hence,

log X*(n, m) = E[log X(1n)|Gn,m | = E[log X|Gp .

Recall that X*(m) is a Wiener process for which
logX*(m) = lim logX*(n,m) = lim E[logX|G, n]=E[logX|Goo.m], in C(A,V),
n—od n—o0

where Goon = 0 (Uyeny Gnm)- O
Lévy’s modulus of continuity

In the rest of this section, we derive Lévy’s modulus of continuity for the enhanced Wiener
process, that is X is almost surely an element of £24(V), where ¢ : (0, 1] — (0, 00) is a fixed
increasing function with

lim 20 _
810 /=8Ins

Theorem 2.6. The canonical rough path X of the Wiener process X is almost surely an element
of £24(V) and one has

2
E2XIG — oo
for some o > 0.

Remark 2.7. Fernique’s theorem is also proven in [14] for p-variation topology. Moreover, finite
dimensional analogs can be found in [9].

We remark that a Fernique type result is already known to hold for p-variation norm under
the exactness assumption [14]. The proof of this assertion parallels a variant of the proof of the
classical statement. Basically our approach relies on the isoperimetric inequality and the Garsia—
Rodemich—Rumsey inequality and it is similar to the approach taken in [10].
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Lemma 2.8. For a multiplicative functional x € §2(V) and a function f € BV(V), one has

ITr@l <2 swp Ixuoll+ 1/ levasan] for (. € A,
sSuvt

where || fIIBV([s.11,v) = SUPs< <o <t, <t 1 X111y [V -

Proof. We set k (s, 1) = sup; <, <y<;|IXu,v || and observe that wy (Ty (x)) = x! + f so that

|7y (T X)s5,0) |y < |X§,;|v + [ fsrlv < |X§,t|v + 1 FIIBV(Is,11,v)-

It remains to analyze the terms in V®2 (the second level):

t

t
2
s, , , ,
X t+ffsu®dxu+/xsu®dfu+/fxu®dfu~
s s,t

s

Note that

t

/xs,u ® dfu

N

<K@, O flIBvs,a,v)-
VeV

. . . t
The same estimate is valid for | fs Ju ® dxs ,|vey . Moreover, one has

' /fs,u ®dfu

2
<A lBvs.av)
VeV

so that

|7TV®2(Tf(X)s,z)|V®V <xZ, vev T (k(s, 1)+ ||f||BV([s,z],V))2-

Finally, combining all estimates gives
|7 s < Ixsall + 1G5, 0) + 201 fFlBVAsrvy. O

Corollary 2.9. For an increasing function ¢ : (0, 1] — (0, 00) with é :=1nfse¢(0,1] 0(8)/V/8 >0,
one has for all x € 2,(V) and f absolutely continuous with f e L2([0,11, V),

[ 70, <2[@lxlly + 1 £ll2q0.11,1)]
and

I7r@p0al <2 sup Il + 1fl2gonm )
0<s<r<1
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Proof. The proof is an immediate consequence of Lemma 2.8 and the estimate

I IBvas.av) <V =slFlzqoay) <aet =) flli2qy) O

Next, we apply the isoperimetric inequality for Gaussian measures together with the above
estimates to infer the following lemma.

Lemma 2.10. There exists o > 0 with
Eeﬂlllxo,l\l2 < 00.

Moreover, if X is in £24(V) with positive probability, then there exists B > 0 such that

EHAIXIG ~ oo,
Proof. Fix § > 0 sufficiently large such that
P(XecA)>1/2
for
A={xeC([0,1], V): I'(x) exists and ||x]| o < 8}.

Recall that H is the reproducing kernel Hilbert space of X, and thus we get with the isoperimetric
inequality that for » > 0

P(X € A+ By (0,r)) > &(r),
———
=:A,

where @ is the standard normal distribution function. By (5) and Corollary 2.9, we have for
z=x+heA,withxeAand h e Bg(0,r),

|F@o1] =] T(r @), | <218 +0or],

where o is the norm of the canonical embedding of H; into V. Hence, we can couple || Xq 1|
with a standard normal random variable N such that || Xo 1]l < 2[§ 4+ o (N Vv 0)] and Fernique’s
theorem implies the first assertion. The second assertion is proved analogously. O

Proposition 2.11. One has X € §24(V), almost surely.
This proposition implies together with Lemma 2.10 the assertion of Theorem 2.6.

Proof. The proof is based on the Garsia—Rodemich—Rumsey Lemma [13] and since it is classical
we only focus on the crucial facts that allow us to apply the argument.

By Lemma A.1 in Appendix A, || - || possesses an equivalent norm ||| - ||| which satisfies the
triangle inequality with respect to the group operation *. Moreover, one infers from the scaling
property of the Wiener process (Remark 2.5) and Lemma 2.10 that
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—5)~! 2 2
Ee2(—9) X% — EEUH\XO,I I* ~ ~o

for an « > 0. The rest of the proof can be literally translated from classical proofs of that result
(see for instance [10]). O

3. Support theorem

Again we assume the validity of property (E), and let ¢ : (0, 1] — (0, 0o) be an increasing
function satisfying (1). The objective of this section is to prove the following support theorem
for the enhanced Wiener process:

Theorem 3.1. If X is a V-valued Wiener process satisfying assumption (E), then X is almost
surely an element of G$§2,(V) and its range (in G$2,(V)) is the closure of S(H), where H is
again the RKHS of X.

Again we denote by ¢, ¢ : (0, 1] — (0, 00) an increasing functions with lims o f(s(?gga =1.
Forx e C(A, V) we set

|: |X§,t|V |X?,z|v®2 :|

lixll, = su
¢ Plot—5 " ot —s)72

0<s<r<1
and we consider the space
Co(A, V) = {(Xs.)s.nea € C(A, V) [lx]lly < 00}
endowed with the norm ||| - [||,. It is a (non-separable) Banach space. Clearly, the distances || - ||,
and ||| - |||, generate the same topology on G§2,(V) C Cy,(A, V). The proof of Theorem 3.1 relies

on the following theorem.

Theorem 3.2. One has almost sure convergence
lim X(n) =X in G§2,(V). )
n—oQ

Remark 3.3. Theorem 3.2 is an extension of Proposition 2.2. With the same techniques we can
strengthen the statement of Proposition 2.4 in order to get Theorem 1.3.

The following criterion allows us to verify convergence in G$2,(V) (see [10] for a similar
criterion in the finite dimensional setting).

Lemma 3.4. Let x(n) (n € N) and x be elements of Cy(A, V). If

o sup,cy llIx(n)|llg < oo and
o (x(n))nen converges to x in C(A,V),

then (x(n))neN converges in Cy,(A, V) to X.
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Proof. Set n(t) :=¢(t)/9(t) (t €[0, 1]) and note that for M = |||X]||4 V sup, <y I1X#)[ll¢,

[x(n)s, —xg |, <2M$(t —5) =2Mn(t — )o(t — ).

On the other hand,
1 1 1x(n) — Xlloo
X(n —X <—p(t—y3),
[xO0s, =3y < e =)
where ||| - |||co denotes the supremum norm |||X|||co = SUP(S,I)EMXs,t |v. Recall that 5 (#) converges

to O for ¢ | O so that for arbitrary & > O there exists ¢ € (0, 1) with n(¢) < &/(2M). We apply the
first estimate in the case where t — s < ¢ and apply the second estimate otherwise:

lI1%(1) — X[l

|x(n)él,’, — x}’t| < |:8 \Y 2(0)

}p(t —5).
Thus

lim sup|||x(n)" — x' |||(/J <.
n—oo

Analogously, one shows that limsup,,_, ., lIx(n)? —x? lly < € so that the assertion follows by the
triangle inequality and by noticing that & > 0 is arbitrary. O

From now on we denote for n € N by 7;, the canonical embedding of C(D,,V) into
C ([0, 1], V) which linearly interpolates the values at the breakpoints D, = (27""Z) N[0, 1]. With
slight misuse of notation we sometimes also apply 7;, on functions in C([0, 1], V).
Proof of Theorem 3.2. By Proposition 2.2, one has
EllogX|G,] =logX(n)
and we apply Jensen’s inequality [6, Thm. 5.1.15] to get

[Hog X[l = [[[E[log X + D1Ga] [, < E[[[log X2 + D] 1G]
< E[llllogXlll¢|Gn]- (10)
Hence, (|[[log X(1)]ll¢)neNufoo} is a submartingale with
E||[log X(m)]||,, < ElllogXllly < EllXIlly + 2EXI[F < oo
Here, we used the general inequality [|[logx]lly < [IIx]lle + 2|||x|||§) and Theorem 2.6. Conse-
quently, the submartingale converges almost surely to a finite value so that sup, y|lIX(n)|l| is
almost surely finite, and the statement is an immediate consequence of Lemma 3.4. O

Next, we consider X (—n) = X — X (n) for n € Ny together with its enhanced process

X(—n)=T-x@X=TI(X@®)).
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Lelpma 3.5. The sequence (log )_((k))ke,NO isa Cy(A, V)-valued (g_k)-martingale, where Gk =
o (X (k)) (k € —Ny). Moreover, one has

lim )_((k) =0, almost surely.
k——o00

Proof. Set AX; =Xk +1)— X (k) and gk = o (X). Notice that as in the proof of Lemma 3.2
the processes AXj are independent of G; and they can be written as a finite sum of one-
dimensional symmetric excursions so that

log X (k) = E[log X (k + D)|G].

Hence, (log X (k)) ke—N, defines a Cy (A, V)-valued martingale. Applying a convergence theorem
for reversed martingales (see for instance [6, p. 213]) we obtain almost sure convergence

lim logX(k) = E[log X|G_ ool
k——00

in Cy(A,V), where g‘,oo = ﬂke_N g'k. Since Q_,oo is a tail o-field it only contains 0-1-events.
Thus using the symmetry of log X the limit has to be zero. O

We are now in a position to prove the support theorem.
Proof of Theorem 3.1. Let X (n) and X (n) be as above. We use the standard notation for their

enhanced processes and abridge £2, = £2,(V). As a consequence of the standard support theo-
rem and Lemma A.3 one has

rangeg, (X)) = rangeg (SoTu(X)) =S o T, (H)% c S(H)%.
By Theorem 3.2, the family (X(n)),en converges almost surely in §2, (V) to X so that
rangeq (X) C S(H)%.

For the converse statement fix f € H and let f = S(f). Due to the continuity of 77 and 7 s (see
Lemma A.2) one has

Ve>0: P(X€Bg,(fe)>0
if and only if
Ve>0: P(T-sX € Bg,(0,¢)) > 0.
Due to the Cameron Martin Theorem the latter statement is equivalent to
Ve > 0: P(X € ng(O, 8)) > 0.

On the other hand, we have X = Tx(,,)()_((n)), and by Corollary 2.9 there exists a constant
¢ = c(¢) such that for any ¢ > 0:



2926 S. Dereich / Journal of Functional Analysis 258 (2010) 2910-2936

P(IX[ly < 2ce) = P(IXm)lp < & XM 120.17.v) < &)
>P(IXm)lp < &) P>IX ) 20,17, v) < €) -

—1 (n—>00) >0

In the last step we have used the independence of X (n) and X (n). O
4. Large deviations

Let again X denote a V-valued Wiener process satisfying assumption (E) with enhanced pro-
cess X. For & > 0 let X® = (X7)c[0,1] = (6Xt):ef0,17 and recall that the family {X°: & > 0}
satisfies a large deviation principle in C ([0, 1], V') with good rate function

Limi2 i
JM)={2WNH ifheH,
00 else.

The aim of this section is to prove:

Theorem 4.1. The family {X®: & > 0} given by X® = (6. (X;)):c[0,11 = " (X®) satisfies a LDP in
G$2,(V) with good rate function

$NRl%  if3h € H with h = S(h)

o0 else.

J(h):{

Similarly as in [17] and [10], the proof uses the concept of exponentially good approximations.
It mainly relies on the isoperimetric inequality and the following estimate.

Lemma 4.2. Let n € N, and denote by h : [0, 1] — V an absolutely continuous function with
h e L*([0,11, V). Set f =7, (h) and g =h — f. There exists a universal constant C such that
forx,y € 2,(V) and k = x|l + |lyllg, one has

|7:x) = Ty ), < (1 + 25)(nxn¢ +1¥llg) + 4Ba Il 20,17,
n

3 )
where 8 = sups .1 (p(—‘/;) and B = SUPsc (9.1 721112 (p(—*/;) — 0asn— oo.

Proof. We denote x =x!, y=y', f = 7,,(h) and g = h — f. By Jensen’s inequality one
has || fll.2¢q0.17.v) < IAllL2¢0,15,v) and thus the triangle inequality gives that [|€l2(j0.17.v) <
2|~ ll 20,17, v Moreover,

t

t
Th(x)s,t - Tf(y)s,t =X+ S(f + g)s,t + /(f + g)s,u ® dx, + /xs,u ® d(f + &u

N

t

t
_ys,t_S(f)s,t_/fs,u ®dyu_/YS,t®dfu
s

N
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t t

=Xs,t — ¥s.t +gs,t + / hs,u ®dgu + / 8s.u ® dfu

N N

t

t
+/f?,u ®d(x_y)u+/gs,u ® dxy,
s

N

t

t
+f(x _y)s,u ®dfy "f‘/xs,u ®dgy- (11)
s

N

We need to control the norms of each single term above. We start with | f; heu @ dgulyez.
Clearly,

t

/hs,u Q dgu

N

o 2
< ”hs,~ ”LOO([S,[],V) ”g”Ll([s,t],V) < 2(t - S)”h”Lz([s,t],V)'
ye2

For t — s > 27" one can refine this estimate as follows. Let s < fy < --- <ty <t with
{to,...,tn} = D, N [s, t], and observe that

t fo N—1 tit1
/hs,u ® dgu < /hs,u ®dgy + Z hs,u ®dgu
. Y2 S y®2 i=0 l V@2
t
+ /hs‘u ®dgu
b ye?2

Since fo — s < 27" the first term is bounded by 27"+ ||]:l”%2([s,t0],V)' For v € V one has fl:’“ VR
dg, = 0 so that

tit1 lit1

[huwde] =| [hawde] <2 .

, is L2([t; 411, V)
V®2 V®2

fi [
Moreover, the remaining term is bounded by

t

/hs,u X dgu

IN

. —n/24+1 7112
b Neeasn v lélL e <272 HIRNG

ye2

0,11,V)"

Combining the above estimates yields

t

/ e @ dgs

N

<2027 + 27" 7o,

ye2

<2720 T 0.

V) 1LV)
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so that in general

t

/ hs,u & dgu

N

<2t —5) A2

y @2

1112
|h ||L2([0,1],V)'

Similarly, one finds the same estimate for f; 8su ®df, and

gs.ilv <2v(t —5) A217 ||h||L2([0,1],V)~

We proceed with the next term in (11):

<ot —)Vi—=slx =yl 2qo11.v)

V2

t
/ Sfs.u ®dx —y)y

<2kt — $)VT = sIhll 2 qo.11.v)
where « := [|x]|y + |lylly. Analogously one finds that also the remaining three terms from (11)

have norm smaller or equal to 2k (¢t — s)/t — s A 220,17, v)- We now combine the above esti-
mates:

” Th(X)s,e — Ty (¥)s.t ”
Skt —5)+2v/(t =) A2Vl 20,171

T 2\/[@ — ) A2 212, 0 1y 2600 — NT s 2g011,0)-

Next, we use that v/ (t — s) A 2177/2 < B, 0(t — 5) to conclude that

|70 X050 = Tr Wi |

< e+ 2Bl 2011,y + 2 BN 20 11 v,y + 26BN 20,110 )@t =)

n

Proof of Theorem 4.1. We will use the concept of exponentially good approximations. Recall
that by Lemma A.3, the map So 7, : C([0, 1], E) — G£2,(E) is continuous. Therefore, the
processes X¢(n) = S(X*(n)) (¢ > 0) satisfy a large deviation principle with good rate function

Ninl3, if3ne H:h=S(h) and h =T, (h),

00 else.

It remains to show that the approximation is exponentially good (see [4, Thm. 4.2.23]), in the
sense that for every § > 0,
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lim limsup &’ log]P’(d(p (X‘g, Xg(n)) > 8) =—00 (12)

n—oo Sl/o
and that for every o > 0,
nli)rrolo sup{dy(S(x), (Y, (x))): x € H, ||x|lg < a}=0. (13)

We start with verifying (12). Recall that we can fix x > 0 such that

1
]P’(XeA))E

for

A=lxec(0.11.v): =0, ') exists, |

rw|, +sup|rm], <«}.
neN
With the isoperimetric inequality we conclude that P(X € A,.) > @ (r) for the sets

A, =A+Bp©,r) (r=0).

Here @ denotes again the standard normal distribution function. By Lemma 4.2 it follows that
forz=x+4+heA, (withxe Aandh € By (0,r)):

|z — Z(n)||¢, = |7 (x) — Ty (x(n)) ||¢, < CBuolhllm + 1+ B/B0)],
where 8 and B, — 0 are as in the lemma and o is the norm of the canonical embedding of H;

into V. Hence, we can find a standard normal random variable N (on a possibly larger probability
space) such that for any n € N:

|X =X, < C[Buo Ns +ic(1+B/B0)].
where Ny = N Vv 0. Now choose «;, = %(Czazﬁ,%)_l. Then lim,, _, o &, = 00 and
C, = R X=X < E[exp{ancz(ﬂnaN+ +x(1+ ,3/,3”))2}]
- El:exp{%Ni + O(N+)” < o0.
By Chebychev’s inequality we get for n > 0:
P(IX X0, > 1) < Coe "

and hence

limsupizlogIP’(”X—X(n)” >n) < —ay —> —00  asn—> oo.
n—oo 1 ¢
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Now assertion (12) is a consequence of
X=X, = %) — 8 (XO0) |, = [5.(X ~ X@w)], =< [X ~ Xan) .

Finally note that (13) is an immediate consequence of Lemma 4.2. Indeed, for # € H and
f =7,(h) one gets

[t = SO, = T0(© = Tr O, <3Bullll20.11.5) < 30Bullilln
with lim, 0 8, =0. O
5. A sufficient criterion for exactness
In this section we introduce a new sufficient criterion for the exactness of a Gaussian random

vector attaining values in a Holder—Zygmund space.
For n € N and for an n-times continuously differentiable function f : RY — R, we set

Ifllen =D sup |9 f(x)

d
la|<n YER

)

where the sum is taken over all multiindices o with entries in {1, ..., d} of length smaller or
equal to n. Moreover, for y =n + n with n € Ny and 5 € (0, 1], and an n-times continuously
differentiable function f : RY — R?, we consider the Holder—Zygmund norm of order y

0% — 0%
1l =l fller + 3 sup LD =0T W) (14)

|Ol\=nx7éy e — I

and we denote by Cg (D, ]Rd) (D c RY open) the set of n-times continuously differentiable
functions satisfying

flpe=0 and | fllcr < oo.
It is endowed with the norm || - ||cr.

Theorem 5.1. Let 0 < y < y and let D, D' C R? denote bounded open sets with D C D'. Every
centered Gaussian measure |1 on Cg (D, RY) is exact and Bochner measurable when viewed as
Gaussian measure on Cg (D', Rd).

The proof is based on the concept of finite dimensional approximation introduced in [17]. For

a Banach space V' (not necessarily separable) and a V-valued random vector Y, we denote the
linear average Kolmogorov widths of Y by

6 (Y)=¢; (V) =inf{E|Y — T,(Y)|,: T, : V — V linear, tk(T,) <n} (neN).

Lemma 5.2. Let Y be a V-valued Gaussian random vector and suppose that £,(Y) 2 n~¢ for
some ¢ > 0. Then Y is exact and Bochner measurable in V.
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Proof. Since ¢,(Y) decays to zero Y is Bochner measurable. Without loss of generality we
assume that V is infinite dimensional. Let G| be a p-distributed r.v. For fixed n € N there exists
a bounded operator 7,, : V — V with n-dimensional range and

E|G1 —Tu(G1)| <26,(Y) =1 ¢(n).

Set F1 := T,(G1) and observe that there are n independent standard normals & 11 R S,% and n
vectors ey, ..., e, € V such that

n
Fi = Z%‘ilei.
i=1

Moreover, set Hy = G| — F.
Then foreachi =1, ..., n one has

V2/mleily =E|¢'e;| <E|Fi| <E|G| +E|H | < C,

where C := C(Y) :=2¢1(Y) + E|Y| does only dgpen~d on thg distribution of Y.
Let now (Gy, Fy, Hy, (Di=1,..n)i>2 and (G, Fy, Hy, (E))i=1,...n)ien denote independent

----------

.....

N N N N N
ZG1®GJ=ZF1®F1+ZFI®I?1+ZH1®E-I-ZH1®I'~11 15)
=1 =1 =1 I=1 I=1
and
N ~ n n N
B R®h <) Y E|Y &Ele®elye.
I=1 ver =1 j=1 |i=I
Using that E| vazl éf%ﬁl < /N we arrive at
N - 14
E|Y F®F| <dN max |ef; <>C*d*VN. (16)
= yer i=l1,..., n 2
On the other hand,
N
E ZFZ@JHZ < NE|F(|E[H | < Ne(n)E|F1| < CNe(n). (17)
I=1 ve?

The same estimate holds for E| Z;VZI H ® F |ye2. Finally, the last term in (15) is bounded by

E < N(EIH)|) < Ne(n)?. (18)

ye2

N
ZHz ® H
I=1
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When choosing n =n(N) = [N 1/ (4+28)J and letting n tend to infinity one obtains with (16),
(17) and (18) that

N

ZGZ®GI

=1

E < N@F/GH20)  ae N 5 o0,

which implies exactness. [

In the forthcoming proof of Theorem 5.1, we use a result by Pisier [25] that provides an
estimate for the average Kolmogorov width against entropy numbers of generating operators.
For two Banach spaces E and V, and a compact operator p : E — V we define the n-th entropy
number as

21171
en(p) :inf{e > 0: u(BE(O, 1)) - U By (b;, e) for some by, ..., byu-1 €V ¢.
j=1

Proof of Theorem 5.1. We denote by o the canonical embedding of the reproducing kernel
Hilbert space of Y into Cg (D, R%). By Pajor and Tomczak-Jaegermann [24], one has

en(p) Zn~ 12

The asymptotic behavior of the entropy numbers for general Besov embeddings were studied by
Edmunds and Triebel [7,8]. In particular, one has for the canonical embedding o : C(’)/ (D, R —
CY (D', R?) that

_r=y
ep(0)=xn- d .
Combining the above estimates with the general estimate ex;—1(0 0 p) < ex(0)er(p) (k,I € Np)
gives
crioom 3.

Now note that p o p generates the Gaussian random element ¥ on Cg (D', RY). In order to control
£(Y) we use a result of Pisier (see [25, Thm. 9.1, p. 141]) combined with the duality of metric
entropy found in [1]:

()<Y kP dogher(e o p)
k>=Con

for two universal constants Cq, C» > 0. Combining this estimate with the above result on the
entropy numbers gives

(V) <0~ T logn. O
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6. Consequences of Lyons’ universal limit theorem

In this section, we use Lyons’ universal limit theorem together with our findings to derive
Theorem 1.7. Let V and W denote two Banach spaces and let f : W — L(V, W) a Lip(y)-
function for a y > 2 in the sense of [23, Def. 1.21]. As in the introduction, /, denotes the solution
operator for controls x € BV (V) to the differential equation

dy, = fQo)dlx +gl,  yo=6§,

where g € C([0, 1], V) is an absolutely continuous function with g € L2([0, 11, V).

Next, fixareal p € (2, 3 A y) and an increasing function ¢ : (0, 1] — (0, co) that is dominated
by ¢ and satisfies lims o — (3) =0 such that ¢? is convex. By Lemma A.4, there always exists
an appropriate ¢ and since C([0, 1], W) is continuously embedded into Cy, ([0, 1], W), it suffices
to prove Theorem 1.7 in Cy ([0, 1], W).

By choice of ¢ the space G£23(V) is continuously embedded into G$2,(V), where G$2,(V)
denotes the space of all geometric rough paths induced by the p-variation norm. Hence, the
universal limit theorem (see for instance [23, Thm. 5.3]) implies that the rough path differential
equation

dy; = f(y))dx;,, yo=idp

induces a continuous solution operator I : G§25(V) — G£25(W) (Itd map) and the following
diagram commutes for any piecewise linear V-valued path x:

I

Assuming assumption (E), the processes {X(n): n € N} converge in G23(V) to X. By the con-
tinuity of 7, : GR25(V) — G25(V) (Lemma A.2), I: G25(V) — G$25(W) (Lyons’ universal
limit theorem), and & + 7w (-) : GR25(W) — Cy([0, 1], W), we conclude that {Y (n): n € N}
converges to & + mw o I o T (X) which is statement (I) of the theorem. Assertions (II)-(IV) are
now immediate consequences of Theorems 1.3, 1.1, and 1.2, respectively.

10
—exg ey
J/SJHTW(')
y

1
_— >

Appendix A. Preliminary results

Foru € V we set
n
llall| = infz llu; |, (19)

where the infimum is taken over all representations u = ]—[f’=1 u; withneNanduy,...,u, eV
arbitrary.
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Lemma A.1.
o ||| - ||| satisfies the triangle inequality with respect to *.
e Fort e Randu eV, one has |||5qull| = |¢]]||lall].
e Moreover, || - || and ||| - ||| are equivalent:

lIhalll < fhall < 2{lx]l].
Proof. The proof of the first two statements is straight forward and we only present the proof of

. 1 1
the third statement. Let u = [[_, w;. Then u' = Y7, u; and a'ly <30, lu; |y. Moreover,
since u? = Y0 w7 + Y0, uf @uj we get

V |u2|V®V =

+Zu Qu)

i<j

VeV
n n 2
S gy + (Z\unv)
i=1 i=1
n
(Juily + /oy gy ) =D il
i=1

NIk

N

=

i=1

so that [lul| <2[llufl]. ©

Lemma A.2. Let f € C([0, 1], V) be an absolutely continuous with f e L*([0,11, V) and let
¢ :(0, 11 — (0, 00) be an increasing function with infse g 1 % > 0. Then the shift operator

Ty :82,(V)— £24,(V)
s continuous.

Proof. Forx,y € §£2,(V), one has
Tf(X)s,t - Tf(y)s,t =Xs,t — Ys,r + / fs,u ®dx — y)u + /(X - y)s,u ®dfy,

where x =y (x) and y = my (y). The process f is of bounded variation, and one has

SUflleiqoanyy  SUP [Xuw — Yulv.

s<uvt

t
/fs,u ®d(x — y)u

Vv

Next, recall that ”f”L'([s,l],V) <A/ — S||f||L2([0,1],V) and that, by assumption, there exists a
constant ¢ = c(¢) with /t —s < cp(t — s5). Consequently,
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<c¢ ||f||L2([o,1],v) Ix —yllp ot — )%,
VeV

t
/fs,u ®dx —y)u

and

< \/C 1 1l 20,1, vy X = ¥llg-
¢

H (/ fS,u ®d(x — Y)u>

Analogously one finds the same estimate for ||( f : (X = ¥)s,u ®@dfu)s,neally so that

(s,1)eA

|77 00 = 7], < Ix—ylly + 2/l fl2q0 v IX =Yl O
Lemma A.3. For n € N, the maps
S07,:C(Dy, V) = GR,(V) and 1ogoSo Ty :C(Dy, V) — Cy(A,V)
are continuous. Moreover, for x,y € C([0,1], V), x=S0 7, (x), andy = S o 1,,(y), one has

llog ;. —1ogys.ilv < 2" lx = ylloo (1 + 20 xlloo + 20I¥lloc) (t — ), for (s.1) € A.
The proof is straight-forward and therefore omitted.

Lemma A.4. For any p > 2 and ¢ : (0, 1] — (0, 00) increasing with \/—8logé < ¢(8) there
exists a function ¢ : (0, 1] = (0, 00) such that p? is convex and

v —6logé K @(8) < p(8), forde(0,1].
Proof. Set ¢ () = /—dlogé and define ¢, ,, : (0, 1] — [0, 00) for m € N and u > 0 via

méP (5) if 8 < u,

bm.u() = { , .
mp? (u) + (mp?) (u)(6 —u) otherwise.

As one easily verifies by taking derivatives, ¢* is convex on an appropriate set (0, €). Hence,

¢,’,’1,u is convex provided that u < e. Moreover, one can check that, for every m € N, there ex-

ists u(m) € (0, &) such that ¢y, ,(m) < ¢. Consequently, taking ¢ = sup,, < @m,u(m) finishes the

proof. O
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