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Restricted Permutations
RODICA SIMION AND FRANK

W.

SCHMIDT

This paper is concerned with counting permutations which do not contain certain subsequences.
The number of even and odd such permutations is found and the involutions among them are
counted. Bijections are determined between sets of such permutations and other combinatorial
objects. A discussion is given of lattices whose maximum length chains correspond to restricted
permutations. The results in this paper complement previous work by Knuth, Lovasz, Rotem and
Stanley.

1.

INTRODUCTION AND PRELIMINARY RESULTS

A permutation uE Sn, the symmetric group on [n] ={I, 2, ... , n}, is said to avoid the
3-letter word (or pattern) 132 iff there is no triple 1 ~ i <j < k ~ n such that u(i) < u(k) <
u(j). Similarly one defines r-avoiding permutations for every r E S3' More generally, if
R s; S3, let Sn (R) =
R Sn ({p}) be the set of all permutations in Sn which avoid every
3-letter word contained in R. For example, the extreme cases are Sn( 0) = Sn for all n ~ 1,
and Sn(S3) = 0, if n ~ 3, while Sn(S3) = Sn if n = lor 2. Depending on the cardinality of
R, we shall refer to Sn(R) as singly, doubly, ... , multiply restricted permutations. For
each RS;S3, let An(R)=ISn(R)I. E.g. S4({213,321})={(1,2,3,4), (1,2,4,3), (1,3,4,2),
(1,4,2,3), (2,3,4,1), (3,4,1,2), (4,1,2, 3)}, and Ai213, 321) = 7. Of course, R S; R'
implies Sn(R) 2 Sn(R').
Permutations with restrictions of this type can be approached from the computer
sciences standpoint of sorting problems [5], [11], as well as part of the combinatorial
topic of strings with forbidden subwords [7], [8]. Our point of view will be the latter.
Previous work by Knuth [5, p. 238] establishes that

npe

An(R) =_I_(2n)

n+l

n

for each R of cardinality one. That is, the nth Catalan number, en, is the common value
for the number of singly restricted permutations, regardless of the specific 3-letter restriction. More precisely, Knuth shows that Sn(312) is the set of permutations in Sn which
are stack-sortable, whence it follows that An(312) equals the number of binary strings of
length 2n, in which 0 stands for a 'move into the stack' and 1 symbolizes a 'move out
from the stack', and, therefore, at every stage the number of Is does not exceed the
number of Os. Such sequences are known to be counted by the Catalan numbers. References
[2] and [1] contain numerous other interpretations of the Catalan sequence. In [8, p. 27],
Lovasz proves that An(213) = en as well. To each u E Sn(213) is associated a unique
function ({Ju: [n]~[n] defined by ({Ju(i) = #{j~ ilu(j)~ u(i)}. The maps ({Ju are characterized by their monotonicity: if i <j then ({Ju(i) ~ ((Ju(j). The graph of such a map corresponds
uniquely to a lattice path from the point (1,1) to (n + 1, n + 1), and which does not run
above the line x = y or below the line y = 1. Such paths are already known to be counted
by the Catalan numbers. A double restriction case was considered by Rotem [11], who
proved that An(231, 312) = 2 n- l •
The purpose of this paper is three-fold. First, in the case of single restrictions, IRI = 1,
where the value An(R) = en is known, we obtain more detailed results concerning the
values of En(R) [resp. On(R)] which denotes the number of even (resp. odd) permutations
in Sn which avoid the single restriction R. We also give the numbers of even and odd
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involutions in Sn(R), for IRI = I, denoted EIn(R) and OIn(R), respectively. The total
number of R-avoiding involutions is denoted [nCR). These results appear in Section 2.
Our second goal is to derive the numbers An(R) for all sets R of 3-letter restrictions.
In Sections 3, 4 and 5 the numbers An(R) are determined, for IRI = 2, 3 and 4, 5,
respectively. In particular we obtain Rotem's result [11]. For certain R c S3, we shall
also determine bijective correspondences between Sn(R) and other sets of well established
combinatorial objects whose cardinality is also ISn(R)I. Two such bijections will involve
the 0-1 strings counted by the Fibonacci numbers, and the subsets of a (n - 1)-element set.
Finally, in Section 6 we present a construction of lattice families {Ln(R)}n ~ I' whose
maximal chains can be labeled so as to obtain a bijective correspondence between such
chains from Ln(R) and the restricted permutations in Sn(R). Aside from being a natural
extension of the fact that the Boolean lattices {Bn}n "' l can be regarded as the family
{Ln(0)}n~1> this construction has suggested to us a direct correspondence between
Sn(123) and Sn(132). As will be seen from Lemma I, there are easy correspondences
which explain why An(132) = An(213) = An(23l) = A n(312), and why An(123) = An(32l).
The correspondence given in Proposition 19 shows that An(132) = An(123) is not
'accidental' either. *
We shall find it convenient to use the following terminology and notation: for any
UESn, its reversal iJESn is given by iJ(i)=u(n+l-i); its complement U*ESn is the
permutation u*(i) = n + 1- u(i); the inverse, u-\ is the usual group theoretic inverse
permutation.
In the following sections we shall deal with SAR) for each Rc S3, but the number of
choices of R which we need consider in calculating An(R) and constructing Ln(R) is
reduced considerably through the observations summarized in
LEMMA

1.

If u E Sn(R), R = {rl> ... , rd c S3, then

(a)

iJE sn(i{),

(b)

u*ESn(R*),

where

R ={1'1> 1'2, "

" 1'k};

whereR*={rf,rL ... ,rt};

(c)

The proof is trivial and is omitted.
We shall have the occasion to make use of standard Young tableaux, (SYT), and the
Robinson-Schensted correspondence and some of its properties. For completeness we
state below the relevant facts. For proofs and further results see [6], [12].
(a) There exists a bijective correspondence between the permutations in Sn and ordered
pairs of SYT on the symbols I, 2, ... , n. If U E Sn corresponds to (Pen Qu) then Pu and
Qu have the same shape, say, A = (AI ~ A2~' .. ).
(b) If U corresponds to (Pu , Qu), then u- I corresponds to (Qu, Pu).
The next fact is an immediate consequence of (b):
(c) u is an involution iff Pu = Qu'
(d) Al is the maximum length of an increasing subsequence of u(1), u(2), ... , u(n).
(e) At = the number of rows in Pu (or Qu) equals the maximum length of a decreasing
subsequence of u(l), u(2), ... , u( n).
(f) If u E Sn is an involution, then the number of fixed points of u equals the number
of odd length columns in the tableau Pu (or Qu).
We shall also have the occasion to use the fact that
(g) The number of SYT of shape (n - a, a) (for a';;; n12) is (:) - (a~l) [4, p. 43].
.. We would like to thank Professor Herbert S. Wilffor mentioning to us the problem of finding suc~ a bijection.
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2.

PERMUTATIONS WITH SINGLE RESTRICTIONS

As seen in the Introduction, the total number of p-avoiding permutations in 5 n is
known for every p E 53, namely
An(P) = the nth Catalan number=-I_(2n).
n+l n

We shall now regard these restricted permutations as group elements in 5 n , and count
them according to their parity (sign); we also count the singly restricted involutions
according to their parity. Thus, for R c 53, IRI = 1, we shall find En(R) [resp. On(R)] = the
number of even (resp. odd) permutations in 5AR), as well as In(R) = the number of
involutions in 5 n(R), and E1n(R) [resp. OIn(R)] = the number of even (resp. odd)
involutions in 5 n (R). It is interesting, as it will tum out, that either there are as many
even as odd restricted permutations, or else, the excess of one type over the other represents
a negligible fraction of their total.
In the following,

if k:;>- 0 and k is an integer, and we put C k = 0 otherwise.
PROPOSITION

1.

For every n:;>- 1,

PROOF.
We use induction. Clearly, the result holds for n = 1. Now let uE 5 n(132),
and let u(k+1)=n, where O~k~n-1. Then a=(u(1), ... ,u(k» is a 132-avoiding
permutation on the letters n - k, n - k+ 1, ... , n -1; similarly, {3 = (u(k+2), ... , u(n» E
5 n - k -1 (132). Therefore,

sign( u) = (_1)(k+ O (n-k- O sign( a) sign({3)
=

(_1)(k+l)(n- O

sign( a) sign({3).

Thus, if n = 2m + 1, then sign(u) = sign(a) sign({3), and we have the recurrence
2m

=L

E 2m +I (132)

k=O

{Ek(132)E2m - k(132) + Ok(132)02m-k(132)},

(1)

while if n = 2m, then sign(u) = (_1)k+! sign(a) sign({3), and
O...

k... 2m-2

k even

+

l ..

(2)

k"2m-1
k odd

In (1), separate the even and odd values of k, and use the fact that E,(132) + 0,(132)
for all r:;>- 0, to get:
E 2m +1 (132)

=! L
O ~ k ~ 2m

CkC2m - k +!

k even

2m

=! L

k=O

L

1~k:5i2m-l

{CkC 2m - k + C(k-0/2Cm -

k odd
m-l

CkC2m - k +!

=!C2m + 1 +!Cm •

L

j=O

CjCm- 1 - j

1 -(k-0/2}

= C,
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The last equality follows from the standard recurrence for the Catalan numbers, C,+I =
(see, e.g., [1]). Thus the result is proved for odd n.
Similarly, (2) and induction lead to

L;=o C/C,_/

O.. k ..

2m-2

k even

2m-I

=! L

k=O

CkC2m-k-1 =!C2m ,

which is the claimed value.
Since sign( u) = (-1) G) sign( u) = sign( u*), the following results are obtained immediately:
CORLLLARY.

For every n;a.: 1,

and

The identical results obtained for 231- and 312-avoiding permutations are not accidental.
The transformation .p: S" ~ S" via.p( u) = u* is in fact conjugation by C E S,,' c( i) = n + 1- i,
since c=c- I ; and thus u*=c-1uc. Therefore, since 231*=312, we have uES,,(231) iff
u* E S" (312) and, furthermore, u and u* have the same cycle structure. This implies then
A"(231) = A"(312) [resp. E"(231) = E,,(312)], through summation over all (resp. all even)
conjugacy classes in S".
Although a result similar to Proposition 1 holds for R = {123}, its proof requires more
care and will be carried out through three lemmas.
PROPOSITION 2.

For every n;a.: 1,

E"(123)-0,,(123)=(-1)

G)

C("-1)/2.

Let ~,,(k) be the set of permutations u E S,,(123) such that u(1) > u(2) > ... > u(k) <
u(k+ 1), that is, those 123-avoiding permutations whose initial decreasing streak has
length exactly Ie, and D,,(k) = 1~"(k)l. Let also ED"(k) [resp. OD,,(k)] be the number
of even (resp. odd) permutations counted by D,,(k). Clearly, E"(123) = L ED,,(k),
0"(123) = Lk OD,,(k), and A"(123) = C" = Lk D,,(k). We shall examine the differences
ED,,(k) - OD"(k). First,
LEMMA 2.

For every n;a.: 1,

D"(k) =

-k-l) (2n -k-l)
(2n n-l
n
-

.

PROOF. To start induction, we prove the result for D"(1), for all n;a.: 1. First we see
that D"(1) = A"_1(123). Indeed, there is a bijection between ~"(1) and S"_1(123); if
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O'E gyn(1), then, necessarily, 0'(2) = n, and (0'(1),0'(3),0'(4), ... , O'(n)) E 8 n _ I (123); conversely, if T E 8 n - 1 (123), then (T(1), n, T(2), T(3), ... , T(n -1)) E gyn(1). These two maps
are easily seen to be inverses. Thus, Dn(1) = A n- I(123) = en-I> but it is known (e.g. [9],
p. 3) that

and hence our formula holds for Dn(1), n;;;'1.
Next, for n;;;' 2 and 10;;; k 0;;; n -1, we give a combinatorial proof for the recurrence
(3)
from which the claimed formula follows easily by induction.
Consider the map gyn(k+1)~.pgyn(k) defined by I/I(O')=T where T(i)=O'(i) for i>
k+2, and
(a) T(i) = O'(i) for 10;;; io;;; Ie, T(k+ 1) = n, T(k+2) = O'(k+ 1), if O'(k+2) = n;
(b) T(i) = O'(i + 1) for 10;;; i 0;;; Ie, T(k+ 1) = n, T(k+ 2) = O'(k+ 2), if O'(k+2) < n.
Note that in case (b), necessarily 0'(1) = n. Also note that 1/1 is injective, since cases (a)
and (b) can be recognized from T = 1/1 ( 0') according to whether T( k) > T( k + 2) or T( k) <
T(k+ 2), respectively. Finally, since the set difference gyn(k) - 1/1 ( gyn(k + 1)) consists precisely of those 71Egyn(k) with 71(1)=n, we have [gy n(k)-I/I( gy n(k+1))I=Dn- l (k-l).
Therefore (3) follows.
LEMMA

3.

For every n ;;;. 2, the following recurrences hold:

L EDn_I(j), ifn is odd and k is even;
j;;;.k-I
EDn_l (k-1)+ L ODn-I(j), ifn, kareodd;
EDn(k) =

ODn- l (k-1)+

L EDn_I(j), ifn is even, k is odd;

L ODn-I(j), if n, k are even.
L ODn-I(j), ifn is odd, k is even;
j;;;.k-I
ODn- l (k-1)+ L EDn_I~j), ifn, kareodd;
j;;;.k
ODn(k) =
EDn_l (k-1)+ L ODn_1> ifn is even, k is odd;
L EDn_I(j), ifn, k are even.

j;;;.k-I

PROOF.
Let 0' E gyn(k). If 0'(1) = n, then 0' corresponds uniquely to the permutation
a E gyn-I(k -1), obtained by deleting 0'(1) from 0', and sign(O') = (_I)n-1 sign(a). Otherwise, O'(k+l)=n, and, for fixed Ie, 0' corresponds uniquely to ,BEUj;;.kgyn-I(j), where
,B is obtained from 0' by deleting O'(k+ 1); furthermore sign(O') = (_l)n-k-I sign(,B).
All the asserted recurrences follow from the above observation.

LEMMA

4.

For 5m(k)

= EDm(k) -

ODm(k), we have:
52n + I (2k) = 0;

- k) - (2n n- k)] ;
52n + I(2k-l)=(-1)n [( 2n
n-l
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R. Simion and F. W. Schmidt

l>2n(2k)=(-lt [(
l>2n(2k-l)=(-l)n [(

where n ~ 0, k

~

2n-l-k)

n-

1

-

(2n-l-k)]

n

;

2n-l-k) (2n-l-k)]
n
n-l
'

1.

PROOF. The recurrences from Lemma 3 imply the corresponding recurrences for l>n(k)
for even/ odd nand k. Then the above formulae can be verified to hold.

Using Lemmas 2 and 4, exact formulae can be derived for EDn(k) and ODn(k).
PROOF OF PROPOSITION 2. Since E n(123) - On(123) = L l>n(k), the result of Proposik
tion 2 follows from Lemma 4, using properties of the binomial coefficients for odd n,
and noticing the cancellation for even n.

We now tum to the singly restricted involutions. Since neither reversal, nor complementation preserve the cycle structure, we shall have to consider four separate cases.
Again, it is interesting to note that when the forbidden subword is a 3-cycle, the number
of involutions is of a higher order of magnitude than in the other four cases.
PROPOSITION

3.

For every n ~ 1, the number a/involutions in Sn(123) is:
In(123) = ([n;2]);

among these, the number

0/ even permutations is
ifn = Oar 2 (mod 4),
ifn = 1 (mod 4),
ifn=3 (mod 4).

0,

PROOF. The 123-avoiding involutions correspond bijectively to SYT having at most
two columns. By Fact (g) from the introduction,

In (123) =

[:t:

1
{ (:) -

C: 1)}

= ([n;2])·

Let U E Sn (123) be an involution. Then the number / of fixed points of u cannot exceed
2, and sign(u) = (_I)(n-/) /2. Therefore, sign(u) = +1 iff /= n (mod 4). If n =0 (mod 4),
then u is even iff / = 0, i.e. iff the columns of the SYT PO' are both of even length, and
hence, by counting such tableaux, we obtain

EI4n (123) =

at {(;:) -(2:: 1) }.

In the above, we have replaced n by 4n, in order to explicitly call attention to the
congruence class modulo 4. Similar changes in the future will be made without comment.
Using the easily proved fact that

.~ (_l)i(~)
1=0

I

=(_l)m(N-l),
m

(4)
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the summation gives

EI4n(123)=(4~~I) =~G:).
The case n '= 2 (mod 4) has a similar proof for EI4n + 2(123) = H4n+2(123).
If n'=l(mod4), then sign(u)=+1 iff f=l, and thus, EI4n + 1 (123) = 14n +1(123).

On the other hand, if n '= 3 (mod 4), then u is even iff f = 3, which is impossible; so,
EI4n + 3 (123) = O.
The equality EI2n (123) = 012n (123) can also be established by means of a bijective
correspondence.
PROPOSITION 4.
There exists a constructive bijection between the even and the odd
involutions in S2n(123).
PROOF. The claimed correspondence obtains from the composition of three maps,
each of which is a bijection. Let u be an even involution in S2n(123); U will correspond
to the odd involution, say T, where u~(Pu, Pu)~<P(Pn Pr)~T. The first and third maps
are given by the Robinson-Schensted correspondence. We define cp as follows: the tableau
P is obtained from Pu by deleting the cell labeled 2n from its column, and adjoining it
to the bottom of the other column (if Pu had only one column, this means creating a
second column). The reversibility of this transformation is easy to check; we need only
prove it is well defined. Note that Pu has columns whose lengths have the same parity,
so, if they are of unequal length, then they differ by at least 2. This shows that the
transformation cp is indeed possible. Moreover, the columns of the tableau P so obtained
will have lengths of the same parity: both are odd if 2n '= 0 (mod 4), hence T has precisely
2 fixed points and consequently is odd; both columns of P are even if 2n '= 2 (mod 4),
and again T is odd.
T

T

T

PROPOSITION

5.

For every n ;;'1, and for each p E {132, 321, 213},

and

or, equivalently,
!In(P),

([:7;]),
([n~~ ~ 1)'

ifn is even;
if n '= 1 (mod 4);
if n '= 3 (mod 4).

PROOF. We shall first prove all statements for p = 321.
The SYT corresponding to 321-avoiding involutions are precisely the transposed SYT
of those tableaux which correspond to 123-avoiding involutions. Hence

In(321)

n-l)
= In(123) = ( [nI2]
.
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To establish the value of Eln(321) we take the same approach as in the 123-case. If
u E Sn(321) is an involution and if Pu has shape (n - b, b), b:o;;, n12, then Pu has n - 2b
odd length columns, and thus, sign( u) = (_1)b. Therefore,

whence,
Eln(321)

n-1)
= ( [nI2]

Eln(321)

= ([n~~ ~

and

if n = 0 or 1 (mod 4),

J

if n = 2 or 3 (mod 4).

As mentioned following the Corollary to Proposition 1, (1"1'-+ ij* is a transformation
which preserves the cycle structure, hence, since 213 = 132*, we only need to prove the
formulae for In(132) and En(132). To this end, recall first that if u E Sn(132), and if
u(k) = n, then (u(1), u(2), ... , u(k-1) is a 132-avoiding permutation of the elements
n-k+1, n-k+2, ... ,n-1. If, moreover, u is an involution, then (u(1), ... ,u(k»
determines (u( n - k + 1), ... , u( n», and (u( k + 1), ... , u( n - k» is itself a 132-avoiding
involution on the n - 2k elements k + 1, k + 2, ... , n - k. Hence,
[n/2]
(5)
In (132) = I n-I(132) + L In-2k(132)Ck-l.
k~1

The term C k- I counts the possibilities for (u(1), ... ,u(k-1), ensuring that 132 is
avoided.
Now, (5) is recognized as one ofthe relations satisfied by the Catalan numbers, which,
together with

determines that

The Catalan relation in question is
(

a+b) -_ '~ (2j +a-b-1)c
b ~ o.
.
b-j, a ~
a

J

j~O

(5')

This relation can be derived by counting all integer lattice paths in the first quadrant,
from (0, 0) to (a, b), according to the abscissa, j - 1, of their last point above the line
y = x - a + b. If we choose a = n - [nI2], b = [nI2], we obtain (5). Alternately, (5') can
be proved using formulae appearing in [3].
For convenience, if uESn(132) is an involution, and if u(k)=n, let u'=(u(k+1),
u(k+ 2), ... , u(n - k». Then sign(u) = (-l)k sign(u'). In a manner similar to the derivation of (5), we obtain:
2",k"'[n/2]
k even

+

L

(6)
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Similarly, the analogous recurrence for OIn(132) can be obtained, and then 8n :=
E1n(132) - OIn(132) is found to satisfy
8n = 8n -

[n/2]

1

+ L (_1)kCk_18n_2k'

(7)

k=l

Now, by formally setting 80 = 1 and then using induction, we have

as claimed.
Only the restrictions 231 and 312 remain to be investigated; here the results will be
rather different from the previous cases.
PROPOSITION

6.

For every n;;;;:: 1, and P E {231, 312},

and

where
a=

I+R
2

l-R

/3=-2 .

PROOF.
Let u E Sn (231) be an involution. Call i, 2",. i ",. n, the position of an ascent of
u iff u(i) > u(i -1). To u we associate the set Pu ~ {2, 3, ... , n} of the positions of its
ascents. This map is invertible because: (1) the subsequence of ascents is increasing; (2)
the only case when n is not an ascent is when u = the reversal of the identity permutation,
in which case Pu = 0; (3) following u(k) = n, we necessarily have the largest letters
decreasingly ordered; and (4) if u( i) < u(j) are consecutive ascents, then u( i+ 1), u( i +
2), ... , u(j -1) are the integers from ito u( i) -1 decreasingly ordered. Thus Pu determines
the involution u. Hence, I n (231) = 2n - 1 • For instance, if n = 8 and Pu = {4, 6, 7}, then
u = (3, 2, 1, ~, 4, §, ~, 7); the ascents are underlined. One extreme case, namely Pu = 0
was mentioned above; the other, Pu = {2, 3, ... , n}, corresponds to u = the identity permutation.
The above description of the form of a 231-avoiding involution u E Sn shows that an
alternate correspondence can be given, associating with each such u a composition (i.e.
ordered partition) of n into positive integers; more precisely, if a 1 < a2 < ... < ak-l are
the locations of the ascents of u, then u corresponds to the composition n =

.

L

G)

(al-1)+(a2-al)+" '+(n+l-ak_l)' Note also that slgn(u)=(-1)
,where Xi are
the summands in the composition. Thus sign( u) = 1 iff an even number of the Xi are
2 or 3 modulo 4. The ordinary generating function can be found for the numbers
K(n; r) = #compositions of n into positive summands, r of which are congruent to
2 or 3 modulo 4:
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Now,

1+

L

{E1n(231) - OIn(231)}x n = F(x,-l)

.!.(1 + 3 0 ) .!.(1- 3 0 )
1 4
7
4
7
=-+
+~--~==~
2
1-O
1+O
1x 1x

2

and hence, for

n;:.

2

1,

30)(1-0)n
30)(1+0)n
Eln(231)-OIn(231)=41( 1 +
-+41( 1 -2
2
.
7
2
The same results hold for 312-avoiding involutions.
REMARKS. A stronger relation holds between 231- and 312-avoiding involutions.
As known from Lemma 1, if u avoids p, then u- I avoids p-I. Here we have (3,1,2)-1 =
(2,3,1), and u = u-\ since we consider involutions only. Thus, 312- and 231-avoiding
involutions are not only equal in number, but they are equal as sets.
The difference E1n(231)-OIn(231) can be expressed as 5n = (2 n/2;0) cos (Oo+nOI)
where tan 00 = J7/3, tan 0 1= J7. This formula shows clearly the osciJJatory nature of 5n.
As a final remark, we mention that 5n ¥- 0 for n;:. 3; indeed, the recurrence, 5n =
5n- I -25 n- 2 , implies 5n =2(mod4), n;:'3.
3. DOUBLE RESTRICTIONS
In this section we count the permutations in Sn which avoid two different 3-letter words.
Let An( 'T, p) be the number of 'T and p avoiding elements of Sn. Although there are
= 15
pairs of restrictions, we shall only need to consider 6 cases.

m

LEMMA 5. For every symmetric group Sn,
(a) A n{123, 132) = An{123, 213) = An(231, 321) = An{312, 321);
(b) A n{132,213)=A n(231,312);
(c) A n{132, 231) = An(213, 312);
(d) A n{132, 312) = An(213, 231);
(e) A n{132, 321) = A n{123, 231) = A n{123, 312) = An(213, 321).
PROOF. Each equality is based on the properties of reversal and complementation
which are stated in Lemma 1.
Propositions 7 through 11 below wiJJ treat in tum each case listed in Lemma 5. Unlike
the single restriction cases, when IRI = 2 the value of An(R) is not independent of the
set R. In fact, we will find that An(R) may assume one of three values: 2 n- 1 [cases (a)
through (d) in Lemma 5],1+(;) [case (e)], and 0 (case R={123,321}, for n;:'5).
We now proceed to the proofs of the results summarized above, first by relying on
recurrences, then by exhibiting certain bijective correspondences.
PROPOSITION 7.

The number of (123, 132)-avoiding permutations in Sn, n;:. 1, is
Aft{123, 132) = 2 ft -

I

.
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PROOF.
Let aeSn be a (123,132)-avoiding permutation. If a(n)=n, then a=
(n -1, n - 2, ... , 1, n). If a(k) = n, then a(1) > a(2) > ... > a(k -1) in order to avoid
123; on the other hand, in order to avoid 132, aU) > n - k if i < k. Hence, a( i) = n - i
for 1 ~ i ~ k -1, while (a(k + 1), a(k + 2), ... , a(n» must be a (123, 132)-avoiding permutation in Sn-k. Thus, A 1(123, 132) = 1 and for n ~ 1,

An(123, 132) = 1+

n-I

L

k~1

A n- k (I23, 132).

From this recurrence follows the formula
An(123, 132) = 2 n PROPOSITION

8.

1

for n ~ 1.

For all n ~ 1,

PROOF. Let aeSn(132,213). Ija(n)=n, then a = identity; otherwise, a(k)=n, for
some 1 ~ k < n; then a(i) = n - k+ i for 1 ~ i ~ k is forced, and (a(k+ 1), ... , a(n» must
be an element of Sn_k(132, 213). Thus, An(132, 213) satisfies the same recurrence and has
the same initial values as An(132, 123). Therefore, An (132, 213) = 2 n - l .
PROPOSITION

9.

For all n ~ 1,

PROOF. Let a be such a permutation in Sn. Then either a(1) = nor a(n) = n is forced
and we have

An(132, 231) = 2A n _ I (132, 231).
Since A 1 (132, 231) = 1, we obtain

PROPOSITION

10.

For all n ~ 1,
An (132, 312) = 2 n -

l

•

PROOF. Consider aeSn(132,312). If a(1)=n, then aU)=n+l-i for alll~i~n.
Otherwise, if a( k) = n, 2 ~ k ~ n, then (a( 1), ... , a( k -1) must be a (132, 312 )-avoiding
permutation on the k -1 letters n - k+ 1, ... , n -1 while a(k+ i) = n - k - i+ 1, for all
1 ~ i ~ n - k. Thus,

An(132, 312) = 1 +

n

L

A k _ I (132,312)

k~2

= 1+

n-I

L

k~1

A k(132,312),

and A 1 (132, 312) = 1. Therefore, An(132, 312) = 2 n PROPOSITION

11.

l

•

Foralln~l,

An(132, 321) =

G) +

1.
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PROOF. Let O'ESn (132,321). IfO'(n)=n, then (0'(l), ... ,0'(n-l)ESn _ I(132,32l).
Otherwise, 0' is completely determined by k, 1,,;; k,,;; n -1, where O'(k) = n. Indeed,
(O'( 1), ... , 0'( k -1» and (O'( k + 1), ... , 0'( n» must be increasing and they must consist
of the largest k -1 and the smallest n - k letters, respectively. Hence,
An(132, 321) = A n- I (132, 321) + n-1.

Of course, A I(132, 321) = 1, and therefore the result follows.
Besides the above proofs, one also has:
PROPOSITION 12. There exist bijections between the subsets of an (n -1)-element set
and each of Sn(123, 132), Sn(132, 213), Sn(132, 231), and Sn(132, 312).
PROOF. For any O'E Sn, we shall call O'(i) a 'right peak of 0" iff O'(i),.e n, and
0'( i) > O'(j) for all j> i. Let us also use the notation (a, b) for the set {a + 1, a + 2, ... ,
b -I}, (a, bE Z), (a, b) for the same set written in decreasing order, and 2x for the
collection of all subsets of the set X.
(a) The correspondence Sn(123, 132)~2[n-ll is given by O'~Ru = the set of right peaks
of 0'. Clearly, Ru E in-I) is well defined. To recover 0' from Ru = {rl > r2> ... > r,}, note
that the right peaks of 0' form a decreasing subsequence of 0'(1),0'(2), ... , O'(n), and
that 0' = «rio n), n, (r2' rl), rio ... , (0, r,), r,). E.g. n = 10, R = {t, 2, 3, 6}, 0' = (9, 8, 7,
10,5,4, §, J, f' 1) (the right peaks are underlined). For all n ~ 1, R = 0 corresponds to
0' = (n -1, n -2, ... ,1, n), while R = [n -1] corresponds to 0' = (n, n -1, ... ,2,1).
(b) The correspondence Sn(132, 213) ~ 2[n-1) is also given by O'~ Ru. The inverse
construction is as follows: if R~[n-l], R={rI>r2>" '>r,}, then R=Ru for the
unique (132,213)-avoiding permutation 0' = «r1o n), n, (r2' r l ), rio ... , (0, r,), r,). E.g.
n = 10, R = {I, 2, 3, 6}~ 0' = (7, 8, 9, 10, 4, 5, §, J, f' 1) (again, the right peaks are
underlined). The extreme cases are: R= 0~identity, and R=[n-l]~reversal of the
identity permutation.
(c) The correspondence Sn(132, 231) ~ 2{2.3 ..... n} is given by O'~ Lu = {O'(i)ll,,;; i < k},
where O'(k) = 1. Note that Lu occurs as a decreasing sequence in 0', in order to avoid
231, while O'(k+1)<" '<O'(n), in order to avoid 132. This shows that for every L~
{2, 3, ... , n} there exists a unique O'E S"(132, 231) such that L= Lu. E.g. n = 10, L=
{2,5,6,8}~0'=(~, §,~, f' 1,3,4,7,9,10). (Lu is underlined); L=0~identity;
L ={2, 3, ... , n] ~ reversal of the identity permutation.
(d) There is a bijective correspondence Sn(132, 312) ~ 2{2.3 ..... n}, via O'~ Au = {iI2,,;; i,,;; n,
0'( i) > O'(i - 1 If i E Au, we shall call 0'( i) an ascent of 0', and i its position. Note that
Au = 0 iff 0' = the reversal of the identity, since then 0'(1) = n, and 312 must be avoided.
If Au,.e 0, then n is an ascent, and k = max{ili E Au}, where O'(k) = n. By iterating this
argument, if IAul = m, then the ascent of 0' are n - m + 1, ... , n, and they form an increasing
subsequence in 0'. Therefore, if A = {a l < a2 < ... < am} ~ {2, 3, ... , n} is any non-empty
subset, then A = Au for the unique 0' E Sn(132, 312) such that 0'( aJ = n + j - m for 1,,;; j,,;;
m, and the other elements of [n] occur decreasingly in the remaining positions. E.g.
n=lO, A={2,5,6,8}~0'=(6, 7, 5, 4,~, 2, 3, 10,2,1) (the ascents are underlined);
A ={2, 3, ... , n}~identity permutation in Sn.

n.

REMARK. Through composition of the appropriate bijections, one can obtain
correspondences directly between any two pairs of the families of permutations
discussed in Propositions 7-10, as well as between anyone of these and the involutions
of Proposition 6.
In fact, a variation of Knuth's sorting procedure for Sn(312) leads to the conclusion
that Sn(231, 312) equals the set of all 231-avoiding involutions in Sn. If we add to the
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stack sorting procedure the condition that the stack must be emptied following a move
out of the stack, then the sortable permutations are precisely those in Sn(231, 312). The
sequences of moves in and out of the stack corresponding to these new rules are
characterized by the fact that every maximal consecutive string of moves into the stack
is followed by an equally long maximal string of consecutive moves out from the stack.
The total number of moves is 2n, and thus there are 2 n- 1 such sequences of moves, one
corresponding to each composition of the integer n into positive summands. E.g. n = 8 =
2+4+ 1 + 1 corresponds to the sequence s s x x s s s s x x x x s x s x (s = move into the
stack, x = move out from the stack), which results in the permutation (2,1,6,5,4,3,7,8) E
Sn(231,312).

PROPOSITION 13. There exists a constructive bijection between Sn(132,321)-{identity}
and the set of 2-element subsets of [n].
PROOF.
the form

It follows from the proof of Proposition 11 that (T E Sn (132,321) must have
(T = (m - k + 1, m - k + 2, ... , m, 1, 2, ... , m - k, m + 1, m + 2, ... , n),

for some 1"", k "'" m "'" n. In fact, m = k iff m = k = n, in which case (T = identity. For all
other (T, 1"", k < m "'" n, and the pair {k, m} determines (T uniquely.
E.g.

n

= 8, {k, m} = {4, 6}~(T = (3, 4, 5, 6,1,2,7,8).

Finally, for the remaining pair of restrictions we have
PROPOSITION 14.
A n(123,321)=

o

ifn~5

n

ifn=lor2

{4

ifn =3 or 4.

PROOF. The statement for n ~ 5 is a consequence of the following well-known result
of Erdos and Szekeres ([1, p. 160)): any sequence of mk+ 1 distinct real numbers contains
either an increasing subsequence of m + 1 terms or a decreasing subsequence of k + 1 terms.
4. TRIPLE RESTRICTIONS
We shall now examine the numbers An (R) where R = { 7 h 72, 73} and 7i E S3. As in the
case of double restrictions our plan is to first reduce the number of choices of R that we
need consider. Instead of
= 20 cases, it will turn out that only six choices of R need
be treated, and in fact An(R), IRI = 3, will take on one of the following values: 0,1, n,
or Fn+1 = the n + 1st Fibonacci number, where Fo = 0, FI = 1, and F i+1 = Fi + F i- I • The
proofs will proceed again through examining the form of the restricted permutations and
establishing a recurrence relation. Next, direct bijective correspondences will be constructed.

m

LEMMA

6.

The numbers of triply restricted permutations in Sn satisfy the following

equalities:
(a) An(123, 132,213) = An(231, 312, 321).
(b) An(123, 132,231) = An(123, 213, 312) = An(132, 231, 321)
= An(213, 312, 321).
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(c) An (132, 213, 231) = An (132, 213, 312) = An (132, 231, 312)
= An(213, 231, 312).
(d) An(123, 132,312) = An(123, 213, 231) = An (132, 312, 321)
= An(213, 231, 321).
(e) An(123, 231, 312) = An(132, 213, 321).
(1) An(R) = 0 for all R => {123, 321}
PROOF.

if n ~ 5.

The equalities follow easily from Lemma 1.

Clearly, statement (1) of the above lemma follows trivially from Proposition 14 of the
previous section, while for n,,;;;4, it is directly seen that An(R)=n, for 1";;;n,,;;;3, and
A 4 (R) = 1.
PROPOSITION 15.

For every n ~ 1,

where {Fn}n;;.o is the Fibonacci sequence, initialized by Fo = 0, FI

= 1.

PROOF. Let U E Sn be such a permutation. It is trivial to verify the result for n ,,;;; 2. If
n ~ 3, then u-I(n),,;;; 2, else either 123 or 213 could not be avoided. If u(1) = n, then
(u(2), ... , u(n)) is a permutation of Sn-I with the same restrictions. If u(2) = n, then we.
must have u(1) = n -1, else 132 could not be avoided; thus (u(3), ... , u(n)) E Sn-2 is a
permutation avoiding the same 3-letter words. Hence, for n ~ 3,
An(123, 132,213) = A n_I(123, 132,213) + A n- 2 (123, 132,213).
Since the same recurrence is satisfied by the Fibonacci numbers, only with shifted initial
values, the result follows.
The Fibonacci number Fn+2 is known to count the number of 0-1 sequences of length
n, for n ~ 0, in which there are no consecutive ones (see, e.g. [2, p.45]).
PROPOSITION 15*. For each n ~ 1, there exists a constructive bijection between
Sn(123, 132,213) and the set of binary strings of length n -1 having no consecutive ones.
PROOF. Let s = SlS2 ... Sn-I be such a binary string. We construct its corresponding
uESn(123,132,213)
by determining u(i),
l,,;;;i<n, as follows:
if X j =
{I, 2, ... , n} -{u(1), ... , u(i -I)}, then set
.)

( I=
U

{largest element in Xj, if Sj = 0
second largest element in Xj, if Sj = 1.

Finally, u(n) is the unique element in X n. It is easy to verify that this map is invertible,
and that u thus constructed lies in Sn(123, 132,213), precisely due to the fact that s does
not contain consecutive ones.
E.g.

n=6,

s=10010-u=(5,6,4,2,3,1);

PROPOSITION 16.

s = OOOOO-u = (6, 5, 4, 3, 2,1).

For all n ~ 1,
An(123, 132,231) = n.
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PROOF. Since such a permutation u must avoid both 132 and 231, either u(1) = n or
u(n) = n. If n is a fixed point, then in order to avoid 123 u must be (n -1, n - 2, ... , 1, n).
If u(1) = n, then (u(2), .. . ,u(n)) is a permutation from Sn-I with the same three
restrictions. Thus An(123, 132,231) = 1 + A n- I(123, 132,231), and since A 1 (123, 132,
231) = 1 we get the asserted result.
For each of the cases (c), (d) and (e) of Lemma 6 the recurrence is same as in case
(b) and we shall not give separate proofs. Instead, we shall construct bijections between
the permutations of these four types and the set [n] = {t, 2, ... , n}.
PROPOSITION
16*. Let
@ = Sn(123, 132, 231),
~ = Sn(132, 213, 231),
0) =
Sn(123, 132,312) and ~ = Sn(123, 231, 312). Then there exists a direct bijection between
each pair of sets from among @, ~, 0), ~, as well as a bijection between each one of these
sets and the set [n] ={I, 2, ... , n}.
PROOF. All the claimed maps will be easy to describe once the form of the permutations
in each class is established.
First note that uE@~u=(n,n-1, ... ,k+1, k-1, k-2, ... ,2,1,k), for some k,
l~k~n. Similarly, uE~~u=(n,n-1, ... ,k+1, 1,2, 3, ... ,k); uE0)~u=(n-1,
n-2, ... ,k+1, n, k, k-1, ... ,2,1); uE~~u=(k-1, ... ,3, 2,1, n, n-1, ... ,k).
Therefore, the correspondences @, ~, ~-[n] are each given by u_u(n), and 0)-[n]
is given by u-u-I(n).
It is also clear now what the natural bijections are between the different pairs of classes
of permutations. We only give the map @ ~~; the others are similar. If u E @ and
u( n) = k, construct 7T by setting 7T( i) = u( i) for 1 ~ i ~ n - k, and 7T( n - k + i) = i for
1 ~ i ~ Ie. Then 7T E ~, 7T( n) = k, and u can be recovered from 7T by reversing the order
of 7T(n - k+ 1) through 7T(n -1).
5. RESTRICTIONS OF HIGHER MULTIPLICITY
For the sake of completeness, we include, without proofs the results regarding Sn(R)
and An(R) for R=4 and 5. Obviously, IRI=6 gives An(R)=O for n~3. Following the
discussion of triple restrictions, it is easy to see:
PROPOSITION 17. If R c S3 and IRI = 4, then
(a) An(R) = 0 if R => {123, 321} and n ~ 5;
(b) An(R) = 2 if R ~ {t23, 321}, n ~ 2.
More precisely, the permutations counted in (b) are the appropriate two, depending on R,
from among the identity, (2,3, ... , n, 1), (n, n -1, ... , 3,1,2), their reversals and complementations. For the values of n omitted in part (a), we have: A1(R) = 1, AiR) = 2,
AiR)=O exceptfor
A 4 (123, 321,132,213) = Ai123, 321, 231, 312) = 1.
Finally, for IRI = 5 we have again the trivial cases A1(R) = 1, A 2 (R) = 2, and A3(R) = 1.
For n ~ 4, the only permutations which avoid five 3 -letter words are the identity and its
reversal. Thus A n(S3 - {123}) = A n(S3 - {321}) = 1, while An(R) = 0 for the other R, IRI = 5.
REMARK.

Having calculated all values of An(R), we can now state
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COROLLARY.

The number of permutations in 8 n, n ~ 5, which contain all six 3-letter

patterns is

n! -6Cn + 5· 2n +4, (;) -2Fn + I -14n +20.
PROOF.

This follows from inclusion-exclusion, using the data from all cases of An(R).

Note that n = 5 is the first case when it is possible to have a1l3-letter patterns represented
in a permutation since G) < 6 for n ,,;; 4; and indeed, for n = 5, the expression (*) assumes
the value 2; the two permutations in question are (2,5,3,1,4) and (4,1,3,5,2). The
expression (*) also shows (using trivial estimates) the expected result that almost all
permutations in 8 n contain every pattern T, T E 8 3 .
Similarly, for any R c 8 3 , we can now count the permutations in 8 n which avoid only
those 3-letter patterns in R, and find that they constitute almost all R-avoiding permutations.

6.

CHAIN-PERMUTATIONAL POSETS

A poset P will be called PP-chain-permutational, where PP s;; 8 n, if it is possible to label
the covering relations of P (i.e. the edges of the Hasse diagram of P) with numbers from
{I, 2, ... , n} in such a way that along different maximal chains of P (whose length is
necessarily n) the labels form different permutations from PP, and every 0' E PP arises in
this manner. For example, it is well known that the Boolean lattice Bn is 8 n -chainpermutational.
In this section we construct for each n ~ 1 and R c 8 3 , a 8 n (R)-chain-permutational
lattice, Ln(R), with the properties:
(a) there exists a poset embedding of Ln(R) into
Lm(R')

if n";; m, R;2 R';

(b) Ln(R) is minimal with respect to cardinality.
These conditions rule out, for instance, the trivial lattice consisting of An(R) separate
chains, with identified maximum elements and minimum elements.
The Ln(R) can be regarded as subposets of Bn; however, we shall not emphasize this.
point of view but rather describe them independently.
Note that if Ln(R) has been determined, then LnCR), (Ln(R*) and Ln(l~.*) resp.) follow
by taking the dual ordering of Ln (R) (complementing the edge labeling with respect to
n + 1, doing both these operations, resp.). Therefore, Ln(R) need be discussed only for
the same restriction sets R to which the calculations of An (R) was reduced.
We consider first IRI = 1; effectively, we treat only R = {123} and R = {132}. For the
other sets R c 8 3 , which we shall consider, we shall omit most details.
CLAIM.
Ln(R), IRI = 1, cannot be a distributive lattice, for n ~ 3. Indeed, the permutations (Ie, k -1, ... ,1, n, n -1, ... , k+ 1) E 8 n(123), and (Ie, k+ 1, ... , n, 1,2, ... , k -1) E
8 n(132) provide all values k E [n] for 0'(1); therefore, L n(123), L;.(132) will have n atoms,
and if they were distributive, they would contain B n, thereby having ~ n ! > An (123) =
An(132) maximal chains.
LEMMA

7.

If Pn is a 8 (p )-chain-permutational lattice, where p E {123, 132}, then
n is at least 2"+1_ n - 2.

n
Ipnl ~ 2nand the number of covering relations in P
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PROOF.
Let x be an element of Pn • Note that all saturated chains having x as their
maximum element have the same set of labels, otherwise they could be extended to
maximal chains in Pn which do not correspond to permutations. Thus, to x we can attach
a well defined subset of [n]. Now, to prove that IPnl ~ 2n for p = 123, consider any
A = {a l > a2>' .. > am} ~ [n]; then u = (al> a2,"" am, Cb c2 , ••• , cn- m) E Sn(123), where
{c l > C2>' .. > cn- m} is the complement of A in [n], and the chain in Pn corresponding
to u contains an element whose associated subset of [n] is A. Therefore, IPnl ~ 2n. If
p = 132, then the relevant permutation in Sn(132) is u = (a b a 2, ... ,am, Cn- m'
Cn-m-h"" cl ). Let en = #covering relations (edges) in Pn. Clearly, el = 1; assume inductively that en - I ~ 2 n - n -1, n ~ 2. Let Pn be Sn(132)-chain-permutational; since for every
k E [n], there exists u E Sn (132) such that u( k) = n, Pn contains at least n covering relations
labeled n, at least one at each height. Let Eo (resp. EI) be the set of edges in Pn which
are labeled n, and which are incident to the minimum (resp. maximum) element of Pn •
If leol> 1, then the edges in Eo can be identified, and the filter above Eo becomes a
Sn _I(132)-chain-permutational lattice, and thus has at least 2n - n -1 edges. Therefore,
we may and shall assume that IEol = 1, and, similarly, lell = 1, and that the order ideal
below EI has at least 2n - n -1 edges. Moreover, the above-mentioned filter and order
ideal are disjoint. Therefore, en ~ n + 2(2 n - n -1) = 2 n+ 1 - n - 2 as claimed.
If Pn is Sn(123)-chain-permutational, the inequality for en follows similarly.

The inequalities in Lemma 7 are sharp, as shown by the constructions below:
Structure of Ln = L n(132):
For n = 1, LI is the two-element chain labeled as 1. If L n- I is constructed, then L n,
n ~ 2, obtains from two copies of L n - I , each with its own labeling, together with the
following n additional coverings, each of which is labeled n: every element of the chain
labeled (starting from the minimum element) (n -1, ... ,2,1) from one copy of L n - I covers
its analogue from the chain labeled (n -1, ... ,2,1) in the other copy of L n - I • Notice
that the number of maximal chains in Ln obeys the same recurrence, with the same initial
value, as the Catalan numbers do. Moreover, the inductive construction of Ln shows that
along each maximal chain, the label n is bordered by 132-avoiding permutations; also,
every label preceding n is larger than every label succeeding n.
It is easy to verify that Ln above has 2 n elements and 2n + 1 - n - 2 covering relations.

Figure 1 shows Ls(132).
Structure of Ln = Ln(123):
Again, LI = a 2-element chain, labeled 1. To obtain Ln from L n- I , first consider the
subposet Tn - I of L n - I , which consists of the maximal chains in L n - I whose labels, starting
from 0, are decreasing. As a graph, Tn-I is a spanning tree of L n- I (and of B n- I ). Consider
the product ordering Tn-I X Cfi2 (Cfii = i-element totally ordered set). Each of the two copies
of Tn-I retains its labeling from L n- I . The new coverings receive label n. Finally, complete
the 'upper' copy of Tn_I to Ln- I . It is easy to verify that the chains in Ln thus constructed
correspond bijectively to the 123-avoiding permutations. Therefore Ln is indeed Sn(123)chain-permutational, and satisfies the minimality condition (b).

Figure 2 illustrates Ls(123).
CLAIM.
The posets Ln(123) and L n(132) constructed above are actually lattices (but,
clearly, not sublattices of Bn, for n ~ 3).
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FIGURE

1. Ls(l32).

We only give the proof for Ln = Ln(123). Trivially, LI is a lattice. Assuming that L n- I
is a lattice, we show that Ln is also. Since Ln has a maximum element, it will suffice to
prove that x A y exists for any x, y E Ln. The only nontrivial case is when x E Tn-I and
y E L n- I (that is, y is in the 'upper half' of Ln). Throughout this proof, if x E Tn-I (resp.
y E L n- I ), then x' (resp. Yo) denotes the unique element in L n- I (resp. Tn-I) which covers
x (is covered by y). Consider a = x' A y in Ln - I ' Then, clearly, ao ~ x, ao ~ y. Suppose
now that z~x,y. Then, necessarily, ZE Tn-I> z'~x',y, therefore z'~a, and so, z~ao.
Hence, ao = x A y.
In a similar manner it can be shown that Ln(132) is a lattice.
From among the double restrictions we shall now treat R = {132, 312}; the resulting
lattice Ln (R) will be isomorphic to the integer interval lattice Ji (n) (Figure 3).

FIGURE

2. Ls(l23).
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L5(132, 312) = .9'(5).

Structure of Ln = Ln(I32, 312):
Again, LI = '€2 labeled as 1. To form L n , n;?; 2, adjoin to L n - I a new chain '€ which,
starting from 0, is labeled (n, n -1, ... ,1), and whose maximum element covers i from
L n - 1 • Finally, introduce n - 2 further covering relations, so that together with '€ and the
chain inLn- 1 labeled (n -I, n - 2, .. . ,1), they form a copy of '€2 X '€n.

In [13] Fibonacci lattices are discussed, and, in particular, the lattice []in appears (Figure
4 shows []i6)' We supply an edge labeling for []in, turning it into a chain-permutational
lattice:
Structure of Ln = Ln(I23, 132,213):
Once L n - 1 is constructed, adjoin to it a new minimum element and a new atom; the
latter is to be covered by the minimum element of the labeled copy of L n - 2 which is
embedded in L n - 1 • The three new coverings receive labels n, n -1, and n, respectively.
The resulting lattice is Ln.

We shall describe one more lattice which contains

FIGURE 4.

[]in

labeled as Ln(I23, 132,213).

L 6 (123, 132, 213) = ;;;6'
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Structure of Ln = Ln(132, 213):
Let Ok denote the minimum element of Lk (or of the embedding of Lk in L n, with the
proper labels). Again, Ll = «5'2 labeled 1; to obtain Ln from L n- b adjoin a new minimum
element, On, and label with n the covering On < On- I; if n ~ 2, then for each 0.;; i.;; n -1,
introduce a chain from On to 0;, with edges labeled i + 1, i+ 2, ... ,n, in this order,
starting from On. We set 00 = the maximum element of Ln. (See Figure 5.)

FIGURE

5. Ls(132,213).

By counting the maximal chains in Ln(132, 213) in two ways we obtain the following
identity:
PROPOSITION

18.

For n ~ 1,

The second sum runs over the compositions of a.;; n - 3k into k + 1 non-negative integers.
PROOF.
Let ~n be the copy of Ln(123, 132,213) in Ln = Ln(132, 213). If «5' is any
maximal chain in L n , then «5' consists of a sequence of maximal chains in certain ~a,
(with shifted labels) and, say, k chains of length~3, outside ~n' each of which runs
between the minimum and the maximum elements of a certain ~m (also with modified
labels). Therefore, by specifying the sequence of k + 1 numbers a; ~ 0 and the lengths ~ 3
of the k chain segments outside ~n' together with their order of succession, we determine
«5' completely. Finally, since ~a, has F a,+1 maximal chains, and since L n(132,213) has
2n - 1 chains «5', the identity follows.
Figure () shows the other lattices Ln(R) for n = 5. In each case an inductive description
of the structure can be given.
We now return for a moment to Lemma 2, which separates the singly restricted
permutations into two classes

A
B

= {Sn(123), Sn(321)}

= {Sn(132), Sn(213), Sn(231), Sn(312)}.

There are simple bijections serving to relate any pair within the same class. It is then
natural to ask for a bijection between representatives of the two classes.

Restricted permutations
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6. (a) L 5 (123, 132); (b) L 5 (123, 231); (c) L 5 (123, 132,231); (d) L 5 (132, 213, 231); (e) L 5 (132,231).

Such a correspondence can be given by composing several already known maps, as
follows:
Sn(123)

3 U

~1 (Pu , Qu) ~2 7T ~3 T/ E Sn(213) ~4 TE Sn(132).

Map 1 is given by the Robinson-Schensted correspondence, and produces two SYT whose
column lengths are, say, n-a and a (a ... nI2). Map 2 associates a lattice path 7T to
(Pu , Qu) (see [9], p.4): 7T is in the first quadrant, not above the line x = y, goes from
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(0,0) to (n, n) and passes through (n-a, a). For 1 ~ i ~ n, step i of the path is horizontal
if i is in the first column of PeT, vertical otherwise, and for n + 1 ~ i ~ 2n, it is horizontal
iff 2n - i + 1 is in the second column of Q". Next, map 3 is Lovasz's correspondence
between 213-avoiding permutations and lattice paths counted by the Catalan numbers.
Finally, 7 is obtained from 'T1 by reversal and complementation.
Besides being rather involved, this correspondence also fails to fix Sn(123) n Sn(132),
even as a set. For example, if n = 3, u = (3, 2,1) corresponds to 7 = (1, 2, 3). However,
comparison of the lattices Ln(123) and Ln (132)suggests a simple bijective correspondence
which acts as the identity on Sn(123) n Sn(132).
PROPOSITION 19. There exist two inverse maps, Sn(123) ~~ S,,(132), which provide a
constructive correspondence between 123- and 132-avoiding permutations in S".
PROOF.

Each of the two maps will be described through an algorithm.

Algorithm a: Consider u = (a l t a2,'''' an) E S,,(123). The output will be T =
(c l t C2,"" cn ) E S,,(132), which is the 132-avoiding permutation corresponding to u.
Step 1: i ~ 1;
Step 2: Cj +- a j, x+- a j;
Step 3: j ~ j + 1; if j> n, exit;
Step 4: if x> aj, then Cj ~ aj, x+- aj, go to (3); else, Cj +- min{klx < k ~ n, k,e Cj for all
j < I}, go to (3).
Algorithm {3: This time, the input is 7 = (c l , C2, ... , c,,) E Sn(132), and the algorithm
constructs the corresponding u = (a lt a2,"" a,,) E Sn(123).
Step 1: i +-1;
Step 2: aj +- Cj , x+- Cj ;
Step 3: j +- j + 1; if i> n, exit;
Step 4: if x > Cj, then a j +- Cj, x ~ Cj, go to (3); else, a j +- max{klk ~ n, k,e aj for alIj < i},
go to (3) .

It is easy to verify that the two constructions are indeed inverses, by examining the
third step from each of the two algorithms and recalling the form of 123- and 132-avoiding
permutations which were discussed in Section 1. This completes the proof.

EXAMPLES: u=(6, 8, 3, 2, 7,1,5,4) corresponds to 7=(6,7,3,2,4,1,5,8); u=(6,
5, 10,9,3, 1,8, 7, 4, 2) corresponds to 7 = (6,5, 7, 8, 3, 1,2,4,9, 10).
COROLLARY. Given n;;;' a 1 > a2>' .. > ak ;;;'1, there are as many UE Sn(123) as there
are 7 E S" (132) with the property that u( i) = 7( i) = aJor every 1 ~ i ~ Ie.
Another result, in the same spirit, is:
PROPOSITION 20. Let j be a fixed integer in [n]. Then there is a bijection between the
set of those u E Sn (213) satisfying
(a) u( n) = j and those satisfying
(b) u(n - j) < u(n - j+
u(n - j+2) > ... > u(n)
(i.e. the final decreasing segment of u(1), ... , u( n) has the precise length j).

1»

PROOF. We first exhibit a correspondence between certain sets oflattice paths counted
by Catalan numbers and then derive the proposition from this. Recall that there are e"
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functions f: [n] ~ [n] satisfying both (a) f(i) ~f(i + I) for i E [n -1] and (b) f(i) ~ i for
all i E [n]. We need a bijection between thosef satisfying, additionally, (a)' fen) = n + 1- j
and those satisfying (b)' f(n-j)=f(n-j+l)<f(n-j+2)<·· . <f(n). If j= n in (b)',
the condition f(O) = f(1) is dropped.
Suppose now thatf satisfies property (a)'. We construct g satisfying (b)' as follows:
g (m ) = {

f(m),
f(m-l)+m-(n-j+I)'

l~m~n-j,
n-j+l~m~n.

Verification of property (b)' for g is routine and omitted. We remark that the inverse map
is given by:
f(m)=

{

g( m),

1 ~ m ~ n - j,

g(m+I)-(m+j-n),
n+l-j,

n-j+l~m~n-l,

m = n.

This guarantees that the map f ~ g is 1-1 and onto.
Now we parley the above into a correspondence between the sets (a) and (b) of the
proposition. This is done by associating (see [8]) to each UE S"(213) a unique function
f'7 satisfying (a) and (b) above, viz./'7(m) = l{i ~ mlu(i);;' u(m)}l. The proposition follows
immediately upon noting that condition (a) (resp. (b)) for u becomes (a)' (resp. (bY) for
f'7 ·
EXAMPLE. Let n =4, j = 2. The table below shows the correspondence between
uES4 (213) with u(4)=2 and u ' ESi213) with u'(2)<u'(3»u'(4). The values of the
inversion sequences are also included. Notice in this case that the map f'7~ g, simply
amounts to deleting the last column of values, duplicating column two, and adding one
to each entry in column three.
fu

CT

4 3 1
3 4 1
4 1 3
1 4 3
1 3 4

2
2
2
2
2

2 3
1 3
2 2
1 2
1 1

CT'

gu'
3
3
3
3
3

2 2
1 1
2 2
1 1
1 1

4
4
3
3
2

4
2
4

2
3
1
1 3
1 2

3
4
3
4
4

1
1
2
2
3

COROLLARY. There is a bijection between the set of those UE S"(123) satisfying (a)
u( I) = n + 1 - j and those satisfying (b) u( I) > u(2) > ... > u(j) < u(j + I).
PROOF. Apply reversal and complementation (since these operations commute, the
order of application is irrelevant) to pass from the set Sn(213) of Proposition 20 to S"(132).
Notice that, in the transition, a final decreasing segment of u becomes an initial decreasing
segment. Finally, use map {3 of Proposition 19 to pass from S"(132) to S"(123).
Along entirely similar lines one has the inequality:
PROPOSITION 21.

FixjE[n] and let

T J = {u E S"(213) with u increasing on its last j values}

-T2 = {u E S" (213) with u decreasing on its last j values}.

Here we do not require, as before, that j be the precise length of increase or decrease.
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PROOF. Using notation from the previous proposition, we prescribe an injective map
from Tl to T2 as follows. Suppose (TE Tt ; thenfu satisfiesfu(n-j+l)=fu(n-j+2)=
... = fu(n). Now, to (T, associate (T' E T2 , which is uniquely determined through its
inversion sequence fu' defined by:

!c ,(m) = {fu(m),
u

1~m~n-j+1,

fu(m)+m-(n-j+1),

n-j+2~m~n.

This completes the proof.
Naturally, the result is exactly what one expects considering the nature of the restriction
213. Below we list the sets Tt and T2 for n = 4 and j = 2. The first five permutations in
T2 correspond to those in Tt via the construction. used above.
Tt

= {3412, 4312, 4123, 1423, 1234}

T2 = {3421, 4321, 4132,1432,1243; 4231, 2341, 2431, 1342}.
By virtue of their definitions one always has (for j > 1) Tt n T2 = 0. However, the fact
here that Tt U T2 = An(213) is due to the choice of j = 2. In this case it is not an accident
that ITtl = 5 = C3 (= Cn - t in general, ifj =2) since the set of Catalan paths withfu(n -I) =
fu(n) is clearly equinumerous with those counted by Cn-t.
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