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ABSTRACT Precisely how malaria parasites exit from infected red blood cells to further spread the disease remains poorly
understood. It has been shown recently, however, that these parasites exploit the elasticity of the cell membrane to enable their
egress. Based on this work, showing that parasites modify the membrane’s spontaneous curvature, initiating pore opening and
outward membrane curling, we develop a model of the dynamics of the red blood cell membrane leading to complete parasite
egress. As a result of the three-dimensional, axisymmetric nature of the problem, we find that the membrane dynamics involve
two modes of elastic-energy release: 1), at short times after pore opening, the free edge of the membrane curls into a toroidal rim
attached to a membrane cap of roughly fixed radius; and 2), at longer times, the rim radius is fixed, and lipids in the cap flow into
the rim. We compare our model with the experimental data of Abkarian and co-workers and obtain an estimate of the induced
spontaneous curvature and the membrane viscosity, which control the timescale of parasite release. Finally, eversion of the
membrane cap, which liberates the remaining parasites, is driven by the spontaneous curvature and is found to be associated
with a breaking of the axisymmetry of the membrane.
INTRODUCTION
Malaria is a devastating disease that affects up to 500
million people and kills over one million people each year
(1). The causative agent of the deadliest form of malaria,
the parasite Plasmodium falciparum, is a protozoan that is
transmitted by mosquitoes to humans in the form of string-
like sporozoites that attack the liver, multiply in liver cells,
and then invade red blood cells in the form of micron-sized,
droplet-shaped merozoites that infect the bloodstream.
During the blood stage, a merozoite invades a healthy red
blood cell (RBC); once inside, over a period of 48 h, it
divides into 16–32 daughter merozoites by consuming the
host hemoglobin; and finally, the merozoites exit the cell
by piercing a hole in the plasma membrane, enabling
them to continue infecting the bloodstream (2).

A long-standing, open question in the study of malaria is
the nature of the release of merozoites from RBCs (3,4–6).
Indeed, until very recently it had been accepted that parasite
egress from rounded-up RBCs occurs explosively, presum-
ably caused by osmotic-pressure-driven cell lysis (6).
However, a recent work by Abkarian et al. has challenged
this viewpoint, revealing that the release of merozoites
may occur by a more programmed mechanism (3): first,
a pore is created in the RBC membrane, allowing the first
merozoites to exit; the pore then opens due to the outward
curling of the membrane into a toroidal rim; and finally,
the remaining merozoites are scattered by the eversion of
the remaining membrane cap (see the video microscopy
image sequence in Fig. 1). The curling and eversion of the
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RBC membrane, resulting in the complete egress of mero-
zoites long after the initial swelling pressure in the cell
has relaxed, strongly suggest a release mechanism of
membrane elastic origin. It is still unknown, however, how
parasites exploit membrane elasticity to effect their exit
from RBCs. It is our goal here to describe the membrane
dynamics of the RBC that lead to parasite egress.

Several studies indicate that malaria parasites induce
modifications to the plasma membrane and its underlying
spectrin cortex before egress (7–12). First, work on another
malaria-causing parasite, P. knowlesi, revealed that merozo-
ites alter the phospholipid asymmetry of the membrane
bilayer of infected RBCs, inducing a relative enrichment
of cone-shaped lipids, such as phosphatidylethanolamine,
in the outer leaflet (7). Second, recent studies have
shown that parasite-secreted proteases modify and degrade
the spectrin cytoskeleton before egress (8–11) and that
treatment with protease inhibitors prevents egress (13).
Moreover, hijacking of the host protease calpain-1 by
P. falciparum merozoites is essential to their egress from
infected RBCs (12). Taken together, these studies and the
observed membrane curling during parasite egress (3) sug-
gest the following exit strategy: parasites induce a sponta-
neous curvature in the RBC membrane, opposite in sign to
its mean curvature before their egress; to minimize the
mismatch between the spontaneous curvature and the mem-
brane curvature, a pore opens in the membrane, followed by
outward membrane curling, and finally eversion. A similar
mechanism has, in fact, been proposed to explain the
bursting of polymersomes when stimulated by ultraviolet
radiation (14). In recent theoretical work (15), Kabaso
et al. have developed the idea that spectrin filaments that
are only partially attached to the plasma membrane of
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FIGURE 1 Merozoite egress from RBCs. Differ-

ential interference contrast microscopy reveals

sequence of events leading to merozoite egress:

a pore in the plasma membrane opens, allowing

the first parasites to leave; next, the pore rim

curls outward, causing further parasite escape;

and finally, the remaining membrane cap everts,

leading to complete egress.
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a healthy RBC generate a spontaneous curvature, driving
inside-out curling behavior, when the cell is placed in diva-
lent cation-free medium (16).

In this article, we present a model of RBC membrane
dynamics during merozoite egress resulting from the
induced spontaneous curvature. Recognizing that malaria
parasite egress is a vastly intricate process involving many
biochemical actors, our objective is to shed some light on
the geometry and mechanics of the RBC membrane that
enable parasite escape. We focus on the elasticity of the
plasma membrane, based on studies indicating that the
structure of the spectrin cortex is significantly weakened
before parasite egress (10,17,18). In contrast to earlier
work on RBC membrane curling based on an elastic strip
model (15), we have developed a three-dimensional, axi-
symmetric approach that takes into account the geometry
of the RBC. We show that for geometric reasons, the
Biophysical Journal 103(12) 2475–2483
membrane elastic energy is a nonmonotonic function of
the pore-opening angle, and this has direct implications
for the resulting membrane dynamics. In particular, these
dynamics are characterized by a superposition of two types
of movement: immediately after pore opening, curling of
the membrane rim occurs while the membrane cap remains
almost immobile; later, curling slows down, and feeding of
material in the cap into the toroidal rim occurs to further
release stored elastic energy. This process is illustrated in
Fig. 2 a. Finally, cap eversion is understood as occurring
as a result of the release of bending energy, which is favored
by the induced spontaneous curvature.

Our article is organized as follows. We first outline the
theoretical model used here, emphasizing the geometric
and energetic aspects of the RBC membrane associated
with parasite egress. We derive the elastic energy of the
toroidal rim based on the bending energy of the RBC plasma
FIGURE 2 Illustration of membrane dynamics.

(a) Curling of the membrane, starting at the free

edge, occurs at early times after pore formation;

feeding of the membrane cap into the rim occurs

at later times. (b) At a given moment, the RBC

membrane can be described as a toroidal rim

connected to a spherical cap. The arrows around

the rim represent the direction of lipid flow in

the membrane during feeding; the changing direc-

tion of the lipid flow gives rise to surface viscous

dissipation.
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membrane with spontaneous curvature. We then develop
coupled dynamical equations for curling and feeding based
on the balancing of viscous dissipation with the release of
elastic energy. We next present numerical results and fit
our model to our experimental data, yielding an estimate
of the induced spontaneous curvature. The comparison
between our model and experimental data also reveal that
viscous dissipation associated with surface lipid flows
must be considered to explain the observed timescales in
RBC membrane dynamics. In the Results section, we
present a scaling analysis of the eversion step and explain
the observed acceleration of the cap as it everts.
THEORY

The exit of malaria parasites from infected RBCs is a
complex process involving biochemical changes to the cell
membrane (8–11). In the theoretical description presented
here, we model the cumulative effects of these changes by
a spatially uniform spontaneous curvature, �c0 ðc0>0Þ.
The consequences of this spontaneous curvature for RBC
membrane dynamics have recently been studied experimen-
tally (3); data analysis has revealed that the parasite-induced
spontaneous curvature is c0 ¼ 10� 20 mm�1.

After pore opening in the RBC membrane, the sponta-
neous curvature, c0, drives outward curling of the plasma
membrane starting at the pore edge. Comparing the
measured values of c�1

0 with the radius, R0, of the spherical
RBC before egress, equal to ~3 mm (3), the largeness of the
parameter c0R0 permits a simple decomposition of the RBC
membrane as follows: at any moment during parasite egress,
the RBC membrane is assumed to consist of a spherical cap
of radius RðtÞ, opening angle qðtÞ, and depth hðtÞ ¼
Rð1� cos qÞ, attached to a toroidal rim of major radius
given approximately by ‘ðtÞ ¼ R sin q; see Fig. 2 b. The
rim is assumed to consist of concentric tori, each separated
by a distance e. Based on the assumption c0R0[1, the
mean curvature, H, at a point on an inner torus of minor
radius r and major radius ‘ is dominated by 1=r, and thus
Hz1=ð2rÞ; by the condition of zero moment at the free
edge, the minor radius of the innermost torus is ~c�1

0 (19).
The minor radius of the outermost torus is denoted as c�1.

It is assumed in this study that the total RBC membrane area
is conserved during egress, which directly yields the depen-
dence of c�1 on q and R: equating the area of the initially
spherical RBC of radius R0 and opening angle q0 (right after
pore nucleation) to the area of the cap of radius R and
opening angle q plus the total area contained in the rim
yields

2pR2
0ð1� cos q0Þ ¼ 2pR2ð1� cos qÞ

þ
Zc�1

c�1
0

2pR sin q � 2pr
dr

e
:

(1)
In Eq. 1, dr=e counts the number of tori over a distance dr;
the condition c0R0[1 leads to the simplifying assumption
that as the angle q varies, there is an integral number of tori
in the rim. Simplification of the above equation yields

c�1ðq;RÞ¼c�1
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ b

sin q

�
R0

R
ð1�cos q0Þ� R

R0

ð1�cos qÞ
�s
;

(2)

where b ¼ eR0c
2
0=p is a geometric parameter of the order
of 5–10 (3). In the next section, we use the arguments
described here to derive the elastic energy released by
formation of the rim.
ENERGY OF THE MEMBRANE RIM

We demonstrate here that, as a result of the axisymmetry of
the problem, the elastic energy of the membrane during
egress depends nonmonotonically on the cap opening angle,
q. This result will be shown to imply two dynamical regimes
during egress: a curling regime at early times and a feeding
regime at late times.

The energy of the RBC membrane at a given moment
during egress is composed of three terms: the Helfrich
bending energy of the toroidal rim of area, Arim; the line
energy associated with the free membrane edge; and the
Helfrich bending energy of the membrane cap of radius R
and area Acap. This last term can be neglected, because for
c0R0[1, it is, at leading order, equal to Fcap ¼
kc20Acap=2, where k is the membrane bending stiffness; since
a similar term, kc20Arim=2, arises in the energy of the rim,
because of the assumed constancy of Acap þ Arim, terms
proportional to c20 amount to an additive constant and thus
can be neglected. We note that we do not consider the elastic
energy associated with the spectrin cortex, as justified
earlier.

The energy released into the rim, given by the bending
energy k=2

R
rimð4H2 � 4c0HÞdA and a contribution from

the line tension, g, of the free edge, is, for given q, R, and
c0R0[1, equal to

Frim ¼ k

2

Zc�1

c�1
0

�
1

r2
� 2c0

r

�
2pR sin q� 2pr

dr

e
þ 2pgR sin q

¼ 2p2kR

e
sin q

h
ln
�c0
c

�
� 2
�c0
c
� 1
�
þ ~g

i
;

(3)

where ~g ¼ ge=ðpkÞ. For a bare lipid membrane of bilayer
thickness a, g ¼ pk=a (20), and thus ~g ¼ e=az10, where
we have taken ez50 nm (21) and az5 nm (22). However,
curved membrane proteins localized at the membrane edge
are known to stabilize it (20), thus reducing ~g; we take ~g to
be on the order of 1. For simplicity, we did not consider the
Biophysical Journal 103(12) 2475–2483
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contribution of the Gaussian curvature, K, integrated over
the entire cell membrane, to the bending energy. We note
that, according to the Gauss-Bonnet theorem,

R
cellKdA ¼

2p� #
edge

kgdl, where the second term on the right is the
geodesic curvature, kg, integrated over the free edge of the
membrane (23). However, kgzcos jðsedge; tÞ=‘, where
the angle jðs; tÞ, depending on the arc length parameter
s and time t, is defined in Fig. 2 b; thus, the Gaussian curva-
ture simply contributes an oscillating term to the energy
that averages to zero on the timescales that interest us
here, i.e., greater than the time needed for the rim to
complete a turn.
PARASITE EGRESS REQUIRES CURLING AND
FEEDING

To highlight the influence of geometry on membrane
dynamics, for the moment we consider RðtÞ ¼ R0 and
q0 ¼ p, and examine how Frim depends on the angle q.

With these simplifications, the rim minor radius is
given by c�1ðqÞ ¼ c�1

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ b cotðq=2Þp

; inserting this into
Eq. 3. yields

F
0
rim ¼ 2p2kR0

e
sin q

�
1

2
lnð1þ b cotðq=2ÞÞ

� 2
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ b cotðq=2Þ
p

� 1
�
þ ~g

�
;

(4)

where F0
rim ¼ FrimjfR¼R0; q0¼0g. Fig. 3 reveals the depen-

dence of the rim energy, F0 , on the opening angle, q.
rim

The maximum in the energy near q ¼ p reflects the pore
nucleation barrier resulting from a competition between
the energetic drive for pore opening due to the spontaneous
curvature and the opposing tendency of the pore line tension
FIGURE 3 The rim energy, F0
rim, as a function of pore opening angle.

F0
rim is plotted in units of 2p2kR0=e and q is in rads. The maximum in

F0
rim near q ¼ p represents the nucleation barrier for pore opening; the

minimum is a result of axisymmetry of the problem, and indicates that

pure curling will stop near q ¼ q�. Parameter values: b ¼ 10 and ~g ¼ 1.

(Inset) F0
rim=

ffiffiffi
b

p
versus q for b ¼ 10, 100, 1000, and 10,000, illustrating

the convergence of q� toward p=3.
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(14). Interestingly, there is a minimum in the energy for
q ¼ q�, which is a direct consequence of the three-dimen-
sional curling geometry: since F0

rim is proportional to the
rim radius, ‘ ¼ R0 sinq, curling will slow down and then
stop as ‘ decreases, since less and less elastic energy is
released into the rim. This finding is a key result of this
work, and will play an important role in the opening
dynamics of the membrane leading to parasite egress. Due
to this geometric effect, three-dimensional curling of a
membrane is intrinsically different from the curling of an
elastic strip with natural curvature (24–26, and (O. Albarran,
G. Massiera, and M. Abkarian, unpublished)), a model for
red blood cell membrane curling used previously (15). After
the curling stops, further elastic energy can be released by
flows of lipids in the cap into the rim.

The minimum angle, q�, can be determined easily for
b[1, in which case F0

rim � �2 sin q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b cotðq=2Þp

; minimi-
zation with respect to q results in q�zp=3. Fig. 3 shows that
q� increases with b and converges to p=3. We note that the
curling arrest angle q� increases with c0. One might expect
that the larger the c0 the more the rim would curl up, but this
is not true, since greater curling would imply a smaller ‘,
thus releasing less elastic energy.
MEMBRANE DYNAMICS

The minimum in the rim elastic energy as a function of
opening angle suggests that the membrane dynamics during
parasite egress are nontrivial, and that they require mem-
brane curling and feeding. In this section, based on the
rim energy derived earlier, we develop a model describing
the coupled curling and feeding dynamics that enables com-
plete parasite egress.

Pure curling of the membrane consists of the pore
opening while the cap radius, R, remains constant. Feeding,
on the other hand, involves transport of lipid material from
the cap into the rim while the rim radius ‘ remains constant.
The low Reynolds’ number curling dynamics is described
by equating the rate of elastic energy released during curling
with the power dissipated by the movement of the toroidal
rim (14). This power contains two contributions: a bulk
term due to rim movement with respect to the background
solvent, and a surface term due to axisymmetric lipid
flows in the plane of the membrane. First, the bulk term is
approximated here by the Stokes friction due to motion
of a cylinder of length 2p‘ and radius � c�1

0 moving at a
speed v ¼ �R _q, where an overdot denotes a time derivative.
The frictional force on such a cylinder moving perpendicu-
larly to its axis at speed y is ft ¼ 8p2h0‘v=ðlnð2p‘c0Þþ
ð1=2ÞÞ, where h0 is the viscosity of the medium (28). The
bulk power dissipated, Pbc ¼ ftv, is thus Pbcz2p‘ð4p=lnÞ
h0v

2, where ln ¼ lnð2p‘c0Þ þ ð1=2Þ depends weakly on ‘.
Second, the surface term is Pscz hsArimðv=‘Þ2, where hs
is the membrane viscosity. Noting that Arim ¼ ð2p2‘=eÞ
ðc�2 � c�2

0 Þ, curling is described by the equation
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_Frim

		
R
þ2p2‘

�
4h0

ln
þ
�
1

c2
� 1

c20

�
hs

‘2e

�

R _q
�2¼ 0; (5)

where the subscript R means that the derivative is taken at
_
constant R. The full expression of FrimjR is found in the

appendix.
The dynamical equation describing feeding is obtained

by balancing the elastic energy released by transferring
membrane from the weakly curved cap into the rim with
the power dissipated by movement of the cap and by in-
plane lipid flow. Denoting the total membrane area as A
and the velocity of lipids flowing into the rim as vs, the
feeding dynamics are thus described approximately by

_Frim

		
‘
þ ph

� _h
		
‘

l

�2

l3 þ hsA
�vs
‘

�2
¼ 0; (6)

where the subscript ‘ means that the derivative is taken with

the rim radius ‘ constant. We emphasize here that due to the
geometric complexity of the problem, the dissipative terms
in Eq. 6 are approximate, and that geometrical coefficients
have been absorbed into the definitions of the viscosities h
and hs (28). The full expressions of _Frimj‘, _hj‘, and vs are
found in the appendix. In Eq. 6, l is a characteristic length
over which dissipation occurs, given by lz

ffiffiffiffiffiffiffiffi
Acap

p ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pR2ð1� cos qÞp

. We note that the viscosity of the fluid
surrounding the cap, h, is different than the solvent viscosity,
h0. We assume that the solvent and the merozoites that are
pushed forward by the cap behave as a colloidal suspension
with a viscosity that may be as much as 10–100 times h0,
depending on the volume fraction of merozoites (29).
RESULTS

Curling and feeding

The solution to the coupled dynamical equations (Eqs. 5
and 6) yields the time evolution of the opening angle,
a

FIGURE 4 Membrane dynamics during parasite egress. (a) The pore opening

ratio of surface to bulk viscosities, hs=h0, ranging from 0 to 500 mm, in increment

behavior. q is shown for hs ¼ 0, revealing a smooth change from curling to fee

initially during feeding based on the geometry. The other parameter values are c0
and h=h0 ¼ 100. (b) The cap depth, h, and number of turns in the rim, N, versus

ranging from 0 to 500 mm, in increments of 100 mm. N is shown for hs=h0 ¼ 1
qðtÞ, and the cap radius, RðtÞ. Fig. 4 a illustrates the
solutions qðtÞ and RðtÞ, and reveals that the membrane
dynamics consist of two distinct regimes. At early times
after pore opening, membrane curling occurs, during which
the opening angle, qðtÞ, changes markedly, whereas the cap
radius RðtÞ remains almost constant. Note that this latter
result justifies a posteriori the approximation RðtÞ ¼ R0 in
the analysis leading to Eq. 4. At longer times, feeding
dominates, during which qðtÞ decreases slowly and RðtÞ
increases, causing a flattening of the cap. This behavior is
further supported by Fig. 4 b, which shows the cap depth,
h, and the number of turns in the rim, N ¼ ðc�1 � c�1

0 Þ=e,
as functions of time. We note that N increases rapidly during
the curling regime and levels off during feeding.

The trends represented in Fig. 4 indicate, however, that
the clear separation between curling and feeding may be
blurred by the effects of membrane surface viscosity, since
curling is slowed down by in-plane viscous shear stresses
involved in toroidal rotation. In fact, if one neglects the
surface viscosity, the characteristic time associated with
curling, h0=ðkc30Þ, is less than a millisecond, assuming
h0 ¼ 10�3 Pa∙s (viscosity of water), k ¼ 50 kBT (30), and
c0 ¼ 10 mm�1. This time is too small to explain the curling
dynamics observed in Abkarian et al. (3) that occur on the
order of tens of milliseconds. Moreover, comparison of
our model with membrane dynamics during parasite egress
from RBCs suggests that membrane viscous stresses may
be the dominant dissipative mode. Indeed, fitting our
experimental data for hðtÞ with our model, we obtain
c0z10 mm�1 and hs=h0z1000 mm (see Fig. 5). The value
of the fit parameter c0 is consistent with an earlier measure-
ment (3). For infected RBCs, we find, based on the values of
c0 and hs, that the ratio of surface to bulk dissipation, given
approximately by hs=ðh0e‘2c20Þ, is [1. Here, we have
taken ‘z1 mm and e ¼ 50 nm (3); in addition, in obtaining
our fit parameters, we have taken h ¼ 100h0. This choice
reflects the contribution of the merozoites to the bulk
b

angle, q, and cap radius, R, versus t. q is shown for different values of the

s of 100 mm. R is shown for hs=h0 ¼ 100 mm. (Inset) Zoom of the early time

ding. R is shown for hs=h0 ¼ 100 mm, showing a small decrease, expected

¼ 10 mm�1, R0 ¼ 3 mm, e ¼ 0:05 mm, ln ¼ 5, k=h0 ¼ 0:2 mm3/ms, ~g ¼ 1,

t. h is shown for different values of the surface/bulk viscosity ratio, hs=h0,

00 mm. The other parameters are the same as in a.

Biophysical Journal 103(12) 2475–2483



FIGURE 5 Model fit to experimental results. The cap depth, h, versus t

during parasite egress from RBCs. Data from Abkarian et al. (1) (circles)

is fitted with the model developed in this work. The fit parameters are

c0 ¼ 1354 mm�1 and hs=h0 ¼ 14005400 mm. Deviation between the

data and the model is expected for small h; the arrow indicates the expected

shift in the model when the constraint of axisymmetry is relaxed (see text).

The other, fixed parameters are: R0 ¼ 3 mm, e ¼ 0:05 mm, ln ¼ 5,

k=h0 ¼ 0:2 mm3/ms, ~g ¼ 1, and h=h0 ¼ 100.
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viscous dissipation during cap movement. Nonetheless, we
found that the values of c0 and hs=h0 are largely insensitive
to h: a 50% change in h results in changes in c0 and hs=h0
of <1%. Finally, to avoid the proliferation of too many fit
parameters, we have fixed those, such as k, e, and g, that
are reasonably well known, and have only kept as trial
parameters those related to the RBC membrane that are
susceptible to modification by the parasites, i.e., c0 and
hs=h0.

From Fig. 5, it is apparent that agreement between our
theoretical model and the experimental values of the cap
depth, hðtÞ, breaks down at long times, at which hðtÞ rapidly
passes through zero and changes sign. In fact, Abkarian and
co-workers (3) have shown that the final step of parasite
egress from RBCs involves an eversion of the membrane
cap, leading to dispersal of the last parasites (3) (see the
last frame of Fig. 1). Similar eversion behavior was also
observed in the last stages of polymersome bursting (14).
Eversion of the membrane cap

Eversion can be understood based on the energetic drive of
the induced spontaneous curvature to reverse the initial
Biophysical Journal 103(12) 2475–2483
curvature of the infected RBC. However, as we have shown,
energetic and geometric requirements imply that curling and
feeding pin the rim radius at a certain value ‘�. (The rim
radius, ‘�, can be estimated via minimization of F0

rim

(Eq. 4) with respect to q. As a result, ‘� ¼ R0f ðb; ~gÞ, where
f is a dimensionless function. For b[1, we find q�zp=3
and, therefore, ‘�z

ffiffiffi
3

p
R0=2.) This means that for the cap

to evert and at the same time maintain a fixed amount of
material in the rim, the axisymmetry of the rim and cap
must be broken. Eversion thus allows the cap to be
bent strongly along one direction, reducing the mismatch
between the mean cap and spontaneous curvatures; this is
illustrated in Fig. 6, in which, for simplicity, the cap bends
principally along the x-direction.

Scaling arguments can be made to shed some light on cap
eversion. Referring to Fig. 6, on the one hand, the energy
released by eversion is dFcap � kc0h. (We neglect the
bending term, � kh2=‘�2, since its contribution to the
dynamics, � kh _h=‘�2, is of an order 1=ð‘�c0Þ2 smaller
than the feeding term, kc20h

_h.) On the other hand, the typical
lateral displacement of the rim due to eversion is u � h2=‘�,
and therefore the energy penalty in deforming the rim is of
the order h4. Thus, the membrane cap dynamics for small jhj
can be understood by comparing the rate of energy released
during feeding and eversion, given by � �kc20‘

�vsþ
kc0 _h � kc20h

_hþ kc0 _h, with the power dissipated P �
hsv

2
s þ h‘� _h

2 � hsðh _h=‘�Þ2 þ h‘� _h
2
. Here, we note that,

according to the relation _Acap ¼ �2p‘�vs ¼ 2ph _h, vs ¼
�h _h=‘� for jhj=‘� � 1. Thus, we obtain

_hz� kc0

h‘� þ hs

h2

‘�2

ð1þ hc0Þ: (7)

Equation 7 indicates that for jhc0j(1, feeding of cap mate-
rial into the rim cannot keep up with the drive for eversion.

This might explain the apparent swelling of the rim and the
appearance of broad shoulders in the membrane connecting
the cap and rim just before eversion, seen in both Abkarian
et al. (3) and Mabrouk et al. (14). It is important to note that
Eq. 7 reveals that the total viscous resistance decreases as jhj
decreases, thereby explaining the observed acceleration of
the cap during eversion (see Fig. 5). Indeed, for small jhj,
we obtain
FIGURE 6 Final stage of parasite egress: ever-

sion of the cap. As feeding ends, further elastic

energy can be released by everting the cap, thus

breaking the axisymmetry. For clarity, after ever-

sion, the cap bends mainly along the x-direction.

Eversion leads to a lateral displacement of the

rim, denoted u.
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hðtÞz
��3kc0‘

�2t
hs

�1=3

; (8)

with t ¼ 0 being the moment that h passes through zero.
Equation 8, another important product of our work, suggests
that merozoites may exploit the RBC geometry to facilitate
the final stage of egress. A more quantitative study of ever-
sion will be considered in subsequent work.
DISCUSSION

An unresolved problem in the study of malaria infection is
the mechanism by which parasites exit red blood cells,
thereby transmitting the disease in the bloodstream. Moti-
vated by recent work on the transmission mechanism
(1,6,9,12,18), and inspired by modeling of bursting poly-
mersomes (14), we have developed a theoretical description
of the membrane energetics and dynamics that enable
parasite egress from infected RBCs. Starting from the
experimental observation that parasites induce a sponta-
neous curvature in the RBC plasma membrane before
egress, driving pore formation and outward curling of the
membrane (3), our model makes qualitative and quantitative
predictions for the membrane dynamics leading to egress.

The main theoretical finding of our work is that the RBC
membrane dynamics during parasite egress consist of a
superposition of two types of membrane movement: 1),
curling of the membrane into a toroidal rim that dominates
at short times after pore opening; and 2), feeding of the
remaining membrane cap into the rim at long times. This
division stems from the axisymmetric character of the
RBC membrane, implying a nonmonotonic dependence of
the rim elastic energy on the pore opening angle. We found,
however, that surface viscous dissipation, which slows down
curling, can obscure the separation between curling and
feeding. In fact, to explain the membrane dynamics involved
in parasite egress from RBCs, observed experimentally, we
determined that surface dissipation dominates bulk dissipa-
tion. By fitting our model to experimental depth data, we
found that c0z10 mm�1, in agreement with earlier findings
(1). In addition, we found that the lengthscale below which
surface dissipation dominates bulk dissipation, hs=h0, is on
the order of 1 mm. Interestingly, this value is much larger
than one would expect by naı̈vely assuming a value of
hsz10�9 Pa∙s∙m (yielding hs=h0 ¼ 1 mm for h0 ¼ 10�3

Pa∙s), typical for a lipid membrane (33). The membrane
viscosity of malaria-infected RBCs is not known; however,
our fit value is comparable to viscoelastic relaxation mea-
surements on healthy RBCs, yielding hs ¼ 10�6 Pa∙s∙m
(34). This suggests that during malaria egress, the RBC
membrane, though modified by parasites (7–12), is popu-
lated by spectrin filaments and other large proteins.

The approach developed here is based on the wide sepa-
ration of two length scales: the RBC radius, R0, and the
inverse spontaneous curvature, c�1
0 . In our model, the

inequality c0R0[1 allows a division of the membrane
into a toroidal rim attached to a spherical cap. The
membrane dynamics are thus described in terms of the
coupled motions of the rim and the cap, obtained by
balancing elastic energy released with viscous dissipation
due to the respective movements. Using this straightforward
approach, we were able to identify differences between
three-dimensional membrane curling and curling of an
elastic strip and the key physical parameters enabling
parasite egress. We note that an alternative approach would
be to attempt to solve exactly (and numerically) the coupled
elastohydrodynamical equations describing the relaxation
of a membrane with spontaneous curvature in a viscous
fluid. Given that the dynamics of a weakly fluctuating
RBC membrane in a viscous medium is already a non-
trivial problem (35–37), it is not clear whether an exact
approach to the membrane dynamics leading to parasite
egress, which involve geometric elastic nonlinearities
coupled to flows, would be feasible or, for that matter, would
provide more physical understanding than the approach we
have pursued here.

Finally, we point out directions for further investigation
into the mechanism of malaria parasite egress from RBCs.
In this work we have not considered the elastic energy asso-
ciated with the spectrin cortex. Nonetheless, it is worthwhile
to compare the cortical elastic energy with the membrane
bending energy. The energy scale associated with cortical
stretching is KaR

2
0, where Ka is the (2D) area expansion

modulus. Assuming for the moment that the cortex is intact,
Kaz9� 10�6 N/m (38). Taking R0 ¼ 3 mm, the typical
stretching energy is on the order of 10�16 J. On the other
hand, the energy scale associated with the release of mem-
brane bending energy due to the spontaneous curvature, c0,
is kR0c0ðR0=eÞ1=2 (this energy scale is obtained by consid-
ering the large b limit of Eq. 4). Taking k ¼ 50kBT,
c0 ¼ 10 mm�1, and e ¼ 50 nm, the typical membrane
energy scale is also 10�16 J. Thus, if the spectrin cortex is
intact, as in a healthy RBC, the stretching energy is at
most of the same order of magnitude as the elastic energy
of the membrane. However, several studies indicate that
the spectrin cortex is compromised before malaria parasite
egress, which would suggest that the cortical elastic moduli
are lower than their values for healthy RBCs (8–12). Consis-
tent with these observations, we have neglected the elastic
contribution of the spectrin cortex. Future work is needed,
however, to understand to what extent the cortex is modified
before parasite egress. A related problem is the origin of the
membrane surface dissipation entering into our model via
the viscosity, hs. This quantity could be probed by micropi-
pette-based viscolelastic relaxation measurements on in-
fected RBCs. We note that stretching of a partially intact
spectrin cortex would slow down the membrane dynamics
leading to egress; including such an effect in an extended
model would result in a lower estimation of hs. We have
Biophysical Journal 103(12) 2475–2483
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shown that the surface viscous resistance to the flattening of
the RBCmembrane cap and its eversion decreases as the cap
flattens. Thus, an issue that merits further consideration is
whether parasites exploit this geometric effect during feed-
ing; if so, can malaria egress be slowed down by arresting
the membrane dynamics once curling has ended?
APPENDIX: DYNAMICAL EQUATIONS FOR
CURLING AND FEEDING

To derive the dynamical equation describing curling, we start from the

energy balance (Eq. 5). Then, calculating dFrim=dtjR using Eq. 3, we obtain

the curling equation

_qþ k

4eR2

�
h0

ln
þ
�
1

c2
� 1

c20

�
hs

4‘2e

��cot qhln�c0
c

�

� 2
�c0
c
� 1
�
þ ~g

i
� vc

vq

�
1

c
� 2c0

c2

�

¼ 0:

(9)

In this equation, c is given by Eq. 2.
To find the dynamical equation describing feeding, we consider the

balance equation, Eq. 6. Noting that _qj‘ ¼ �tan q _R=R, which yields,

using Eq. 1,

_cj‘ ¼ ec3 _R

2p
ð2 tanðq=2Þ � tan qÞ; (10)

we find the rate of change of energy:� �

_Frim

		
‘
¼ 2p2k‘ _cj‘

e

2c0
c2

� 1

c

¼ pk‘c2 _R

�
2c0
c

� 1

�
ð2 tanðq=2Þ � tan qÞ:

(11)

The dissipation consists of two terms. Noting that _hj‘ ¼ _Rð1� sec qÞ
and l ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2pR2ð1� cos qÞp
, the bulk power dissipated by cap movement
during feeding is

Pfb ¼ ph
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pð1� cos qÞ

p
ð1� sec qÞ2R _R

2
: (12)

The surface dissipation, Pfs ¼ hsAðvs=‘Þ2, is found as follows. The

velocity of lipids flowing into the rim during feeding, vs, is related to

the time derivative of the cap area: _Acapj‘ ¼ �2p‘vs, which yields

vs ¼ � _Rð2 tanðq=2Þ � tan qÞ and therefore

Pfs ¼ hsAð2 tanðq=2Þ � tan qÞ2
�
_R

‘

�2

: (13)

Combining Eqs. 11–13, we thus obtain the feeding equation
_Rþ kc2 
hþ 2R2

0ð1� cos q0Þð2 tanðq=2Þ � tan qÞ2
R‘2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pð1� cos qÞp ð1� sec qÞ2 hs

!
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Equations 9 and 14, along with Eq. 2, can then be solved for qðtÞ and
RðtÞ, given initial conditions qð0Þ ¼ q0 and Rð0Þ ¼ R0.
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