JOURNAL OF MATHEMATICAL ANALYSIS AND APPLICATIONS 105, 231-249 (1985)

Almost Periodic Plane Wave Solutions for
Reaction Diffusion Equations

Liv Bao-PING

Department of Mathematics, Sichuan University, Chengdu, China, and
Department of Mathematics, North Carolina State University,
Raleigh, North Carolina 27650

AND

C. V. Pao

Department of Mathematics, North Carolina State University,
Raleigh, North Carolina 27650

Submitted by A. Schumitzky

1. INTRODUCTION

The recent development in reaction-diffusion equation gives considerable
attention to plane wave solutions as well as to periodic solutions. However,
most of the discussions in the current literature are devoted either to plane
wave solutions in the form v(At—f-x) or to periodic solutions (cf.
[2,5,6,9]). This form of plane wave or periodic solutions consists of a
single moving coordinate and can often be analyzed by using the theory of
ordinary differential equations. In this paper, we study plane wave solutions
for a coupled system of reaction-diffusion equations in the form
v(t,At —f-x) which depends on two independent variables ¢ and
§=At—pB.x, where 1 >0 is a constant scalar and f is a vector in the n-
dimensional space IR". This consideration leads to a suitable set of reaction
diffusion equations rather than the usual two-point periodic boundary-value
problem. The periodicity of the plane wave solution discussed in this paper is
with respect to not only the variable ¢ but also the moving coordinate & A
novelty of this consideration is that the periodic plane wave solution
possesses the combined frequencies w, = 2nd/L and w, = 2n/T, where T and
L are the respective time and spatial period of the solution.

Consider the coupled nonlinear reaction-diffusion equations

n
() —DFVu;+ 3 ¢;(uy),, + o;u; = fi(u), (tLx)ER™ L j=1,.,n,
1=1

(1.0)
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232 BAO-PING AND PAO

where u = (u,,...,u,), D} >0, 6,>0, c; are constants and Jf; are functions
defined in R". By introducing the moving coordinate £=At—f- x and
writing u(t, x) = v(t, At — B - x) = v(t, &), Eq. (1.0) is reduced to the form

), — D))y + ¢(v)); + 0,0, =£(v), (t, &) e R?, (LD

where D;=|B|’Df, ¢;=4—3.}_,¢;B,. We require that for some given
positive constants L, T the solution v satisfies the time-space periodic con-
dition

vj(ta é) = vj(ta é + L)a

v(t, ) =v,t+T8), tHER,j=l,n (1.2)

Our objective is to show the existence of a periodic solution to the system
(1.1)~(1.2) from which the existence of an almost periodic plane wave
solution to the system (1.0) can be deduced. The basic approach in proving
the existence problem is to establish an equivalent relation between the
system (1.1}-(1.2) and a corresponding integral equation, This integral
equation is obtained through the construction of a suitable Green’s function.
Upon deriving some properties of the Green’s function we prove the
existence of a periodic solution to the integral equation, or equivalently, an
almost periodic plane wave solution to (1.0). The existence proof is based on
the property of the Green’s function which does not make use of the Hopf
theorem for periodic solutions nor the usual “a priori” C*-bound of the
solution for almost periodic solutions (cf. [1, 5]).

2. Periopic GREEN’S FUNCTION

Throughout this paper we assume that f; € C'(R"), where C'(R") denotes
the set of all continuously differentiable functions in R”. By adding a linear
term on both sides of Eq. (1.0), if necessary, we may assume that g; > 0 for
j=1,.,n. In order to investigate the existence of a periodic plane wave
solution to the coupled nonlinear reaction diffusion equations we first
construct a suitable periodic Green’s function for the system (1.1)-(1.2).
This Green’s function will be used to establish an equivalent relation between
the time-space periodic system (1.1)}-(1.2) and a corresponding integral
equation which is the basis for establishing our existence and uniqueness
theorem. Due to the periodic nature of the problem, our integral equation is
rather different from the usual integral representation of initial boundary
value problems.
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Motivated by the Green’s functions obtained in [6, 7] we seek a Green’s
function for the present system in the form

¢ ] w©
Gt—t,é—m)=LD)™" > Y [io,m+ (D;wik> +0;+ ic;w,k)] ™

k=—00 m=—o0
X exp[i(w,m(t — ) + @, k(E — 1))]
fort—t#NI,N€Z,j=1,.,n, (2.1)
where w, =22T"!, w,=2nL ", w, = Aw,. It is clear that the above series

converges uniformly in every compact subset of R? excluding the line
t=1+ 2Nrw; ' (N € Z). By defining

giu(2) = exp(—(D;w3k* + 0;) 2), (22)
Widz) = [1 — gu(T) exp(—ic;w,kT)] ' [ g;u(z) exp(—ic;w,kz)]  (2.3)

and using the relation (cf. [8])

%"1 e?t="  (T(1 —exp(aT))™" exp[a(t — 7)), 0t <,
by e dwp—a  (T(1 —exp(@T)) 'expla(T+t—1)], 0<£t<tgT,
(2.4)

for any complex number @ # iwp, w = 22T ", the Green’s function may be
written in the form

o0
Git—té—n)=L"" Y yu(t—1)exp(iw,k(E—1n)) for0<r<t<T,

k=—c0

Glt—né—m=L"" ¥ wu(T+t—1)exp(i, k(1))

k=—00

for0<t<tT, (2.5)
where ¢, # € R. Define

ay = [1 —gu(T)]* + 2(1 — cos ¢;w,kT) g;(T),
bu(z) = (a;) ™' gul2),

L™yt —1) for0<t<tLT,
L'y(T+t—1) for0<e<tgT.

(2.6)
Ht—1)= 2.7)

Then an elementary calculation gives

Wi(2) = by(z) exp(—ic;w,kz) — by (T + z) explic;w, k(T — z)}.  (2.8)
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Substitution of (2.7), (2.8) into (2.5) the Green’s function is expressed in the
form

G(t—tl—m=Ht-1)+S,(t—1.¢—n) (€0, T),E&nER)

2.9)
where
Sft—t,é—u)= Gyt—1,{—n)—~Gpt—1,&—n) forOLt<tgT
Gu(t—1,—n)—~Gu(t—1,8—n) for0<r<t(T,
(2.10)
and

Gut—7,8—n)=2L"" 3 by(t— 1) cos{w,k( —n —c,{t — 7))},
k=1
0<r<tLT,
Gp()=2L"" % by(T+t—1)cos{w,k(—n—cft—1—T))},
k=1

0t <t«T,

@.11)
[* ]
Gu(-)=2L"" Y by(T+t—r1)cos{wk(é—n—c(t —t+T))},
k=1
0<t<rgT,
Gu(-)=2L"" Y b, (2T +t —1) cos{w, k(& — 1 — ¢/t — 7))},
k=1
0Lkt T.

In the remaining of this section we establish some properties for the Green’s
function.
By considering the functions

86 ) =bylz) = (a,) 'gu(2). a0 =a;, g6 2)=gulz) (2.12)

as a continuous function of £ and z and setting

a&)=K[  #(mz)dn, forz>0,¢>0, (2.13)

+
£
where

K;=(8e™" +/2 |¢;|(eD;)~*T"?) exp(~0, T)(1 — exp(—0;T)) > + 1
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we have the following estimate which is a generalization of the weli-known
classical trigonometric series theorem (cf. [3]).

LEMMA 1. For every vER,j=l,.., 1,

w, kb (z) sin w,k(v —n) | dn < 47t< N obplz)+2 Y k7 lak, z))

k=1 k=1

np

?[48

1

@>0). (214)
Proof. By the definition of ¢, direct differentiation gives
(P& 2))/08 = — D&, 2) + 8, 2)(1 + 1i(E)) (2.15)
where
P& z) = 2D;03289,(¢, 2)

+4D;07 TE (1 — g;,(T)) g;(T) 9,%, 2)(a;) '
r/(&) = (4D;w] T&*g,(T)(1 — cos ¢;w, TE)

— 2¢;w, TEg;,(T) sin ¢;w, TE)(a;,) .

Since | & exp(—a&?)| < (2ae)™'/2 and (% exp(—aé?)) < (ae) ™' we have, from
(2.2), (2.6) and (2.12),

(1 —exp(—o,T))* <a; <5, (& 2) >0,
[r& )+ 1<K;  (£>0) (2.16)
Let I}, z) = &3¢, z) + a,(& z). Then by (2.13), (2.15) and (2.16)

I(62)>0, ayéz)>0, aI,/0¢<0, Oa,/0f<0 foré&>0;
g11m I, z)=0, !hm a;(&z)=0.

The above relations imply that I}, a; are monotone decreasing in ¢ It follows
from a well-known theorem (cf. {3, p. 33]) that

i< S k) = S byt
k=1 k=1
+ Z k~'a;k, z), 2.17)
k=1

(2n)~ ‘f ‘ Z a,(k, z) sin kr]\ Z k~'ayk,z), foranyz>O0.
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236
Since by letting 2 = w,(v — 1) and using the periodic condition,
I 0 W @
[1Y wkby(z) sinwk(v—n) | dn =/ N kby(2) sin kif| df
0 | k=1 ww=2n | k=—o0

dn

i (I,k, z) — a;(k, z)) sin kn

k=

:2&”

the relation (2.14) follows immediately from (2.17).
Using the result of Lemma 1 we derive some estimates for G ,/8¢.

LEMMA 2. Let K;=2K/(1 — exp(—0,;T)) 2. Then

[ e 166yt — .6~ myjetian
0 0

< 8L~ [ i (D, 03K +0,) (by4(0) — by(2T))

+K, Y (D,.wng)-l]. (2.18)
k=1

Proof. By the definition of the Green’s function in (2.9), (2.11),

T L
J, ], 166, —nyegian
<[ ae [ 113G~ Glde+ [ ae [ @109, - Gt 219)

Since
0GJBE= 2L S (—wy) Kbyt — 1) sinlwk(E — 1 — et — D),

k=1

[ butt =01 dr = (0,027 +) " B4(0) ~ b0,

2 J: a;k,t —1)dr=2K; J: dr Jjo (@) 'gn,t —1)dn

< I?.L (D;win* +0,)~'(1 — g;(n, 1)) an,

J

we have from Lemma |
t L
[far [ 180G, /o¢|dn < 8aL~"
1] 0

i (D;w3k? + 6;)™ ' (b;(0) — b (1))

k=1

+82L-'K, 3 k“L (D,win* +0,)" (1 —g(m 1)) dn. (2.20)
k=1



ALMOST PERIODIC PLANE WAVE SOLUTIONS 237

A similar calculation leads to

t L 0
[0 dr fo 10G,/e¢|dn < 8aL~" Y (D,wik® +6;)™ ' bu(T) — by(T + 1))
) pa

=1

0 [}
+8L R, Nk [ Dj0in’ +0) (g D) =g T+ 0) dr.

T L [e2}
[“ar[ 106G, /otldn <BIL~* Y (D,wiK* +0)7 (bult) — bu(T))
o k=t 2.21)

+8LR; Y k| @yl +0)7 (g0 1) - g0n, 1) din
k=1
T L [ee}
j‘ dr jo 10G,of0¢|dn < 8aL~' Y (D,w2k? +6,)~ (by(T + £) — b(2T))
k=1
+8IL K, Y k7 [ (D0 +0)7 (g0 T+ 0~ g0, 27)) di.
k=1
The conclusion (2.18) follows from (2.19)-(2.21) and the relation
@ 2.2 1 2 1 ® 2 2 1
| i +0) (1&g 2 dn< @] | n7dn =000
We next give an estimate for G;. For this purpose it is convenient to set

K =2w,[(8D,Te~")"? exp(—0,T) + | C;| T](1 — exp(—o,T)) ~*,

R;=4 [;1 (Dyw3k’® + 0;k) 1 (by(0) — by (2T)) + ZK}"(Djw%kz)“].

(2.22)

LEmmA 3. Let G, be given by (2.9). Then

[Ca[ 18t —5c-mldn<r,
°e 2.23)

T L
[(arf |Gt~ E—n)dn<a;'+R;.
0 0

Proof. 1t is readily seen by a simple calculation that

Z7(3 2)/0§ =— 2Djw§'fgjz(z)(aj¢)_2 @ z) + gjz(z)(ajg)—zrjz(‘fs z),
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where
ri(é z)=za; + 2T(1 —8;(T)) gy(T) 20 for,z >0,
rp(& 2) = (160,03 T) (1 — cos ¢;w, TE)((D;wi TE?)?
X exp(—D;w3 TE%)) exp(—0a;T) — 2¢,w, Tg;(T) sin ¢;w, TE.

The above expression and the inequality |n exp(—an?)| < (2ae)~'/* ensure
that

|Fia(& 2)| < 200,[(8D; Te ") exp(—0,; T) + | C;| T] = K.
Let
FGA=E K| lam) s dn=9;+ af.

Then from the relation

[a/)] 7 < (1 —exp(—0,T)) "

the same argument as in the proof of Lemma 1 leads to the estimate

2L“J'L
0

> by(z)cosw,k(v—n) | dn <4 D kTHbu(2) + 2a (K, 2)}.
k=1 k=1

Using the above inequality and (2.7), the conclusion (2.23) follows from the
same argument as in the proof of Lemma 2.

LEmMmA 4. Let TL ™ 'c,= N, be integers. Then
A L o
[(ar[ 15t-ne-mlan<4 Y DIk +ok)"  (224)
0 0 k=1
Proof. In view of the hypothesis on c; the function §; in (2.10) becomes
o]
S(t—1,E—n)=2L"" 3 bu(t—1)cos w,k{&—n—ct—1)}
k=1
for0<r<egT, (2.25)

S{t—7,&—ny=2L" i by(T +t —1)cos w, k{& —n—ci(t — 1)}
k=1

for0<t<tT,

where

bi(z) = {1 — exp(—(D,w3k” + 0;) T)} ™' exp{—(D;w3k* + 0;) 2} (z > 0).
(2.26)
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It is easily seen that

by 1(2) <by(z)forz>0,k=1,2,., and lim b;,(z) =0 as k- co.
Using the transformation # - f = w,[{ —n — ¢;(t — )] a similar argument as
in the proof of Lemmas 1 and 2 gives

[ e[ 1800~ 5¢=nldn

[+ ] t T
<4 k! ;j bjk(t—r)dt+J bj(T+t—r1)dr; .
k=1 0 t

The conclusion in (2.24) follows by an integration on the right-side
expression, using the relation (2.26).

3. INTEGRAL REPRESENTATION

Using the estimates for the Green’s function in Section 2 we now establish
an equivalence relation between the system (1.1), (1.2) and the integral
equation

0.9 = dr [ Ge— 5,8~ n) fo e m)dn,

(3.1)
tHEQ=10,TIx [0,L],j= L.

Our main effort in establishing this equivalence relation is the differen-
tiability of a solution to the integral equation (3.1).

LemMa 5. Let f;€ C'(R") and let v be a continuous solution of the
integral equation (3.1). Then the derivatives v,,v,, v, all exist in 0.

Proof. Let q/t,&)=f{v(t, &) so that g, is bounded in 2. In view of
Lemma 2 and the well-known differentiability theorem (cf. [10, p. 794}),
0v,;/0¢ exists and is continuous. By the hypothesis on J» P;=0q,/0¢ also
exists and is continuous. We show that v, is continuously differentiable in .
Using (2.9), (2.10) and setting

mO=L" [ =) (|| a6 m ) d

i ) (3.2)
w17 [Ty ri=0) ([ g ndn) a

409/105/1-16
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where according to (2.3), w,(z) = (1 — exp(—0,T)) ' exp(—o,z), Eq. (3.1) is
equivalent to

00,9)= o) + ]| e[ (Glt =16~ 1)~ Gt~ 5,8~ M) f(o(e. )
+f de [ @plt=r.8=m) - Gut = =M S M) dn. (33)

Let Qu(t—~1,¢—n),1=1,2,3,4, be any L-periodic functions such that
0Q;/0n = — G;;. Then by integration by parts and using the L-periodicity of
Q;; and g;, Eq. (3.3) may be expressed in the form

069 =h0)+ [ de [ @ut—rE—1) = Q) P ) dr

(3.4)
T L . .
+[ de| @)= QuONPm . =T
t
For definiteness, we choose
Qu(t—1,&=m=2L"" 3 (k) "byu(t —1)
k=1
X sin{w, k(& —n —c(t — 1))}, 0<t<tLT,

sz(t— ,&—n)= 2L 2 (wzk)“bjk(T+ t—-1)
k=

1
X sin{w,k(§ —n—ct—7—-T))}, 0<Lr<e<T,
Qut—t,&—n)=2L" > (k) ' hy(T+t—1)
k=1

X sinfw,k(—n—cit—t+T)}, 0<t<t<T,

Qut—1,&—n)=2L"" Y (0,k) 'by2T +t—1)
k=1

X sin{w, k(¢ —n —c(t — 1))}, 0<t<t« T,
and set
Qt—1,é—m=—0Q,(t—1.¢—m+Qp(t—1.{—n) for0<t<t<T,
(3.5)

Qj(t"rsé_")z_Qj!(t_79é_")+Qj4(t—T’§_’7) for0<t< T< T.
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It is easily seen by direction calculation that

o0t —t.&—mfdk=—-St—1,§—mn),

s .6
82Qj(t—‘f,§— n)/aéz _ —an(t—T,é— ﬂ)/3§, t#7€(0,T], (3.6)

9Q(t — 1, & —m)/ot = — D;0G(t — 1, & — m)/og + ¢;S () — ;Q,("),
ogr<egT, (37)

0Q,(t —1,& —m)/ot=— D;0G(t — 1, ¢ — n)/6¢ + ¢;S(-) — 0;Q,(-),
0t<rg T

Since by (3.4), (3.5),

ot~y =— dt | e~ &) Ps.ma,

t&Hen,j=1,.,n (3.8)
and since by Lemma 2, the integrals

t L T L
J, @[ 10Gyeel Py and | de| |6Gy¢| || dn
0 0 ¢ 0

exist, we see from the differentiability theorem that dv,/ot exists. In fact
;)= (b)),

+D; J: dr JOL 0G [t —1,&—n)/oEP(t, n)dn —¢; J: dr JOL S,(-)P(-)dn
+D; J;T er: 8Gj()/3¢‘P,() dn—c, J'tT dz-J: S0) P dn

to; f: dTJOL Qu() Py(-)dn + J: I(&E—n) Pt, n)dn, (3.9)

where

E—m)=0,0,¢~n+Qu0.¢—1n)
- sz(O, E—n)— st(O, &—n). (3.10)

A similar argument shows that 6v,/0¢” exists and

0*,/08* = LT dr JOL OG (+)/OEP(z, n) dn. (3.11)

This proves the differentiability of v; as stated in the lemma.
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Based on the result of Lemma 3 we now establish the integral represen-
tation of the system (1.1), (1.2).

THEOREM 1. Let f;€ C'(R"). Then a continuous function v(t, &) in R? is

a solution of the periodic system (1.1)-(1.2) if and only if it is a solution of
the integral equation (3.1).

Progf. Suppose that v is a solution of the integral equation (3.1). Then
by the representation of G, in (2.1), v satisfies the periodic condition (1.2).
Since

T L T L
wh=—| di| oQ,(yeep e.nydn=] di| S()P(nm)dn (3.12)
0 0 0 0
T L
vy=h)~ | dr| Q)P mdn, (3.13)
0 0
the relations (3.9), (3.11), (3.12) and (3.13) ensure that
L d
) = D) + ¢,(v)); + 0,0, = (h), + 0k, + jo TE-mPtnydn (3.14)
In view of the definition of Q;(0, & — n), the functions I: are given by

[ee]
LE-m=2L""Y (0,0)" sin(@k(E—1), j=1len.
k=1
It follows that

j: I —n) e, n) dn

= S L) | Bt n) expliogk(E— )} dn

k=—0o0 0
k+0
0 L L
= ¥ L[ g mexpliokE—mhdn—L 7| qftmdn
k=—c0 0 0

=q0-L7' [ qfmdn

L
=0 8) — L7 [ gt ) dn. (3.15)
It is easily seen by a direct calculation that

L
(hj),=—a,-h,.+L“‘f0 q,(t, n) dn. (3.16)
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Addition of (3.15) and (3.16) shows that the right side of (3.14) is f,(v(z, £)).
This proves that v = (v,,..., v,) is a solution of (1.1)-(1.2).

Conversely, if v(z, &) is a solution of (1.1)-(1.2) then g,(t, &) = f,(v(t, )) is
continuous differentiable in (¢, £). Define

o= de[ Gt-rE-nan)dn (3.17)

Then by the above argument, v* satisfies the periodic condition (1.2) and the
linear equation (1.1) with the given function f;(v(z, ¢)). Hence the function
;= v/ —v; is a solution of the homogeneous system

(W), — D,(w;)g + ¢,(w)); + o,w; =0,
wit + T, &) = wi(t, &), (3.18)
wi(t, &+ L) =w(t, &)

Let w,,(#) be the Fourier coefficients of w(, £), that is,

L
W =L" jo wit, &) exp(—iw, k&) d&, k=0, 21, £2,...

Then by an elementary calculation, w;(¢) satisfies the equation
a - 212 .
o (W) = — (D;w3k" + 0, + ic;w, k) 1.

An integration of the above equation gives
wilt) = a;, exp(—(D;wik® + 0, + ic;w, k) 1), (3.19)

where a; = w;(0). But by the periodic condition Ww,(f + T)=w;(t) the
relation (3.19) can hold only when a; =0 for all k. This shows that
Wy(H)=0, for t€R, j=1,.,n k=0, +1, +£2,.. Since the set
{exp(—iw, k&)} is complete and w is continuous we obtain w;(¢, x) = 0. This
proves that v =v* and thus v is also a solution of the integral equations
(3.1). The proof of the theorem is completed.

We next show that every solution of (3.1) is an almost time periodic
solution of (1.0) and satisfies the spatial periodic condition

u(t, x + e;) = u(t, x), G x)e R (3.20)
where ¢; is the vector given by

e,= (0,...,0, L/B;, 0,..., 0).



244 BAO-PING AND PAO

This almost periodic solution possesses two time frequencies w,, w, which is
a unique feature of our integral representation.

THEOREM 2. If v(t,&) is a continuous solution of the integral equation
(3.1) then u(t,x)=v(t, At — f - x) is an almost periodic plane wave solution
of (1.0). Furthermore this almost periodic solution possesses two frequencies
wo=2mA/L, w,=2n/T and satisfies the spatial periodic condition (3.20).

Proof. In view of Theorem 1, u(t,x)=v(t,Ait—f-x) is a solution of
(1.0). Define

T L
= (TL) [ i [ lioym + (D03 K" 40, + icjon )]

X exp(—i(w, mz + wokn)) f(v(z. ) dn.

Then by (2.9), (2.23) and the Lebesque theorem, a termwise integration of
the right side of (3.1) gives

o oo

Uj(ts §)= Z Z Dk exp(i(w,mt + w,k¢)).

k=—00 m=-w
Replacing & by (At —f - x) yields

e8] [ee]
u(t,x)= > N g, expli(w,mt + wokt — w,kp - x)).
k=—~0c0 m=-—ow
The above representation of the solution shows that u is almost periodic in ¢
with combined frequencies w,, w, and satisfies the spatial periodic condition

(3.20).

4. EXISTENCE OF PERIODIC PLANE WAVE SOLUTIONS

In this section we establish the existence of an almost periodic plane wave
solution to the system (1.0). In view of Theorems 1 and 2 it suffices to show
the existence of a continuous solution to the integral equation (3.1). To
achieve this we use the representation (2.9) for the Green’s functions G; and
seek a solution in the Banach space

Z = 0=, 0,); V;ECRY), vt + T, &) =0,(t,&)=v,(6,$+ L), j=L,...,n},

where the norm in .2 is given by

loll= 3" max{lojt, Ol: (&) € F).
=
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Let

A0)0) = j: dr f: Hy(t — 1) f{v(z, v)) dn,

j=l.,nte[0,T], (4.1)

@) 0= dr | S0—58—n) st ) dn

and define operators 4, B from y into inself by
Av=(A,v,.,4,0), Bv = (B,v...., B,,v),
where H;, S; are given by (2.7) and (2.10). Then Eq. (3.1) is equivalent to
v=A+B)v vey) 4.2)
Thus the existence problem of (3.1) is resolved if the operator (4 + B) has a
fixed point in y. To ensure this, we need the following assumption:

(H,): For each j=1,..,n,f,€ C'(R") and TL 'c;=N; are integers,
where ¢;=24— 31, ¢;f,.
The requirement of TL“cj being integers can always be fulfilled by a
suitable choice of 8. For notational convenience, we set

n o0 n
D*=3 (DM, K=Y k7 p=Y o,
j=1 k=1 j=1

4.3)
M = max{|grad. f(v)|;v € §,j = L,..., n},

where S is a bounded subset in y. Notice that K, > 1.20.

THEOREM 3. Let hypothesis (H,) hold and let S be a bounded closed
convex subset of x such that

(Av,+B,)ES for v,,v,€S. 4.4)

Then for any A,f with |B| > (L/n)(K, D*M)"?, Eq. (1.0) has an almost
periodic plane wave solution in the form u(t,x)=v(t,At—f-x)and v E S.

Proof. We prove the theorem by showing that A is a compact operator
and B is a contraction mapping on S. It is easily seen by direct calculation,
using (2.2), (2.3), (2.7), that

f: d j: \H,(t —1)| dn = j; Wt —T)dr + jtT voT+t—t)dr=07'. (4.5)
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The above relation and (H,) yield
lao] <M Y o;'=Mp  (WES),
j=1

where M is an upper bound of | fi(v)| on § for all j. In view of (2.7) we also
have

L|(Av)(t + 4t) — (Av)(t)|

n
<X
j=1

[l ae [ ole + 40~ — =) S0 m) )

n
+2
j=1

t+ At L
jt dr fo (Wyolt + 4t — 1) — w;(T + t — 7)) filv(z, 1)) dn’

n T L
£ 3\ ] T+t 4= = polT + = DS ) da
j=1 Yt+ar Jo
(4.6)
where 4t > 0. Since by (2.8) and (H,)
L™ dy,y(2)/dz| < (/L)1 —exp(—0;T)) ' =M,
L~ yy(2)| < M, /oy, forz>0, (4.7)
|0 <M, forve Sy,
we see from (4.6) that
[(Av)(t + 4t) — (Av)(t)| <K LM, M(T + 20; ' + T) | 4t|
= 2nLM,M(T + ;") |4t]. (4.8)

A similar expression as in (4.6) shows that (4.8) holds when 4¢ < 0. The
above relations and (4.4) imply that (4v)(f) is equicontinuous and is
uniformly bounded on [0, T] for every v € S. It follows from Arzeld’s
theorem that 4 is a compact operator on S. Clearly, 4 is a continuous
operator on S.

To show the contraction property of B we observe from (4.1) and Lemma
4 that

n [o.0]
I1Bo—B*| <4B Y. 3" (BPwIkDF +0)7 o —o*]
=1 =1

AR (Blw) S O lo—v*]  @orex. @9)

J
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Using the notations in (4.3) and the relation w,=2zL~', the above
inequality is equivalent to

|Bv — Bo¥|| < MK, |BI*(L/n)' D* o —v*| (v, 0* E€). (4.10)

It follows from the hypothesis on § that B is a contraction on S. By a well-
known theorem in [12, p. 31], the operator (4 + B) has a fixed point in S.
This proves the theorem.

An immediate consequence of Theorem 3 is the following.

CoroLLARY. Let (H,) hold and let f(v) be uniformly bounded by a
constant M for each j = 1,...,n. Denote by B, the ball in y with center origin
radius r=M][p+ (L/n)*K,D*]|. Then for any A,B with |B|>max{l,
(L/n)(Ko,D*M)'"*}, where M is given by (4.3) with S = B,, Eq. (1.0) has an
almost periodic plane wave solution in the form u(t,x)=v(t, At —f - x) and
vEB,.

Progf. 1t is easily seen from (4.3), (4.5), Lemma 4 and the uniform
boundedness of f; that for any v,,v, € B,,

n n [e o]
|4v,+ Byl <M Y o7 +4M Y Y (BPwIk’DF +0;k)!
j=1

j=1 k=1

<Mlp + (L/(z|B)* K, D*] < 7.

The above relation shows that (4v, + Bv,) € B, for all v,,v, € B,. The
conclusion of the corollary follows from Theorem 3 with § = B,.

Remark. 1t is easily seen from the proofs of Theorems 1 and 3 that all
the conclusions in these theorems hold when the requirement f; € C'(R") is
replaced by that f; satisfies a Lipschitz condition in every bounded subset of
R*.

ExAMmPLE. To give an application of our results in the previous section
we consider an immobilized enzyme reaction problem which involves a
coupled system of two equations in the form (1.0) with

Sy, uy) =fo(uy, uy)=0,(uy +v,) fuy),

@.11)
S@) = (@ +v)/[1+ @y +v) + 9y +9,)°],

where y, 0;,v;, i =1, 2, are positive constants (cf. [4]). For physical reasons
we assume that f(u,,u,)=f>(u,,u,)=0 when either u,+v, <0 or
u, + v, <0. Clearly, f, and f, are continuous in R? and satisfy a Lipschitz
condition in every bounded subset of R2 In view of Theorem 3, Eq. (1.0)
with the function (4.11) has a periodic traveling wave solution if there is a
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bounded closed convex set .S such that (4v, + Bv,) € S when v,,v, € S. We
seek such a set in the form

So={(vy, 0); loy + 0l <Ry, [Jo; + v, || <Ry}
by a suitable choice of R, R,. Since by direct calculation,
sup{f(v,);0<v, +v, <o) =22+ 1)1,
Eg. (4.5) and Lemma 4 imply that for any v = (v,,v,), v* = (v, v¥) in §,.
4,0+ B, 0¥ <oy (0, vy + v, /@)D
+4K,(18) ) (DY) oy [|loF + nall [ L@
<@+ D71+ 4K(B) wy) (D) o] Ry = py Ry,
1420 + Byv* | < 2y + 1) [(04/0,) + 4K (1Bl @)~ *(DF) 0, R,
Hence if
0,/0, < (2y"* + 1) (4.12)
then there exists §, € R" such that for all § with |8]> |8,

4,0+ B,o*|| <flv, + v, <Ry,
4,0+ B v*||<R, (v, v* € S8y),

where we have chosen R, =p,R,. This shows that (4v + Bv*)€ §, when
v,v*¥*€E€ §,. In view of Theorem 3, we have the following conclusion: if
TL™'¢; are integers and if (4.12) holds then there exists #, € R" such that
for all A,8 with |B|>|f,] the enzyme reaction system has a periodic
traveling wave solution u= (u;,u,) with wu(t,x)=v,(t,At—f x) and
v=(v,,0,) € S,.
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