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1. Introduction

Let 4 be the class of functions f of the form
o0
f@=z+ Zanz”
n=2
which are analytic in the open unit disk U = {z € C : |z| < 1}. Let § denote the subclass of # consisting of all univalent
functions f in U.
Lemma 1.1 ([1]). Let o be a complex number,Rea > O and f € A. If
7" (2)
f'@

forallz € U, then for any complex number 8, Re B > Re « the function

1— |Z|2Rea

<1, 1.1
Re o (1.1)

: 7
Fg(z) = [,3 / uﬂ]f/(u)du] , (1.2)
0
is in the class 3.
Lemma 1.2 (Schwarz [2]). Let f be the function regular in the disk
Ugr ={z € C: |z| < R}with|f(z)| < M, M fixed. If f(z) has in z = 0 one zero with order of multiplicity bigger than m, then

M
If@)] < R—mlzl’", Z € Ug, (1.3)

* Corresponding author.
E-mail addresses: dbreaz@uab.ro, breazdaniel@yahoo.com (D. Breaz), antonela2222@yahoo.com (A. Toma).

0893-9659/$ - see front matter © 2010 Elsevier Ltd. All rights reserved.
doi:10.1016/j.am1.2010.10.025



https://core.ac.uk/display/82229509?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://dx.doi.org/10.1016/j.aml.2010.10.025
http://www.elsevier.com/locate/aml
http://www.elsevier.com/locate/aml
mailto:dbreaz@uab.ro
mailto:breazdaniel@yahoo.com
mailto:antonela2222@yahoo.com
http://dx.doi.org/10.1016/j.aml.2010.10.025

D. Breaz, A. Toma / Applied Mathematics Letters 24 (2011) 416-419 417
the equality (in the inequality (1.3) for z # 0) can hold only if

oM

e m

f@) =e" 2",
where 6 is constant.

We introduce the general integral operator

1

2 L S
Hys oo b @) = {nﬂ/ 181 (@) <w>m I du} (14)
0

for fj € 4, y;, 1, B complex numbers, y; # 0, [n| € [0, 1) ,j = 1,[Inl], B # 0, [In|]is the integer part of the modulus of .
2. Main results

Theorem 2.1. Let y;, B, n be complex numbers, B # 0, |n| € [0,1),j = 1,[In|], a = Zj”ﬂ] Re%j > 0andf; € A, fi(z) =

z+byz® + by + -, j=1,[Inll.
If

7/ (2) ‘ Qa+ 1'% o
-1 —_— Vi, =1, , 2.1
@ < 0 vl i=T1.Tnll (2.1)

forallz € U, and Re nB > q, then the function H,, ,,

,,,,, MinioBo defined in (1.4) is in the class 8.

Proof. We consider the function

g@) = /Z (fl(u)>ﬁ ---(L"”(u))mdu. (2.2)
0 u u

The function g is regular in U. We define the function p(z) = Zgg,”éz)) ,Z € U and we obtain
/ [Inl] /
28" (z 1 (4@
p(z) = g/():Z[(] —1)], z € U. (2.3)
g@ Hlyv\®
From (2.1) and (2.3) we have
2a+1
a+1)%
Ip(2)| < B S—

forall z € U and applying Lemma 1.2 we get

a+ 1%

lp(2)] < fIZI, ze U (24)
From (2.3) and (2.4) we have
1- 12/ |28"@) | _ (1= [zPYlzl Qa+ 1)
< . , (2.5)
a g2'(2) a 2
forallz € U.
Since
(1—|z1)z| 2
ax = )
lzI<1 a Qa+1)%
from (2.5) we have
1—[z|* |zg"(2)
a g@ |77

forallz € U. So, by the Lemma 1.1, the integral operator Hy, y, .. y,,,.6.» belongs to class 8. O
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Corollary 2.2 ([3]). Let y;, B, n be complex numbers, B # 0,Ren ¢ [0,1),j = 1,[[Ren]l,a = Z”Re"”Re > 0 and
fi efA,f;(Z) =2z +4byz® + b3z’ +---,j=1,|[Ren]|.
|

/(@) 1‘ _Qa+ 1%
fi@ ~  2|[Ren]|
forallz € U, and Re nB > a, then the function

H)/l V21w Vi[Re 1l - B ,7(2) {nﬂ/ (f?) 71 . (f[Rezl]I(u)) Y|[Re ]| du} ’ (26)

is in the class 3.

lvil. i=1TRenll,

u‘—‘

Corollary 2.3. Let «, n be complex numbers a = [|n]] - Re%, Inl €10,1),a€ (0,1]andf; € A,fi(z) =z +byz> +---,j=

1, [Inll. If
#f] 2) 2a+ 1) -
@ —1‘<2[|n|]|04|, i=11nll,

forallz € U, then the function

La(z):/Z (fl(”)y---(M)Edu, 2.7)
0 u u

is in the class §.

Proof. FornB =1, y1 = y» = -+ = ¥y = o from Theorem 2.1. we obtain the Corollary 2.3. O

Theorem 2.4. Let y;, o, B, be complex numbers, y; # 0,|n| & [0,1),8 # 0,a = Rea > 0,j = 1,[In|] and
f; elfzf,ﬁ(Z) =z+ Y2, bz j=1.Inl].

, for0<a<5 (2.8)

N\Q

1
= vl

[

or

]

n

, fora> —, (2.9)

-lk\
N | =

1
= [l

—.

then for Re nf > a, the integral operator H,,, ., Wil B GiVen by (1.4) is in the class 3.

Proof. We consider the function

g<z>=/z(fl<”>)* (f[]())[]d
0 u u

The function g is regular in U. We have

1— 2a " 1— 2a [Inll 1 Z % 4
|z | 28" (2) 2| [ i@ 1H (2.10)
a g' @) a lvil | fi@)
Since f; € §,j = 1, [|In|] we have
7@ 141z
R I Y o w T} (2.11)
fi@ 1— |z
From (2.10) and (2.11) we obtain
1— 2a " 1— 2a 2 [In]] 1
|z|* 128" (2) - |z| 1 (2.12)
a g'2) a 1=z Il

forallz € U.
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For0 < a < 3 we have
1— |Z|2a
ax ————— =
lzlst 1 —|z|
and from (2.8) and (2.12) we get
1— |z]*

a

zg"(z)
g'@)

Fora > J we have

= ’

ze U (2.13)

1— |Z|2a
max ——— = 2a
lzl<1 1 —|z|
and from (2.9) and (2.12) we obtain (2.13).

From (2.13) and Lemma 1.1 it results that the integral operator Hy, y, .y, belongs to class 8. O

Corollary 2.5 ([3]). Let y;, «, B, n be complex numbers, y; # 0,Ren ¢ [0,1), B # 0,a = Rea > 0,j = 1, |[Ren]| and
fie8.i@=z+Y2,bz"j=1[[Ren]l.

If

[[Re ]| 1 a 1
— <-, forO<a< -,

= lyl — 2 2

or

[[Re ]| 1 1 1
— < -, forax=_,

= lyl — 4 2

then for Renp > a, the integral operator Hy, , ..y xe .81 &iven by (2.6) is in the class 8.

Corollary 2.6. Let «, 17, y be complex numbers, |n| ¢ [0,1),a=Rey € (0,1],f; € 8,fj(z) =z + Z,ﬁ“;z bka",j =1,[Inll

If
a 1
MS,’ for0<a< —,
loe] 2 2
or
1
il <, fora=-,
le] 4 2
then the integral operator L, given by (2.7) is in the class 4.
Proof. FornB =1, [n| €[0, 1), y1 = y» = --- = ¥jy] = @, from Theorem 2.4 we obtain the Corollary 2.6. O
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