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Abstract

We consider the first initial and boundary value problem of nonclassical parabolic equations u; —
wAu; — Au + g(u) = f(x) on a bounded domain £2, where u € [0, 1]. First, we establish some
uniform decay estimates for the solutions of the problem which are independent of the parameter .
Then we prove the continuity of solutions as ;& — 0. Finally we show that the problem has a unique
global attractor Ay, in Vo, = H 2@2)n H(} (£2) in the topology of H 2(£2); moreover, Ay — Ap in
the sense of Hausdorff semidistance in HO1 (£2) as u goes to 0.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction

In this paper we are mainly concerned with the dynamical behavior of the following
nonclassical parabolic equation:
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Uy — uAu; — Au+gw) = f(x), in2 xRy, (1.1)
u(t,x)=0, forxeos2, (1.2)
u(0,x) =up(x), sxes2, (1.3)

where £2 is an open bounded set of R” with sufficiently regular boundary 962, f(x) is a
given function, p € [0, 1]. This consideration is motivated by an increasing interest in such
types of equations in recent years [5,9,16,17].

Nonclassical parabolic equations arise as models to describe physical phenomena such
as non-Newtonian flow, soil mechanics and heat conduction, etc.; see [1,3,10,14,15] and
references therein. Aifantis [1] provides a quite general approach for obtaining these equa-
tions.

As we will see in Section 2, Eq. (1.1) can be transformed into the following abstract
equation in appropriate spaces:

ur + L(u +gw) = f,

where £(11) = (I + #A)~'A, and A is an operator corresponding to —A with respect to
the homogeneous Dirichlet boundary condition. Note that in case © =0, L(u) = A is an
unbounded operator, while in case p > 0, it is a bounded one. Thus from some point of
view, i = 0 can be seen as a singular limit for the equation. It is therefore of great interest
to understand both the dynamics of the nonclassical equation itself and the influence of the
term “—pAu,” to the dynamics of the classical equation as u varies in [0, 1], in particular,
as u— 0.

The main aim of this paper is as follows.

First, we are interested in the uniform dissipativity of the equation, where the uniformity
is with respect to the parameter p. Roughly speaking, we will establish some uniform
decay estimates for (1.1)—(1.3) which are independent of € [0, 1]. These estimates are
particularly useful in understanding the effects of the term wAu; to the dynamics of the
equation as u — 0.

Secondly, we consider the continuous dependence of solutions of (1.1)—(1.3) on u as
u— 0.Let R, T > 0. Then we will show that for some constant C7(R) > 0,

I1Su (o — So®uo ||, < Cr(R)/m. Viel0,T],

for any ug € Vo = H?(2) N H} (2) with [lugll2 < R, where S, (¢) is the solution semi-
group of (1.1)—(1.3).

Finally, we establish the existence of the global attractor .4, for the system and prove
the upper semicontinuity of A, at u =0.

In case u =0 (i.e., for the classical parabolic equation), if the initial data ug belongs,
say, for instance, to HO1 (£2), then one can usually establish a H 2(2) decay estimate, which
guarantees the asymptotic compactness of the solution semigroup in HO1 (£2). Unfortu-
nately such an estimate can be hardly obtained for the nonclassical equation. This brings
us some difficulty in establishing the existence of the attractors. In the present work we will
try to overcome this difficulty by developing some techniques in [8], etc., which are based
on the noncompactness measure theory and show that the solution semigroup S, (¢) of the
system (1.1)—(1.3) has a global attractor A, in the topology of H 2(£2). We also show the
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upper semicontinuity of the attractors .4, as u — 0. More precisely, we will prove that
d(A,, Ag) = 0 as u — 0, where d(-,-) is the semi-Hausdorff distance in H(} (£2).

We need the following assumptions on g:

g is C? function from R! to R!, and

(G1) there exists [ > 0 such that
gs)>—l, VseR;
(G2) there exists k; > 0 such that
g <ki(1+1s1"), VseR,

with0 <y <ocowhenn=1,2,and 0 < y < n%zwhenn>3;
(G3) we denote by G(s) the primitive of g(s),

N

G(s):/g(r)dr.
0
Then

liminf G (s)/s* > 0;

|s|]—o00
(G4) there exists kp > 0 such that

e
lim infw >0.
|s|—00 Ky

A typical function in applications is g(u) = au’ — bu with a, b > 0. It is easy to check
that this function satisfies all the conditions (G1)—(G4). We infer from (G3) and (G4) that
for any 8 > 0 there exist positive constants Cs, Cj such that

G(s)+38s>>—Cs, VseR, (1.4)
5g(s) — kaG(s) + 85> > C5, VseR. (1.5)

This paper is organized as follows. In Section 2 we discuss existence of solutions
for (1.1)—(1.3). In Section 3 we establish some uniform decay estimates for the solutions
of the system. Section 4 is concerned with the continuity of the solutions as  — 0. In Sec-
tion 5 we establish the existence of the global attractor .A,, and show the upper-continuity
of A, at u=0.

2. Mathematical setting and the existence of solutions

In this section we give an abstract form and state the existence results for the prob-
lem (1.1)—(1.3).

Let H = L*(£2), Vi = H} (22), and V> = H*(2) N H}(£2). We denote by (-,-) and | - |
the inner product and norm of H, respectively. Denote by ((-,-)) and [-,-] the inner products
in V| and V;, respectively,



568 S. Wang et al. / J. Math. Anal. Appl. 317 (2006) 565-582

((u,v)):/Vrovdx, Yu,v eV,
Q

[u,v]:/AuAvdx, Yu,ve V.
Q

Let || - ||s be the corresponding norm of V; (s = 1, 2). It is well known that the norm || - ||
is equivalent to the usual one of V.
Define the operator A; on V| as follows: for any u € V|, Aju € V!, and

(Am,v):/Vu-Vvdx, Yv eV,
2

where V| = H 1(£2) is the dual space of V.
The operator A, on V; is defined simply by setting A» = —A.
For u € Vy, we also define g(u) € V/ by

(g(u),v):/g(u)vdx, Yv e Vg,
2

where (-,-) is the dual between V; and V; . Then the problem (1.1)—(1.3) can be formulated
into an abstract equation in Vj:

ur+ nAsur + Asu +gw) = f,  u(0) =uo. 2.1

Consider the case u > 0. By the basic theory of second-order PDEs we know that the
operator I + uAg, where [ is the identity operator, is an isomorphism from V; to V,. (Note
that V2/ = H.) Now we can reformulate Eq. (2.1) as

ur+ Ls(u+gw)=f, u(0)=uop, (2.2)
where

Liw = +pA) A, g=U+pA) g, and f=U+pA)"'f.
Clearly L, (1) maps V into itself. We observe that

1
Li(n) = ;(1 — (I +pA)h.

Therefore L (1) is a bounded linear operator on V.
Concerning the operator g, we have

Lemma 2.1. [13] The operator g is locally Lipschitz from Vi to H. More precisely, there
exists a constant Cq such that
g) = gW)| < Co(1+ Il + [l ) lu = vlli,  Vu,ve Vi (2.3)

As a direct consequence of the above lemma, one concludes immediately that g: V; —
V/ is locally Lipshitz. It then follows that g := (1 + wAs) g : Vi — Vj is locally Lipshitz.
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Note also that f := (I + uA,) "' f eV, if f e V,. Thanks to the basic theory of ab-
stract ordinary differential equations in Banach spaces, we conclude immediately that the
following existence result holds.

Theorem 2.2. Let > 0. Assume that f € V] (s = 1,2). Then for each ug € V; the sys-
tem (1.1)—(1.3) has on some interval [0, T) a unique solution u = u(t) = u(t; ug) with
ueC'([0,7), Vi),

and for each t fixed, u is continuous in u.
In case ;= 0, as far as the existence of solutions for (1.1)—(1.3) is concerned, we have

Theorem 2.3. Let u = 0, and assume that f € H. Then for each ug € V1, there exists a
unique global solution u = u(t) = u(t; ug) of the system (1.1)—(1.3) which satisfies

ueC(l0,T1; Vi) N L*(0, T; V), VYT >0. 2.4)
Ifug € Va, then
ueC(l0,T1; V2)nC([0,TT; V{), VT >0. 2.5)

Proof. In case ugp € Vi, the existence of a global solution for (1.1)—(1.3) is well known;
see [13], etc. Here we give a proof in case ug € V; for the reader’s convenience.

Assume ug € V. Then there is a global solution u satisfying (2.4). Using the
Sobolev embeddings and the structure condition (G2), one can easily check that g(u) €
C(0,T]; H) forany T > 0. Since u € L%0,T; V,) and

u,:Au—g(u)—i-f,
it is clear that u, € L%(0, T: H) for any T > 0. Now let T > 0. Then for any v € V|, we

have
d /
g(g(u))vdx = g (w)uzvdx
Q Q
1/n
n
< (/‘g'(uﬂ dx) eVl 2n/e-2) 2y
Q

1/n
<C</(l+|u|y)ndx> luelllvll-
2

Since yn = 2n/(n — 2) and u € C([0,T]; V1), by the Sobolev embedding V| C
L2/ (”_2)((2) we conclude immediately that for some Cr > 0,

gCT|ut|5 Vte[()’ T]a
Vi

e
ar

which implies that % g € L%, T; Vl/). Thanks to the classical regularity results (see

[11, Theorem 7.9]), we deduce that u € C([0, T]; Vo) N CL([0, TT; Vl/). The proof is com-
plete. O
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Remark 2.4. In case u = 0, we can show that for each uo € V>, the system (1.1)—(1.3) has
a unique strong solution u € C([0, T']; V2). Unfortunately, we cannot obtain the continuity
of the mapping ug — u(t) for fixed ¢. In spite of this difficulty, we will still establish the
existence of the global attractor in V5 for the system.

3. Uniform decay estimates

In this section we establish some (a priori) uniform decay estimates for the solution
u of (1.1)—(1.3). These estimates in turn imply the local solution # we obtained for the
system in Section 2 globally exists.

It should be pointed out that some computations in the following argument are not rea-
sonable, as the solution u of the system (1.1)—(1.3) may not possess sufficient regularities,
especially in the case u = 0. However, they can be justified by considering the Galerkin
approximations u,, of u, which usually take the form

m

U (t) = ng,k(t)wk

k=1

and solve some ordinary differential equations, where wy is the kth eigenvector of the
Laplace operator — A with respect to the homogeneous Dirichlet boundary condition. Since
uy is sufficiently regular, all the computations can be performed on u,, rigorously, and
hence we know that the estimates for u# in the following lemmas hold for all u,, with the
constants in the estimates being independent of m. Finally, we obtain the estimates for u
by passing to the limit in the estimates for u,,.

Let C and R be two positive constants. If C depends on R, then we will point out
this dependence explicitly by writing C as C(R). Otherwise, C and R are independent.
This convention will be used throughout the following argument. We also note that all the
constants appearing in the following argument are independent of 1 € [0, 1].

Theorem 3.1. Assume f € H. Then for any R > 0, there exist positive constants E1(R), p1
and t1(R) such that for any solution u of problem (1.1)—(1.3)

lulh < E1(R), t=0, (3.1
lulli < p1, t2=t(R) (3.2)

provided ||upll1 < R, where E1(R), p1 and t1(R) are independent of L.

Proof. Let R > 0 and ||ug|| < R. Let u be the solution of (1.1)—(1.3) with u(0) = uy.
Multiply (1.1) by u; + u and integrate over £2,

1d
E&ﬂmkuu+nwﬁyﬂwﬁ+mﬁ+uwm%ume+m)

= (f,u+up). (3.3)
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By (1.4) we see that for any é > 0, there is Cs > 0 such that

/G(u)dx+5|u|%+ca >0, VveV.
2

Since A1 |v]? < ||v||% (Vv € V1), we have

8
/G(v)dx + v+ Cs >0, Ve,
1
Q
where A is the first eigenvalue of the Laplace operator A with domain V,. Taking § =
A1/4, one finds that

1
/G(v)dx+z||u||%+k1>o, YueV, (3.4)
2

for some k; > 0.
Similarly by (1.5), we deduce that there is a constant k > 0 such that

1
(g(v), v) - KQ/G(U) dx + §||v||% +ky >0, VYvelV. 3.5
2

Now we observe that

d
(), u+u;)=(gw),u) + 5 / G(u)dx,
2

therefore by (3.5) we have

1d
§5<|u|2+(ﬂ+1)||M||%+2/G(u)dx> 2 e g2

+K2/G(u) dx

2

< = llul? 4 ko4 (fou+uy)

2 L S
< ||M||1+k2+§|Mz| +§|f| + (fou).

N = N =

Hence

d
a<|u|2+(u+ 1)||u||%+2/G(u)dx) + ||u||%+|u,|2+2/<2/G(u)dx
2

<2k + | fI* +2(fu). (3.6)

Recalling that u € [0, 1], we find that
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d 2 2 1 2 1 2
m ul”+ (u+ Dllully +2 | G dx +2ky |+ Saaful™ + 7 (w4 Dlluli

+ 2k3 / G(u)dx + 2k
2
2 4 2 1 2
L 2ky +2k1 + | fI7+ — 1 fI7 4+ - A1]ul”.
M 4
Setting oy = min{A1/4, 1/4, k2}, we obtain
d
2 iay<e, 3.7)
dr

where

y=|u|2+<u+1>||u||%+2/G(u>dx+zk1
2

and
2 4 2
C1=2k1+2ky +|fI"+ )L—|f| .
1
By (3.4) it is easy to see that
L2
> —lull?.
yZ3 lluelly
Thanks to the classical Gronwall lemma, we infer from (3.7) that
C
(1) < y(O) exp(—ait) + —, Vi >0. (3.8)
o

We assume that ||ug||; < R. It then follows from (3.8) that for some E{(R) > 0 and
t©1(R) >0,

lulli < E1(R), Vt=0, (3.9
201\ /2
llullr < - +1:=p1, Vt=n(R). (3.10)
1
The proof is complete. O

Theorem 3.2. Assume that f € V1. Then for any R > 0, there exist positive constants
E>(R), p2 and t2(R) independent of 1 such that for any solution u of problem (1.1)—(1.3),

lulla < E2(R), t=0, (3.11)
lullz < p2,  t20(R), (3.12)

provided |lupll2 < R.

Proof. Multiplying (1.1) by —Au and integrating over §2, we have

1d
Ea(llullf + ellull3) + lull3 + (g(u), —Au) = (f, —Au). (3.13)
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By the structure condition (G1), we get

(g(u), —Au) = / g w)Vu-Vudx > —l||u||%. (3.14)
Q

Noting that

1
(ﬁ—Angﬂ?+ﬂmﬁ,

we find that
1d 2 2 1 2 1 2 2 2
Ea(llulll + plluliz) + EM”””l + Z”””z SUHlully +1f17. (3.15)
Therefore
1d 2 2 1 2 1 2 2 2
Ea(llulll+M||M||z)+§?»1||ulll+ZMIIMII2<1E1(R)+|fI , Vi=0, (3.16)

and

d 1 1
55@mﬁ+mm@+imwﬁ+meﬁ<mﬁHﬂ% Vit (R).  (3.17)
Setting oo = min{A1, 1/2} and using the classical Gronwall lemma, we obtain
N 20EZ(R) 42| f1?
o

2% +2| f|?
L 2 [f1 ’

a

laellF + wllul3 < (luollf + wlluoli3)e " , V=0, (3.18)

Nl + elhull < (ue) |+ wfuten [3)ee2¢ Vi > 1 (R).
(3.19)

Integrating (3.15) in ¢ from ¢ to ¢ + 1, one concludes that for some C>(R) > 0 and p5 >0
independent of p,

t+1

u(s)|>ds < C2(R), V>0, (3.20)
2

t

t+1

/ |u(s)|5ds < p5, Vi =11(R). (3.21)
t

We now prove the results in Lemma 3.2. It can be obtained by multiplying (1.1) with
—Au, that

1d, 2 2 2 _ —(f _
2dt”””2+”'M”]"'M”ut”z"'(g(u)» Aur) = (f, —Auy). (3.22)

By (G2) we get
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|(g@), —Au,)|
<f|g/(u>||wuwt|dx
2

<K1/Iu|y|Vu||VutIdX+K1fIVMIIVMtIdx
2

1/2
2 2
<K1</IMI Y|Vul dX> lleee lln - rerlleelln o
Q2

1/(2 1/(2
e ([ 1?7 dx) P (o 1vul? de) VP ully + i ull e D1,

< n=1,2,
= 1 _ —-2)/(2
e (Sl dx) 7 ([ 1Vl =2 d) "D e g
n>=3,
1
<K1c§||u||¥||u||z||u,||1+§||u,||%+zx%||u||%, (3.23)

where p, g > 0 are conjugate (1/p 4+ 1/q = 1), and C5 is a positive constant satisfying
¥ (o lu >4 dx)l/aq)’ n=12,
Calull} > Un
|u|”"dx) , n>3,

(fo
Cotuly s | U 7P ) e, n=12,
- ([ Va2~ dx )<n /@m g

Thus we have

|(gw), —Auy)| < chzEy(R)||u||2||Mt||1+ ||Mt||1+2K ZE(R)

1 2

< gl + 26 G EY (R llul3 + ||ut||1+2K12E%<R>

1 2

Z||u,||1—i—2/c1C2 J’(R)|| ||2+2/<1E2(R) vVt >0, (3.24)
and

|(g), —Au,)| <1 C3p] Nl llully + < ||u,||1 +2x1p1

1 2

< gl + 267 C3 oy a3 + ||u,||] + 22 p?

1

< huelf + 27 C3o Il + 26 7. Ve > 11(R). (3.25)
Since

(f.=2u) <IfIF+ qulll,
by (3.24) and (3.25) we eas1ly deduce that
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d
anunﬁ + g |12 4 2pllue |3 < C3(R)|ul3 + Ca(R), V£ =0, (3.26)

d
anun%+||ut||%+2u||u,||§<cs||u||%+cﬁ, Vi >11(R), (3.27)
where
2
C3(R)=4kICE"(R),  Ca(R)=4{EF(R)+2IIfII3,
2
Cs=4}C3py’,  Co=axip} +2IIfI3.

Now thanks to the classical Gronwall lemma and the uniform Gronwall lemma (see [13]),
we conclude that

C4(R)
C3(R)’

lu®])5 < (410} + 207 + 4117 + Ce) exp(Cs). 1 >11(R)+1,

which complete the proof of the desired results. O

lull3 < lluoll3 exp(C3(R)?) +

= Y

4. Continuity of solutions as u — 0

To understand the dynamics of the system as u — 0, one of the most important steps is
to discuss the continuous convergence of the solutions as i — 0. Of course, this is also of
independent interest. We have

Theorem 4.1. Assume f € Vy. Denote by S, (t) the solution semigroup of problem (1.1)—
(1.3). Let R, T > 0 be given arbitrary. Then there exists a positive constant C = C(R, T)
such that for any uo € Vo with |lupl|l2 < R,

IS, (tuo — So(uo ||, < C/m. Ve el0,T].
Proof. Let ug € V, with [Jupllo < R, u = S, (H)ug.

Integrating (3.26) from O to 7', one finds that

T
/||u||%dz <Cy, 4.1
0

where Ct > 0 is a constant depending only on T and R, etc.
For simplicity we write v = So(#)ug. Let w = u — v. Then w(0) = 0 and
w; — wAu; — Aw + g(u) — g(v) =0. “4.2)
Taking the scalar product of (4.2) with w; in H, we get
1d By 2
5 a7 1T+l = (Aug wi) + (gm) — gv), w;) =0. 4.3)

By (2.3) we see that
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|(gw) — g(v), wy)| < |gw) — g)|lwe| < Co (14 Nlull} + oY) lwllilw
1 1 2
< Sl + S CE(1+2E] (R) wii, (4.4)
hence,

d
anwnﬁ Sallwl? + w(llud? + llwel?), (4.5)

where A = Cﬁ(l +2F %/ (R))2. Using the classical Gronwall lemma, we conclude that

t
[} < [w©je" + / M (Jur @ [+ e o)) ds

0
t

= [ o]} + )] s
0
< (by @.1)) < Chu, Vrel0,T], (4.6)

which completes the proof of the theorem. 0O

5. Global attractor in V,

Now let us try to establish the existence of the global attractor in V, for the system
(1.1)—(1.3). The main obstacle is that it is difficult to obtain a higher regularity estimate to
guarantee the asymptotic compactness of the semigroup. We will overcome this difficulty
by employing some techniques in [8], etc.

For convenience, we will use By, (r) to denote the ball in V; centered at O with radius r.
dy, (-,-) denotes the semi-Hausdorff distance in V,

dy,(X,Y) =sup inf [[u — v
uex veY
for any subsets X, Y of V.
First, by summarizing the results in [8], we have

Theorem 5.1. [8] Let S(¢) (t > 0) be a semigroup on a Hilbert space H. Assume that S(t)
satisfies the following dissipativity and compactness conditions:

(1) S(¢) has a bounded absorbing set U,
(2) for any ¢ > 0 and bounded subset B of H, there exist t(B) > 0 and a finite-
dimensional subspace Hy of H such that {|| PS(t)B||};>0 is bounded, and

[(1 —P)S(t)x|<e, fort>t(B),x€B,

where P : H — H\ is the orthogonal projection.

Then S(t) has a global attractor A.
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Now let us state and prove the following result concerning the compactness of g.

Lemma 5.2. Assume g € C 2(RL; RY satisfies (G2); moreover, g(0) = 0. Then the corre-
sponding mapping g : Vo — Vj is continuously compact, i.e., g is continuous and maps a
bounded subset of V; into a precompact subset of V.

Proof. In case n < 3, the embedding H 2(.Q) € L°°(£2) is compact, from which one can
easily check the validity of the conclusion in the lemma.

Thus we only consider the case n > 4. We know that the following embeddings are
compact:

2 2n
H*(2) e L (2), Vp<—7i,
n—4
2 1 2n
H (2)eW"P(2), Vp< — (5.2)
n—
Assume that u € V,. We first show that g(u) € H 1(£2). Indeed, we know that g(u) €
L2(£2). On the other hand,

5 1/2
Veu)| = (/|g’(u)| |Vu|2dx)
2

) 12
glq(/(1+|u|y) |Vu|2dx)
2

1/n (n—2)/2n
<K1(/(1+|u|y)”dx) <[|Vu|2"/<"—2>dx> .
2 2

Thanks to (5.1) and (5.2), we deduce immediately from the above estimates that g(u) €
HY ().
Let Bg = By, (R). We fix p with
n n n—2
PR R—
Let g be the conjugate of p (i.e., 1/p+1/g =1). Then

(5.1)

'l 2n n
= <—, < .
p Py n—4 4 n—2

By (5.1) and (5.2), there is a sequence u; € Bg such that u; converges in both the spaces
LP(£2) and W2 (£2).
For simplicity we rewrite u,, and u; as u and v, respectively. Then

5 1/2
( f |V(gw) — g())| dx)
22

) 1/2 5 1/2
< (/|g/(u)—g/(v)| |W|2dx) + </|g’(v)| |Vu—Vv|2dx)
2 2

. 1 2
= Imk + Imk'
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For 1!

mk>

’ 1/2p 1/2¢
Ly < </ &' ) — ¢'(v)] de) </ |Vu|* dx)
Q Q

< (by (5:2)) SCBR)[ &' ) = &' W) 12 )
where C(R) > 0 is a constant depending only R and the embedding constants. Since
|gl(s)} g K1 (1 + |S|V) =K (1 + |s|p’/2p)’

thanks to a classical continuity result (see Chang [4, Chapter 1, Theorem 1.1]), we know
that g’ : LP'(£2) — L2P(£2) is continuous. It follows that Inl“( — Q0asm,k — 4o0.
As for In%k, we have

1/2p 1/2q
s (flewP) ([ wu-vui)
2 2
1/2p 1/2¢
<c1</(1 —|—|v|2m’)> </|W—W|2‘1> , (5.3)
2 2

where c; > 0 is a constant depending only on «1, from which one concludes immediately
that I2, — O as m, k — —+oo.

we have

Hence Vg(uy) is convergent in L2(£2). Similarly one can check that g(uy) converges
in L2(£2). Therefore we conclude that g () converges in H ). o

Lemma 5.3. Assume g € C2(R'; RY) satisfies (G2); moreover, g(0) = 0. Let A,, and w,
be the mth eigenvalue and eigenvector, respectively, of the operator — A with respect to the
homogeneous Dirichlet boundary condition, and X,, — +00. Let H,, = span{wy, ..., ©p}.

Let B be a bounded subset of V. Then for any & > 0, there exists some mq such that
when m > my,

&

| =Py, < > Yu € B, (5.4)
where Py, : H — H,, is the orthogonal projection.
Proof. Note that g(u) € V; foru € V5. By Lemma 5.2, we see that g maps bounded subsets
of V, into precompact subsets of V.

Let B be a bounded subset of V5, and ¢ > 0 be given arbitrary. Since g(B) is precompact
in V1, there is a finite number of elements vy, va, ..., vy € g(B) such that

gB)C | Bv(vi.e/2). (5.5)

1<i<k

We take mg > 0 sufficiently large so that when m > my,
€
||(I — P,,,)v,-”1 < o forall 1 <i <k.

Then by (5.5) one concludes immediately that (5.4) holds. O
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Theorem 5.4. Assume that g € C*(R'; RY) and satisfies the structure conditions (G1)—
(G4) with g(0) =0, f € V1. Then the semigroup S, (t) generated by the problem (1.1)—
(1.3) possesses in 'V a global attractor A, which attracts all bounded subsets of V5 in
the topology of V.

Proof. We first show that the semigroup S, (¢) satisfies condition (2) in Theorem 5.1.

Let A,;, wm, Pn and H,, be as in Lemma 5.3, and B be a bounded subset of V. Let
¢ > 0 be given arbitrary.

Set u =u(t) = S, (t)ug. By Theorem 3.2, we see that there is #(B) > 0 independent of
i such that

lulla < p2, Vt=t(B), ug € B. (5.6)
By Lemma 5.3 and (5.6), we can fix m sufficiently large (m is independent of 1) so that
(1 = Pgw| < % vt >t(B), ug € B. (5.7)
Since f € Vi, it can be also assumed that m is sufficiently large such that
1= P f|+ 1 = Parf] <5 (5.8)
We decompose u into two parts,
u=Pou+ (I — Pyu:=u'+u>. (5.9)

For the sake of clarity, we write #> as v. Multiplying (1.1) by —Av — Av, and integrating
over §2, one finds that

1d
2dt
= (g), Av+ Av;) + (fo, —Av — Avy)
=—(((1 = Pw)g), v+ 1)) + (f2, = Av) + (f2, v1)),
where fo = (I — Py) f. In view of (5.7) and (5.8), we deduce that

(IvlIF + sllvli3 + Ivl3) + ol + wllvel3 + vl

d
55(”””% + (4 DII3) + o + wellvel3 + vl

S v + v, + v + v

<ot Sl SR 4262 Vi i(B)
XX A — ||V — ||V _87 = )
T vdl TS lvia g

and hence

d 2 2 2 S
a(llvlll+(M+1)||U||2)+||v||2< pL+ )8, Vi >1(B).

We assume that ||v||| < cz2||v]|l2 for v € V). Then

1 1 1
lllz =3 lvll2 +llvliz 2 7 (w+ Dz + 2—c0”v”1 > a(lol} + (e + Dlvl3),
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where o = min{1/4, 1/2¢q}. Therefore

d 5
a(uvn% + (4 DIl3) +e(lvlf + (1 + DIvl3) < (m + 18>‘9’ Vi >1(B).

By the classical Gronwall lemma we then get
o[+ @+ Dol

< (oG @)+ @+ Dlv(rB)5)e =

5e/4
< (P12 + 2,0%)6_“(’_'(3)) + %8, fort > t(B).

n (o1 + 58/4)8

Hence

(p1+1)
o

g(p% +2p3)

oo+ ot o< (1+
(5.10)

1
)& ast >t(B)+ —lo
o

where we have assumed that 5¢/4 < 1.
Now we divide the argument into two cases.

Case 1. ;> 0. In this case we know that S, (¢) : Vo — V2 is continuous, so the existence
of the global attractor A, follows immediately from Theorem 5.1.

Case 2. u = 0. In this case the problem reduces to a classical one which has been ex-
tensively studied in the literature. However, since the continuity in V5 of the semigroup
under our consideration remains unknown, we still need to give a proof for the reader’s
convenience.

Let o be the noncompactness measure in V;, which is defined by
a(B) = inf{6: B admits a finite cover by subsets of V, whose diameter < §}.

Then since Sp(¢) satisfies the condition (2) in Theorem 5.1, we infer from [8] that for any
bounded subset B of V; that a(Ut>r So(t)B) — 0 as s — +00. Now set

Ao= (") Cly, ( U So(t)svz(m),

20 [>14

where we use Cly, (K) to denote the closure of K in Vj, and p; is the constant in (3.12).
Then by [8, Lemma 2.5], we know that 4j is a nonempty compact subset of V,. By a
very standard argument (see [7,8], etc.), we can show that A attracts each bounded subset
of V5. To show that Ay is the global attractor of the system, there remains to check that it
is invariant under the semigroup So(¢z). This can be done by verifying that Ay is precisely
the global attractor of Sp(¢) in less regular spaces.

First, it is easy to verify that So(¢) : V1 — V7 is continuous. Secondly, using the uniform
Gronwall lemma we can show that there is p} > 0 such that for any bounded subset B
of Vi, there exists t, = 1, (B) > 0 so that

ISo@)u|, <ps. Vt=n, ueB. (5.11)
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(See also [13].) Note that (5.11) implies the asymptotic compactness of So(¢). Hence, by
the basic theory of the existence of global attractors (see [2,6,11,12], etc.), we know that
So(t) possesses a unique global attractor Af in Vy. Clearly Aj C By, (p5). We want to
show that Ag = Ajj, and hence Ay is invariant under So(z).

Since Ay attracts Afj, by the invariance of Aj we deduce that Aj C Ap. On the other
hand, by the definition of Ay we clearly have

Ao= [ Cly, < U so(z)u> c (), < U so(z)u) C A

>0 >t =0 >t

which completes the proof of what we expected.
The proof is completed. O

Remark 5.5. We point out that some of the computations in the above argument are not
reasonable, as v may not possess sufficient regularities. However, they can be justified by
considering the Galerkin approximations uy (k =1,2,...) of u.

First, we know that all the estimates for u obtained in Section 3 hold true if u therein
is replaced by any u,. Then corresponding to the decomposition in (5.9), we consider the
Galerkin approximations u,, 4+, of u, for which we have

m+k

“;%1+k = — Pp)um+k = Z g£n+k(t)wi-
i=m+1

Clearly all the computations for v = u”> = (I — P,,)u can be performed on ui 4 Tigor-

ously. Therefore the estimates in (5.10) holds true if u? is replaced by ”51+k;

the constants in the estimates do not depend on k. Finally, since ||u,2n+k||2 < Numkll2, we

moreover,

see that all the estimates in Section 3 for u remain valid for ufn 4« This enable us to pass
to the limit to find that u?n & converges in suitable spaces with corresponding topologies
to ii> as k — oo. On the other hand, since u,,x — u as k — oo in the same topologies,
and uy 4k = ur1n+k + u%1+k, where ur1n+k = Puum+k € Hpy, one easily understands that 2
is precisely u2. Hence, the estimate (5.10) holds for u?.

In the remaining part of this section, we discuss the upper semicontinuity of the at-
tractors A, at u = 0 in the topology of Vi. The main result is contained in the following
theorem.

Theorem 5.6. The global attractor A,, of the problem (1.1)~(1.3) is upper semicontinuous
in p at u =0 in the topology of Vi, i.e.,

dy, (A, Ag) =0, asu—0.
Proof. Let ¢ > 0 be given arbitrary. Since Ay attracts B = BVZ (p2) in the topology of V>,

there exists 7 > O such that

dy, (So(T)B, Ao) < &/2.
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Note that A, C B for any j. Therefore
dv, (So(T) Ay, Ag) < /2, VYuel0,1].

Now we have

dy, (Ay, Ao) < dy, (Ap, So(T)Ay) + dy, (So(T) Ay, Ao)

<

<dy, (Au, So(T)AL) +¢/2

=dy, (Su(T) Ay, So(T)Ay) + /2

< (by Theorem 4.1) < Cr. /i + ¢/2,

where Cr is a constant depending only on 7" and p3, etc. Take o = (e /2C7)?. Then
dy, (Au, Ag) < e

provided p < po. The proof is complete. O
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