BULLETIN

IS PRSP RL T AL S7aT sP el

citation and similar papers at core.ac.uk brought ta

provided by Elsevier - F
ELSEVIER www.elsevier.com/locate/bulsci

Construction of the fundamental solution of
disturbed parabolic equation

Victor Bondarenko

The National Technical University of Ukraine of ‘Kiev Polytechnic Institute’,
The Institute of Applied System Analysis, prospect Peremogy, 37; building 35, IPSA, 03056 Kiev, Ukraine

Received 23 July 2002; accepted 20 October 2002

Abstract

In present paper the parabolic equation solution is built. The construction is reduced to iterative
procedure. And convergence of the latter is proven.
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Résumé
Dans un travail presenté on a construit la solution d’equation parabolique. Cette construction est

reduite a procédé d'iteration. On demonstre la convergence de le dernier.
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1. Introduction

In presented work the problem of construction of fundamental solutign & of
equation

du _ L+ Ly
du _ )
dt 1
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is considered, wheré and L1 are elliptic operators, and the properties of evolution

operator & of a non-disturbed equation
d_u =Lu
dt

are assumed to be known.

If the coefficientsL andL, are constant, then
glrly —glgls, (1)

For the non-constant coefficients, satisfying some set of restrictions, we will prove that
the right part of (1) under smallis quite good approximation for the evolution operator in
the left part, that is,

gl —glgli L A@r), A(0) =0,

and for the construction of family of operators(r) the iteration procedure will be
proposed. In this work two examples of parabolic equations are considered:

1. L is the elliptic operator with constant coefficients,
1 ., 0%
Lu==a’/*— ,
2 OxJoxk
the perturbatiori1 has a form
9%u
dxJoxk
2. L = %A, where A is Laplace—Beltrami operator on complete simply connected
Riemann manifoldZ of non-positive curvature with dimensian and metrics tensor
gjk(x), distancep and volumer, that is

1 .
Liu= Eb]k(x)

1
Lu(x)= > divgradu(x),
and perturbation has a form

Liu(x) = % divb(x) gradu(x).

In the both examples

(€ F)x) = / FOpolt,x, y)dy,

wherepg is a fundamental solution of non-disturbed equation. The aim of presented paper
is to propose and to ground well a constructing of the fungtiopbtained from the equality

(ez(L+L1)f)(x) — / fO)p(t,x,y)dy.

Above-mentioned functiop(z, x, y) will be searched in the form

t
P(f,x,y)=m(t,x,y)+/a’r/m(t—r,x,z)r(f,z,y)dz, (2
0
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where the initial approximation
m(t, x,y) = / p(t,z,y)pi(t, x,z) o (dz), (3)

the functionp, is an approximation of the kernel of integral operatdtgandr(z, x, y) is
a function being subject to be obtained.

A procedure of constructing of fundamental solution is analogous to the same procedure
in parametrix method, namely: Eqg. (2) is reduced to Volterra’s integral equation for the
functionr

t

r(t,x,y):M(t,x,y)—i—/dr/M(t—r,x,z)r(r,Z,Y)dz, (4)
0

where an erroM (¢, x,y) = (L + L1)m — "3—’;’ and solutionr of Eq. (3) has a structure

r(t,x,y) =Y 2ora(t,x,y), and each iteration is calculated with respect to recurrent
formula:

ro(t,x,y)=M(t,x,y),
t

rn+1(t,x,y)=/dT/M(t—f,x,z)rn(f,z,y)dz.
0

Convergence of the last integral and the se}ies, is determined by properties of the
errorM (t, x, y): it must have an integrable with respect tsingularity. Above-mentioned
property holds under some restrictions on coefficients of the operatansi L.

Since the initial approximatiom(z, x, y) (and hence, the errav/ (¢, x, y) as well) is
defined as an integral, for transforming of the error and its estimating the integration by the
parts will be applied:

f divV (2) j(dz) = — / (A@), V() n(da),

where the role of the measugethe relationp1 (¢, x, 7)o (dz) has:

fdivV(z)pl(t,x,z)o(dz)z—/(A(z), V(2)) pa(t, x, 2) 0 (d2). (5)

Here a logarithmic derivative id (¢, x, z) = grad. In p1(z, x, z).
1.1. Perturbation of the constant operator

Let's demonstrate the described method in particular case, considering a parabolic
equation
0 1
a—”t‘ = SU(A+ B, xeR", (6)

whereA is a constant operator iR”, and a positive operatd(x) satisfies the conditions:
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(1) a positive operatoKg exists, such that
K(x)=A"Y2Bx)A™Y2< Ko<81, 6<1;

(2) I1Bx)B~(»)| < Const;
(3) the fist two derivatives of the operatB(x) are bounded:

|B' )| < ealinll,
| B” Co)kh || < callkll - 1.

From condition 2 the boundedness of the r 8‘; follows.
The solution of non-disturbed equation is

__ 1 _<A—1<x—y),x—y)}
polts )= (2nt)"/2,/detA eXp{ 2 '
Put
B 1 _(B@E —y).x—y)
P = o T2 JGRTB ) eXp{ 2 }

then zero approximation is

1 (B71(x)(x —2),x —2) }

ta 3’ = ta ’ eX - d,.

m(t, %, ) ,/p( ¢ y)(Znt)”/%/detB(z) p{ 2t ¢
R}l
From conditions 1 and 2 an estimate follows:
C

t,x, e

mt 2.0 < TR )

x exp{zit(A—l/ZK(x)A—l/z(x —¥),x — y)}po(t,x, ¥)

1
< cexp{z—t(A_l/zKoA_l/z(x —¥),Xx— y)}po(t,x, y).

Error
om

1
M(t,x,y)= > tr(A+ B(x))m’, — P I+ Iy,

where

1 0
11:/(§tr3(x)p’l/(t,x,z) — %(nm@)po(hz,y)dz,

Rn

1 0
12=f(§trAp’l’(t,x,z) -p(t,z,y) — %(nzd)[h(t,x,z)) dz,
Rll

and differentiation is done with respect to variableFor the next transformations let’s
reducel; to the form

1
I = Ef(trAp’l/(t,x,z)po(t,z,y) —tr Apg,, (1,2, ) pa(t, x, 7)) dz,
Rn
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and integrate the second item twice by the parts, see (5):

1
~5 f tr(Apg, (7. 2, )’));Pl(f, x,2)dz
Rll

1

= —E/diVX(Ap/Ox(t,z, Y))Pl(t,x,z) dz
Rn

1
= Ef(péx(t,z,y),AA(t,x,z))pl(t,x,z)dz

Rn

1 .
=-3 /[(AA(t,x, 2), A(t,x,2)) +div; AA(t, x, 2) | po(t, z, y) pa(t, x, 2) dz.
R)l

Lemma 1. A logarithmic derivativeA(z, x, z) of the measure (¢, x, z) dz is defined by
the equality

(A(t,x,2),h) = —% tr B'(z)hB~1(z) + %(B_l(x)(x —2), h).

Proof. From definition
1 1
(A(t, X,2), h) = —Edh IndetB(z) + ?(B_l(X)(x —2), h)

whered), is a differential of function along vectarwith respect to variable.
Differentiating of the equality implies

1
IndetB(z) = tr/(B(z) ~1)(I +(B() — D) "dr,
0
and we get
1
dyIndetB(z) =tr B'(2)h(B(z) — 1)‘1/(B(z) —1)(I+1(B(2) - D)) %dx,

0

thus, the statement of the lemma follows from the fact that the relation under integral sign
equals

d _
———(+B@-D)" O

Corallary.

1 [TtrApi(t,x,z .

I = _f[M — (AA(t. x.2), At x, 2)) — divy AA(t,x,z)}
2 pa(t, x,z)

Rll

x po(t,z,y)p1(t, x,z)dz.
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Lemma 2. Error M (¢, x, y) satisfies the following estimate

4
Mt x.y)| < \[f(1+ 2 )PO(I,Z,Y)Pl(t,x,Z)dZ-

Proof. Differentiatingpi, we reducd; to the form {e;} is an orthogonal basis iR"):

= /Z[4t Yer(x —2),x —2)((B™Y) Bex(x — 2), x — z)

1 /
+ g((B_l) er(x —2),x —2)(x —z, )

+ ;J'Z((B_l)/Bek(x —2),x—2) (B x — 2), &)
(B Bt —2), v —2) — (B ertx — 2), Be)
- %((B_l)/Bek(x —-2), ek)}po(t, z, y)pi(t, x,2)dz.

From lemma’s conditions the relation in brackets satisfies the estimate:

lx =zl 4+ llx —z)® | Jlx 2] ¢ Ilx —z)|*
( 2 + p <$ 1+T )

that is,

_ 4
I < —f(1+ 7”)1900 Z,y)p1(t, x,2)dz.

For estimatingl> (see corollary to Lemma 1) we note that

div, AA(t,x,z) = trAA/Z(t,x, 2)

1 17 -1
=1rA —EtrB (2B (2)
+ 1y B'(z)()B Y(2)B'(2)()B1(z) — EB‘lm]
2 ' ' t

1 -1
= —;trAB (X)+¢(Z)a

where the itemp is bounded in lemma’s statement. The relation under integral sign in
(AA(t, x,z2), A(t, x, 7)) allows a presentation:

1
(AA(t,x,2), At, x,2)) = t—2(B_1(x)AB_l(x)(x —2),x—2)+ ¥, x,2),

where

c lx —z|
|1//(t,x,z)|<$k[(l+ NG )
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CalculatingA p/ (1, x, z), we see that under integral signfnthe relation satisfying desired
estimate, remains. O

Lemma 3. For error M (¢, x, y) the following estimate holds

1
!M(t,x, y)| < % exp{z—t(A_l/2KoA_l/2(x —y),x — y)}po(t,x, y).

Proof. Let’s use the equality
po(t,x,y) =¢(t,z,x,y)p(t, x, y),
where
1. 4 1 4
o(t,z,x,y) = ex ?(A (y —x),2—x) { EXP _Z_I(A (z—x),z—x)

= ¢1(t,x, y, 2)P2(t, x, 2).
From Lemma 2 the inequality follows:

_ 14
|M(t,x, )| < \[po(t X, y)/<l+ Ix Z” )

Rll
x ¢o(t, x,2)P1(t, x, y, 2) p1(t, x, 2) dz,

and from boundedness of the prod&étfzz—”4¢2(t, x, z) the estimate for error gets the form

1
|M(t,x,y)| < \%po(t,x, y)/exp{;(A—l(z —X),y —x)}pl(t,x,z)dz.
Rn

Substitutingz — u, u = - B~Y2(x)(z — x), z = x + /T BY2(x)u, we get an inequality
N

IM(t,x,)| < —=polt, x, y)

NG

detB(x)
1/2 .
/exp{( —BY2()A Yy )O)} detB ) wu(du),

whereu is a canonical Gaussian measurerih
Calculation of the last integral (after estimating of the ratio of determinants) leads to an
inequality

¢ 1,1 -1
M(t,x,y)<$po(t,x,y)ex —(ATIB)A Ny —x), y —x),

2t (
and the statement of lemma followsO

Theorem 1. Fundamental solutiorp(z, x, y) of disturbed equation(6) for ¢ € (O, T']

satisfies an inequality

(AT2KoA Y2 (x — y), x = y)
2t

}po(tvxv )’)

p(t,x,y) <cex
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Proof. Let us construcipo(z, x, y) as a solution of integral equation (2). Estimating an
iterationr1(z, x, y) of Eq. (4):

t
[ri(t, x, »)| < /dr/!M(r,z,y)M(t—t,x,z)!dz

/ / p{(A YekoA=Y2(z — y),z—y)
«/‘L’(l—‘[ 2t

(A~Y2KoA~ 1/2(z—x),z—x)
2(t —1)

}Po(f, Z,y)po(t — v, x,z)dz.
We substitute

_1/2 t . T . r—T _
A (Z\/r(t—r) x\/t(t—r) /i )_u,

and hence relations

STX T av2, Vi

Ji—t Vit ( — %,
=y _ [1=T ﬁ _
N AY U+ p (x =), (7)

transform a space integral in form

A—l/ZK A—l/Z _ _ K
po(t. x. ) ex ( 0 2(z ¥),2 y)}/exp{( 0”’“)};;,(5114)
t 2
Rll
B 1 (AY2KoA™V2(z — y), 2 —y)
= —=po(t, x,y) ex ,
JdetT — Ko) 2t

and from this

!rl(t,x, y)| < czclnpo(t,x, y)ex

wherec; = 1//detl — Ko).

It's easy to get by induction that the following estimate is true:

(AY2KoA™Y2(z —y),z— y) }
2t ’

|rn(t9x9y)|

</dr/!rn_l(t,z,y)M(t—r,x,z)|dz

wiig TOHD/2 (A7Y2KoA™Y2(x — y),x — y)
C
r(n+1)/2 2
¢ is a new constant, therefore

<C }po(t9x9y)’
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|r(t,x,y)| < Z!rn(t,x,y)|
n=0
-1/2 12, _ _
<%ectexp{(A KoA zt(z y), X y)}po(t’x’y)'

Estimating an integral in (2) by means plugging in (6), we get

(A™Y2K0A™Y2(x — y),x — y)
2t

q(t,x,y) <c(1+ ﬁ)exp{ }po(t,x,y),

and the statement of theorem followst

Notation 1. In this example the well-known explicit form of solutigm(z, x, y) of non-
disturbed equation was used for:

1) calculating of the functios in relationpo(z, z, y) = ¢ (¢, x, z, y) po(t, x, ¥);

2) solving and then estimating the integrals by means substitution (7).

Under disturbing the equation with variable coefficients (on manifold) an explicit form
of po(¢, x, y) is unknown, but the estimate of the functignwill be obtained and the
analogous substitution (7) will be presented.

2. Scalar perturbation of variable operator

Let po(¢, x, y) be a fundamental solution (heat kernel) of parabolic equation
ou 1

— = —Au,
or 27"
whereA is Laplace—Beltrami operator on complete simply connected Riemann manifold
of non-positive curvaturd/, dimM = n. Denote asy(s) geodezical, parametrized by
natural parameter (as a rule(0) = y, y (p(x, y)) = x), and pute(x, y) = —y (x).
The equation on the Riemann manifold is studied in many papers, some of them are
[5,6].
Assume, that curvature tensor satisfies the following conditions:
2.1. Forarbitrark e M, U,V € T, M:

Z|(R(x)(U, eV, )| < cy/Ric(x)(U, U) Ric(V, V),
k

where

Ric() (U, U) =) (RX)(U, en) V., ex),
k
{ex}, {¢r} are arbitrary orthogonal basiseslipM, and the constartdoesn’t depend ox.
2.2. Along any geodezical the scalar curvattupe) = tr Ric(x) decreases quite fast, that
is: f0°° sr(y(s))ds < ¢, wherec doesn’t depend op.
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2.3. Co-variant derivative of the curvature tensor satisfies estimates

| (VxR (v () (Y (), 7 (0)) Z(s)||
< fily @) X@ [y |z

|(Vuis) Vi R (¥ () (Y (), 7 () Z(s) |
<Lr@)X@y@[lzo]]ve
where f1 and f> are such functions, that along any geodezjcafoo<> s2fi(y(s)ds <c, ¢

doesn’t depend og.
Let us define along (s) an operatoD on 7, M

D(y())U =Vyp(y.y®))yx), yx) =y,
and functions

’

’

a(x,y)=tw(Dx)—1),
2
pe(x,y)

As it was shown in [1-4], under satisfaction conditions 1-3, the following results hold:
1) heat kernepo(t, x, y) satisfies two-sided estimate

q(t,x,y)= (2mt)? exp{ —

expl—¢ (x, y) — k1) < 220 g
q(t,x,y)
where
1 p(x,y)
s =5 [ (ot - o) Riely @) (o). () dr.
0
k is some constant.
2) the relation holds:
grad, In po(t, x, y) = @e(x,y) +w(t, x,y),

where||lw(t, x, y)|| <c,x,yeM,0<t <T.
3) the functioru(x, y) satisfies the estimate

px,y)

O0<a(x,y) < / s RiC(y(s))()'/(s), )}(s)) ds,
0
grad.a(x,y) <c, |Ax(x,y)| <c.
As a consequence of the relation for logarithmic gradient (condition 2) we have

Lemma 4. The following inequality is true

po(t,z,y) < polt, x, y)1(t, x, y, 2)P2(t, x, 2),
where
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pr=exp{p(x, »)px,y)(ex,y), e(x,2))},

p2(x, 2)

o +cp(x, z)}.

b2 = exp{ -

Proof. Leto (s) be geodezicals, connectin@ndx, o (0) = x, o (p(x, z)) = z. Integrating
equality (2), we have

p(x,2)

1
po(t,z,y) = po(t,x,y){; / p(y,0())(e(0(s),y),5(s))ds
0

p(x,2)
+ / (w(t o(s)), a'(s)) ds}.

Notice that
. 1d ,
p(y,G(S))(e(o(S),y),cr(S))=—§Ep (y.0(9),
and, thus, we have an inequality

p2(x.y) — p2(z. y)
2t
We can make stronger, using cosines theorem for manifold of non-positive curvature

02(y,2) = p%(x, )+ p%(x,2) — 2p(x, 2) p(x, y)(e(x, y), e(x, z)), and this leads to desired
result. O

po(t,z,y) < po(t, x,y) eXp{ +cp(x,z)}-

Let us consider a perturbation
1
Liu = > divb(x) gradu,

where a scalar functiob(x) satisfies conditions:
1)0<b1<blx)<br <1,
2) [ gradb(x)|| < ¢, Vy gradb(x) < c[|U].
Put

p%(x,2)
2th(x) |’
and define functiom (¢, x, y) via equality (3). Then error of disturbed equation be

pi(t, x, y) = (2wtb(x)) " 2exp{

1 0
M, x,y) =3 div(1+b(x)) gradm(z, x, y) — 5 x ) =ht I, 9)
where

1. ——
11:/<E divy b(x) grad, pl(t,x,z)_m>po’
M

ot

and the iteml, after applying of formula (5) and integrating by the parts has a form
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I = /(Axpl(t,x, 2) — || At x,2) ||2p1(t,x, 2)
M
—div; A(t, x, 2) pa(t, x,2)) po(t, z, ) 0 (d2).

Lemma 5. Functionsn(z, x, y) and I1 are bounded by values

2 2
cexp{ b(x)p%(x,y) b(x)p“(x,y)
2t 2t

correspondingly.

}po(r,x,y) and iexp{

7 }Po(t,x, y)

Proof. From the statement of Lemma 4 (singgis negative) an estimate follows

m(t,x,y) < cp(t, x, y)/(ZT[lb(x))-n/Z
M

p{p(x,y)p(x,zxe(x,y),e(x,z)) p2(x, 2)
X ex _

t 2th(x) }U(dz)

2
= CeXD{W)pzit(x’y)}p(t,x,y)/(ZMb(z))
M

p{ lo(x,2)e(x,z) —bx)p(x, y)e(x, y)ll
X expy —
2th(x)

n/2

}o(dz).

A substitution
p(x,z)e(x,z) —b(x)p(x, ye(x, y)
Vib(x) ’
2(U) = Exp, {v/1b(x) U + b(x)p(x, y)e(x, y)}
transforms the last integral to

b(x) n/2
_— J(z(U +dU),
/(b(zw))) () (@)

X

wherepu, is canonical measure diy M, and boundedness of Jacobiars proved in [6].
Thus, the estimate of (z, x, y) is obtained. O

U=

For estimating ofl; we transform the function under integral sign.

op1 n o p%(x,z)
T ta y <) = A ta s & ;
ot ¢ %.2) ( 2 T 2t2b(x)>pl( *2)

1P, mgradb(x)  pP(x, DY (p(x, y)
graq‘pl(t’x’Z)_?< 22(x) b(x)

(Vub(x)grad, p1(t,x,2),U)

<p2<x, (7 (), U) -

)pl(t,x,z);

03(x, 2)(gradb(x), U)(y(p), U)
b(x)

1
=P1(t,x,z)[t2b(x)
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p4(x, 2) 2\ 1((Vup?(x,z)gradb(x),U)
) 9rad).U) ) * ?( 25(x)

2 2
p“(x,z)(gradb(x), U)
- 220) - D(x)U)].

A summation with respect to orthogonal bagig} in T, M (e1 = y (p)) gives:

1 . 0
5 divb(x) gradpa(z, x,z) — Epl(t, X,2)

p(x,z)(gradb(x),y)  p*Cx,2)llgradb(x)|2 1
B ( 22w T ez t(PW )
2

By 9. 70) — S foradco |

p(x,2)
4tb(x)

Ab(X))pl(t,x,Z)-

Obtained relation we estimate by the valge(1 + %)pl(t, x,z),and as(&ff))kgoz(t,
x, z) is bounded, then

(I) < % po(r,x,y)/m(r,x,y,z>p1<r,x,z)a(dz).
M

The second statement of lemma follows.
We are coming to estimating of the itely containing a logarithmic derivative

ngradb(z)  p(x, 2y (p(x,2))

Al X2 = =375 b (x)

eT M.

Lemma 6. The following estimate is true

{ p2(x, y)b(x)

C

Jt
Proof. Note, that

A, x, 2) ||2 +div; A(f, x,2)

(g n_2>II@Jrf:ldb(x)II2 02(x, 2)
b2(x) 2b2(x)

2" 4
nAb(z) trD(z)
2b(z)  th(x)

n .
+ b (¥ (p(x, 2), gradb(z))) —

The second item under integral sign

1 4 s db 2
Axpir(t,x,2) = [72(/0 (x ZZIIIEE:) @l

PP 2)(gradb(x), 7 (p)) p2(x,z>)

b3(x) b2(x)
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1/2p(x,2)(gradb(x), 7(p))  p3(x,z)
+;( b2(x) + 262(x) Ab(x)
2
p(x,2) ) 1
~ 0 llgradb(x)|| _%”D(x)ﬂpl(t,x,z),

and difference
Ax pi(t, x,z) — pi(t, x, z)(||A(t, X,2) ||2 +div; A7, x, 2))

is estimated by the value

4
c X,z
(l+ re (t2 ))Pl(t,x,z),

7
which has integrable with respect#agingularity. Desired statement is proved by the same
way like in Lemma 5. O

Corollary 2. Error M(z, x, y), defined by(9), satisfies an estimate

2
M, x,y) < ieXp{M

Vi

Notation 3. Since the inequalities

£,x,y).
o }Po( X, y)

b(x)<bz<1l and p<gq

hold, the function exp‘%} is integrable with respect to measysg(z, x, y) o (dy).

Theorem 2. Fundamental solutiop(z, x, y) of disturbed equation

ou 1 .
=3 div(1+ b(x)) gradu

satisfies the estimate

bop?(x, y)

t, X, ex
oy < con 2%

}q(t,x,y)
2t

where functiong (z, x, y) ande(x, y) are determined by formulg8) and(9) correspond-
ingly.

b 2x,
< CeXP{M+<ﬂ(x,y)+kt}po(t,x,y),

Proof. We will prove a convergence of .- ,r, under solution of Volterra’s equation,
estimating the items of series. From corollary of Lemmas 5 and 6 and the inequ&lity
an estimate follows:

t

/dr/M(t—r,x,z)M(r,z,y)o(dZ)
M

0

lra(t, x, y)| =
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t
2 dt / 2_.,  _\\n/2
<c0/m (4nr(t 1:))
M

. 2 2
><eXlo{_(l b2)<,0 0. x) P (x,z))}a(dz).

2 T t—1

Let us transform the inner integral by means substitution

=( ! p(x,z>e<x,z>—,/t_—fmx,y)e(x,y))ﬂ—bz,
T(t—1) tT

z(u) = Exp, (\/tr((lt—_l;))u + ! _t T,o(x, ye(x, y)). (20)

The argument of exponent equals here

1 2(x, 1-b
~Slul? = WG— bo) — P2 (0200 )~ 02, y) - p2(x.2)
t T

+20(x, 1)p(x, ) (ex, y), e(x, 2)),

and the relation in brackets is non-negative because of curvature non-positivity. Thus,

_ 2 2
/(4nzr(t—t))_”/zexp{—(l bz)(p 0.9, p (x,z))}a(dz)
M

2 T t—t

bop?(x,
<<1—bz)—"/2exp{%f”}q<t,x,y> / J(z()) px (du).

nm

So, we have

bop?(x,
it n. 0] < Cermeng] D g1,

wherecy = (1— bp)™"?supy, J (2).
It's easy to obtain an estimate

b2p?(x, y)
t’ 9 b
o q(t,x,y)

c"+1cg’_7'[("+l)/21(n_l)/2 {

|rn(t,x9y)|< T((n+1)/2)
providing with absolute convergence of serEﬁozo ra(t,x,y),0<t < T and for the sum
of series

|r(t,x,y)| < iexp

{ b2p?(x, y)
Jt

o }q(t,x,y)-

Then
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t
plt,x,y) = m(t,x,y)—}—/dr/m(t —1,x,2)r(t,z,y)0(dz)
0 M

2
< cexp{W}q(nx,y)(l—}- \/Z)

and this implies, finally, the statement of theorenm
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