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A Note on Z-Planes 

MICHAEL J. KALLAHEN* 

1. INTRODUCTION 

A Z-plane is a finite affine plane 7t with a collineation group G satisfying: 

(1) G acts as a rank 3 collineation group on rr; 
(2) if 7i is the extension of rr to a projective plane in the usual may then 

G permutes the points of the line 1, at infinity in two orbits: (%‘/, Yj and 
z, - @!, Y-j. 

The points ?l, V are called the special PO&S of c with respect to G. 
Kallaher [6] has shown that a Z-plane is a translation plane and hence it 

has order p’ for some prime p. In [X] Kallaher and Ostrom showed that if 
either (i) r = 3 or (ii) Y > 4 and p’ f 26, then x is a generalized AndrC 
plane. In this article we extend this result by proving: 

THEOREM A. Let TT he a Z-plane of order pr, p a prime. .Tf 

(i) f = 4, or 

(ii} r = 2, p # 5, 1 I, 19, 23, 29, 59, OF a Xeersenne fwinae, flzen T is a 
gmemlized Arzdtv? plane. 

Now pr - 1, p a prime, has a prime p-primitive divisor except when 
b” = 26 or r = 2 and p is a Mersenne prime [2]. Thus, using the result 
from [S] referred to above, we have the corollary: 

COROLLARY B. Let 7~ be a Z-plase of order p”, p a p&m. If p’ f 5’, I Is, 
19”, 232, 29%, 59”, and pr has a pz&ne p-primi~ie divisor, the% w is a ~e~e~~al~~ed 
dndd plane. 

Before proving Theorem A we shall give a few examples to show in what 
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ways Theorem A and Corollary B are best possible. These examples are the 
planes coordinatized by the irregular near-fields [3, pp. 230-2311 of which 
none are generalized Andre planes [4]. 

The irregular nearfields of orders Y, 11”, 23”, 29*, 5g2 show that these 
orders have to be excluded. The irregular nearfield of order 7z shows the 
necessity of an assumption excluding the order 7”. This is accomplished by 
assuming pr - 1 has a prime p-primitive divisor. The reason for excluding 
19a is simply that the proof does not apply to this order. We should also 
mention that the assumption about a p-primitive divisor is crucial since 
both in this paper and in [8], Ostrom’s characterization of generalized Andre 
planes is used. 

We assume that the reader is familiar with the theory of projective and 
a&e planes (see [3]). More importantly, we assume the reader is afso 
familiar with the article [8]. For not only will we use its terminology and 
results, but our proofs in this note will just be extensions of certain proofs 
in [8]. 

In this section we prove three results which are similar to results given in 
Section 2 of [S]. We start with 

LEMMA 2.1. Let G be a solvable $xed-point-free group of linear tram- 
formations acting on Vr(p) and let zc be a prime p-primitive divisor of p' - 1. 
Jf z1 1 1 G 1 and 26 f 3 theta we can identlyy V&J) with the additive group of 
GF(p’) zk such a way that G C T(p’). 

Proqf. Let p E G be an element of order u. By Theorem 18.2 of Passman 
[9, p. 196] ,o belongs to a normal subgroup G of G with G a Z-group. 
Corollary 2.1.1 of [SJ tells us that G C T(p’) and by Lemma 2.4 of [8] (p) 
is a characteristic cyclic subgroup of G, G normal in G implies (p) is normal 
in G. Since (p} is irreducible [8, Lemma 2.21, G C T(pr) by Proposition 19.8 
of Passman f9, p. 2441. 

THEOREM 2. I. Let w be a t~a~slat~o~ p!atze of order pr coo~di~t~~ed by 
a quas$eld (Q, +, -). Let H be a solvable group of ((CO), y = Ok-ho~zo~ogies. 
If j H / is divisible by u, where u is a prime p-primitive divisor of pr - 1 and 
u f 3, then the additive glpoup of Q can be ident$ed with the additive group of 
GF(pr) in such a way that H is isomorphic to a subgroup of T(p”). 

Proof. The set of points (0, JJ) on x = 0 is a vector space isomorphic to 
(Q, +) and is of dimension r over GF(p). 2% acts as a fixed-point-free group 
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on x = 0. Furthermore, H is isomorphic to the group it induces on x = 0. 
The theorem thus follows from Lemma 2.1. 

THEOREM 2.2. Let T be a translation plane of order p’ coordinatized 63 
the quas$eld (Q, +, .), let G be the Q-autotopism group of T, 1st H, alzd HV 
be the groups of homologies of G with axis y = 0 and x = 0, respectively, arzd 
let H = r;H, , H,). If S is a Sylow u-subgroup of H, ~zuhere u is a prime 
p-primitive divisor of pr - 1, then S is normal in G. If u f 3, u 1 j Hz j and 
u 1 i H, 1, and both H, and I-I, are solvable, then G is sol.vable and the pevmutation 
poups G, and G, izduce~ on y = 0 and x = 0 respectively are isomorphic 
to subgroups of T(f). 

Proof. Using Lemma 2.1 and Theorem 2.1 above in place of Lemma 2,5 
and Theorem 2.2, respectively, of [S] the proof of Theorem 2.3 in la] carries 
over and proves this theorem. 

Remark. This theorem has a geometric interpretation similar to that of 
Theorem 2.3 in [S]. 

3. THE BASIC TOOL 

In this section we give the tool (Theorem 3.1) used in the investigation 
of the case r = 2. This line of thought is easily generalized and seems to be 
of value for investigating square-order planes (see [7]). We start with the 
following result: 

LEMMA 3.1. Let G be a nonsolvable subgroup of PSL(2,p), p a prime, 
and assume (p + 1) 1 1 G /. Either 

(aj G = PSL(2, p), or 

(b) G = PSL(2, 5) atzd p = 5, 11, 19, 29, OF 59. 

Prcoof. Since PSL(2, 2j and PSL(2, 3) are solvable, G nonsolvable implies 
p > 3. By a theorem of L. E. Dickson [5, p. 2131 the only nonsolvable 
subgroups of PSL(2, p) are (a) PSL(2,p) or (b) PSL(2, 5) with p = 5 or 
p2 - 1 = 0 (mod 5). In case (b) j PSL(2, 5)l = 60 and (p + 1) / i G I gives 
(p + 1) ~ 60. This gives the possibilities for p. 

L,EMlhlA 3.2. Let G be a xonsolvable subgroup of PGL(2, p), p a prime, 
and assume (p + 1) 1 j G 1. Either 

(a) G contains PSL(2, pj and 1 G / = k[$p(p2 - !)I, k / 2, 01 

(b) G contains PSL(2, 5) and j G 1 = GOk, k 1 2, and p = 5, II, 19, 29, 
08 59. 
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Proof. PSL(2, p) is a normal subgroup of PGL(2,p) of index 2. Thus 
G n PSL(2, p) is a normal subgroup of G of index k 1 2. Also, since 

f’GW, PWW, P) is solvable, G n PSL(2, p) is nonsolvable if G is. 
The result is therefore a consequence of Lemma 3.1. 

LEMMA 3.3. Let G be a non-solvable group of linear transformations ov 
a vector space V of dimension 2 over GF(p), p a prime. If G corltains the group 
K of scalar linear transformations and if G is transitive on Y - (O), then either 

(a) / G 1 = (l/2) kp(p” - I)(p - 1) with k 1 2 and G contains SL(2, p), 
01 

(b) 1 G j = 6Ok(p - 1) with k 12, p = 5, 11, 19, 29, or 59, and G 
contains SL(2, 5). 

Proof. Let G = G/K. Then G is a subgroup of PGL(2,p). The result 
follows from Lemma 3.2 since the transitivity hypothesis implies 

(P + 1) 1 I (7 I. 
Let rr be a finite affine translation plane of order pS with T its group of 

translations. If G is a collineation group of 7r then G = GO(G n T), Q an 
affine point of rr (usually taken to be the origin in a coordinate system for n). 
We call Go a trauslatio?t complement (of r). The group K of (0, &,)-homologies 
of 7~ is called the kernel of n-. If (Q, +, .) is a (left) quasifield coordinatizing rr 
then the set k’ consisting of those elements a EQ satisfying 

(c + d)a = ca + da, (cd)a = c(da), for all c, d EQ, 

form a field under the operations of Q. Note that R contains GF(p) since K 
contains 1. Andre [l] proved that there is an isomorphism of K onto the 
multiplicative group of i% Thus traditionally, a has also been called the 
kernel of CT. In Theorem 3.1, me will use the word in both senses. 

Andre [I] has shown that a translation complement is a group of semi- 
linear transformations of v considered as a vector space over E. In this 
setting the group K corresponds to the scalar transformations and the 
dimension of rr as a vector space over kr is 2rjs where rr has order pr and 
a = GF(p”). We can now prove: 

THEOREM 3.1. Let rr be a jinite translation plane of ordm p2, p a prime, 
and kernel R = GF(p). Let G be a nonsolvable translation complement jixing 
a line 1 and transitive on I- {0}. Assume also that G contains the group K 
of (0, I,)-homologies of 7~. If H is thegroup of collineations of GJixing lpointwise, 
tlaen either 

(a) 1 G/H 1 = (l/2) kp(p” - l)(p - 1) with k 1 2 and G/H contains 
a subgroup isomorphic to SL(2, p), or 
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(b) ! G/H / = 60h(p - 1) with h 1 2, p = -5, 11, 19,29, cw 59, and G/H 
co9r.taim a subgroup isomorphic to SL(2, 5). 

Proof. G can be considered as a group of semilinear transformations on 
the 4-dimensional vector space n over GF(p). The line E is a 2-dimensional 
vector subspace and hence the group G/H induced on 1 by G is a group of 
semi-linear transformations on E as a vector space over GF(p). In a vector 
space over GF(p) every semilinear transformation is a linear transformation. 
Also K a subgroup of G implies G/H contains the scalar linear trans- 
formations. The theorem now follows from Lemma 3.3. 

We close this section with: 

L~nrm 3.4. Let G be a subgroup of GL(2, p), p a prime greater thalz 3, 
and assume G contains SL(2, p). If H . zs a normal subgroup of G, then one of 
the .foElowing holds: 

(a) N n SL(2, p) has order 1, 

(b) N ,CJ SL(2, p) has order 2, 

(c) H contains SL(2,p). 

Proof. Let i7 = H n SL(2, p) and consider gq, where 71 is the natural 
homomorphism of SL(2, p) onto PSL(2, p). The kernel N of 17 has order 2. 
H normal in G implies R is normal in SL(2, p) and hence Bq is normal in 
PSL(2, p). But p > 3 implies PSL(2, p) is simple. Hence & has order 1 or 
& = PSL(2, p). If & has order 1, then either (a) or (b) holds. If 
RT = PSL(2, p), then i7 contains p-elements. Since SL(2, p) is generated 
by its p-elements which are all conjugate (Passman 191, Proposition 13.5, 
p. 115), R = SL(2, p) and case (c) must hold. 

4. PROOF OF THEOREM A 

Let xr be a Z-plane of order p’ with rank 3 collineation group G and let q& 
and -Jr be the special points of v with respect to G. Since 7r is a translation 
plane [6] we coordinatize r with a quasifield (Q, f, .) such that 021 = (0) 
7:’ == (co). Let Q = (0,O) and JJ = (1, 1 j. Then G = TGm , where T is 
the group of translations of r. Since T fixes 1, pointwise G and Gm have 
the same action on 1, . 

If d is the Q-autotopism group of rr, let G’ = 6, n A. Then G’ is a 
normal subgroup of G0 with index 2. Let Hz and H, be the group of homo- 
logies of Go with axis B@ and axis CW”, respectively. Then H, and Hu are 
normal in 6’ since G’ fixes both 0% and OY. Also G’ is transitive on the 
points different than 0 which lie on B% and G’ is transitive on the points of 
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@Y different than 0. These two lines are the axes y = 0 and x = 0 
respectively in our coordinate system. 

Note that every homology of H, has center (03) and every homology of H, 
has center (0). Note also that H, s H, since GLn contains a collineation 
interchanging y = 0 and x = 0. 

LEMMA 4.1. Let ‘5~ be a Z-plane of order pr with rask 3 collipzeation group 
G and assume pT - 1 has a pri?iti p-primitive divisor u. H, has a Sylow 
u-subgroup S, whose order is ua where ua (1 (pr - 1). Also H, has a Sylow 
u-subgroup S, whose order is uQ. 

Proof. The proof of Lemma 4.1 in [S] proves the first assertion; for 
in that proof the hypothesis u :f 3, 5 is not used. The second statement 
follows from the fact that H, z H, . 

LEMMA 4.2. If in addition to the hypothesis of Lemma 4.1 we assume u # 3 
and H, (thus also IIJ is solvable, then Go has an abelian Sylozu u-subgroup 
S = S, @ S, of order uza. 

Proof. As in the procf of Lemma 4.2 of [8] it is sufficient to prove S, and 
S, are cyclic. Consider G’ (see the beginning of, this section). If G,’ is the 
permutation group induced on y = 0 by G’, then G’ is isomorphic to a 
subgroup of T(pr) by Th eorem 2.2. S, induces a Sylow u-subgroup SYUf of 
G,’ isomorphic to S, since G,’ r G’/Hz and S, n H, consists only of the 
identity. Since the Sylow u-subgroups of G,’ are cyclic (Lemma 2.4 of [S]) 
S,‘, and hence S, , is cyclic. Similarly S, is cyclic. 

LEMMA 4.3. Under the hypothesis of Lemma 4.2 the Sylow u-subgroup S 
is normal in GO . 

Proof. If we use Theorem 2.2 in place of Theorem 2.3 in [8], the proof 
of Lemma 4.3 in [S] gives a proof of Lemma 4.3. 

We can now prove Theorem A. Because of Theorem 4.1 on p. 175 of [5] 
we may restrict ourselves to the cases where the only prime p-primitive 
divisors of pr - 1 are 3 and/or 5. 

Assume first that Y = 4. By Birkhoff and Vandiver [2] p” - 1 always has 
a prime p-primitive divisor II. We claim that u + 3. For 3 to be a p-primitive 
divisor it necessarily must divide ps + 1. Now either p E O(mod 3), 
p E l(mod 3), or p = 2(mod 3). Thus either ps + 1 = I(mod 3) or 
ps + 1 = 2(mod 3) and hence for all p, 3 +p” + 1. Thus we may restrict 
ourselves to the case where 5 is the only prime p-primitive divisor of p4 - 1. 

We next show that H, (and thus also H,) must be solvable. Assume not. 
Hz nonsolvable implies, by Theorem 18.6 of Passman [9], that H, contains 
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a normal subgroup R with [Hz : f7f = 1 or 2 and I? g SL(2,5) >: I!4 with 
j il!l/ prime to 2, 3, 5. If 5al/ (p” - I), then 5a 1 1 R / by Lemma 4.1 and 
therefore 5 11 (p” - 1). S’ mce every other prime dividmgpZ f 1 must divide 
p2 - 1 (for otherwise it would be a p-primitive divisor of pi - 1) and g.c.d. 
($3 + 1, p” - 1) = 2, we must have pa + 1 == 5.2i for some i 2 1. ff 
p=2k+1,R31,then5.2i=p2+1=2(2ka+2k-j-1).Hence1,=1 
and k = .I. Therefore p = 3. 

But ifp = 3 thenp4 - 1 = 80 and [ Hz 1 1 80 since B, is a fixed-point=-free 
group of linear transformations on the vextor space ze = 0 of order 3” = 81. 
This contradicts the fact that 120 1 j H, i ( since SL(2? 5) is a subgroup of HE). 
Hence H, is solvable. 

To complete the proof of this case we just use the proof of Theorem 4.1 
in [8, p. I75], replacing Lemmas 4.1 to 4.3 of that article with Lemmas 4.1 
to 4.3. 

We now consider the case 17 = 2. Without loss of generality we may 
assume G contains the group of (0, l,)-homologies of w since they fix each 
Iine through 8 and we may assume p > 2. The group G,’ (see the proof of 
Lemma 4.2) is a group of linear transformations on the vector space ~7 = 0 
of dimension 2 over GF(p). S’ mce 1 G,’ 1 = (I,Q)(pa - lje n ! Hz j--l and 

I G-w, Pfl = P(P” - 1XP - 1) we must have (p + I)# i i EX 1~ 
We will first show that G,’ is solvable. If it is nonsolvable, then we can 

apply Theorem 3.1 to G’ and H, , 1 being the axis y = 0. Since the values 
p = 5, 11, 79, 29, and 59 are excluded, we ha~e G/Ha = G,’ contains 
SL(2,p) and j 6,’ j = (l/2) &(p2 - l)(p - 1) with 6 / 2. 

The group H, of homologies with axis x = 0 induces a normal subgroup 
H,’ of G,’ since H!, is normal in G’ (see the beginning of this section) and 
(p f lj/Z 1 j H,’ j since I&’ g H:, s H, . Hence / H,’ 1 = (1/2)(p + i)t 
for some integer 1 3 1. We can thus apply Lemma 3.4 to G,’ and H,‘. If 
&? = di,’ n SLf2,p) has order 1, then / H,’ SI,(2,p)] = / FE,’ j j SZ(2,p)l = 
(l/4jp(p2 - I)(p + I)E divides j G,’ j = (l/2) k&p’ - X)(p - I), since 
H,’ norrnal in G,’ implies II,‘SL(2, p) is a subgroup of 6,‘. This implies 
(p + 1) [ %(p - 1). Now k 12 and g.c.d. (p + 1, p - X) = 2 gives 
(z, + 1) j 4k = 4 or 8. Hence p must be either 3 or 7. But p cannot be 3 or ‘7 
since in both cases pa - 1 does not have a p-primitive divisor. Thus case (a) 
of Lemma 3.4 does not hold. 

If case (b) of Lemma 3.4 holds, then / R / = 2 and 

j H,‘SL(2,p)l = 1 H, / I SL(2,p)l 1 R 1-l = (l/S)p(p’ - lj(p -f- lj2 

divides (l/Z) kp(p’ ‘- l)(p - 1). Thus (p + 1) /4k(p - l), (p + 1) 1 88 = g 
or 16. Again this says p = 3 or 7 which cannot be. Hence case (b) cannot 
hold either. Thus case (c) of Lemma 3.4 holds, 
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But thenp 1 ( H,’ 1 and this is a contradiction. For H,’ is a fixed-point-free 
group of linear transformations on the vector space y = 0 and thus 
IH; 1 Ip”- 1. Th us G,’ is solvable and hence also H,‘. 

Hz is also solvable since H.r’ s H, g H, . Since G,’ = G’/Hz, G’ is 
solvable and, since G’ has index 2 in G0 , G0 is solvable. Thus G = TG, 
is solvable. The theorem follows from Theorem 4.2, p. 176 in [8]. 
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