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This paper concerns the behavior of Cu-Al-Be polycrystalline shape memory alloys under cyclic thermo-
mechanical loadings. Sometimes, as shown by many experimental observations, a permanent inelastic
strain occurs and increases with the number of cycles. A series of cyclic thermomechanical tests has been
carried out and the origin of the residual strain has been identified as residual martensite. These obser-
vations have been used to develop a 3D macroscopic model for the superelasticity and stress assisted
memory effect of SMAs able to describe the evolution of permanent inelastic strain during cycles. The
model has been implemented in a finite elements code and used to simulate the behavior of antagonistic
actuators based on SMA springs under cyclic thermomechanical loading with a residual displacement
appearance.

� 2012 Elsevier Ltd. All rights reserved.
1. Introduction

The specific thermomechanical behavior of shape memory al-
loys (SMAs) is due to a solid-to-solid, diffusionless, thermoelastic
martensitic phase transformation (e.g., Funakubo, 1987; Otsuka
and Wayman, 1999). According to steels, the high and low temper-
ature phases are called austenite and martensite, respectively. The
existence of these two phases leads to different types of thermo-
mechanical behaviors making these alloys very specific and
attractive.

Among the different thermomechanical behaviors of SMAs,
superelasticity (or pseudoelasticity) is particularly interesting.
Superelastic behavior is revealed when the material is mechanically
stressed above the austenite finish temperature, Af. The stress–
strain response is characterized by a typical hysteretic loop and
the material recovers its initial shape after unloading. Sometimes,
as shown by many experimental observations (e.g., Šittner et al.,
1995; Strnadel et al., 1995a,b; Tanaka et al., 1995; Arrigoni et al.,
2001; Gall and Maier, 2002; Krone et al., 2005; Feng and Sun,
2007; Kang et al., 2009; Wang et al., 2010) and as we will see in this
ll rights reserved.
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paper, the stress–strain superelastic loop is not closed and a resid-
ual strain remains after unloading. Another aspect of the thermo-
mechanical behavior is revealed when the material is subjected to
a cooling-heating cycle, from an initial temperature above Af and
at a constant stress. The strain-temperature response presents a
typical hysteretic loop and the material recovers its initial shape
after heating. This is called stress assisted memory effect (SAME).
In this case too, in many experimental observations (e.g., Lexcellent
et al., 2000; Lahoz and Puértolas, 2004) and as it will be shown in
this paper, the strain-temperature loop could not be closed and a
residual strain remains at high temperature. These cyclic effects
are amplified at high loading rates due to the thermomechanical
coupling (e.g., He et al., 2010; He and Sun, 2010).

As it is known, a stable state of the material can be obtained by
pre-training. This procedure is at the origin of fatigue effect in SMA
by introducing a residual strain which evolves with the cycles. So,
it is important to evaluate correctly its evolution with models to
improve the reliability of SMA devices and to propose the well
adapted fatigue criteria. These criteria should be based on the indi-
cators of the cumulated residual strain.

SMAs superelasticity and stress assisted memory effect have
received considerable attention over the last thirty years (e.g., Falk,
1980; Tanaka, 1986; Ball and James, 1987; Patoor et al., 1988;
Fischer and Tanaka, 1992; Sun and Hwang, 1993a,b; Raniecki and
Lexcellent, 1994; Atanackovic and Müller, 1995; Boyd and
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Fig. 1. Evolution of the resistivity versus temperature during a temperature cycle
with no stress on a wire of the studied Cu-Al-Be.

Table 1
Characteristic transformation temperatures of the studied Cu-Al-Be.
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Fig. 2. Experimental setup used for tensile tests.
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Lagoudas, 1996; Lu and Weng, 1997; Arrigoni et al., 2001; Gall and
Maier, 2002; McNaney et al., 2003; Bouvet et al., 2004; Nemat-Nas-
ser et al., 2005; Panico and Brinson, 2007; Araya et al., 2008; Wang
et al., 2010). Among the great number of investigations, very few
studies concern the thermomechanical behavior modeling under
cyclic loading. Recently, few models taking into account the resid-
ual strain evolution in superelasticity and sometimes for thermo-
mechanical loadings have been proposed in the literature (e.g.,
Kan and Kang, 2010; Saleeb et al., 2010). In most cases, an internal
variable representing permanent inelastic strain is introduced in
addition to the transformation and elastic strains. This internal var-
iable is generally related to the classic plastic strain used in plastic-
ity frameworks (Zaki et al., 2010).

This study concerns the thermomechanical behavior (i.e., super-
elasticity and stress assisted memory effect) of SMAs under cyclic
loadings at low strain rates. A particular attention is paid to study
and to describe the evolution of the residual strain with the num-
ber of cycles.

A three-dimensional macroscopic model able to describe quan-
titatively superelastic and stress assisted memory effect behaviors
under cyclic loadings is proposed. This new model is an extension
of the Saint-Sulpice et al. (2009) superelastic model. A certain
number of ingredients of the previous version of the model is con-
served. For example, the original concept of two different trans-
formation surfaces (i.e., one for forward transformation, and the
other one for the reverse transformation) and the relation be-
tween the martensite volume fraction and a scalar equivalent
transformation strain are re-used. In this new version of the mod-
el, a new concept of jammed martensite is introduced. This allows
one to describe the stress assisted memory effect under cyclic
loadings (it was not the case with the previous model dedicated
to superelasticity).

The present paper is organized in five main sections. In the first
one, an experimental database is presented concerning the ther-
momechanical behavior of a Cu-Al-Be SMA under mechanical and
thermal cyclic loadings. In the second section, the constitutive
equations of the three-dimensional macroscopic model are de-
scribed in detail. In the third section, the material parameters
introduced in the thermomechanical model are identified and
comparisons between experimental results and simulations are
shown. In the fourth section, the model is implemented in a finite
elements code and the numerical integration algorithm is de-
scribed. In the last section, the cyclic thermomechanical behavior
of two SMA actuators have been simulated in a finite elements
code using the developed model.
2. Thermomechanical behavior of a Cu-Al-Be SMA under cyclic
loadings

A series of tests has been performed to characterize the thermo-
mechanical behavior of the studied material. A particular attention
has been paid to the influence of mechanical (isothermal) or ther-
mal cyclic loadings.
2.1. Material and test conditions

The material used for all the tests is a Cu-Al-Be polycrystalline
SMA (Cu: 87% at; Al: 11% at; Be: 2% at) provided by Nimesis (Fran-
ce).This shape memory material is available as 0.8 mm diameter
wires. The four characteristic transformation temperatures were
determined using electric resistivity measurements. Fig. 1 shows
the evolution of the resistivity during a cooling-heating cycle.
The temperatures M0

s ; M0
f ; A0

s and A0
f are given in Table 1.

All the tests have been performed on a Zwick electromechanical
universal testing machine equipped with a thermal chamber
(with a temperature range of � 80 �C–200 �C) (Fig. 2). A 25 mm
extensometer has been used to measure the axial strain. Stress
has been determined using the load cell of the testing machine,
with 500 N range. Temperature has been measured by a K type
thermocouple. The isothermal superelastic tests have been per-
formed under axial strain control. A low strain rate (i.e., _e ¼
10�4 s�1) has been chosen to minimize temperature rise due to
self-heating of the material. During non-isothermal testing (i.e.,
stress assisted memory effect tests), a temperature rate of
± 2.5 �C.min�1 has been chosen during the heating and cooling
phases, respectively.

2.2. Tensile loading–unloading test and stress assisted memory effect
test

First, the superelastic behavior under tensile loading–unloading
of the material has been studied. A specimen has been deformed
up to a maximum strain of 4% at 80 �C and then unloaded down
to zero stress. Fig. 3a shows the corresponding typical hysteretic
superelastic strain–stress curve. After the initial elastic behavior,
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Fig. 3. Evolution of (a) stress versus strain during a tensile test and (b) strain versus temperature during a thermal cycle under constant stress.
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a supplementary deformation, etr, occurs via the martensitic phase
transformation. In the case of the studied material, a little residual
strain remains after unloading.

The stress assisted memory effect has been studied on a second
specimen. The thermomechanical loading considered here has two
different sequences. The first one consists in applying a loading up
to a stress level of 250 MPa at a temperature higher than Af (i.e.,
150 �C). A cooling-heating cycle under a constant stress level of
250 MPa is then performed in the second sequence of the test.
Fig. 3b shows the corresponding typical hysteretic temperature-
strain curve. As long as the temperature is higher than Mr¼250 MPa

s ,
the strain evolves just by thermal effect. When the temperature
is lower than Mr¼250 MPa

s , the martensitic phase transformation
takes place and the strain increases significantly until the temper-
ature is lower than Mr¼250 MPa

f . Then the sample is in a fully stress-
induced martensitic state and the strain evolves again just by ther-
mal effect. During the heating phase, as long as the temperature is
lower than Ar¼250 MPa

s , the strain evolves just by thermal effect.
When the temperature is higher than Ar¼250 MPa

s , reverse phase
transformation takes place and the strain decreases significantly
until the temperature is higher than Ar¼250 MPa

f . Here again, it can
be observed that a little residual strain remains after the heating
phase (i.e., at the end of the cycle).

2.3. Return memory point effect under mechanical and
thermomechanical loadings

The return point memory effect (RPME) is a very special aspect
of the thermomechanical behavior of shape memory alloys. This
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Fig. 4. (a) Stress loading path and (b) evolution of stress versus s
effect was formulated by Ortin (1992) and is very similar to the
‘‘discrete memory’’ notion of Guélin (1980). This effect can be ob-
served as well in superelastic behavior as in stress assisted mem-
ory effect. The RPME concept is based on a set of memory points
(MP), which are local extrema of the stress–strain curve. Fig. 4a
and b show the strain loading path and the corresponding
strain–stress curve in the case of superelastic behavior. The speci-
men has been loaded up to 4% strain level (A), then unloaded down
to 2% (B), then reloaded up to 3% (C), and re-unloaded down to 1%
(D), then reloaded up to 4% (E) and finally unloaded down to zero
stress (F). Along the path (OA), there is no MP because the material
is virgin. After the first inversion in the loading direction, point A
becomes a maximum memory point and is ‘‘memorized’’ by the
material. At point B, the loading direction is reversed once again.
Point B becomes a minimum memory point. After the new inver-
sion of the loading direction at C, C becomes a maximum memory
point. Subsequently, it can be observed, on the one hand, that the
path (CD) passes by the minimum memory point B. On the other
hand, because the internal loop (CB) is closed, the maximum mem-
ory point (C) is ‘‘forgotten’’ and the path (DE) passes by the maxi-
mum memory point (A) (i.e., A = E). The internal loop (ED) is then
closed, the minimum memory point (D) is ‘‘forgotten’’. So, the last
unloading (AF) does not go through point (D).

The illustration of the concept of return memory point during a
stress assisted memory effect test including an internal loop is
shown on Fig. 5a and b. It can be observed that the path (CD)
passes by the maximum memory point (B) and because the inter-
nal loop (BC) is closed the minimum memory point (C) is ’’forgot-
ten’’. So, the last heating phase (DE) does not go through point (C).
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Fig. 5. (a) Temperature loading path and (b) evolution of strain versus temperature during a thermal cycle under constant stress.
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We will see, in the section concerning the thermomechanical
modelization, how this particular aspect of the thermomechanical
behavior of shape memory alloys is taken into account.

2.4. Superelastic and SAME under cyclic loading at constant amplitude

Two additional tests under cyclic loading at constant amplitude
have been performed. The main objective of these tests is to study
the evolution of the residual strain with the number of cycles.

First, a series of four tests at 80 �C has been performed concern-
ing the superelastic behavior of the material. Fig. 6a shows the
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Fig. 6. Evolution of (a) stress versus strain during a cyclic tensile test at 4% strain amplitu
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corresponding strain–stress response for a strain amplitude of
4%. The residual strain increases with the number of cycles up to
a saturated value. Fig. 6b shows the evolution of the residual strain
versus the number of cycles for four different strain amplitudes
(i.e., 1, 2, 3 and 4%). It can be observed that the saturated value de-
pends on the strain amplitude: the higher is the strain amplitude,
the greater is the obtained saturated residual strain.

A cyclic stress assisted memory effect test has been performed
between 150 �C and � 10 �C. Fig. 7a shows the corresponding tem-
perature-strain response. It can be observed, on the one hand, that
the residual strain at high temperature (i.e., 150 �C) increases with
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the number of cycles. On the other hand, the maximum strain at
low temperature (i.e., �10 �C) increases too. Fig. 7b shows the evo-
lution of the residual strain at high temperature and the maximum
strain at low temperature with the number of cycles.

2.5. Superelastic behavior under variable-amplitude cyclic loading

Two additional superelastic tests have been performed to study
the evolution of residual strain under variable-amplitude cyclic
loading. The first test is based on two sequences. In each sequence,
the sample is subjected to a loading–unloading cycle up to 4%
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strain level followed by fifty cycles at 2%. Fig. 8a and b show the
corresponding strain–stress response and the evolution of the
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loading at constant amplitude (i.e., 2 and 4%).

The second test is an increasing amplitude one. During each cy-
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corresponding strain–stress response and the evolution of the
residual strain with the number of cycles. It can be observed that,
for this test, the residual strain increases without saturating unlike
the previous cyclic tests.

2.6. Thermal flash test

This last test has been performed to determine the origin of the
residual strain observed in the previous tests. The concept of ‘‘ther-
mal flash test’’ has been already introduced in Saint-Sulpice et al.
(2009). This specific test was performed after a superelastic cyclic
loading at constant amplitude (e.g., 4% amplitude). It consists in
heating the specimen at approximately 150 �C higher than the test
temperature for a few seconds and observing the evolution of the
residual strain. Fig. 10a and b show the evolution of the residual
strain during the cyclic test and during the ‘‘thermal flash test’’.
It can be observed the disappearance of 90% of the residual strain.
This experimental result confirms that, for our Cu-Al-Be SMA, the
main origin of the residual strain under cyclic loadings is due to
the jammed martensite. In these alloys the existence of precipi-
tates blocks the reverse transformation of martensite to austenite.
Indeed, if the origin of the residual strain was plasticity, the dura-
tion and the reached low level of the temperature of the thermal
flash test does not allow the restoration process of classic plastic
strain.

3. Macroscopic 3D modeling of SMA behavior

The proposed model is the extension of the one developed in
Saint-Sulpice et al. (2009) which allows us to simulate the cyclic
superelasticity behavior of SMA under general multiaxial nonpro-
portional loading. The main originality of this previous model con-
cerns the description of the elastic domain of the material by two
different transformation surfaces for forward and reverse transfor-
mation noted f1 and f2, respectively (Fig. 11).

Over and above the other particularities of the behavior, the
definition of these two transformation surfaces allows us to de-
scribe the reverse transformation for every SMA (Copper-based,
Ni-Ti, . . .) and in particularly the reorientation of martensite ob-
served under nonproportional loadings. The previous model allows
us to take into account the residual strain that appears under cyclic
mechanical loadings. The evolution of this residual strain is based
on a particular transformation kinetics driven by a cumulated
transformation strain, tr.

In this work, modifications are proposed to take into account
the evolution of the residual strain during thermomechanical
loadings. The cumulated transformation strain, tr, controls the
appearance of residual martensite which leads to the evolution of
the residual strain under cyclic loadings. This allows us to repro-
Fig. 11. Forward and reverse transformation surfaces.
duce the 3D super-elasticity and also the stress assisted memory
effect under cyclic loadings.

In the following sections, the constitutive equations of the model
are detailed.

3.1. Strain decomposition and relation with the volume fraction of
martensite

The framework of small strains has been assumed. So, the clas-
sic decomposition of the total strain, e, without plasticity, is
considered:

e ¼ ee þ etr ¼ E�1 rþ etr ð1Þ

where ee and etr are the elastic and transformation strain tensors,
respectively (Fig. 3a) and r the stress tensor. In order to simplify
the problem, the same elastic characteristic, E, is assumed for
austenitic and martensitic phases.

The martensite volume fraction, z, is defined by a relation ini-
tially proposed by Vacher and Lexcellent (1991) and experimen-
tally validated by Gedouin et al. (2010) and by Taillard et al.
(2008) for multiaxial loadings:

z ¼
etr

eq

c
ð2Þ

where c is a material parameter corresponding to the maximum
equivalent transformation strain. The equivalent transformation
strain, etr

eq, is defined by Bouvet et al. (2004):

etr
eq ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
etr : etr

Kr : Kr

s
� etr gð�yeÞ

gð�1Þ ð3Þ

where Kr is the tensor normal to the forward transformation sur-
face, given by:

Kr ¼
@req

@r
¼ 3

2
gðyrÞ 3N2

r � yrNr �
2
3

Id

� �
ð4Þ

With Nr ¼ S
�r ; ye ¼ 4

detðetrÞ
etr 3 is the third strain invariant,

�etr ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
3 e

tr : etr
q

is the von Mises equivalent strain and gðyÞ; req; �r
and yr are described in the next section.

3.2. Description of the forward and reverse transformation surfaces

Two transformation surfaces are used in the model. The first
one, f1, drives the forward transformation, and the second one, f2,
drives the reverse transformation. The forward transformation sur-
face depends on the second and third stress invariants, and is given
by the following equation:

f1 ¼ �r� RðzÞ þ rt
0ðTÞ

gðyrÞ
6 0 ð5Þ

where �r ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
3
2 S : S

q
is the von Mises equivalent stress with S the

deviatoric stress tensor, gðyÞ ¼ cos
arccosð1� að1� yÞÞ

3

� �
describes

the shape of the transformation surface and the tensile-compres-

sion asymmetry observed in shape memory alloys (e.g., Vacher
and Lexcellent, 1991; Patoor et al., 1995; Gall et al., 1997; Liu
et al., 1998; Orgéas and Favier, 1998) with a the from 0 to 1 (Bigoni

and Piccolroaz, 2004), yr ¼
27
2

detðSÞ
�r3 is the third stress invariant,

R(z) is the size of the transformation surface and rt
0ðTÞ ¼

lðT � T0Þ is the transformation stress under tensile loading depend-
ing on the temperature, T, with l and T0 two material parameters.

The equivalent stress used in following equations depends on
the von Mises equivalent stress, �r, and the g function:



Fig. 13. Forward and reverse transformation surfaces and transformation strain
evolution during reorientation.
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req ¼ �rgðyrÞ ð6Þ

The shape and the size of the reverse transformation surface are
the same as the first one:

f2 ¼ r� X � RðzÞ þ rt
0ðTÞ

gðyr�XÞ
6 0 ð7Þ

With:

yr�X ¼
27
2

detðS � XÞ
r� X3

ð8Þ

where X is the kinematic tensor colinear to etr which determines the
position of the center of f2 and is given by the following equation:

X ¼ RðzÞ þ rt
0ðTÞ

� � 1
gðyeÞ

þ 1
gð�yeÞ

� �
� dðzÞ

� �
etrffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

3
2 e

tr : etr
q ð9Þ

where d(z) is the size of the intersection of the two transformation
surfaces in the etr direction (Fig. 11, grayed zone). It will be detailed
in the following section.

3.3. Transformation strain evolution

During transformation, the evolution of the transformation
strain, etr, respects the following transformation rules. For forward
transformation, the normality law is respected so the direction of
the transformation strain evolution is normal to the forward trans-
formation surface (Fig. 12a).

This has been experimentally validated under biaxial tension–
compression loadings by Bouvet et al. (2002) and under tension–
torsion loadings by Taillard (2006). However during reverse
transformation a non-associated frame is defined. The direction
of the transformation strain evolution is the same as the direction
of the transformation strain (Fig. 12b).

_etr ¼ _k1
@f1
@r ¼

c _z
Ke :Kr

Kr ð _z > 0Þ
_etr ¼ � _k2

etr

etr ¼ c _z gð�1Þ
gð�yeÞ

etr

etr ð _z < 0Þ

8<
: ð10Þ

where _k1 and _k2 are the transformation multipliers given by the
consistency conditions, and Ke is the tensor normal to the forward
transformation surface in the strain space, given by:

Ke ¼
@etr

eq

@etr

¼ 1
gð�1Þ

2
3

gð�yeÞNe þ 2g0ð�yeÞ �2N2
e þ yeNe þ Id

� �� �
ð11Þ

With Ne ¼
etr

etr
.

A special case occurs during non-proportional loadings when
both transformation surfaces are reached at the same time (Fig. 13).
When this happens, forward and reverse transformations occur
(a)

Fig. 12. Forward and reverse transformation surfaces and evolution of the transform
simultaneously leading to the evolution of the transformation
strain direction with an almost constant volume fraction of
martensite.

In this case, the evolution of the transformation strain is a com-
bination of those during forward and reverse transformation. Its
direction is determined directly by the numerical integration pro-
cess (see Section 5). Nevertheless the evolution of the equivalent
transformation strain is given by:

_etr
eq ¼ _k1Ke : Kr þ _k2

gð�yeÞ
gð�1Þ ð12Þ
3.4. Transformation surfaces evolution

During transformation, the shape memory alloy behavior is de-
scribed by the evolution of the two variables R(z) and d(z) which
respectively lead the size and the position of the two transforma-
tion surfaces. In order to take into account the return point mem-
ory effect described on Fig. 4b and Fig. 5b, the volume fraction of
martensite is memorized at each change of the loading way: zmax

n

for a high memory point and zmin
n for a low memory point, where

n is the number of opened loops of loading. Then, the evolution
of the two variables, R(z) and d(z), depends on the memorized vol-
ume fraction of martensite. During forward transformation the
evolution of d(z) is given by:

dðzÞ ¼ d0 þ p
z� zmin

n�1

zmax
n�1 � zmin

n�1

� p

!
dmin

n�1 � d0

� � 

þ p
zmax

n�1 � z
zmax

n�1 � zmin
n�1

� p
� �

dmax
n�1 � d0

� �
ð13Þ
(b)

ation strain during (a) forward transformation and (b) reverse transformation.
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During reverse transformation:

dðzÞ ¼ d0 þ p
z� zmin

n�1

zmax
n � zmin

n�1

� p
� �

dmin
n�1 � d0

� �

þ p
zmax

n � z
zmax

n � zmin
n�1

� p
� �

dmax
n � d0

� �
ð14Þ

where dmin
n ¼ d zmin

n

� �
; dmax

n ¼ d zmax
n

� �
; p and d0 are two material

parameters. In the first loop, d(z) varies from an initial value dmin
1

to the same final value by taking an intermediate value d0. dmin
1 cor-

responds to the temperature difference between forward transfor-
mation beginning and reverse transformation ending up to a l
factor (Fig. 14a).

During an internal loop, d(z) varies from the value of d at the last
high or low memory point to its value at the last low or high mem-
ory point (Fig. 14b).

The evolution of R(z) is given during forward transformation by:

RðzÞ ¼ Rmin
n�1 þ h1ðzÞ Rmax

n�1 � Rmin
n�1

� �
ð15Þ

During reverse transformation by:

RðzÞ ¼ Rmin
n�1 � dmin

n�1 þ h2ðzÞ Rmax
n � dmax

n � Rmin
n�1 þ dmin

n�1

� �
ð16Þ

where Rmin
n ¼ R zmin

n

� �
and Rmax

n ¼ R zmax
n

� �
. Then, during the first loop,

R(z) varies between Rmin
1 ¼ 0 and Rmax

1 , which is a material parameter
(Fig. 15a). During an internal loop, it varies between the values of R
at the last low and high memory points (Fig. 15b).
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The evolution of R(z) between these values is given by the func-
tions h1(z) and h2(z) for forward and reverse transformation
respectively:

h1ðzÞ ¼
h

zmax
n�1

zmax
1

z� zmin
n�1

zmax
n�1 � zmin

n�1

� �

h
zmax

n�1

zmax
1

� � ð17Þ

h2ðzÞ ¼
h

zðzmax
1 � zmin

n�1Þ þ zmin
n�1 zmax

n � zmax
1

� �
zmax

1 zmax
n � zmin

n�1

� �
 !

� h
zmin

n�1

zmax
1

� �

1� h
zmin

n�1

zmax
1

� � ð18Þ

With:

hðzÞ ¼ arccosð1� 2zÞ
p

ð19Þ
3.5. Cyclic behavior

The cyclic behavior under loadings with constant amplitudes is
firstly described. Then, modifications are introduced in order to
take into account the effect of amplitude variations during loadings.

3.5.1. Under loadings with constant amplitudes
As it has been observed during experiments (see Section 2.6), a

jammed martensite volume fraction, zj, is introduced in the model
in order to take into account the residual strain evolution during
−100 −80 −60 −40 −20 0 20 40 60
0

1

2

3

4

5

6

7

A
xi

al
 s

tr
ai

n,
 ε

 (
%

)

Temperature, T (°C)

O
.

δmin
1

/μ

δmax
1

/μ

δmax
2

/μ
A .

δ(z)/μ
B.

h(z)

(b)

l loading: (a) cooling and (b) heating.

0 0.25 0.5 0.75 1
−200

−100

0

100

Volume fraction of martensite, z

R
 (

M
Pa

)

O
.

O’
.

δmin
1

Rmin
1

δmax
2

Rmax
2 A.

δ(z)
R(z).

B
.

h
1
(z)

(b)

oading: (a) loading and (b) unloading.



Table 2
Material parameters for the studied Cu-Al-Be at room temperature.

E m c a l

43 GPa 0.3 5.85% 0.7 3 MPa�C�1

T0 dmin
1

d0 Rmax
1 A B C tr0

28.7 �C 185 MPa 15 MPa 330 MPa 0.0057 7.05 0.904 0.123
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cyclic loadings. This volume fraction is a part of the total martens-
ite volume fraction, z. It increases during forward transformation
but does not disappear and remains constant during reverse trans-
formation. Its evolution is given by:

_zj ¼ ABDz

trþtr0
_tr ð _z > 0Þ

_zj ¼ 0 ð _z < 0Þ

(
ð20Þ

where A, B and tr0 are three material parameters, Dz is the loading
amplitude of transformation:

Dz ¼ z� zmin
n�1 ð21Þ

and tr is the cumulated transformation strain defined by:

tr ¼
Z detr

eq

c

				
				 ð22Þ

where detr
eq is the increment of the equivalent transformation strain.

3.5.2. Under loadings with variable amplitudes
In order to take into account the variation of amplitude, first the

value of the jammed martensite volume fraction which would be
reached during a cyclic test at constant amplitude (using the inte-
grated form of the Eq. (20)) is introduced:

zjca ¼ ABDz lnðtr þ tr0Þ � A lnðtr0Þ ð23Þ

Then the evolution of the jammed martensite volume fraction is
given by Eq. (24) using the value of zjca:

_zj ¼
ABDze

zjca
�zj

C

tr þ tr0

_tr ð24Þ

where C is a material parameter.

4. Identification and validation

The proposed model includes 13 material parameters. Five
experimental tests have been used to identify all these parameters,
and three different experimental tests have been used to validate
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Fig. 16. Evolution of (a) stress versus strain during the simulation of a cyclic tensile test a
during the simulation of cyclic tensile tests at 1, 2, 3 and 4% strain amplitude used for i
the model’s behavior. The identified material parameters are given
in Table 2.

They have been determined from the cyclic tensile tests at 1, 2,
3 and 4% strain amplitudes (see Fig. 6), and the cyclic tensile test
with variable amplitude (see Fig. 8). Fig. 16a, Fig. 17a, Fig. 16b
and Fig. 17b show the results of the identification of the behavior
for the first two figures and of the residual strain for the two
others.

The model’s behavior has been then validated by comparing the
results of other cyclic tests with the results of corresponding sim-
ulations. Fig. 18a shows the result of the simulation of a cyclic ten-
sile test with increasing amplitude (0.5,1,1.5,2, . . . ,6%). Fig. 18b
compares the evolution of the residual strain versus cumulated
transformation strain for the experimental test and the corre-
sponding simulation.

Fig. 19a shows the validity of the model during a cyclic assisted
two-way memory effect. Fig. 19b compares the evolution of the
residual strain at low and high temperatures for the cyclic experi-
mental test and the corresponding simulation. One can observe on
Fig. 19a and b that a residual strain is present at low temperature.
This residual strain is probably due to a plastic strain of the mar-
tensite phase. In the present version of the model, plastic deforma-
tion is not taken into account. This explains the difference between
the experimental and numerical results at low temperatures.

5. Numerical integration

After the validation of the model, in order to use it in a finite
elements code, its numerical integration should be considered.

The global numerical algorithm of the model is described on
Fig. 20. It consists to follow this procedure for each step:

1. the elastic prediction of the stress, r, is calculated from the ini-
tial stress rn and the strain increment, De, imposed by the finite
element code,
0
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2. the forward and reverse transformation functions, f1 and f2, are
evaluated from the predicted stress, r (Eqs. (5) and (7)),

3. from the calculated values of f1 and f2, four cases are possible:
(a) (f1 < 0 or (f1 = 0 and _f 1 < 0)) and (f2 < 0 or (f2 = 0 and

_f 2 < 0)): the elasticity assumption is validated and the cal-
culated stress is used as the initial stress for the next step.

(b) (f1 = 0 and _f 1 ¼ 0) and (f2 < 0 or (f2 = 0 and _f 2 < 0)): the for-
ward transformation takes place and a correction must be
realized on the elastic calculated stress, r.
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Fig. 17. Evolution of (a) stress versus strain and (b) residual strain versus cumulated transformation strain during the simulation of a cyclic tensile test with variable
amplitude used for identification with the experimental results.
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Fig. 18. Evolution of (a) stress versus strain and (b) residual strain versus cumulated transformation strain during the simulation of a cyclic tensile test with increasing
amplitude used for validation with the experimental results.
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Fig. 19. Evolution of (a) strain versus temperature and (b) residual strain versus cycles during the simulation of a thermal cyclic loading under constant stress used for
validation with the experimental results.
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(c) (f1 < 0 or (f1 = 0 and _f 1 < 0)) and (f2 = 0 and _f 2 ¼ 0): the
reverse transformation takes place and in this case a correction
must also be realized on the elastic calculated stress.
(d) (f1 = 0 and _f 1 ¼ 0) and (f2 = 0 and _f 2 ¼ 0): the reorientation
takes place.

As described on the Fig. 21, the reorientation is realised by alter-
nating between forward and reverse transformation. The final
stress state is reached when both transformation functions value
are lower than a precision, p. This alternance leads to the evolution
of the transformation strain direction without a significant varia-
tion of the martensite volume fraction (see Fig. 22).

During forward transformation the correction of the elastic pre-
dicted stress is calculated with the method introduced by Ortiz and
Simo (1986): the return-mapping integration algorithm. It consists
in the determination of the needed increment of the martensite



Fig. 20. Global flowchart of the numerical integration method used in the model.

Fig. 21. Flowchart of the numerical integration of the reorientation.

Fig. 22. Schematic evolution of the stress during a step of the numerical integration
in the deviatoric plan.
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volume fraction, dz, with a Taylor expansion of the transformation
function for a stress, r, at iteration, j + 1:

f jþ1
1 ¼ f j

1 þ
@f j

1

@r
: rjþ1 � rj
� �

þ @f j
1

@R
ðRjþ1 � RjÞ ð26Þ

This equation is similar to:

df1 ¼
@f j

1

@r
: drþ @f j

1

@R
dR ð27Þ

When the transformation function is positive, it means that trans-
formation takes place and the martensite volume fraction evolves
until the transformation function becomes equal to zero. So with
f jþ1
1 ¼ 0 the Eq. (27) gives:

0 ¼ f j
1 þ

@f j
1

@r
:
@r
@z

dzþ @f j
1

@R
@R
@z

dz ð28Þ

The evolution of the martensite volume fraction during forward
transformation is then:
dz ¼ �f j
1

@f j
1

@r
:
@r
@z
þ @f j

1

@R
R0ðzÞ

ð29Þ

Where:

@f j
1

@r
¼ @

�r
@r
þ ðRðzÞ þ rt

0ðTÞÞ
g0ðyrÞ
g2ðyrÞ

@yr

@r
ð30Þ

@r
@z
¼ @r
@ee

@ee

@etr

@etr

@z
ð31Þ

@f j
1

@R
¼ � 1

gðyrÞ
ð32Þ

During reverse transformation the integration procedure is the
same as the one used for the forward transformation. The correction
procedure concerns the reverse transformation function, f2, and
takes into account the evolution of d(z):

0 ¼ f j
2 þ

@f j
2

@r
:
@r
@z

dzþ @f j
2

@R
@R
@z

dzþ @f j
2

@d
@d
@z

dz ð33Þ

The evolution of the martensite volume fraction during reverse
transformation is then:

dz ¼ �f j
2

@f j
2

@r
:
@r
@z
þ @f j

2

@R
R0ðzÞ þ @f j

2

@d
d0ðzÞ

ð34Þ



Fig. 23. Mesh of the shape memory-elastic actuator after applying the preload and
its dimensions.
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where:

@f j
2

@r
¼ @

�r
@r
þ RðzÞ þ rt

0ðTÞ
� � g0ðyr�XÞ

g2ðyr�XÞ
@yr�X

@r
ð35Þ

@f j
2

@R
¼ @r� X
@ðr� XÞ :

@ðr� XÞ
@R

� 1
gðyr�XÞ

þ ðRðzÞ þ rt
0ðTÞÞ

g0ðyr�XÞ
g2ðyr�XÞ

@yr�X

@ðr� XÞ :
@ðr� XÞ

@R
ð36Þ

@f j
2

@d
¼ @r� X
@ðr� XÞ :

etrffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3
2 e

tr : etr
q

þ ðRðzÞ þ rt
0ðTÞÞ

g0ðyr�XÞ
g2ðyr�XÞ

@yr�X

@ðr� XÞ :
etrffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

3
2 e

tr : etr
q ð37Þ
6. Simulation of structures’ behavior

After the numerical integration, the model has been imple-
mented in a 3D-finite elements code: Cast3M.

In this part, two mechanisms under cyclic loadings have been
considered. Each mechanism is an antagonistic actuator composed
of two springs with the same geometrical characteristics. The first
actuator is a combination of a shape memory spring and an elastic
one with the same elastic properties (see Table 2). The second
actuator is the same as the first one, but with a superelastic shape
memory spring instead of the elastic one. Those mechanisms were
chosen because they are widely used (e.g., Iishi, 2007; Guo et al.,
2008; Miga Motor, 2010), have a simple structure and illustrate
the behavior under superelastic and stress assisted memory effect
loadings.

For each actuator, two steps are considered. The first one is
applying a preload which allows us to set up the two springs to
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Fig. 24. Evolution of: (a) the actuator displacement versus temperature
obtain a maximal stress level about 430 MPa. The second step con-
sists in the variation of the temperature in order to operate the
actuator.

In the following sections, the cyclic thermomechanical behav-
iors of these two mechanisms are simulated using the developed
model for superelasticity and assisted shape memory effect. The
material parameters used for the simulations are the ones identi-
fied in Table 2.

6.1. Shape memory-elastic antagonistic actuator

The mesh of each spring is composed of 5.760 cubic elements
with 20 nodes each, making a total of 26.321 nodes. The Fig. 23
shows the actuator mesh and its characteristics before the preload.
The initial pitch of the springs is 4 mm.

The two springs are joined together. During preloading, the left
extremity of the actuator is fixed and a fixed displacement is im-
posed to the right extremity at high temperature. During actuating,
four cycles of a thermal loading between 20 �C and 130 �C is ap-
plied to the shape memory spring and the elastic spring stays at
the room temperature.

Fig. 24a shows the evolution of the actuator displacement dur-
ing the four thermal cycles. There is only a very small residual dis-
placement due to residual strain in the shape memory spring. So
the curves of different cycles appeared as one. Fig. 24b shows the
resulting force on the actuator just for the first cycle. During cool-
ing, the forward transformation induced by the thermal variation
leads to an elongation of the shape memory spring, which implies
a decrease of the stress in the springs. The stress increases back due
to the reverse transformation during heating (Fig. 24b).

The Fig. 25a and b show respectively the distribution of the
equivalent stress and the martensite volume fraction in the central
section of the shape memory spring of the actuator, after cooling.
For both, a radial distribution can be observed, which is character-
istic of the local torsion induced in a section of a helical spring. But
this distribution is not centered in the sections. These results show
a transformation level about 25% with a maximal equivalent stress
of 225 MPa.

6.2. Shape memory-supererelastic antgonistic actuator

The dimensional characteristics and the mesh of the springs are
the same as the previous actuator (Fig. 26). In this case the elastic
spring is replaced by a superelastic one.

The limit conditions are similar in the two considered mecha-
nisms. The displacement imposed during the preload phase in this
case, is chosen in order to obtain the same level of stress as in the
previous mechanism. Since the second spring is superelastic, its
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displacement after applying the preload is larger than the one of
the elastic spring in the previous mechanism (Fig. 26).

Fig. 27a shows the evolution of the actuator displacement dur-
ing the four thermal cycles. In this case, there is a larger residual
displacement due to residual strain in the shape memory spring
than in the previous mechanism. Fig. 27b shows the resulting force
on the actuator just for the first cycle. During cooling, the forward
transformation induced by the thermal variation leads to an elon-
gation of the shape memory spring, which implies a decrease of the
stress in the springs. The stress increases back due to the reverse
transformation during heating (Fig. 27b). The displacement gener-
ated by the temperature variation is greater for this actuator than
the first one.
(a)

Fig. 25. Distribution of (a) the equivalent stress and (b) the volume fraction of martens

Fig. 26. Mesh of the shape memory-superela
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Fig. 27. Evolution of: (a) the actuator displacement versus temperature an
The Fig. 28a and b show respectively the distribution of the
equivalent stress and the martensite volume fraction in the central
section of the shape memory spring of the actuator, after cooling.
For both, a radial distribution can be observed, which is character-
istic of the local torsion induced in a section of a helical spring. But
this distribution is not centered in the sections. These results show
a transformation level about 60% with a maximal equivalent stress
of 260 MPa.

From the results of the simulation of this two mechanisms
involving multiaxial loadings, it appears that the structure effect
leads to a heterogeneous state of stress and strain. This leads to
low levels of residual strain in comparison with the uniaxial
results.
(b)

ite in the central section of the shape memory spring of the actuator after cooling.

stic actuator after applying the preload.
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(a) (b)

Fig. 28. Distribution of (a) the equivalent stress and (b) the volume fraction of martensite in the central section of the shape memory spring of the second actuator after
cooling.
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All the results show the good numerical functioning of the pro-
posed model.
7. Conclusion

In this paper, a model permitting the description of the thermo-
mechanical behavior of shape memory alloys under cyclic loadings,
has been presented. This model is able to predict the evolution of
the residual strain under thermomechanical cyclic loadings by
the definition of a jammed martensite volume fraction which
evolves with the cumulated transformation strain.

Tensile thermomechanical cyclic loading tests have been per-
formed. These experimental results have permitted the identifi-
cation and the validation of the model. To validate completely
the model, the cyclic complex non-proportional tests will be
realised. A particular attention has been paid in the determina-
tion of the origin of the residual strain in the studied alloy. It
appears that it is mainly due to residual martensite. This allows
us to justify the definition of the jammed martensite in the
model. Nevertheless, it would be interesting to realise more tests
after thermal flash to know if the material recovers its virgin
behaviour.

The integration procedure of the model has been detailed. Its
particularity is in the handling of the reorientation mechanism,
which happens during complex multiaxial loadings.

The model has been implemented in a 3D-finite elements code.
The functioning of the two actuators based on a shape memory
spring combined with an elastic or a superelastic spring, during
thermal cyclic loadings has been simulated. It allows us to compare
the two actuators performances with or without the development
of a residual displacement.
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