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1. Introduction

The instability of self-gravitating systems was first investigated 
by Jeans [1] in non-relativistic Newtonian gravity. It was extended 
to General Relativity (GR) by Lifshitz [2] and nowadays it is widely 
used in cosmology to study the rise of density perturbations in the 
expanding universe [3–6]. The original Jeans approach is based on 
the Poisson equation

�Φ = 4πG�, (1.1)

which is not satisfied in the zeroth order approximation, because 
the potential Φ is considered as a first order quantity, while the 
matter density � = �b + δ� includes zero (background) and first 
order terms. This problem is discussed in several textbooks, as e.g. 
in the aforementioned references [3–6]. It is also noted in an early 
paper indicated to us by an anonymous referee [7], where the au-
thor writes: “In (1.1) the density and pressure are supposed to be 
uniform throughout the gas. In fact, however, if gravitation is taken 
into account the equation of hydrodynamic equilibrium has no so-
lution for a finite uniform mass.”

To cure this shortcoming Mukhanov [4] suggested adding an 
antigravitating substance, such as e.g. vacuum-like energy, which 
would counterbalance the gravitational attraction of the back-
ground, so that Eq. (1.1) would be satisfied at zeroth order. Al-
ternatively in Ref. [8] the authors assumed that the background 
density is zero, so that Eq. (1.1) becomes a relation between first 
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order terms. This problem is absent in cosmology, where the ze-
roth order background equations are satisfied. They are the usual 
Friedmann equations in a homogeneous, isotropic universe, see for 
instance Refs. [3–7].

In this paper we take a different approach to the classical Jeans 
problem, assuming that Eq. (1.1) is valid for zeroth order terms 
so the solution of the equations of motion leads to time depen-
dent background energy density and gravitational potential. These 
evolve with time in accordance following the equations of mo-
tion. The characteristic timescale of variation of these quantities is 
close to the Jeans time [both are essentially the gravitational time 
tg ∼ (G�)−1/2], so the development of the Jeans instability goes 
faster than in the standard theory, where such effect is not taken 
into account. This problem is studied in Section 2.

The treatment of the Jeans instability in General Relativity starts 
from the Einstein equations:

Gμν ≡ Rμν − 1

2
gμν R = 8πGTμν ≡ T̃μν. (1.2)

These equations automatically include the equations of motion 
of matter, namely the continuity and Euler equations. On the 
other hand the equations of motion of matter can be equiva-
lently obtained from the conditions of covariant conservation of 
the energy–momentum tensor

DμT μ
ν = 0, (1.3)

where Dμ is the covariant derivative in the gravitational field un-
der scrutiny. Usually, it is technically more difficult to derive the 
Euler and continuity equations from (1.2) because in this case one 
has to include the terms proportional to the square of the Christof-
fel symbols in the expression for the Ricci tensor.
 under the CC BY license (http://creativecommons.org/licenses/by/3.0/). Funded by 
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We consider the problem of gravitational instability for an ini-
tially spherically symmetric distribution of matter which generates 
a Schwarzschild-like background gravitational field. In contrast to 
the usually considered cosmological case, the background metric 
is not only a function of time but also a function of space coor-
dinates. It leads to difficulties in imposing the Newtonian gauge 
condition. The problem of gauge fixing and the instability in a co-
ordinate dependent background are studied in Section 3.

The final part of the paper, Section 4, is devoted to gravita-
tional instability in F (R) modified gravity theories. In cosmology 
this problem was considered in several works for different forms 
of F (R), see e.g. Refs. [9–11]. We thank an anonymous referee for 
indicating several relevant papers [9] to us.

An analysis of the Jeans instability for stellar-like objects in 
modified gravity was performed in Refs. [12,8]. In these works 
a perturbative expansion of F (R) was performed either around 
R = 0 or R = Rc , where Rc is the present cosmological curvature 
scalar. In our work we expand F (R) around the curvature of the 
background metric Rm , which is typically much larger than Rc .

2. Jeans instability in Newtonian theory with space and time 
dependent background

We consider a spherically symmetric cloud of particles with 
initially vanishing pressure and velocities, and study the classical 
non-relativistic Jeans problem in Newtonian gravity. The essential 
equations are the well known Poisson, Euler, and continuity equa-
tions:⎧⎨⎩

�Φ = 4πG�, (a)

∂t(�v) + �(v∇)v + ∇ P + �∇Φ = 0, (b)

∂t� + ∇(�v) = 0. (c)
(2.1)

It has been already mentioned in the Introduction that the 
problem with these equations, as described in the book by Zel-
dovich and Novikov [3], is that a time independent � is not a 
solution to these equations. To avoid this problem the authors sug-
gested studying solutions in the cosmological background, while 
Mukhanov [4] proposed to introduce some repulsive force. Instead 
we consider the time dependent problem taking as initial value a 
homogeneous distribution � = const. inside a sphere with radius 
rm , while outside this sphere � = 0. The initial values of particle 
velocities and pressure are taken to be zero and the potential Φ is 
supposed to be a solution of the Poisson equation (2.1)(a):

Φ0(r > rm) = −MG/r, Φ0(r < rm) = 2πG�0r2/3 + C0,

(2.2)

where C0 = −2πG�0r2
m is chosen such that the potential is contin-

uous (the value of C0 is not important for us), and the total mass 
of the gravitating sphere is M = 4π�0r3

m/3.
In what follows we will be interested in the internal solution 

for r < rm . Now we can find how the background quantities �, v , 
and P evolve with time at small t . From Eq. (2.1)(b) it follows that:

v1(r, t) = −∇Φ0t = −4πG�0rt/3. (2.3)

From the continuity equation (2.1)(c) we find

�1 = 2π

3
G�2

0t2 or �b(t, r) = �0 + �1 = �0

(
1 + 2π

3
G�0t2

)
.

(2.4)

It is interesting that � rises with time but remains constant in 
space. Because of the homogeneity of � the pressure remains zero, 
i.e. P1 = 0.
The time variation of the background potential is found us-
ing (2.1)(a):

Φb(r, t) = Φ0 + Φ1 = 2π

3
Gr2�0

(
1 + 2π

3
G�0t2

)
. (2.5)

Now we can study the evolution of perturbations over this 
time-dependent background. We proceed as usual, writing � =
�b(r, t) + δ�, Φ = Φb(r, t) + δΦ , v = v1(r, t) + δv , and δP = c2

s δ�, 
where cs is the speed of sound. Here all δ-quantities are infinites-
imal and are neglected beyond first order. In what follows we also 
neglect the products of small sub-one quantities (i.e. �1 etc) with 
δ’s. This significantly simplifies the calculations, while of course 
the results do not change significantly. We find:⎧⎨⎩

�(δΦ) = 4πGδ�, (a)

∂tδv + ∇δΦ + δ�/�0∇Φb + ∇δP/�0 = 0, (b)

∂tδ� + �0∇(δv) = 0. (c)
(2.6)

Eq. (2.6)(b) contains the term (δ�/�0)∇Φb which explicitly 
depends on the coordinate r through the background potential 
|∇Φb| = 4πGr�0/3. We estimate this term substituting instead of 
r its maximum value rm . To see if this term is essential, let us take 
the Fourier transform of the last term in Eq. (2.6)(b):∫

d3k

(2π)3

∇δP

�0
e−iλt+ikr ∼ kc2

s
δ�(λ,k)

�0
. (2.7)

So we have to compare kc2
s with 4πG�0/3. Evidently,

4πGrm�0/3 = rg

2r2
m

, (2.8)

where rg = 2GM is the gravitational (Schwarzschild) radius and M
is the total mass of the spherical cloud under scrutiny. If k is of 
the order of the Jeans wave number:

k ∼ k J =
√

4πG�0

cs
, (2.9)

we can neglect the r-dependent term (δ�/�0)∇Φb in comparison 
to ∇δP/�0 for cs >

√
2rg/(3rm). There is quite a large volume of 

the parameter space where this condition is fulfilled.
Taking the Fourier transform of Eqs. (2.6)(a)–(c) and neglecting 

the r-dependent term we obtain the eigenvalue equation:

k2(λ2 − c2
s k2 + 4πG�0

) = 0. (2.10)

For small k we find the usual exponential Jeans instability:

δ� J 1

�0
∼ exp

[
t
(
4πG�0 − c2

s k2)1/2]
. (2.11)

However, these small perturbations have the same characteristic 
rising time ∼ 1/(4πG�0)

1/2 as that of the classical rise of �1. We 
can estimate the impact of the rising background energy density 
on the rise of perturbations making an adiabatic approximation, 
namely replacing the exponent in Eq. (2.11) with the integral:

δ� J 2

�0
∼ exp

{ t∫
0

dt
[
4πG�b(t, r) − k2c2

s

]1/2

}
. (2.12)

where �b(t, r) is given by Eq. (2.4).
Estimating the above integral for small k we find that the en-

hancement factor δ� J 2/δ� J 1 is equal to 1.027 after a time t = tgrav , 
where tgrav = 1/

√
4πG�0, while for t = 2tgrav it is 1.23, for t =

3tgrav it is 1.89, and for t = 5tgrav it is 11.9. Note that to derive 
(2.11) and (2.12) we assumed that t < tgrav , so we should not treat 
these factors as numerically accurate; still, we can interpret them 
as an indication that the rise of fluctuations is indeed faster than 
in the usual Jeans scenario.
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3. Density perturbations in General Relativity

In this section we consider the evolution of scalar perturbations 
in GR. First we present the necessary expressions for metric, cur-
vature tensors, and energy–momentum tensor of matter, which is 
taken in the perfect fluid form. Next we discuss the choice of gauge 
for perturbations in the coordinate-dependent background. And 
lastly we study the rise of perturbations in a Schwarzschild-like 
background, which may depend on both time and space coordi-
nates.

3.1. Metric and curvature

As we did previously, we consider a spherically symmetric 
cloud of matter with initially homogeneous energy density inside 
the limit radius r = rm . We choose Schwarzschild-like isotropic co-
ordinates in which the metric takes the form:

ds2 = A dt2 − Bδi j dxidx j, (3.1)

where the functions A and B may depend upon r and t . The cor-
responding Christoffel symbols are:

Γ t
tt = Ȧ

2A
, Γ t

jt = ∂ j A

2A
, Γ

j
tt = δ jk∂k A

2B
, Γ t

jk = δ jk Ḃ

2A
,

Γ k
jt = δk

j Ḃ

2B
, Γ k

lj = 1

2B

(
δk

l ∂ j B + δk
j∂l B − δl jδ

kn∂n B
)
. (3.2)

For the Ricci tensor, including terms quadratic in Γ ’s, we ob-
tain:

Rtt = �A

2B
− 3B̈

2B
+ 3Ḃ2

4B2
+ 3 Ȧ Ḃ

4AB
+ ∂ j A∂ j B

4B2
− ∂ j A∂ j A

4AB
, (3.3)

Rt j = −∂ j Ḃ

B
+ Ḃ∂ j B

B2
+ Ḃ∂ j A

2AB
, (3.4)

Rij = δi j

(
B̈

2A
− �B

2B
+ Ḃ2

4AB
− Ȧ Ḃ

4A2
− ∂k A∂k B

4AB
+ ∂k B∂k B

4B2

)
− ∂i∂ j A

2A
− ∂i∂ j B

2B
+ ∂i A∂ j A

4A2
+ 3∂i B∂ j B

4B2

+ ∂i A∂ j B + ∂ j A∂i B

4AB
. (3.5)

Here and in what follows the upper space indices are raised with 
the Kronecker delta, ∂ j A = δ jk∂k A.

The corresponding curvature scalar is:

R = �A

AB
− 3B̈

AB
+ 2�B

B2
+ 3 Ȧ Ḃ

2A2 B
− ∂ j A∂ j A

2A2 B
− 3∂ j B∂ j B

2B3

+ ∂ j A∂ j B

2AB2
. (3.6)

Let us now present the expressions for the Einstein tensor Gμν =
Rμν − 1/2gμν R:

Gtt = − A�B

B2
+ 3Ḃ2

4B2
+ 3A∂ j B∂ j B

4B3
, (3.7)

Gt j = Rt j, (3.8)

Gij = δi j

(
�A

2A
+ �B

2B
− B̈

A
+ Ḃ2

4AB
+ Ȧ Ḃ

2A2
− ∂k A∂k A

4A2
− ∂k B∂k B

2B2

)
− ∂i∂ j A

2A
− ∂i∂ j B

2B
+ ∂i A∂ j A

4A2
+ 3∂i B∂ j B

4B2

+ ∂i A∂ j B + ∂ j A∂i B
. (3.9)
4AB
The energy–momentum tensor is taken in the perfect fluid form 
without dissipative corrections:

Tμν = (� + P )UμUν − P gμν, (3.10)

where � and P are respectively the energy density and pressure of 
the fluid and the four-velocity is:

Uμ = dxμ

ds
and Uμ = gμαUα. (3.11)

We assume that the three-velocity v j = dx j/dt is small and thus 
neglect terms quadratic in v . Correspondingly,

U j = − B v j√
A
√

1 − (B/A)v j v j
≈ − B v j√

A
. (3.12)

According to our definition v j = v j . From the condition

1 = gμνUμUν = 1

A
U 2

t − 1

B
δkj UkU j ≈ 1

A
U 2

t (3.13)

we find Ut ≈ 1/
√

A. Now we can write:

Ttt = (� + P )U 2
t − P A ≈ �A, (3.14)

T jt = (� + P )Ut U j ≈ −(� + P )B v j, (3.15)

Tij = (� + P )Ui U j − P gij ≈ P Bδi j . (3.16)

3.2. Choice of gauge

In a cosmological situation, the spatially flat Friedmann back-
ground depends only on time and not on the space coordinates:

ds2
cosm = dt2 − a2(t)dr2 = a2(η)

(
dη2 − dr2), (3.17)

As shown in several textbooks, see e.g. [4–6], this allows to impose 
the Newtonian gauge condition on the perturbed metric, which for 
scalar perturbations takes the form:

ds2
pert = (1 + 2Φ)dt2 − a2(t)(1 − 2Ψ )δi j dxidx j, (3.18)

where Φ and Ψ are the metric perturbations or, in other words, 
stochastic deviations from the cosmological background.

In our case the background metric is taken as the internal 
Schwarzschild metric in isotropic coordinates, see e.g. Ref. [13, 
Chapter 16]:

ds2
Sch = A dt2 − Bδi j dxidx j, (3.19)

where A and B are functions of space and time in the form

A(t, r) = 1 + a(t)r2, B(t, r) = 1 + b(t)r2. (3.20)

Calculations will be greatly simplified assuming that deviations 
from a flat Minkowski metric are sufficiently weak and so A ≈ 1
and B ≈ 1. The dependence of the background on space coordi-
nates generates serious problems when one tries to impose the 
Newtonian gauge condition, as we illustrate in what follows.

For scalar fluctuations the general form of the perturbed metric 
is:

ds2
scalar = (A + 2Φ)dt2 + (∂ jC)dt dx j

− [
(B − 2Ψ )δi j − ∂i∂ j E

]
dxidx j. (3.21)

The Newtonian gauge condition implies C = E = 0, which can be 
easily realised in cosmology by a proper change of coordinates. Un-
der the coordinate transformation ̃xα = xα + ξα the metric tensor 
transforms as



282 E.V. Arbuzova et al. / Physics Letters B 739 (2014) 279–284
g̃αβ( x̃ ) = gb
αβ( x̃ ) + δgαβ − gb

αμ∂βξμ − gb
βμ∂αξμ, (3.22)

where gb
αβ is the “old” background metric at the point ̃x and the 

δgαβ are the fluctuations around this metric. Fluctuations around 
the new metric are defined as δ g̃αβ = g̃αβ( ̃x ) − gb

αβ( ̃x ). Taking 
into account that gb

αβ( ̃x ) = gb
αβ(x) + (∂μgb

αβ)ξμ , we finally find:

δ g̃αβ = δgαβ − (
∂μgb

αβ

)
ξμ − gb

αμ∂βξμ − gb
βμ∂αξμ. (3.23)

This gives:

δ g̃00 = δg00 − (
ξ t∂t A + ξk∂k A

) − 2A∂tξ
t, (3.24)

δ g̃0 j = δg0 j − A∂ jξ
t + Bδ jk∂tξ

k, (3.25)

δ g̃i j = δgij + δi j
(
ξ t∂t B + ξk∂k B

) + B
(
δkj∂iξ

k + δki∂ jξ
k). (3.26)

For scalar perturbations we restrict ourselves to “longitudinal” co-
ordinate changes, that is:

ξ i = ∂ iζ = −∂ jζ/B. (3.27)

To eliminate δ g̃0 j we have to impose the condition:

∂ jC − A∂ jξ
t − B∂t(∂ jζ/B) ≡ ∂ j

[
C − B∂t(ζ/B) − Aξ t]

+ ∂ j B∂t(ζ/B) + ξ t∂ j A = 0. (3.28)

The sum of the last two terms in this equation vanishes if we 
choose ξ t = (B ′/A′)∂t(ζ/B), where a prime denotes derivative with 
respect to r. Evidently the term in square brackets can be cancelled 
out with a proper choice of ζ .

Now we need to get rid of the gradient terms in Eq. (3.21), i.e. 
to impose the condition:

∂i∂ j E − 2∂i∂ jζ + ∂i B

B
∂ jζ + ∂ j B

B
∂iζ = 0. (3.29)

Unfortunately, there is no way to satisfy this equation. Firstly, we 
have already used all the freedom to eliminate gt j and, secondly, 
there are terms of two different kinds. The first two terms are 
purely longitudinal ones, while the last two contain both trans-
verse and longitudinal contributions and it is impossible to elimi-
nate both with a single function ζ .

Let us note that with the “scalar” coordinate change there ap-
pear vector and tensor metric perturbations due to the dependence 
of the background metric functions on the spatial coordinates. This 
is an artefact of the coordinate choice. Probably these vector and 
tensor modes could be eliminated if one allows for a “transverse” 
coordinate transformation ξ j = ξ

j
⊥ + ∂ jζ . We will not pursue this 

issue further and in what follows we will assume, as we have 
mentioned above, that deviations from the flat metric are small 
and thus A ≈ B ≈ 1. In this approximation the problems with the 
gauge do not appear. The matter of the gauge choice in the case of 
the coordinate-dependent background will be studied elsewhere. 
Other possible gauges used for the study of gravitational instabil-
ity and the conditions of their validity are described in Ref. [14]
(see also the book [4]). It is possible that other gauge choices may 
be more suitable to study the space dependent case.

3.3. Evolution of fluctuations in General Relativity

Usually the GR equations are taken in the weak field limit, so 
the terms proportional to Γ 2 in the expressions for the Ricci ten-
sor are neglected. Differentiating the GR equation for Gtt over time 
and the one for G jt over x j we derive the continuity equation, 
while taking the time derivative of the equation for G jt and the 
derivative over xi of the equation for Gij we obtain the Euler equa-
tion. However, if we restrict ourselves to the first order in Γ in 
the Ricci tensor we do not obtain self-consistent equations. So, the 
second order terms in Rμν are necessary and we derived the con-
tinuity and Euler equations by this procedure.

On the other hand, one can take a simpler path, deriving the 
Euler and continuity equations from the conditions DμT μ

j = 0 and 
DμT μ

t = 0. Since we have four unknown functions we need two 
more equations as which we can take the equation for Gtt and 
the ∂i∂ j -component of the equation for Gij , at linear order in Γ ’s. 
Correspondingly we keep only terms linear in the derivatives of A
and B and take A = B = 1 otherwise.

The equations for Gtt and for the ∂i∂ j-component of the equa-
tion for Gij are:

−�B = �̃, (3.30a)

∂i∂ j(A + B) = 0. (3.30b)

The continuity and Euler equations are respectively:

�̇ + ∂ j
[
(� + P )v j] + 3

2
� Ḃ = 0, (3.30c)

� v̇ j + ∂ j P + 1

2
�∂ j A = 0. (3.30d)

We assume that the background metric changes slowly as a 
function of space and time and study small fluctuations around 
the background quantities: � = �b + δ�, δP = c2

s δ�, v = δv, A =
Ab + δA, B = Bb + δB .

The corresponding linear equations for the infinitesimal pertur-
bations are:⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

−�δB = δ�̃, (a)

∂i∂ j(δA + δB) = 0, (b)

δ�̇ + �∂ jδv j + 3

2
�δ Ḃ = 0, (c)

�δ v̇ j + ∂ jδP + 1

2
�∂ jδA = 0. (d)

(3.31)

Eqs. (3.31)(a)–(d) coincide with the corresponding equations in 
books [5,4,6] for a static universe, i.e. for a(t) = 1 and H = 0. Re-
member that with our definitions: δA ≡ 2Φ and δB ≡ −2Ψ .

We look for solution in the form ∼ exp[−iλt + ik ·x] and obtain 
the following expressions for the frequency eigenvalues:

λ2 = c2
s k2 − �̃/2

1 + 3�̃/(2k2)
. (3.32)

This result almost coincides with the Newtonian one (2.6)(c). An 
extra term in the denominator is induced by the volume variation, 
and it is small for k ∼ k J [see Eq. (2.9)].

4. Instability in modified gravity

Gravitational instability in the framework of modified gravity 
was studied in detail in Ref. [12] for the case of star formation with 
realistic pressure. We consider the simpler situation of pressureless 
gas which occurs at an initial stage of galaxy or star formation. We 
did not impose the condition of F (R = 0) = 0 used in the cited 
works, or expand the theory around such value, because we are 
interested in higher density configurations (see below).

In modified gravity a nonlinear function of curvature F (R) is 
added to the standard Einstein–Hilbert Lagrangian, so the new Ein-
stein equations have the form:

(1 + F ,R)Rμν − 1

2
(R + F )gμν + (

gμν Dα Dα − DμDν

)
F ,R

= 8π Tμν

m2
≡ T̃μν, (4.1)
Pl
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where F ,R = dF/dR . Some examples of F (R)-theories which re-
alistically describe the cosmological acceleration can be found in 
Refs. [15–20].

In these models, the function F (R) takes very different values 
for |R| 
 |Rc|, |R| ∼ |Rc|, and |R| � |Rc|, where Rc is the present 
average cosmological curvature. We consider the case |R| � |Rc|, 
which is realised in astronomical systems with the energy den-
sity grossly exceeding the cosmological one. In many models pre-
sented in the literature the following conditions are also fulfilled 
in this regime: |F | 
 |R| and |F ,R | 
 1. In this case the equations 
of motion are greatly simplified and instead of Eqs. (3.31)(a) and 
(3.31)(b) we arrive to:

−�δB + ω−2�δR = δ�̃, (4.2a)

∂i∂ j
(
δA + δB − 2ω−2δR

) = 0, (4.2b)

where

ω2 ≡ − 1

3F ,R R
(4.3)

is the typical frequency associated with the F (R) model under 
scrutiny. Eqs. (3.31)(c) and (3.31)(d) remain unmodified, thus it is 
straightforward to use the results of Section 2 about perturbations 
in time dependent background.

Taking the usual Fourier transform ∼ exp[−iλt + ik · x], we ob-
tain the following four equations for the four unknowns δA, δB , 
δ�̃, and the longitudinal component of velocity δv j :⎧⎪⎪⎪⎨⎪⎪⎪⎩

δA + δB = 2ω−2δR, (a)

k2(δB − δA) = 2δ�̃, (b)

k jλ�̃δv j − k2c2
s δ�̃ − k2�̃δA/2 = 0, (c)

k jλ�̃δv j − λ2δ�̃ − 3λ2�̃δB/2 = 0, (d)

(4.4)

where [see Eq. (3.6)]

δR = (
3λ2 − 2k2)δB − k2δA. (4.5)

Eliminating the term k jλ�̃δv j from the two last equations we 
arrive at the following equation for λ:

3k2

ω2
λ4 − λ2

[
k2 + 3�̃

2
+ 3k4

ω2

(
1 + c2

s

)] − �̃k2

2
+ c2

s k4

+ k4

ω2

(
3c2

s k2 − 2�̃
) = 0. (4.6)

The solution of Eq. (4.6) is straightforward but very tedious be-
cause of the many relevant parameters. The sign of the product of 
the roots is determined by the last free term in this equation:

λ2
1λ

2
2

c2
s ω4

= κ4 + κ2(1 − γ )

3
− γ

12
, (4.7)

where κ = k/ω and γ = 2�̃/(ω2c2
s ). It is interesting that the prod-

uct of the eigenfrequencies depends on a single parameter γ .
In the limit k2 
 ω2 we obtain the following simple expres-

sions for the eigenvalues:

λ2
1 = c2

s k2 − �̃/2

1 + 3�̃/(2k2)
, (4.8)

λ2
2 = ω2

(
1

3
+ �̃

2k2

)
. (4.9)

The first root coincides with the usual result of GR, Eq. (3.32), 
while the second root is similar to the high frequency solutions 
found in modified gravity by a different approach [21,22]. In the 
present day astrophysical or cosmological background the charac-
teristic frequency of oscillations is much lower than the scalaron 
mass in the early universe. For example, for F (R) of the mod-
els [15–17] the frequency is ω ∼ (1/tU )(R/Rc)

n+1, which is typ-
ically much smaller than m, though it may approach m with ris-
ing n. Anyhow the particle production rate is much smaller than 
the characteristic frequency because it is suppressed by a power 
of the Planck mass, Γ ∼ ω3/m2

Pl , see e.g. Refs. [21,22,24]. So the 
oscillations are not effectively damped.

We can take into account possible time variations of the back-
ground treating them adiabatically in the spirit of Section 2, see 
Eq. (2.12). This approach gives a reasonable estimate for the speed 
of variation of δ�/� if the background is slowly changing. So we 
can substitute �b = �b(t). However, for fast variations of the back-
ground quantities, as for the high frequency curvature oscillations 
found in our works [21,22], the adiabatic approximation does not 
work and the solution for δ� is strongly modified. We are currently 
investigating this problem.

It is instructive to present the expression for the Jeans wave 
number with the correction induced by modified gravity. As can be 
seen from Eqs. (4.8), (4.9) in the limit of low wave number k 
 ω2

the usual results of GR are recovered. But there is an additional 
eigenfrequency, which does not disappear even if the correction to 
GR is made arbitrary weak. This is related to the higher order of 
the equations of motion. These modes are purely oscillatory and 
stable.

There are some corrections to the Jeans wave vector, k J , if ω is 
finite. Since k J corresponds to the vanishing eigenfrequency λ = 0, 
it follows from Eq. (4.7) that the dimensionless quantity κ J = k J /ω
satisfies the equation:

κ4
J + κ2

J (1 − γ )

3
− γ

12
= 0 , (4.10)

Eq. (4.10) is easy to solve and one can see that the gravity modifi-
cation leads to an increase of k J . In particular for large ω or γ 
 1
we obtain

k2
J = �̃

2c2
s

(
1 + �̃

2ω2c2
s

)
. (4.11)

In the opposite limit, γ � 1, we find k2
J = ω2(γ − 1/4)/3.

The other solution of Eq. (4.10) gives k2
J < 0. It describes fluc-

tuations varying with coordinates, similar to waves propagating 
in wave-guides. Such solution may possibly be physically realised 
in confined systems, as e.g. collapsing stars. The frequency eigen-
value λ might be imaginary for certain negative values of k2, which 
would lead to a new type of instability. This is an interesting case 
and is deserving of further study.

5. Conclusions

We have found that taking into account the increase of the 
background energy density in the classical Jeans problem leads to 
a faster growth of perturbations. The obtained results are valid for 
a cloud at an initial stage of galaxy or star formation when the 
background pressure can be neglected.

The choice to the Newtonian gauge for scalar perturbations in 
cosmology when the metric functions depend only on time is eas-
ily achieved. However, if the metric functions depend upon space 
coordinates, one encounters serious technical problems. In par-
ticular, vector and tensor modes may be induced as a result of 
the coordinate transformation. The GR result for the evolution of 
perturbations essentially coincides with that of the classical Jeans 
theory with a small correction accounting for a change of volume 
due to the time variation of the background metric.
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The evolution of the density perturbations in modified gravity 
contains a new high frequency mode because the equations of mo-
tion in this case are higher order. The existence of such mode was 
anticipated in our works [21,22]. In Ref. [23] it was found that 
in the background of quickly oscillating solutions, gravitational re-
pulsion in finite size objects is possible. A study of the Jeans-like 
instability over such quickly oscillating background is in progress.
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