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Abstract—We extend Henry Poincaré’s normal form theory for autonomous difference equations

Zr41 = f(zk) to nonautonomous difference equations zx4+1 = fi(xx). Poincaré’s nonresonance

condition A; — i, A% 3 0 for eigenvalues is generalized to the new nonresonance condition A; N
?_1 2% =0 for spectral intervals. © 2003 Elsevier Science Ltd. All rights reserved.
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1. INTRODUCTION

The famous French mathematician Henry Poincaré founded the normal form theory for au-
tonomous differential equations £ = f(x) near a rest point in his thesis in 1879. Soon a parallel
theory for autonomous difference equations =41 = f(zx) was developed. If the eigenvalues

AL, ..., Ay of the linearization zx.; = Df(z%)z; at the rest point z° satisfy the nonresonance
condition

N AT 1)
je{l,...,n},q €Ng={0,1,...}, 30, ¢ > 2, then the difference equation can be formally
linearized.

As an example, we consider the following planar autonomous system:
Te+1 = 2y,
Y41 = )‘yk + IE%,

with A € (0,00). We are looking for a near-identity transformation
T
Hiaw) = (3) +hla),

which eliminates the second order nonlinearity (:2) and we choose hy € span{ (102 ), (102), (), (zoy),

(yoz), (yoz)} It is not difficult to show that the transformed equation has no second-order nonlin-
earity if and only if the so-called homological equation

Aha(z,y) — he (A (;)) = fa(z,y)
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a=(53) wd nen=(g).

It is solvable if and only if A # 4 and with its unique solution we get

is satisfied with

x

H(z,y) = )

Y+ T

A—4

In this simple example, the transformed equation xk1 = 22, Y41 = Ayx is linear. In general, the

elimination of second-order nonlinearities produces higher-order nonlinearities, and the process

has to be iterated. The resulting transformation is the composition of the transformations of each

elimination step, and it is nonlinear but is constructed by solving a sequence of linear equations.
In this article, we consider nonautonomous invertible difference equations

Trt1 = fr(zk) 2

not in the vicinity of a rest point as Poincaré did it in the autonomous case, but in the vicinity
of an arbitrary reference solution v° : Z — RM. For some p > 2 we assume fi : Dy, C
RN — fi(Dy,) C RN to be a CP diffeomorphism for every k € Z = {0,%1,...}. We will extend
Poincaré’s normal form theory by showing that if the linearization 441 = D fi(v2)z) of (2) along
the reference solution v° has invertible coefficient matrices D fi(v)) € RV*N &k € Z, and satisfies
a nonresonance condition, then system (2) is locally CP equivalent to a system zx41 = gr(zk) in
normal form; i.e., with zero reference solution, block diagonal linear part zx,; = Dgk(0)zs and
all nonresonant Taylor coefficients of g up to order p are zero.

We therefore have to use a proper replacement of the “linear algebra” for autonomous systems
(i-e., eigenvalues and eigenspaces) in our nonautonomous situation. A spectral theory for nonau-
tonomous difference equations is developed in [1]. The dichotomy spectrum of the linearized
difference equation 41 = D fi(vl)zk consists of at most N closed intervals of the positive real
line RT = (0,00); in general, the spectrum may be empty or unbounded. It is nonempty and
compact, i.e., consists of n compact intervals with 1 < n < N, if the system has bounded growth.
A linear system zx4+1 = ArTr has bounded growth if its evolution operator ® satisfies the esti-
mate ||®(k, £)|| < Kal*~4 for k,£ € Z with constants K,a > 1. Bounded growth is equivalent to
the boundedness of the coefficients and their inverses [1, Lemma 2.3}, and hence, the linearized
difference equation 41 = Dfi(v3)z) has bounded growth if [|A|| < M and ||A;'|| < M for
k € Z with some constant M >0 and A = D f(v)).

For simplicity, we assume in the following that the linearized equation has bounded growth,
although the theory could also be developed in the general case.

2. PRELIMINARIES

Let ¢(-;£,€) : Ine — RN denote the unique maximal solution of the initial value problem (2),
z¢ = £ for £ € Dy, where Ip¢ is a Z-interval (i.e., an intersection of an interval with Z) containing £
such that the solution identity

p(k+1;4,8) = fe(d(k; £,£)),  for kk+1€ Iy,

holds. We have ¢(¢;£,&) = £ and ¢(k; p(m; £,€)) = dp(k +m; £,§) for m,k+m € Ipe.

There is no straightforward way to define a notion of conjugacy for nonautonomous difference
equations. What do we mean by this? Two autonomous difference equations zx+1 = f(zx) and
Trs1 = f2(zx) in RN are said to be conjugate if there exists a homeomorphism H : RY - RV
such that the flows ¢1(-;&), respectively, ¢o(-;7) satisfy the conjugacy relation H(#1(k;€)) =
da(k; H(£)) for all € € RV, k € I; i.e., H maps solutions of the first equation onto solutions of
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the second equation and vice versa for H~!. Now if we would define a conjugacy between two
nonautonomous difference equations zx41 = f}(zx) and zxk41 = fZ(xx) by the same property,
but now with a k-dependent H, then for every £ € I,

Hk(fl?) = ¢2(k1 ev ¢1(€, k7 .’L'))

would establish a conjugacy; i.e., H maps solutions of the first equation onto solutions of the
second equation and vice versa with

H;l(x) = ¢1 (k, ea ¢2(£1 kv CE))

In the nonautonomous situation, we need, therefore, some additional conditions which ensure
that qualitative behaviour—at least for a single reference solution—is preserved under the trans-
formation.

It is easy to see in the autonomous situation that for a conjugacy, periodic solutions, limit
sets, and invariant sets of the first equation are bijectively mapped onto periodic solutions, limit
sets, and invariant sets, respectively, of the second equation and that (asymptotic) stability,
attractivity, and instability of bounded solutions are preserved under the conjugacy. In most
cases this is enough, but note that the assumption of boundedness of solutions is essential for the
preservation of stability. For example: the two linear systems zry1 = 2 + 1, yp+1 = (1/2)yx and
Tk41 = Tk + 1, Y41 = 2yk are conjugate via H(z,y) = (z,y22%%), but the first system is stable
and the second is unstable. To preserve the stability of an unbounded solution vy, it would be
necessary to pose some uniformity condition on H, e.g., lim,.o H(vg + x) = H{vg) uniformly in
k € Z. Such a uniformity condition is exactly what we need in the nonautonomous situation to
define a meaningful notion of CP equivalence.

Consider difference equations together with reference solutions

Tk+1 =fk(zk)a vO :Z_)RN) (3)
Th4r = gk(zk), w':Z RN, (4)

where fj; and gj are CP diffeomorphisms, i.e., fi € Diff?(Dy,, fi(Dy,)), gk € Diff?(Dq,, gk(Dq.)),
p > 0. We assume that uniform neighbourhoods of the reference solutions are contained in the
corresponding sets of definition, i.e., there exist € > 0 and § > 0 such that

B.(v}) C Dy, and Bs(wp) C Dy, forkeZ,

where B.(z°) := {z € RV : ||z — 2°|| < &}. Define U.(+°) := {(k,z) € Z x RY : z € B.(1})}.

DEFINITION 1. Consider systems (3) and (4). If there exist €', §' with0 < &' <eand0< 4 <4
together with functions

H:Us(x°) — RV, H™': Us(w®) —» RV,

then H is called a local CP equivalence between system (3) with solution v° and system (4) with
solution w®, if the following statements are valid.

(A) For each k € Z, the mappings

Hy : Bo (v)) — Hi (Be (vp)) C Bs (wh) ,
Hy By (u9) — B (Be (u) € Be (o)

are C? diffeomorphisms (or homeomorphisms if p = 0) with
Hy(H ' (z))=2 and H7'(Hp(z)) =z

for all ¢ for which the compositions are defined.
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(B) If v is a solution of (3) in U (v°), then Hy(vx) is a solution of (4). If wy is a solution
of (4) in Us: (w®), then H '(wg) is a solution of (3).
(C) The reference solutions are mapped uniformly onto each other,

lim Hy (vy +z) =wj,  uniformlyink € Z,

x—0

lim Hy "(w+z)=1),  uniformlyink e Z.

LEMMA 2. Consider systems (3) and (4) together with a solution v° : I = R¥ of (3) which is
defined on some Z-interval I. Then a mapping w : J — RY defined on a Z-interval J C I is a
solution of the difference equation

T+l = Gk (-Tk + v,?) — fx (Ug) )

if and only if w+ 1% : J — RY is a solution of the difference equation (4).
PROOF. Since v° is a solution of (3) one has for k,k+1 € J

We+1 = Gk (wk +v2) = fx (v,‘i) © Wr1 + U2+1 =gk (wic + “2) )
and the claim is proved.

3. NORMAL FORMS

We consider a difference equation together with a reference solution
Trs1 = fi(zk), W Z >RV, » (6)

which satisfy the following conditions.
e Smoothness: fi € Diff?(Dy,, fx(Dy,)) for ap > 2.
e Set of definition: € := inf{e’ > 0: Be:(v)) C Dy, for all k € Z} > 0.
e Linearity: zx4+1 = Dfi(v2)zr has bounded growth.
o Nonlinearity: ||D?fi(v)| < M for2<j<pandal k€ Z
We will simplify system (6) in three steps.
STEP 1: TRIVIALIZATION OF THE REFERENCE SOLUTION.
Recall Lemma 2. If f = g, then system (5) reduces to

Tp4 = fr (-Tk + Ug) — fr (Ug) ) ' (7)

which is usually called the difference equation of perturbed motion of (6) w.r.t. the solution v°.

Obviously, (7) has the zero solution, and because of Lemma 2, w : J C I — R¥ is a solution
of (7) if and only if w + v° is a solution of (6), and hence, the mappings

Rk:BE(vg)—»RN, T T — vy,

Ri': B.(0) » RV, Tz +0d,

define a C* equivalence between (6) with reference solution v° and system (7) with zero reference
solution. We rewrite (7) as
Tri1 = Afze + Fp (z)), (8)

where A} = Dfy(v) is the linear part and Fy(zx) = fe(zk + v)) — fe(v])) — Dfe(vd)zs is the
nonlinearity. Obviously, U(0) = R x B.(0) is contained in the set of definition of the right-hand
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side of (8). Note that this simple transformation is a powerful nonautonomous tool. It is of no
use in a purely autonomous framework, since (8) in general is nonautonomous.

STEP 2: BLOCK DIAGONALIZATION OF THE LINEAR PART.

In [2, Reduction Theorem] it is shown that there exists a kinematic similarity S : Z — RN xN
between the linearization zx4+1 = Az of (8) and a linear system
Trp1 = Agr (9)
such that 4 : Z — RY*N is in block diagonal form
A
A =
AR
and each block A* : Z — RV:*N: { =1, .. n, corresponds to a spectral interval A;. System (9)

also has bounded growth, the dlchotomy spectra Y (A*) and %(A) are the same, and they equal
AU UA,.

LEMMA 3. Thereexist &', o, 0’ with0 < ¢’ < ¢ and 0 < ¢’ < o such that for k € Z, the mappings

Bo(0) = B,(0), =z S;lz,
B,(0) — B.(0), z — Sk,

define a C* equivalence between (8) and the difference equation
Thy1 = AkTr + Fi(zk) (10)

with Fy(z) = SpL,Fp(Swz) and [Ax + Fi] € Difi?(B,(0),[4x + Fe)(B.(0))). Moreover,
|D?F(0)| < M’ for all k € Z and all j € {2,...,p} with some M’ > 0.

PRrOOF. Due to {2, Corollary 2.1}, the kinematic similarity satisfies Sk41 = A;SkAZI. Let v be
a solution of (8). Then wy := S} 'vy, satisfies for all k €Z

wet1 = Siyq [Akve + FE (v)] = Arwi + Sif Fi (Skwe);

i.e., wy is a solution of (10) with Fy(zx) = S +1F"‘(S;cmk). The remaining claims of the lemma

follow with the definitions o := ¢’ := |S|~l¢, ¢’ ;= min{e, |S|"10}, and M’ := |S|P+! M where
|S] := max {sup | Sk|l, sup ”S,:l”} < 00,
keZ keZ .

due to the boundedness of a kinematic similarity.

STEP 3: ELIMINATION OF NONRESONANT TAYLOR COMPONENTS.

This is the crucial step. We will eliminate Taylor components of the nonlinearity which corre-
spond to the blocks AL € RN+*Ni = 1,... n, of the linear part A;. Therefore, define E := RM:,
i=1,...,n, and write F = (F!,..., F™) with the component functions Fi: Dp — E' Let &
denote the evolution operator of the linear block system =}, = Ajx}.

In order to present the ideas, we first motivate the construction of the transformation and the
nonresonance condition. For simplicity assume, therefore, that system (10) is globally defined,
i, DF = Z x RV and that each solution exists on Z; this can be achieved by cutting of F
outside the neighbourhood Us(0) of the zero solution. Now for all k € Z we can expand F}, into
a Taylor series at z = 0,

F@)= . ~DIR(0) 2% +o(lal?),

geNg:2<lql<p
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g = {(q1,...,92) € N} a multi-index, ¢! = q!---gn!, 29 = (z1,...,2")7 = (z)% ... (z")o,
lg) = q1 + -+ + go. Now we are looking for a condition under which a C? transformation exists
which eliminates the j*" component (1/g!)D9F}(0) - 29 of a summand in the Taylor expansion.
Therefore, choose and fix a j € {1,...,n} and a multi-index ¢ € N} with 2 < [¢| < p. For
simplicity we assume that the Taylor coefficients of F' at £ = 0 up to order |g| ~ 1 are already
eliminated; 1.e.,

DiF,(0)=0, forallkeZ, andall§eN3, with|§<|qg—1. (11)

We define a new function G : Z x RN — R¥ by
Gu() = Fi(z) - (o, 00, %DQF,{(O) 29,0, ,o) .

To derive some necessary conditions for the existence of an equivalence we assume now that a
near identity CP equivalence Hy(x) = z + hi{z) between (10) with zero reference solution and
the difference equation

Tpy1 = Axxr + Gk(.’rk) (12)

with zero reference solution exists, where h : Z x RY — R¥ is a mapping with hx(0) = 0 and
Dh(0) = 0 for k € Z. We will make some observations which will help us to construct an explicit
candidate for a CP equivalence.

First, we will assign a difference equation to the values of the transformation H along a fixed
solution ¢(-;m,&) of (10).

OBSERVATION 1. For each initial condition (m,£) € Z x RV the mapping hi(¢(k;m,€)) is a
solution of

Try1 = Axzi + Gr(zx + d(k;m, €)) — Fi(d(k;m, §)). (13)

Observation 1 is a simple but powerful consequence of Lemma 2. Next, we expose a connection
between D?hy(0) and D{[hx(p(k; m, £))][e=o-

»

OBSERVATION 2. Forallk,m€ Z andn=(n',...,n") € E' x --- x E" = RY we have
D{[hi($(k; m, €)]|e=0 - % = DUhx(0) - [&" (k,m)n"]™ - - [&" (k, m)n™)" .
This can be seen by calculating the partial derivatives which is easily possible since, by (11},

the Taylor coefficients of F' and G are zero up to order |g| — 1. The evolution operators ®* of the
linear block systems z}, = Ajz} come into play because of

Deid(k;m, €)|¢=o0 = (0, ...,0,8%(k,m),0,...,0) € L(E*;RV).

Now, we replace the 7 in Observation 2 by ®(m,k)¢?, and with the identity [®i(k,m)]~! =
®*(m, k), we get the following proposition.

OBSERVATION 3. For all k,m € Z and { € R we have
D7hy(0) - ¢* = D[hn(d(k;m, ))lle=0 - [8'(m, k)C1]™ -~ [@7(m, k)C™]™ .
Now, we have a relationship between the Taylor coefficient D%h;.(0) of h and the partial de-

rivative DZ[hk((ﬁ(k;m,S))”g:o. Observation 1 implies that hi(¢(k; m, €)) is a solution of (13).
Then, by differentiation, one can show the following proposition.
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OBSERVATION 4. The function Di[hk(¢(k;m,£))]¢=o is a solution of
Tpe1 = ArTg + ck, (14)
the variational equation of (13) in LY(E?,..., E™;RV), where
of = — (O,...,O,DQF,{(O),O,...,O) [® (e, m)] - [ 8" (ky m)] P

So far, we have assumed that a C? equivalence Hi(z) = =+ hi(z) between (10) and (12) exists
and by Observation 3, the Taylor coefficient (1/q!) D9k (0) - 2? is a function of a special solution
Di[h(d(k; m,€)))le=o of the difference equation (14) and the known evolution operators &*.

From now on, we want to use this information to construct a candidate for a CP equivalence
between (10) and (12). We make the ansatz

Hk(.'L‘) =+ %thk(O) . :l:q;

i.e., he(x) = (1/¢") DRt (0) - 22 has only one nontrivial Taylor coefficient.

We make use of Observations 3 and 4 in the way that we choose a special solution z of (14)
and interpret z as Df[hi(¢(k;m,€))]|e=o for an arbitrary but fixed m € Z. With Observation 3
and our ansatz, this yields

Hi(z)=z+ Elizk - [@(m, ls:):z:l]q1 oo [®™(m, k)™ . (15)

Which solution z of (14) should we choose? To satisfy the condition (C) of Definition 1, it is
necessary that lim,_,o Hi(z) = 0 uniformly in k € Z, and this is satisfied if 2 - [®}(m, k)-]7 - -
[®™(m, k)-]? is bounded for k € Z. Using [2], one knows that the borders of the spectral intervals
Ai = [a;, b;] yield the exponential growth rates of the evolution operators ®* of =}, ; = Ajx}.
Now it is the exponential growth rate of z we have to take care of. Here a key lemma comes in
play.

LEMMA 8. Consider the j** component of (14)

Sl = Aol + . (16

(A) Assume that the spectral intervals A; = [a;, b;] satisfy the condition
a;j > bt .- b, (17)

Choose a vy € (b]*---bir,a;). Then z] = — Y52, ®I(k,£ + 1)c} is the unique solution
of (16) with the exponential growth rate v* for k — oo, ie., ||z1|| < C'y* for all k > 0
with some C’ > 0.

(B) Assume the condition

by <ol a. (19)
Choose a v € (bj,al*---adr). Then 2 := Z’;__ioo DIk, L+ l)cl’; is the unique solution

of (16) with the exponential growth rate v* for k — —co.
ProoF. We prove only (A). For every ¢ > 1 we get with [2, Corollary 3.1] a constant K > 1
with
] < PR @ et e mye - en e mype
(0% - baneld)™  for £>m,

(a({l - a%ng"‘”)e_m

< MKIqI{
for £ < m.

The rest follows from [3, Lemma 3.4].
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Now, we assume that (17) or (18) holds (both together cannot hold) and choose the following
special solution z = (z1,...,2z") of (14):
0, i1 # 5,
O .
- > ®(k,£+1)c), ifi=jand (17) holds,
=k
k=1 ‘
>, ®i(k,£+1)c,, ifi=j and (18) holds.

f=—o00

Using (15) and the identity &7 (¢, m)-®7(m, k) = &7 (¢, k), our explicit candidate Hy(z) = z+hi(z)
for a CP equivalence is defined by

(0, if i # 4,
2 ik, 0+ 1);11-!D4Fg‘(0) (84, k)] ™ - (878, )z,
R (x) = 4 ) if i = j and (17) holds,  (19)
- :io &7 (k, ¢+ 1)%D‘1F£j(0) - [@M(e k)] - [B7 (6 )2
{ i ifi=jand (18) holds.

Let us have a closer look at conditions (17) and (18). For two compact intervals [a,b] and [c, d]
in RT, we introduce a multiplication [a,b] - [¢,d] := [ac,bd] and [a,d]” := [a",b"] for r € N;
furthermore, we will use the relations [a,b] < [¢,d] :& b < c and [a,b] > [c,d] :& a > d. With
this notation, conditions (17) and (18) for the spectral intervals A; = [a;, b;] are equivalent to

Aj > At M respectively, Aj < AP AR,

So for our explicit candidate of H to be well defined, we have to assume that one of these two
conditions is satisfied and this is equivalent to the so-called nonresonance condition

nn[x =0 (20)

i=1

If condition (20) does not hold, then we have a resonance of order |q| and the term (0,...,0,
(l/q!)Dng(O) -29,0,...,0) is called resonant.

If the linear part A of system (10) does not depend on k, then the dichotomy spectrum £(A)
consists of the absolute values Aj,..., A, of the eigenvalues of A, and the nonresonance condi-
tion (20) for the spectral intervals reduces to Poincaré’s discrete nonresonance condition \; #
At ... X2~ for real eigenvalues.

Now, we prove that H is indeed a C? equivalence, which eliminates a nonresonant term. In
contrast to condition (11) in the motivation, we now allow the right-hand side of the difference
equation to have nontrivial Taylor coefficients of arbitrary order.

THEOREM 9. Consider the difference equation (10). Let j € {1,...,n} be an index and q € Ng,
2 < |g| £ p, a multi-index. Assume that the nonresonance condition (20) holds for the spectral
intervals A\i,...,A,. Then a local CP equivalence H exists, which eliminates the §t Taylor
component (1/q")DF, ,: (0) - z7 belonging to the multi-index g and leaves fixed all other Taylor
coefficients up to order |g|.

That is, equation (10) is locally CP equivalent to an invertible difference equation

Ti1 = ATk + Gi(zk), (21)
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with zero reference solution, [Ay + G| € Diff?(B5(0), {Ax + Gi)(Bs(0))) with a § = 6(j,q,4) > 0
and for all § € Ny with 1 < |§| < |g| and all i € {1,...,n}, k € Z, the identity

DIF(0), ford#qori#j,

DGy = { S
0, for § =g and i = j,

holds. There exist o', 8" with 0 < o/ < 0,0 < &' < § and the local near-identity C? equivalence
H : Z x By(0) — B;(0), (k,z) — z + hp(z) between (10) and (21) with respect to the zero
solutions is defined through (19). The inverse transformation H! : Z x Bs (0) — B,(0) has the
form

Hk_l(x) =z — hi(z) + Yr(z)

with a continuous mapping v : Z x Bs(0) — RY, which satisfies the limiting relation lim,_,o x
(¥x(z)/||z||'9"" 1) = 0 uniformly in k € Z. Moreover, for every k € Z one has the estimates

|He(z) — Hx (B)|| < 2|z — ||, for all 2,7 € By(0),
|HiY2) ~ He' (@) < 2lle— 2|,  for all 7, % € By (0).

ProoF. The proof is divided into seven steps. In the first step, we show that h is well defined.
The smoothness of H is examined in the second step. In the third step, we construct the inverse
transformation H~!, and in the following step the Lipschitz estimates for H and H~! are shown.
The explicit form of H~! is elaborated in Step 5. The difference equation zx4; = AxTk + Gr(zk)
is constructed in the sixth step and it is shown that G} coincides up to order |g| with Fj, except
for the j** component of the Taylor component belonging to the multi-index g; this component
is eliminated in G. In the final step, it is proved that H is a local C? equivalence between (10)
and (21) with respect to the zero reference solutions.

STEP 1. The mapping h: Z x R¥ — R¥ is well defined and the estimate
Ihe(2)]| < Cll|' (22)

holds with a constant C = C(j,q,A) > 0.

Proor oF STEP 1. The nonresonance condition (20) implies one of the two estimates (17) or (18)
for the spectral intervals A; = [a;, b5}, i = 1,...,n. For every spectral interval \; = [a;, b;] choose
two numbers o; and B; with 0 < &; < a; and b; < f; such that a; > 87" --- 8% if (17) holds,
and B; < of'...a% if (18) holds. Then as a consequence of [2, Corollary 3.1], there exists a
K =K(j,q,A) > 1 with )

@k, 0)]| < kB2, fork >,
@ik, 0)|| < Kokt  for k<,

fori=1,...,n. Forall k,£ € Z, € RN one has

® (k£ + 1) DUFL(0) - [B1(8,R)a!]" - (878, K)o

j 1 1 n n k) n
S LR R L OOl e L DT il ol R
B (Bar - aze)E, itk >,

ot (ajﬂl_‘h ...ﬁ;qn)k_z, ifk<e,

< ME o o {
J

and the claim follows.
STEP 2. For every k € Z the mapping Hy : RN — RV, 2+ z 4 hy(z) is O,
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ProoF or STEP 2. Arguing for each component separately, the proof of this claim reduces to
the verification that h] : RV — E7 is C® for every k € Z. Assume that (17) holds. Similarly
to Step 1, one can show that hi is differentiable and one gets for all k € Z and z,& € R the
derivative

Dhl(z)-£€ = ; D, [qﬂ' (k, €+ 1)%Dng’ (0) - [®1(¢, k)] -- - [B™(4, k)z"]q"J ¢

= ¥ aX ¥kt gDF)

i=1,...,n:q; 21 €=k
x [@1(4, k)] - [Bi(L, k)€ - [B¥(6, k)2 ] - (7 (L, k)] ds,

and the estimate '
|pri@)| < taiclapia-. (23)

Now, Dh}; (z) is again differentiable and the second derivative operates on £,7 € RV through

. ot R 1 . .
D’hi(z)-€-n= > Gitm > &9 (k, £+ 1) DUF0)

i,m=1,...,n:¢;,gm >1, i¥m 2=k
x [®1(, k)z']™ - .- [8°(8, k)] - [®(L, k)] "
N L A L B i (A o e A (AU e
+ Z qigi — 1)§:<1>J'(k,z+ 1)1,D‘IF;'(0)- [®!(¢, k)z*]"
i=1,...,n:¢;>2 =k T
- [@ER)E - [9 (8 K] - [B5( k)2 T [0 (e k)

and implies the estimate

|phi@)| < laF ol (24)

Mathematical induction yields the existence of the derivatives Dmhi : RYN — L™(RVN ;Ej ) for
k€ Zand m = 1,...,p. For m > p, the mapping D™h] is zero, and for this reason hj, and,
therefore also, Hy is C°.

STEP 3. There exist o}, 8}, do with 0 < 0§ < 0o := min{a, (2|g|C)~/(2-D}, 0 < &) < b, such
that for arbitrary k € Z,
Hy : By (0) = Hy (B (0)) C Bs,(0)

is a CP diffeomorphism and such that a C? diffeomorphism
Hi': Bgy(0) = Hi* (B (0)) C Bo, (0)
exists and the identities
H7Y(Hi(z)) =z and Hi(HY(z)) ==z

are valid for all z € B, (0), respectively, z € By (0).
ProoF ofF STEP 3. With (24), [4, Proposition 2.5.6, pp. 119-121] implies the claim.
STEP 4. For every k € Z we have

IHe(z) — He ()] < 2|z — ||,  for 2,% € By (0), (25)
”H,:l(m)—-Hk'1 (:Z')” <2z-2Z|, for z,Z € Bs;(0). (26)
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PROOF OF STEP 4. First we prove the Lipschitz continuity of hx : B, (0) — R¥. Estimate (23)
for the derivative of hJ implies for all k € Z and z € B, (0) the inequality || Dhy(x)|| < 1/2, and
hence,

he(@) = b (2)] < 5 e = 21 (27)

which implies (25). To prove the Lipschitz estimate for H~! we use (27) to show for k € Z and
Y, 9 € By (0) the estimate

Iy =31l = 5 v =31 < lly ~ 31~ I(w) — w1

and it follows that 1
3 ly — il < |Hr(y) — He (D)l -

Step 3 implies for z,Z € By (0) the identities Hy(HY(x)) = = and Hy(H;'(%)) = 7 and with
y := H;'(z), § := H;'(Z) and one gets estimate (26).
STEP 5. For k € Z, the mapping H, 1. Bs (0) — RY is of the form

H{'(2) = o — hi(2) + ¢i(z)
with a continuous mapping 4 : B, (0) — RY, which satisfies

6@l _,

31:13}) i1 = 0 uniformly in k € Z. (28)

Proor or STEP 5. For k € Z the inverse of Hy can be given explicitely with the Neumann-series
(see, e.g., [4, p. 117])

oo

Hy'Y(z) = (~h)'(z), for = € Bg(0).

=0
With the mapping ¥ : Bg; (0) — RN, z— Y72, (—hg)*(z) one has for arbitrary z € By;(0) the
identity

HiY(z) = z — hy(z) + ¥x(z).
To show the limiting relation (28) one has to apply twice estimate (22) together with (27) to get
for all z € Bs;(0) and i > 2 the following inequalities:

l—h) @) < € | (=R @) < €2 || (—he)=2(@)|"""
(i—2)lq|? R
<A (3) 0l

and this implies

2
e,

02
e (2)|| < F——(l_/Z—)W

and therefore, the limiting relation (28).
STEP 6. Define § := min{68},0/2,04/2M?}, 8 := 8, and o' := min{o},5/2} where M > 0 is a
constant with

Ak + DFi(z)|| < M, for x € B,(0).

Ifvisa soluj:ion of (10) in B,/ (0), then Hy(vi) is a solution of x4y = ék(zk) with G, €
Diff?(B5(0), G (B5(0))) and

Gr(zx) = Hiwr (AH ' (zx) + Fe (H;  (z1))) -
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If w is a solution of zxy; = Gy (zx) in Bs(0), then Hy '(wy) is a solution of (10). Moreover,
G}, has the form G(zx) = Arzr + Gr(zi) and for the components of the Taylor coefficients of
Gk : B5(0) = E' x --- x E™ = R¥ the following identities hold:

DiF}(0), for g#gori#j,

DIGL(0) =
+(0) {0, for §=gqand i = j,

for all § € N with 4| < |g| and all i € {1,...,n).

ProoF oF STEP 6. The Lipschitz estimates (25),(26) and ||[Axz + Fi(z)] — [AxZ + Fr(2)]|| <
M||z — Z| for z,% € B,(0) imply that Gy is a composition of C? diffeomorphisms on Bs(0).

Let vx € B,/(0) be a solution of (10). Then Hk(vk) € B;(0) is a solution of zx41 = Gk(x),
and similarly if wx € Bs/(0) is a solution of zx4; = Gi(z), then Hy !(wi) € By(0) is a solution
of (10).

Now, we write the components G : Z x Bs(0) — E*, i = 1,...,n, of the right-hand side of
the transformed difference equation as a sum of terms up to order |g| and terms of higher order.
The most important relation to do this is the following connection between hyy; and hg. For all
k € Z and = € B,(0), one has the identity

hk+1(Ak.'L') = Akhk(l‘) - (0, ceey 0, %Dq,F,Z(O) . CItq, 0,... ,0) .
Taylor-expanding Gk near z = 0, one gets the identity

Gi(x) = Akz — Arhi(z) + Fu(3) + hes1(Aea) + o (')

1 R
= Az + Fi(z) - (o, oy, aDqF,g(O) -29,0,... ,0) +o (ux”lql) ,

and the claim follows.
STEP 7. The mapping H : Zx B,/(0) — B;(0) is a C? equivalence between systems (10) and (21)
with respect to the zero solutions with the inverse transformation H=! : Z x By (0) — B,(0).

ProoF oF STEP 7. We only have to verify the properties of the definition of a C? equivalence.
Use Steps 3, 4, and 6.

COROLLARY 10. Let Ay and Fy be periodic in k with a period k > 1; i.e.,, for all k € Z, the
identities
Ak+,¢ = Ak and Fk.;.,;, = Fk

hold. Then H from Theorem 9 is also periodic in k with period k. Especially, if (10) is au-
tonomous, then H is independent of k.

PROOF. For £ € Z and £ € RN, the mapping ®(k + &, £ + x)¢ is the unique solution of the initial
value problem x4 = Ag+xTk, T(£) = € and also ®(k, £)¢ is the unique solution of the same initial
value problem zx,1 = Axzk, z(€) = £, and therefore, the identity ®(k + &, £ + k) = ®(k, £) holds
for all k, ¢ € Z. Moreover, the s-periodicity of F in k implies the relation DIF, ,Z (0= DqF,Z (0),
and in case of (17) one gets the equality

b () = Z &I (k + k,£ + 1)DIFJ(0) - [B1 (4, k + K)z]" - [8"(£, k + k)2 = hi(z),
=k+k
and the claim follows.

Now, it is easy to get our main result on normal forms. Combining the three steps, we
immediately get the following theorem.
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THEOREM 11. NorRMAL ForM. Consider a difference equation
Tiy1 = fr(z) ' (29)

together with a reference solution v° : Z — RN . Assume that

(A) a neighbourhood U,(v°) is contained in Dy for some € > 0,

(B) fx € Diff?(B.(vk), fr(Be{vk))) for ap > 2,

(C) the linearization zx.+1 = D fi(v2)z of (29) along v° has bounded growth, and therefore, [1]
the dichotomy spectrum consists of n, 1 < n < N, compact intervals \; = [a;,b;], i =
1,...,n, and :

(D) higher-order terms of f in = along v° are uniformly bounded in k; i.e., there is an M > 0
such that

”Djf;C (1)2)” <M, forallk e Z and all j € {2,...,p}.
Then (29) is locally C? equivalent to a difference equation

Tit1 = gr(Tk) (30)

with zero reference solution and (30) is in normal form; i.e., it holds that

(A') gx € Diff?(Bs(0), gx(Bs(0))) for some é > 0,

(B’) the linearization zx+1 = Dgr(0)xy of (30) along the zero solution has the same dichotomy
spectrum as the linearization of (29) along v° and additionally is block-diagonalized, each
block corresponds to a spectral interval );, and

(C") all nontrivial Taylor components of g of order 2 to p are resonant; i.e., for every j €
{1,...,n} and ¢ € N}, 2 < |q| < p with

AN =0,
i=1
we have D9g](0) = 0 for k € Z.

We apply the normal form theorem to an example. It is the same example which we used at
the beginning to explain Poincaré’s normal form theory. Therefore, consider again

Trt1 = 2Tk,
2z
Yk+1 = AUk + z3,

with A € (0,00). The spectral intervals of the first and second equations are the one-point sets
A1 = {2} and Ay = {A}, respectively, consisting of the eigenvalues of the linear part. We want to
eliminate the quadratic term z2 in the second component of the difference equation, ie., j = 2
and ¢ = (2,0). For A < 4 the condition Ay < (2A; + 0X2) holds, so we have no resonance and get

k-1

M) == 3 Sk e+1)- [ K]’
b=-—00
k—1 1
- k—£—1 48—k .2 _ 2
= l;w)\ 4 z a5

and therefore, H is (we get the same hy for A < 4)

Hi(z,y) = (:) + (hﬁ(iy)) - <y+ )\xi4$2> -

This is the same result as we calculated above with Poincaré’s method.
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Table 1.

Autonomous Poincaré Theory

Nonautonomous Theory

Trt1 = Az + f(zi)

Linear part A € RV*¥ in block diagonal form
A = diag(Al,..., A™). Eigenvalues u1,...,unN
of A or eigenvalue real parts A1,..., A, of blocks
Al ... An,

Thyt = Apzr + fr(zk)

Linear part Ay € RYXN in block diagonal form
Ay = diag(Ag, ..., A7). Compact dichotomy
spectrum A1 = [a1,b1],..., An = [an,bn] of blocks
AL,... AP,

Elimination of a Taylor coefficient:
algebraically

Solve a linear homological equation
L#9p39 = DIFI (0)

with a linear operator L79 on a finite-dimensional
space of monomials.

~+ Solve a linear equation.

Elimination of a Taylor coefficient:
analytically

Solve a linear difference equation
241 = ALzl - DIUFL(0) - B(k,m)?

where the solution is unique with a prescribed
growth rate.

~ Solve a linear difference equation.

Nonresonance condition
A=Al #£0

j=1v---,n»'Ii€N0,2S|f1|SP-

Nonresonance condition (new)
A,-n)\‘{l---/\ﬁ" =0

ji=1,...,n,q¢:€Np,2<{q| <p.

4. CONCLUSION

We extended Poincaré’s normal form theory for autonomous difference equations to the class of
nonautonomous differential equations in the vicinity of an arbitrary reference solution. Poincaré’s
nonresonance condition for the eigenvalues of the linearization is generalized to a new nonres-
onance condition for the spectral intervals. A comparison of the new normal form theory with
Poincaré’s method is contained in Table 1.

Normal forms traditionally are an important tool in bifurcation theory (see, e.g., [5-8]). We
hope to stimulate the development of a nonautonomous bifurcation theory for difference equa-
tions.
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