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ABSTRACT

We show, by a direct proof, that the n x n (0,1) matrix with the last n — 1
entries on the main diagonal equal to 0 and all the other entries equal to 1 is never
barycentric for n > 4, which was a conjecture of R. A. Brualdi on permanents.

Let D = [di;] be an n-square (0, 1) matrix, and let
QD) ={X = [z;;] € Qn | zj = 0 whenever di; = 0}.

Then Q(D) is a face of €, the polytope of n x n nonnegative doubly
stochastic martices, and since it is compact, (D) contains a minimizing
matrix A such that per A < per X for all X € Q(D).

Let R, denote the nxn (0, 1) matrix with zero trace and all off-diagonal
entries equal to 1, and F ; denote the n X n matrix whose (1,1) entry is 1
and whose other entries are all zero. Let C, = R,, + E11.

Brualdi [1] defined an n x n (0,1) matrix D to be barycentric if

per b(D) = min{per X : X € (D)},

where the barycenter b{D) of (D) is given by

1
b(D)=—= > P,
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where the summation extends over the set of all permutation matrices P
with P < D and per D is their number.

Brualdi conjectured in [1] that O, is never barycentric for n > 4 and
that

b a o« a- - - «
Xn(a) = o (1)
o v v - v 7y 0]
is the unique minimizing matriz in Q(C,) fora = § = 1/n and v =

(n —1)/n{n — 2). In [2], Minc showed that X,(c) is not a minimizing
matrix in Q(C,) for @ = f = 1/n and v = (n — 1)/n(n — 2), but it
is a minimizing matrix for o = (per R,_1}/d,8 = (n — 2)(per R,_2)/d,
and v = (per Cn_1)/d with d = per C, — per C,_1 among the forms of
(1), which implies that C, is never barycentric for n > 4. Minc also
claimed that X,(a) in (1) becomes the barycenter of Q(C,) for a =
(per Rn—1)/(per Cy); but the barycenter is not correct.

In this note, we give the correct barycenter of (C,), and we show
that C, is never barycentric for n > 3 by a direct calculation from the
correct barycenter.

LEMMA 1. The barycenter of Q(C,) is the form X () in (1) with

_ per C’n—l ﬁ _ per Rn—l _ per Cn—l + per Cn—2
T perC, "’ T perCy, = per Cp,

(2)

PROOF. If we write the barycenter b(C,) of Q(C,) as

1
P= by,
per C, P;',. per Cn[ i)

b(Cp) =

then b;; is the number of permutations P such that the (%, j) position of P
is1land P < C,. Thus b; =0 for i = 2,...,n, and for other ¢ and j

by = per Cn(i17)- (3)

That is, by1 = per Rp_1, bj1 = by; = per Cp_1, and by = per Cp_y +
per C,_2 by changes of rows and columns, for 4,5 = 2,...,n with i # j.



A CONJECTURE ON PERMANENTS 93

Therefore the barycenter 5(C,,) of Q(C,) is the form X,,(a) in (1) with the
required values «, 3, and v in (2). [ |

The following lemma is a known result (see [2]).

LEMMA 2. If A = (a;;) is a minimizing matriz in Q(Cy,) and apq > 0,
then per A(p | ¢) = per A.

Let C,,, R,, and b(C,) be the matrices defined above. Clearly,
per Cp, = per R, + per R,,_;. (4)

And we have (from §3.4 in [3])

1 1 nl
pearzn!(l-ﬂ+—2—!—~--+(—1) ﬁ) (5)

THEOREM. Forn > 4, C, is never barycentric.

PROOF. Suppose to the contrary that C, is barycentric. Then Lemma
2 implies that
per b(CL)(1 | 1) = per b(Cy)(1 | n). (6)

Using (2) and (4), we calculate

per b(C)(1|1) = v per R,_,
n-z ber Cn-1+ per Cp_»

-7 per C, per Rny
_ y*~2( per Cp_1 + per Rn_o + per Rno_3)per Ry )
per Cy,
and
peT b(Cn)(l I n) = a’yn—Qper Cn—-l
Cn-
n-2 P Lol erc )
per Cy,
,),n—Z( per R,,_| + per Rn_z)per Cn-1
- C . (8)
per Uy

Substituting (7) and (8) into (6), we have

(per Rn_2 + per Ry_3)per R,_1 = per R, _aper Cp_;
= per R, _o-(per R, 1+ per R,_2).
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That is,
per Ry _sper Ry = (per Ry_s)*. (9)

Now, we consider three cases;

Case 1. For n = 4, we have per Ry = 0,per Ry = 1, and per Rz = 2.
Thus
per Rp_sper Rp_1 =0 <1 = (per Rn_2)2,

which contradicts (9). That is, Cy is not barycentric.

Case 2. Let n be any odd integer greater than 4. Using (5), we have

per R, _sper R,_1 = (n—3)!(n—1)!<1_11‘!+—21—!""'+ (ni?,)!>
101 1 1
(-nta e )
> (n—=3)(n-2)(n—-2)
101 1 L
X<1‘ﬁ+§"”+(n—3)!—(n—2)!)
1 1 1
x(l_ﬁ+5 ..... (n—2)!)
= (per Rp_2)*.

This inequality contradicts the equation (9), and hence C,, is never barycen-
tric for any odd integer n greater than 4.

Case 3. Let n be any even integer greater than 4. From (5), we have

1 1 1 1
perRn o —n = (n—2)!<1——+————+‘ +—)—n

otz T (=)
1 1
> 0, (10)
perRn1 = (n~1)per Rp_o — 1, (11)
R, o—1
per R_n__3 = Er—nl—' (12)

n — 2
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Using (10), (11), and (12), we have

per Rn—BPCT Rn—l - (per Rn—2)2

er Rp_o9 — 1
= Ln—"_—z——{(n — 1)per Ry_2 — 1} — ( per Ry, —5)*
—n—l(eR )2 - n rRp_2+ ! (per Rp_q)?
T h_29 DeET fin—9 n_2pe n—2 n_9 Der fin_2

1 1
= _ R, o — S
n_2pear 2(per Ry, o n)+n_2

> 0.

This implies (9) does not hold for this case. That is, C,, is never barycentric
for any even integer n greater than 4. |

We remark that Cj is also not barycentric, because %Rs is the unique
minimizing matrix on Q(C3) (by Theorem 5 in [1]) and b(C3) is

Wl =
—_— =

11
0 2
20
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