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1. Introduction

In [8] a Favard theorem was given for Laurent polynomials. Later, several Favard theorems were determined for classes of
rational functions with restrictions on the poles: first, the restriction that the poles are complex and outside the extended
real line (or, using an inverse Cayley transformation, outside the unit circle), see e.g. [1,2,4,7]; afterwards, the restriction
that the poles are all on the extended real line (or on the unit circle), see e.g. [3,4]. Finally, in [5, Theorem 3.10] a Favard
theorem was given for rational functions without restrictions on the poles.

The complete proof of this last Favard type theorem was omitted in [5] because at first it seemed that the outline of the
proof would be similar to the proof given in [4, Chapter 11.9]. However, a detailed study in [6] revealed that Theorem 3.10
could not be proved as in [4]; hence, it is still unproved.

The aim of this paper is to give a complete proof for Theorem 3.10 in [5]. In Section 3 we will give this complete proof,
but first we start with an overview of the theoretical preliminaries in the next section.

2. Preliminaries

The field of complex numbers will be denoted by C and the Riemann sphere by C = C U {co}. For the real line we use
the symbol R, while the extended real line will be denoted by R. Let ¢ = a + ib, where a,b € R. Then we denote the real
part of ¢ by 9{c} =a and the imaginary part by J{c} =b.

Suppose a sequence of poles {a, a2, ...} € C\ {0} is given. Define the factors

ZkX) =Zo, () =x/(1 —x/aq), k=1,2,...,
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and the basis functions

bo)=1,  beX) =br_1(0)Zx(x), k=1,2,....

Then the space of rational functions with poles in {«1, ..., ay} is defined as

Ly =span{bg, b1, ..., bn}.

We denote with P, the space of polynomials of degree less than or equal to n. Let m, be given by

o =1, =[]0 —-x/a.

k=1

Then we may write equivalently £, = {pn/7n: pn € Py}. In the remainder, we will use the notation 7y, j, with 0 < j <n, to
denote the polynomial 7\ j = 7 /7 € Pp_j.

Note that the value oy = 0 represents a forbidden value for the poles «y. Since we consider only a countable number of
poles «y, we can always find a point ay € C so that oy # «y for every k > 1. A simple transformation can bring this oy to
any position that we would prefer. Therefore, this forbidden value ay is not a real restriction on the sequence of poles, and
we may assume it to be fixed by the value zero.

We define the substar conjugate of a function f € L, as

fo(0) = f(®).

This way we have that f(x) has a pole in x = « iff f.(x) has a pole in x =«. With £,, we then denote the space of rational
functions given by Ly ={f«: f € Ln}.
Next, let us consider an inner product that is defined by a linear functional M:

(f.g8)=M{fg«}, f.8€ L.

The functional M is called Hermitian positive-definite (HPD) iff M{ff.} > 0 for all f € Lo \ {0} and M{f.} = M{f} for every
f el Look-

Suppose there exists a sequence of rational functions {¢,}, with ¢, € £, \ £;—1, so that the ¢, form an orthonormal
system with respect to the HPD linear functional M; i.e. M{@;@k.} = 8., where 8, denotes the Kronecker Delta. Further,
assume that these rational functions are of the form ¢, (x) = pn(x)/mn(x). We then call ¢, regular iff p,(¢,—1) # 0 and
Pn(an—1) # 0. In the special case in which o1 = 00, pr(00) # 0 means that p, € Py \ Pn—1.

In case of a regular system of orthonormal rational functions (i.e., the orthonormal rational functions ¢, are regular for
every n > 1), it follows from [5, Section 3] that the ¢, satisfy a three-term recurrence relation of the form:

@n(0) = Zn){En[1+ Fn/Zn-1(%)]¢n-1(X) + Crpn—2(0)/ Zn—2:()
En#0, Fa€C, Cp=—En[1+4 Fn/Zn—1@n-1)]/En-1#0, n>1. (1)

3. Favard theorem

In order to derive a Favard type theorem, we need to verify whether, starting from a regular system of rational functions
{@n} for which the ¢, are generated by the three-term recurrence relation (1), there exists a HPD inner product for which
the ¢, form an orthonormal system. So, assume that {gn};2, is a sequence of rational functions in L and that the
following assumptions are satisfied:

(A1) _1 e R\ {0} and o e C\ {0}, n=0,1,...,

(A2) @, is generated by the three-term recurrence relation (1),

(A3) gne Ly\ Ly, n=1,2,...,and ¢ € C\ {0},

(A4) |En|~2 =2R{tn 4+ pn}, n=1,2,..., where

_ Fo[1+ F,—,A(&,F], wn)] _ 1+ FpA(otn—1,0n—1) 2 A(otn_2, wn)
= ) n = =

A(ap, oty) En_q A(ay, an) ’

n
A, B) =1/Za(x) —1/Zg(x), wn = |an|*/M{arn}, and Eg € C\ {0}.
Further, let S, and S, be given by

Sn =span{gre: 0<k,I<nand k#I1} =S, n>0,

respectively Soo = span{S,: n=1,2,...}. Then we define M on S, by setting M{f} =0 for every f € Sy. Note that it is
always possible to define M in such a way, independent of whether the assumptions given by (A1)-(A4) are satisfied.
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Next, let 7, and 74 be given by

Ty = span{@@is: 0 <k <n}="Th., n>0,

respectively 7o = span{7,: n=1,2,...}. Clearly we then have that S, + 7, = L, - Ly, for every n > 0. Hence, it remains to
extend the definition of M to 74 in such a way that M{gy@k.} =1 for every k > 0. Note that this extension is possible iff
the following condition holds true:

P=) QPP €Soo ff D ar=0. (2)
We will now prove by induction that the condition given by (2) holds true under the assumptions given by (A1)-(A4).

Initialisationn = 1
Consider the subspace Lq - L1, = S1 + 77. We then have the following theorems.

Theorem 1. Under the assumptions given by (A1)-(A4) it holds that (¢1¢1« — PoPos) € S1.

Proof. Starting from the three-term recurrence relation (1), and performing some computations similar to those in the proof
of [5, Theorem 3.9] (but without taking inner products), we find that there exists a function f; € S7 so that

|E1] "% 019014 = 2% {11} @000« + f1.
Finally, because 29t{p1} =0 for a_; € R\ {0}, it follows from assumption (A4) that (P191+ — PoPos) = E12f1€S1. O

Theorem 2. Under the assumptions given by (A1)-(A4) it holds for j =0, 1 that ¢@js ¢ S1.

Proof. First, consider the case that oy € R\ {0}, and suppose that @@, = plpl*/nf € §1 = span{Q1¢@o«, P1+@o}. We
then have that there exists a constant ¢ # 0 so that [cpi(x) 4+ Cp1.(X)]/m1(X) = pl(x)pl*(x)/nf(x). Or, equivalently,
T1(X)[cp1(X) +Cp1+(X)] = p1(X) p1+(x). Taking x = «rq, it then follows that pq(q) =0, contradicting our assumption given by
(A3). Consequently, p1¢14 ¢ S1, and from Theorem 1 it then follows that @o@o. ¢ S1.

Finally, consider the case that a1 ¢ R, and suppose that @o@o. € S1 = span{1@os, Y1+@o}. We then have that there
exists a constant ¢ # 0 so that cp1(X)/m1(X) + CP1+(X)/T14(X) = Po@os«. Or, equivalently, 71, (X)cp1(x) + w1 (X)Cp1+(x) =
71 (X) 71 (X)Po@os. Taking x = 1 or x = &1, it then follows that 71, (c¢1)cp1(a1) =0, respectively 71 (¢c¢1)cp14(e1) = 0. But
this is impossible due to our assumption given by (A3) and due to the fact that c # 0. Hence, @o@o« ¢ S1, and from Theo-
rem 1 it then follows that 191, ¢ S1. O

Hence, we now have proved that ¢ = dp@o@o« + a1@1¢1« € S1 iff ag +a; =0.

Induction forn > 1
Consider the subspaces L;- Lj. =S8+ 7}, with j=n —1,n, and suppose that for j=n —1 it holds that ¢,_1 =
ZZ;& AP Pies € Sp—1 iff ZZ;& ax = 0. We then have to prove for j=n that ¢y =Y _o G@iPks € Sp iff > g_gax =0.

Theorem 3. Under the assumptions given by (A1)-(A4) it holds for j =0, ...,n — 1 that (n@nx — Qj@js) € Sn.

Proof. Let us first consider the case in which j =n— 1. Starting from the three-term recurrence relation (1), and performing
some computations similar to those in the proof of [5, Theorem 3.9] (but without taking inner products), we find that there
exists a function f, € Sy so that

|En|_2§0n‘pn* =20{Tn}@n—10n—1+ + 2R{on}@n—2@n—24 + fn.

Due to our assumption (A4) it follows that (@n@ns — @n_1@n_1x) = |En|*kn, where ky = fi — 20R{ 00} (@n_10n—15 — ©n—2@n—2+)-
From the induction hypotheses it now follows that (¢n_1¢n_14 — @n_2¢n_2+) € Sn_1 S Sy, so that |E,|%k,; € Sp.

Finally, for j <n —1 it holds that (@n®ns — ©j@jx) = (@nPnsx — Pn—1Pn—1+) + (@n_1Pn—1x — j@js), Where it follows from
the induction hypotheses that (¢n_1¢n—1+ — @j@js) € Sp—1 S Sp. This concludes the proof. O

It remains to prove that @;@;, ¢ Sy for j=0,...,n. Therefore we first need the following lemma.

Lemma 4. Under the assumptions given by (A1)-(A4) it holds for every gn_» € Ln_p that Zn_14+8n—2+@n/Zn € Sp-1.
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Proof. First, note that there exist coefficients ai,as, ..., an,—1 so that
n—1
Zn 1 (08200 = arbi(x).
k=1

From the three-term recurrence relation (1) it now follows that

byson _ |:

1+ FhA(atn—1, @n—1) i
EnZn E ¢

n—2 -
En—] Zn—2*

(3)

Fy
1 _1bps —
+ 7o ]¢n 1Djese

It is easily verified that the right-hand side of (3) is in Sp_1 for k=1,...,n — 2. While for k=n — 1 we have that

F _
|:1 + 7 n] ]wnflbn—l* = [1 + FanA(on-1, arhl)]‘ﬂn—lbn—l* + Fa@n—1bn—2«
n—

and @n_2bn_1+/Zn—2+ = A(@n—2, Un—1)Pn—2bn—15 + @n_2bn_2+. Consequently,

_ -1 — — = =
[1 + FanA(otn-1, an—l)] bn—14¢n/EnZn = (§0n—1 — A(0tn—2, an—l)ﬁon—Z/En—l)bn—l* — ¢Wn—2bn—24/En—1+kn-1,
where kp—1 = Fy[1 + FnA(Olnfly&nfl)]ilﬁonflbnfh € Sp—1. Suppose that ¢@n—1 = kp—1bp—1 + K,;,1bn72 + fn—3, where
Kn-1,K,_1 €C, ky—1#0 and fy_3 € L;_3. Then we get that
(Wn—l — A(0n—2, &n—l)(pn—z/in—l)bn—lx = (‘Pn—l — A(0n—2, a11—1)(ﬂn—2/En—1)[@n—l* - /?,,1_1bn—2* — fn-3x1/Kn-1
= [(/)nflf/)nfl* - ’?;,71A((7n—1 Cn-2)Pn—2bn—2+/En—1 — hn—]]/’?n—l ,

where

hn—1=¢n-1 (E;,_1bn—2* + fn—3*) + A(0n—2, ¥n-1)¢n—2(Pn—1+ — fn—3*)/En—1 € Sn-1.

Hence, with h;f1 = (Kn—1kn—1 — hn—1) € Sp—1 we have that

_ -1 _ _ _ _ = _
[1 + FrnA(otn-1, O[n—l)] bn—14¢n/EnZn = {‘pn—1§0n—l* — @n—2bn—2« [Kn—l + K;,_1A(05n—ls O5n—2)]/En—l + h,/q_1 }/Kn—1~
Finally, suppose that ¢,_2 = kn—2bn—3 + Iy—3, where kp_2 # 0 and I,_3 € £;_3. Then it follows from [5, Theorem 3.2.4] that
[kn—1+ K, _1A(@n—1,03-2)]1/En_1 =Kn_2, so that
— —1 —
[1 + FnA(an-1, Olnfl)] bn—14¢n/EnZn = [‘/’nflgﬂnfl* — @n—2@n—2+« + g,’H]/an,

where g | = (h;_; + @n_2li-3+) € Sp—1, and (@n_1¢n—14 — Pn—2Pn—2+) € Sp—1 as well due to the induction hypotheses. O
Theorem 5. Under the assumptions given by (A1)—-(A4) it holds for j =0, ...,n that @@, ¢ Sp.

Proof. First, consider the case that o, € R\ {0}, and suppose that @n@n. = PnPns/TnTTns € Sn = (Su—1 + @n - Ln_14 + Oy -
Ln—1). We then have that there exist a polynomial r,_ € P,—1 and function h;,_ € Sp_1 so that

Pn(X)Tn—1(X) + Pns (X)Tn—14(X) _ Pn (%) Pnsx (%)

hn—1(%) + Tn—1(X) T (X) N T (X)Tns (%)

Or, equivalently,

T (%) T (M1 (X) 4 T\ (n—1) ) [ Pn (OT—1 (%) + Pse (1015 (0] = Pn(X) Prs (%).
Taking x = a, it then follows that p,(o;) = 0, contradicting our assumption given by (A3). Consequently, ¢n@ns ¢ Sy, and
from Theorem 3 it then follows that ¢;@j. ¢ Sy for j=0,...,n.
Finally, consider the case that o, ¢ R, and suppose that @n_1@n_1x = % €S =(Sn1+¢n- La1e+ s - Ln_1).
We then have that there exist a polynomial r,_1 € P;—1 and function h;,_1 € S;—1 so that
Pr®)m-1()  Prs@n-14(0) _ Pn—1(X)Pn-1+(X)
Tn@)Tn-14(X) T (OTn-1(X)  Tn-1 () Tn-14(X)

hn—1(x) +
Or, equivalently,

T (X) s (O hp—1 (x) + nn*\(n—])*(X)Pn(X)rn—l x) + TTn\(n—1) (X) Prse X)Tn—15 (%)

= T\ (n—1) ®) s\ (n—1)% (X) Pn—1 (X) Pn—14 (X).
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Taking x = oy or X = oy, it then follows that 7.\ (n—1)% (0tn) Pn(0tn)Tn—1(0ty) = 0, respectively 7wy m—1)(@n) Prs (0n)Tn—14(Cn) =
0. Consequently, r,_1(aty) = rq—14(0) = 0 due to our assumption given by (A3). Hence, there exists a function g, € £;_>
so that
Pn()Tn—1(X)/TTn (X)TTn—15(X) + Prsx X)Tn—15(X) /Tns (X)TTn—1 (X)
= Zn-1+(X)8n—2:+X)@n (X)/ Zn(X) + Zn—1(%) &n—2(X)Pn+(X) / Znsc(X).
From Lemma 4 it now follows that (hp—1 + Pntn—1/TnTn—1x + PnsTn—1%/TnsxTn—1) € Sn—1, while it follows from the induction
hypotheses that ¢n_1¢n—1x ¢ Sp—1. Hence, ¢n_1¢n—14 ¢ Sy, and from Theorem 3 it then follows that ¢;@;. ¢ Sy for j =
0,...,n. O
Thus, we now have proved the following theorem.

Theorem 6. Under the assumptions given by (A1)-(A4) it holds that ¢ = ax @k Pk« € Seo iff D_ax =0.

Finally we have the following Favard type theorem. The proof is the same as the proof of [4, Theorem 11.9.4], and hence,
we omit it. (For the reformulation of assumption (A4), we refer to [6, p. 13].)

Theorem 7 (Favard). Let {¢,} be a sequence of rational functions, and assume that the assumptions given by (A1)-(A3) are satisfied,
together with the assumption that

(A4) S(Fy)=Jonl . 1 Slenal 1 liry 1 e R\ {0}, respectively

T lowml?  |Enl? lon—21?>  |En_112’

2 |Enfl|2 . Ap
[Enl?  An—1’

RFa)? + (MFa) = iZn 1 @n1))” = [iZn1@n-1)]

ifon1¢R,n=1,2,..., where Ap = |Ep|? — 430} . Son-1} _ g with Eq e C\ {O).

lenl?  Jotn—112

Then there exists a functional M on Lo, - Loox S0 that {f, g) = M{fg,} defines a HPD inner product on L, for which the ¢, form an
orthonormal system.
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