Available online at www.sciencedirect.com

ScienceDirect NUGLEAR[Z]
PHYSICS

CrossMark

ELSEVIER Nuclear Physics B 900 (2015) 331-365
www.elsevier.com/locate/nuclphysb

Superfield description of (4 4 2n)-dimensional SYM
theories and their mixtures on magnetized tori

Hiroyuki Abe, Tomoharu Horie ', Keigo Sumita *

Department of Physics, Waseda University, Tokyo 169-8555, Japan
Received 16 July 2015; accepted 22 September 2015
Available online 30 September 2015

Editor: Herman Verlinde

Abstract

We provide a systematic way of dimensional reduction for (4 + 2n)-dimensional U (N) supersymmetric
Yang-Mills (SYM) theories (n =0, 1, 2, 3) and their mixtures compactified on two-dimensional tori with
background magnetic fluxes, which preserve a partial A" = 1 supersymmetry out of full A" = 2, 3 or 4 in the
original SYM theories. It is formulated in an A/ = 1 superspace respecting the unbroken supersymmetry,
and the four-dimensional effective action is written in terms of superfields representing A" = 1 vector and
chiral multiplets, those arise from the higher-dimensional SYM theories. We also identify the dilaton and
geometric moduli dependence of matter Kéhler metrics and superpotential couplings as well as of gauge
kinetic functions in the effective action. The results would be useful for various phenomenological/cosmo-
logical model buildings with SYM theories or D-branes wrapping magnetized tori, especially, with mixture
configurations of them with different dimensionalities from each other.
© 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

Supersymmetric Yang—Mills (SYM) theories in higher-dimensional spacetime have been at-
tracting our attention from both theoretical and phenomenological points of view. First, they
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appear in low-energy limits of some superstring theories. The superstring theories are great can-
didates for a unified theory including the quantum gravity and have actively evolved for decades.
Besides their beautiful theoretical features, their phenomenological aspects also have come to
draw our attention. The higher-dimensional SYM theories accommodate plausible fields for such
phenomenological studies and many works have been done on the basis of SYM theories so far
(see Ref. [1] for a review and references therein).

The SYM theories are also motivated by bottom-up approaches. It is known that, although
the standard model (SM) is a successful theory to describe the nature of elementary particles
discovered so far including the Higgs particle, there are some mysteries and unsatisfactory issues
from a theoretical point of view in the SM, which may indicate the presence of new physics
behind it. The basic ingredients of the higher-dimensional SYM theories relevant to their low-
energy phenomenology are supersymmetry (SUSY) and extra dimensional space, which are
known as promising candidates for the new physics. Therefore, it is sensible to study the higher-
dimensional SYM theories as a particle physics model beyond the SM, even without mentioning
superstring theories.

From a phenomenological perspective, the matter field profile in the extra dimensional space
is one of the principal issues to study in higher-dimensional theories. Especially, it has a potential
for generating the observed intricate flavor structure of the SM without introducing hierarchical
input parameters, due to the localized profile of fields in extra dimensions [2]. It was indicated
that the toroidal compactification of SYM theories with magnetic fluxes [3-5] yields product
gauge groups, generations of chiral matter particles localized at different points on the tori, and
potentially hierarchical Yukawa couplings among them [6]. It is remarkable that all of such phe-
nomenologically interesting features are derived as consequences of the existence of magnetic
fluxes in extra dimensions.

Due to such a fine prospect, a wide variety of phenomenological studies on the magnetized
toroidal/orbifold compactifications has been done [7—13]. For example, in Refs. [10,12], a semi-
realistic model based on a ten-dimensional (10D) magnetized U (8) SYM theory was proposed.
This model contains all the SM gauge groups, fermion flavors, Higgs particles and their SUSY
partners, those induced by magnetic fluxes in the extra-dimensional tori. Furthermore, the ob-
served quark and lepton masses and mixing angles can be successfully generated by certain
non-hierarchical input parameters and vacuum expectation values of relevant fields.

The magnetic fluxes in the extra compact space is closely related to SUSY. Higher-
dimensional SUSY theories intrinsically possess AN/ = 2,3 and 4 SUSY in terms of four-
dimensional (4D) supercharges. From a phenomenological point of view, such an extended
SUSY should be broken down to A" =1 or 0 in order to yield a chiral spectrum in the 4D
effective theory. It is remarkable that the magnetic fluxes in extra dimensions generically break
the higher-dimensional SUSY [3], and the number of remaining supercharges is determined by
the flux configuration. Because N = 1 SUSY models, such as the minimal SUSY SM (MSSM),
are phenomenologically and cosmologically attractive, it is worth studying higher-dimensional
SYM theories compactified on tori with magnetic fluxes, those preserve N'=1 SUSY.

In Ref. [9], the authors provided a systematic way of dimensional reduction for 10D U (N)
SYM theories compactified with such intended configurations of magnetic fluxes, and derived
a 4D effective action written in terms of A/ = 1 superfields, where the unbroken A = 1 SUSY
becomes manifest. Furthermore, the dilaton and geometric moduli dependences of matter Kéhler
metrics and superpotential couplings as well as of gauge kinetic functions were identified by up-
grading the gauge coupling constant and torus parameters to supergravity (SUGRA) fields. Then
the 4D effective SUGRA action was reconstructed which is described in the A/ = 1 superspace,
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and low-energy particle spectra including the effect of moduli-mediated SUSY breaking were
analyzed in Refs. [10,12] based on the effective SUGRA action.

In this paper, we generalize the previous way of dimensional reduction for 10D U (N)
SYM [9] to those for (4 + 2n)-dimensional U(N) SYM theories (n =0, 1, 2, 3), and even for
mixtures of them with different dimensionalities from each other. Such an extension would be
quite meaningful because the various-dimensional SYM theories and their mixtures could arise
as low-energy effective theories of D-brane systems in type II orientifold models (see Ref. [14]
for a review and references therein). Furthermore, it is expected in a bottom-up perspective that
they are quite useful to construct more realistic models including hidden sectors for moduli sta-
bilization and dynamical SUSY breaking, as well as sectors for yielding some non-perturbative
effects to generate certain masses and couplings required phenomenologically and observation-
ally in the visible and hidden sectors.

The sections of this paper are organized as follows. In Section 2, the superfield description of
magnetized 10D SYM theories shown in Ref. [9] is reviewed. In Section 3, the simplest extension
which consists of magnetized 6D and 10D SYM theories as well as their couplings is proposed
and their 4D effective SUGRA action is shown. This is motivated by a D5/D9 brane system
in type IIB orientifold models. The above mentioned semi-realistic model derived from a 10D
SYM theory [10,12] can be straightforwardly embedded into this system with a capacity for
sequestered hidden sectors. Various combinations of (4 4+ 2n)-dimensional SYM theories can
be treated in accordance with the procedure given in this section. Another example is shown
in Section 4, which consists of 4D SYM and magnetized 8D SYM theories accompanied by
their couplings, motivated by a D3/D7 brane system. Section 5 is devoted to conclusions and
discussions with some future prospects. A particular SUSY configuration for the mixture of 6D
and 10D SYM theories is shown in Appendix A.

2. Review of 10D magnetized SYM theory in A/ = 1 superspace

We give a review of the superfield description for 10D SYM theories with magnetized extra
dimensions developed in Ref. [9] based on Refs. [15,16], which is the basis of extensions given
in this paper. Most notations and conventions in this section follow those adopted in Ref. [9]. We
start from the following 10D SYM action with a 10D vector field A7 and a 10D Majorana—Weyl
spinor field A satisfying AC = A and I''A = 41 (A€ is the charge conjugate to A and I''” is the
10D chirality operator),

S:/d‘oXméTr[—%FMNFMN+ %XFMDMA] (1)
where XM = (x*, x™)is a 10D coordinate,and M : 0, ...,9, 1 :0,...,3andm :4,...,9. FMN |
DM and T'M are the 10D field strength, the 10D covariant derivative and the 10D gamma matrix.
The 10D gauge coupling g is the sole parameter. We compactify it on three tori (T2); (i : 1,2, 3)
with x ~ x™ + 2 and the 10D line element is then given by

ds? = Nudx?dx’ + cpndx™dx",
where 1, = diag(—, +, +, +) gives the 4D Minkowski spacetime and the 6D compact space
metric ¢y, is written by a (6 x 6)-matrix as
< 0 0
c=[ 0 @ o0
0 0 ¥
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using (2 x 2)-matrix ¢ which represents the i-th torus metric. Its explicit form is given by
. 1 ReT:
C(l) — (anl)Z €T ,
Ret; |7l

where R; and t; are the radius and the complex structure of (Tz),-. In the following, instead of
the real coordinates, we use a complex coordinate (vector) defined as

. 1 . , s NG
L= E(xz+2z T3, - (Zz) 7

A; (7 Ao y2i — A342i), A =(An'.

Im;
We can then elicit the metric h; j of this complex coordinate from
dslp = Condx™dx" =2h7;d7 dz,
and find
2
h;j = 5;j2 T R;)”.
The vielbein is also determined by £;; = 8;je;{e jj and it has the following form,

e,-i = \/E(Z?TRi)csii .

In this notation, the 10D vector field is decomposed into the 4D vector fields A, and the three
complex fields A; (i = 1,2, 3). We can also decompose the 10D Majorana—Weyl spinor field A
into 4D spinors with respect to their chirality as Ay, 4,5, Where s; = & represents its chirality on
the i-th torus. A product s15253 must be + to satisfy the 10D chirality condition I'%% = 42, and
subsequently we can obtain four 4D Weyl spinors, A4+, Ay, A_4_ and A__,. We describe
them simply as

Ao = At A=Ay, Ay=A_4-, A=Ay

The decomposed bosonic and fermionic fields form the following (on-shell) supermultiplets
of the 4D A =1 SUSY which is a part of the full N'=4 SUSY,

V={vi,ho},  di={Ai A}

These are embedded into the 4D N = 1 vector superfield and the three 4D N = 1 chiral super-
fields as follows,

_ __ - 1 __
=—00M0A, +i060ry — 600Ny + EGGQOD,

1
i = EAi + V200 +60F;

where 0 and 6 are fermionic supercoordinates of the A = 1 superspace.
The 10D SYM action (1) can be rewritten with the superfields V and ¢ in the A" = 1 super-
space as [15,16]

S = /leX«/—G [/ d*oK + {/ d’o (%gzwawa + W) + h.c.” , 2)

where the functions /C, VW and W* are given by
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2 <. — - -

K= ?h”TrK\/EB; +¢;) eV (—ﬁaj + qb]) eV + B;e*‘/ajev] + Kwzw,
1

W= e”ke’e ey Tr [f ¢i (a ¢ — [¢‘,¢k1)]

g? l 32

1 - -

Wy = —ZDDe*VDaeV .

d; represents the derivative with respect to z;, and D, and Dy, are the supercovariant derivative
and its conjugate. KCwzw is the Wess—Zumino—Witten term which vanishes in the Wess—Zumino
gauge fixing. JX is the anti-symmetric tensor. This action remains invariant under the full N = 4
SUSY and the superspace formulation make the A" =1 SUSY manifest.

This superspace formulation contains some auxiliary fields. Field equations for them are given
by

. S
—h'/ (a;A., +04; + 5 [A7, A,,]) , )
F= —h; eJkle Teke <8kA1 — — [Ax, Al]) @)

The A/ =1 SUSY is preserved as long as vacuum expectation values (VEVs) of these auxiliary
fields D and F; are vanishing.

In the following, we consider a SUSY vacuum where the decomposed 10D fields develop
their VEV as

(Ai) #0, (Ap) = (ro) = (1) =0.

The vanishing VEVs are required for the 4D Lorentz invariance and the nonvanishing one of A;
is expected to satisfy (D) = (F;) = 0 with Eqgs. (3) and (4). We expand the 10D SYM action
around this vacuum in the superspace formulation, that is, we redefine fluctuations of the fields
as

V—=>(V)+V, ¢i = (@i) + ¢i.

where (V) =0 and (¢;) = (A;)/ V2. From now on, V and ¢; represent fluctuations around a
nontrivial magnetized vacuum. We use these in the SYM action (2) and expand it in powers
of V. The functions KC and W are then given by
K= ST [M +¢5{<5¢ G, g1+ )+ 6 ]}v
= — T OM =@ ; _— =), H .C. _— =, i
82 ] i \/i i J \/i i J
_ 1 - - -
+(0V) (0;V) + 5 (#10) +¢,¢7) V2 —¢;v¢jv} + KP4 0,
1 ijk i k 1 2 (F)
W= —eeil el el Tr| V2 (09 — —=[@i), ¢;1) b — Sdidbjn | + WP, (5)
g V2 3
where the expansion terminates at V> because the supercoordinates 6 and # are anticommuting
two-component Weyl spinors. K and W® are vanishing when the A" = 1 SUSY is preserved.
KC® represents a mass term of V corresponding to partial gauge symmetry breaking due to
the magnetic fluxes (we will explain later) and also contains other interaction terms. YWW¥ is not
changed because it contains only V and its VEV is vanishing.
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2.1. Zero-mode equations

In the toroidal compactification, the superfields V and ¢; can be decomposed with Kaluza—
Klein (KK) towers as

V(xu’zj’zf):ZOc(l)nl(Zl’-1) x [P ) x FOm 3, -3)> < VP (x

n

¢i(xl"’ Zj, Z]_) — Z (f(l) Vl[(Z] —1) % f(2) nz(zz —2) X f(3) HS(Z3 —3)> X ¢l_n(xu), (6)

n

where n = (n1,n3,n3). V* and ¢i” are n-th KK modes and their internal wavefunctions on the

j-th torus are described by fo(j ) and fi(j ), respectively. They have the Yang—Mills indices but
we omit them here. The internal wavefunction is common to scalar and spinor fields included
in a superfield as long as the SUSY is preserved, and their dependence on the supercoordinate
appears only in V" and ¢”.

In the following, we focus on zero-modes with n| = n, = n3 = 0 and denote their internal
wavefunctions simply by fé]) and fi(]) omitting n; =0 for j = 1,2, 3, that is, f(]) = fé]) =0
and fl.(j ) = fl.(‘l i :O. In the superspace action (5) given on a nontrivial background, the follow-
ing zero-mode equations can be found,

i - i
B sy + 317 fo1=0.
I 4
a;fj§1)+§[(¢;), f1=0 for i=j,

af(l) 1 [{b1), fl,(i)]zo for i#j.

We introduce (Abehan) magnetic fluxes and continuous Wilson lines in the extra compact
space. The vacuum configuration (¢;) = (A;)/+/2 is then given by

() =—— (M7 +59), )

Imt;
where magnetic fluxes M@ and Wilson lines ¢ ) are (N x N)-diagonal matrices corresponding
to the U (N) gauge symmetry of the SYM theory. Note that, each entries of M¥) must be integer
because of the Dirac’s quantization condition. We also expect them to satisfy the SUSY condition
(D) = (F) =0 with Eqgs. (3) and (4). The Abelian (1, 1)-form flux (7) always satisfies (F) =0
but the other (D) = 0 requires each entry of M) to satisfy

ZA@) m® =0,

where m,((') is the k-th entry of the diagonal matrix M®, and .A“) represents the area of the i-th
torus.

The magnetic fluxes and the Wilson-lines can break the gauge symmetry of SYM theories.
For example, when all the N entries of diagonal matrix M) take different values from each
other, an original U (N) gauge symmetry is broken down to a product of N U (1) symmetries. In
another case when some of them take the same values, that is, the magnetic fluxes are given as
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_y® 0
_MNI _MNz
O — giao( @ O O @G
M™ =diag(m " my", - My Mg s My st
0]
ZMNn
@) @)
TN ot Ny 410 TN N, )

they break the gauge symmetry as U(N) — [[, U (NV,) (note that Mj(\;j + Ml(\iZ). This discussion
also apply to the Wilson lines. We use indices a, b and ¢ to label unbroken gauge subgroups of
UN). 4 4

We denote a bifundamental representation (N,, Nj) of the zero-mode f ;l) by (f j(l))ub. The

zero-mode equations for the representation ( f j(i))ab on the torus (7'2); are given by

- T P 7 [ . .
|:az+m(Ma(lly)zi+§11(;7)):|(fj(l))ab:0 for i=}j, (8)
1
T i) — -(i [ . .
- s (3 4 2) | =0 i
1
where
(i) _ 440 @) () _ () _ ()
My =My, — My, Gy =Cy) =&y,

A normalizable solution of Eq. (8) is found [6] as
() 2p) ;
R R
(F{Dap=flv = { a0y=12 D =0,

0 MY <0)
@)
where Z; = z; + ~% and
Mab
| Lo MY MY > 0)
Ly =10 M) =0) .

no solution (M;Z) <0)

When M;’Z >0, M;Z normalizable zero-modes appear and they are labeled by the index [ c(li,). On
the other hand, zero-modes are projected out by the magnetic fluxes when M[Elb) < 0. A vanishing

magnetic flux Ma(lz = 0 induces a trivial zero-mode with a flat profile of wavefunction. The

@ 30
zero-mode wavefunction ®%a-Mab in the above expression is defined by
; I/M
@1,M (Z)ZNMeT[lMZImZ/Im‘[ﬂ[ /0 }(MZ,M‘E), (10)
where the Jacobi-theta function is given by

a _ wia+)?t 2mi(a+l)(v+b)
19|:b:|(v,t)—2e e .
leZ
The normalizations are determined by

/dzidZ;\/detc(i)f' (ff)* =5/, (1)
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and it leads to
2Imz; | M|\
M= (i

We can also describe a normalizable solution of Eq. (9) as
0 M%) > 0)
(FPyap = £l = 1 (AD)712 (Mg =0) |
(@M (5" (M) <0)
and |M‘($| normalizable zero-modes are obtained when Mi’; <O0fori#j.

2.2. 4D effective action

We give a 4D effective action derived from the 10D magnetized SYM theory in the super-
space formulation, concentrating on zero-modes of gauge fields of unbroken gauge subgroups
(V”zo)aa and bifundamental matter fields (¢{’:0)ab (a # b) in the assumption of gauge symme-
try breaking U(N) — [, U(N,) due to the magnetic fluxes.? In the following, we consider a
case with M[E’b) > 0 and M;é) < 0 for Vj # i. The total number of zero-modes (¢{‘:0)ab which
appear in the 4D effective field theory is then given by

Nap = |1"[M“>

while (V"ZO)M does not feel magnetic fluxes and a single zero-mode with a flat wavefunction is
obtained. We denote them simply by

— = T,
V"=V @ = g0,

where 7, = (I;llj), I‘EIZJ), I(z)) labels N, zero-modes, thatis, Z,, = 1,2, ..., Ny». We normalize

the chiral superfields ¢; by the gauge coupling constant g for the later convenience.

In the 4D effective field theory with these zero-modes, we can compute Yukawa and higher-
order couplings as integrals of wavefunctions of the form (10), which can be performed analyti-
cally [6,17]. We substitute the KK-mode expansion (6) in Eq. (5) and extract a part involving the

zero-modes V¢ and ¢JZ"”. That is described by

S:/d4x |:/d49/Ceff+ {/dze (4 WheNa +Weff> +h.c.”, (12)
82

where the functions KCetr, Wesr and W have the following form,

eff_ZZZZU Tr[ Lab fV“q&anbeV“]’

i,j ab Ly

2 We remark on the other elements, (V*=9),;, (a # b) and (¢?:0)aa- A bifundamental representation of the gauge
multiplets (V":O)u;J (a # b) gets its mass corresponding to the partial gauge symmetry breaking, which mass should
be large comparable to the compactification scale. The other ((/);':O)aa remains massless and we need a prescription to
make them heavy or eliminate them. Toroidal orbifolds, for example, can eliminate these extra zero-mode [7,10].
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Wer=3"3" 3 Mg, T[olef ],

i,j.ka,b,c Ty, Tpe Tea
| —12
We = —ZDDe_VaDaeva. =g <HA(’)) .
1

In this expression, Kédhler metric Z and holomorphic Yukawa coupling AI TpeL, A€ deter-
mined by integrals in the 6D extra compact space and they can be written as

Sij i
ZIah - 2h (13)
3
):ijk _ 2g ik i y
LabIpeLea __—6 € €j e 1_[ (}) (r)l(r)’ (14)
where
by (r) r)
)“E:;I I(r)l(r) Z/dzrdz \/(Wf ab flh(‘ flza X (15)
ablp. Lea

‘We have performed the integral in the Kéhler metric by using Eq. (11). The calculation of Yukawa
couplings (15) can also be carried out analytically and we summarize the results as follows,

Fape (Mg >0)
Xir(z),m,(r) A;,rc)a (My) > 0) , (16)
LY, M@0
where
Mo
)“Elrb)c N };m <r> MY Z 810 1O D) 1)

. ( ) (r) =(r)
Tl é-ab (r) é-bc (r) Sca r)
X exp |:Imrr ( Im¢,," + Y0 Im¢,, M(r) Im¢,,

®
M ab bc ca
M 18 =M 12+ m M) M
x 9 [ My My M } (g}{)M,ﬁ’) oM, 5 M) M >Mg;>) .
0

a7

This expression is obtained in the case with M‘EZ) M ISZ) ML(.Z) > 0. In another case with vanishing
magnetic fluxes, that is, M[EZ)MZSZ) M) =0, the integral in Eq. (15) induces a simple factor,

> (r) =172
)\’ r) (), (r) — (A )
I(Eb) IISC) If(a)

2.3. Effective supergravity and moduli multiplets

We have obtained the 4D effective action based on the 10D SYM theories in the magnetized
toroidal compactification. We can read the action in the framework of supergravity (SUGRA)
introducing the moduli fields. The 10D SYM theory is described with a global SUSY but its 4D
effective action has remnants of local structure of the SUSY, such as, the 10D gauge coupling g
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and the torus parameters R) and 7;. The moduli fields are related to complex and Kihler struc-
tures, and the 10D dilaton ¢ determines the gauge coupling as g = ¢{?10)/2, Thus, we can define
the moduli and dilaton superfields by the remnant parameters in the toroidal compactification as
follows,
3
Re(S)=e WO TAD,  Re(ly)=e WA, (U;) =iF; . (18)
i=1
The obtained 4D effective action should fit into the following general form of the action for
4D N =1 conformal SUGRA with the moduli superfields,

=fd4x,/—gc [—3/d4eéce—’</3
1
+ {/d29 (Zfawa»“wg + C3W> +h.c.}:|, (19)

where C = Co + 00 F € is the chiral compensator superfield and the metric g€ is defined by
gﬁv = (CO)~1ek/3 gfv for the Einstein-frame metric gﬁv. Our obtained action is given in a

so-called string frame and we can choose Co = e~ %#4¢X/% to arrive at the frame in the above

conformal SUGRA, where the VEV of the 4D dilaton ¢4 is determined as
—2(¢10) l_[_A(i) — g—4 l_[A(i)_
i i

The Kihler potential for the moduli fields is given by

3 3
KO = —log (S + S') — logl_[ (T(i) + T(i)) - logH (U(i) + U(i)> .
i=1 i=1

When we compare the obtained action (12) with the general SUGRA action (19) in the string
frame, the Kihler potential K, the superpotential W and the gauge kinetic function f, in the
conformal SUGRA formulation can be identified as

K = K(0)+ZZZZU Tr[ Lab —V“¢jab 1% ],

i,j ab Ty,
_ ijk Zah Ibc Ica
w=>% > 57T [¢i ¢ i ]
i,j;kab,c Loy, Ipe, Lea
fa =S, (20)

where the Kihler metric Z_;; and the holomorphic Yukawa coupling )‘I Ty L, ATC given by
ab

2
ZZ’T{; — o2(¢4) 7 ZI;j ,
ijk — 3Mba) ,—K D25 1jk
TapToeTea — € M Ty Tea
I’ ; and )L% - TooLon have been defined in Eqgs. (13) and (14), respectively.

These should be shown as functions of the only moduli fields and an additional manipula-
tion is required for that. If we promote straightforwardly the parameters to the moduli fields in
accordance with Eq. (18) in the above expressions, the Yukawa couplings will contain both the
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chiral and anti-chiral superfields and the holomorphicity of the superpotential is broken. Correct
combinations of these parameters should be promoted to the moduli fields in the superpotential
and the rest must be removed from the superpotential to the Kihler potential by rescaling the

superfields qbiI"”
We consider the following rescaling,’

Iab (l) Iab
;" = oy, s
where

1/2
@ _ 1 A®

o) =
ab g+/2ImT; U«/Zlmt,

. 5(r) @)
b g M,
xexp | — E ¢ Lab_ Im;(’) Ma|
r

(r) ab (r)
Im tr Mab Hr#z |Mab |

1/4

and we promote the remaining parameters to the moduli fields after this. As the result, we can ob-
tain the moduli depending form of the Kéhler metric Z ; and the holomorphic Yukawa coupling

ab
ijk
AT Ty Tn 3 follows,
-\l /3 _ o\ L2
7 =i L+ HUr+Uf
Ly 2 2
r=1
2
1/2 ()
1 M) 5 dsr (Im; )
Yyl R exp | — = )
5/2 (r) } (r)
2 l_[r;é] |M f | r=1 Ur + Ur Ma’l;
ijk _ ik si 0 ok )
Mg T =~ 7€ 0180 HK 101010
where
(r) @)
)\'a';l c (Malh > O)

A AWDoY >0 1)

I(r)l(r)l(r) bc,a
ab “he Ted (r) (@)
)\w p (Mg >0)

and

u®

ab
W)= Z 8,0 0 0
ab,c —~ Ly g’ —mM,. 1)
MO 4 1 M )
X0 MM MG (;C(;)M,ﬁ’) L ME). iU, M(’)M(’)M(’)) :
0

(22)

3 This paper shows the explicit rescaling rules for the chiral fields, which determines the moduli dependence of their
Kihler metrics. We should note that it is not completely deterministic. Indeed, there are many ways of the rescaling to
remove the ill-defined factors, and we show the most plausible one. This discussion was also done in Ref. [18].
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These expressions are valid for M;Z) M ;2) MC(Z) > 0. The study with vanishing magnetic fluxes
M;Z) M,EZ)MEZ) =0 is also shown in Ref. [9].

3. 6D and 10D SYM theories and their mixtures

In this section, we give extensions of the previous work given in the 10D SYM theory. We
can expect the way of dimensional reduction and obtaining the 4D effective SUGRA action to
be applied to the (4 + 2n)-dimensional cases (n = 1, 2, 3) and their mixtures, because such SYM
systems can be derived from single 10D SYM theories through “partial” dimensional reductions.

3.1. Superfield description of the 6D and 10D SYM theories

For a while, we concentrate on an instructive case which consists of a six-dimensional (6D)
SYM theory and a 10D SYM theory.

6D SYM theories with a vector multiplet and a hyper multiplet of 4D A =2 SUSY are
straightforwardly obtained by dimensional reductions of 10D SYM theories. In the 10D SYM
theories compactified on a flat space without magnetic fluxes and so on, the zero-mode wavefunc-
tions of the 10D fields are given by a constant in the space, and we can then perform integrations
of the action with respect to the flat directions. For example, when we perform the integration
with respect to four extra-dimensional coordinates (x¢, X7, X8, X9), that induces just the 4D vol-
ume factor and a 6D effective action is directly derived. The 6D vector A,,,, m =0, 1,...,5, and
a part of the 10D Majorana—Weyl spinor form an A/ = 2 vector multiplet, and the other parts
form an N = 2 hyper multiplet.

In mixtures of 6D SYM theory and 10D SYM theory, there should appear an additional mix-
ing sector. This consists of bifundamental representations which are charged under both the 6D
and 10D SYM theories. They form another hyper multiplet because the mixing part also has
the A" =2 SUSY counted by the 4D supercharges. Furthermore, since they are coupled to the
10D gauge fields as well as the 6D gauge fields, it is sensible for their wavefunctions to de-
pend on all of the 10D coordinates but have profiles of point-like quasi-localizations in the four
(x6, X7, X3, X9)-directions.

The positions of localization points are significant because they are related to the magnitude
of their coupling constants in the 4D effective theory. The positions are determined by the VEVs
of position moduli, and field contained in the hyper multiplet plays the role in our SYM systems.

These situations are realized or understood in single 10D SYM theories by introducing infinite
magnetic fluxes in the four directions [6]. To demonstrate, let us consider a 10D U(M + N) SYM
theory compactified on three tori, and introduce an infinite magnetic flux on two of the three tori
to break the gauge groupas U(M + N) — U (M) x U (N). In this scheme, adjoint representations
of the unbroken subgroups U (M) and U (N) do not feel the magnetic fluxes, thus they have a flat
zero-mode profile. Carrying out the integration of the U (M) SYM action (either of the two SYM
actions) on the two infinitely magnetized tori leads to the 6D U (M) SYM theory and the other
is still the 10D U (N) SYM theory. Bifundamental representations (M, N) and (M, N) feel then
the infinite magnetic fluxes which localize them at a point on the two tori.

To see the details, we consider the limit |[M| — oo in the following integral of zero-mode
wavefunctions of the bifundamentals,

12 )2
/d(Rez) <®1,M)*®1,M: %Z[z:ﬂnflnmz(nﬁ,g—lﬂm—f) ’

T2 n
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which appears in the way of the normalization (11) and the wavefunction @™ is defined in
Eq. (10). In the limit of infinite magnetic fluxes, this integral gives a delta function as

L\ grm _ 1 Imz 1
/d(Rez)(@ )@ _AXH:S me ) 23)
T2

The infinite magnetic fluxes induce an infinite number of the zero-modes labeled by “I”°. They
are quasi-localized at different points with an interval 1/M. That is, this torus is filled up with
an infinite number of zero-modes but each of which is localized at different points like the delta
function. Now, we choose a zero-mode with I = 0, which zero-mode is quasi-localized at the
origin on the torus, and eliminate the other zero-modes by hand.* As a result, the desirable
bifundamental representation is obtained. The summation of “n” gives the delta function to a
certain periodicity on the torus and the right-hand side of Eq. (23) with I = 0 can be identified

as a well-defined delta function on the torus. We denote it by §72(z) as is used in Ref. [6], that is,
S =~ Y8 (1mE o4)
)= — —+n).
T2l A - Imzt

We can infer from this result that the point-like localization of the bifundamental representa-
tions is described by @M with

QMM ~  [5:2(2),

which is caused by the infinite magnetic flux M. When we consider Wilson lines on the magne-
tized torus, this is translated as

Vor2(2) = o2z +0).

Since the Wilson lines on the torus is given as the VEVs of the fields contained in the hyper
multiplet, those fields can be identified with the position moduli fields as we expected.

In the rest of this subsection, we derive a specific form of the effective action corresponding
to the mixture of the 6D U (M) SYM theory compactified on (T?); and the 10D U(M) SYM
theory on (T?)) x (T?), x (T?)3, by introducing the following infinite magnetic fluxes in a 10D
U(M + N) SYM theory, in accordance with the vacuum configuration (7),

M(l)z(OXIM 0 )

0 0 x IN
M(Z) _ H x IM 0 M(3) _ —H x IM 0 (25)
0 0 x IN ’ 0 0 x IN ’

where we take the limit /# — oo. These matrices represent the internal space of U(M + N). In
the VEV of the form (7), we can also introduce the Wilson lines ¢ @) and they shift the point-

like localized wavefunctions of bifundamental representations (M, N ) and (1\71 , N) by gﬁ(},)\, /H

(gﬁ) ={ 1&) — ;1(\5)). That is, the wavefunctions are shifted as

V372 = 82z + ¢S50/ H).

4 This will not break the SUSY.
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This deviation vanishes in the limit H — oo unless the Wilson lines ;A(,;])\, given by the position
moduli take infinite values. This is one of differences between the usual Wilson lines and the
VEVs of the position moduli.

These infinite magnetic fluxes H and —H induce a kind of chirality projection as well as the
point-like localizations. As the result, some of the zero-modes are eliminated as

Vo0
"={o )

(3 ol F) eo(5 Y
b1 (0 or ) 03} A ?3 ot @t )

Now, we assign that the first-block entries V" and ¢!" to the 6D U (M) SYM theory and the
last-block entries V" and ¢{' to the 10D U(N) SYM theory. The U(N) part labeled by “n”
is the same as is reviewed in the previous section. The 6D gauge fields V" and ¢{" form an
N =2 vector multiplet. A hyper multiplet is also composed of the fields ¢4' and ¢3', which
are identified with the position moduli. The bifundamentals ¢} and ¢5" form another hyper
multiplet and their action will be given to have an SU (2)Rr invariance. Here they are normalized
by the gauge coupling constant g for later convenience.

In the superfield description of the 10D U(M + N) SYM theory, we consider the infinitely
magnetized background to obtain 6D and 10D pure SYM theories. The action is composed of
three parts as follows,

S=Su+Su+ Sun- (26)

First, the explicit form of the 6D SYM action S,, is obtained by the dimensional reduction for the
second and the third tori. Since the relevant fields V" and ¢;" do not feel the magnetic fluxes and
their wavefunctions are flat on the two tori, the dimensional reduction can be straightforwardly
performed. As the result, we find

AP AB 1
Sy = e /dﬁx,/—cﬁfd‘*eicm + {/d29 (ng,wam + Wm> —i—h.c.} ,

where Gg is the determinant of the 6D spacetime metric, M 4 x (T?);, and the three functions
Kin, Wy, and W) are given by

Ko =2Te [ (V201 + 7)) (=201 + 7' ¥
+h'"3 e V" 916V +h22¢_>£”e_vm¢£"evm
+ h¥gre g’ + IC{VZW] ,
1
Wi =2v2(e1e2e5) ™ ¢ (3%” AR ¢;n]) ,
1 — m m
Wam = —ZDDE_V Daev .

The determinant of the vielbein e; is given by V2 (27 R;) and the derivative terms with respect to
z2 and z3 vanishes because of the flat wavefunctions. In this dimensional reduction, we adopt a
normalization where the flat zero-mode wavefunctions are given by 1, instead of Eq. (11). Thus,
the integration just induces a global factor corresponding to the volume A A®). Although the
prefactor A® A /g2 seems to be a gauge coupling constant of this 6D U (M) SYM theory, we
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should replace this by a new symbol as A® A /g? — 1/ gé because this can be generically
independent of the volume of the other four extra dimensions of space in pure 6D theories.

Next, we consider the 10D U(N) SYM part S, in Eq. (26). This part is elicited from the
original 10D U(M + N) SYM theory directly:

1
Sy :/d10X4/_G/d49’C" + {/dze (FWgWan + Wn> +hC} s
8
where the three functions X, W, and WY of superfields are given by

2 - - — n n - n n
K, = ?h”Tr [(\/58; + ¢l—n> eV (—\/53.,' + (]57) eV + 3;67‘/ 8jev ] + Kwzw,

1
ijk i k n
Wa= et [ Vit (0t - [o1.01]) ]
1 - - n n
Wan==73DDe”"" Dye".

This has the same form as that of the original 10D SYM action.

In the last part S,,,, the infinite magnetic flux is a key to derive effective actions, which is
analogous to an off-diagonal part of 10D SYM theories shown in the previous section. Substi-
tuting the vacuum configuration (25) for (¢;) and (d;;) in the action (5), the zero-mode equations
for ¢5"" and ¢5"" on the second and the third tori are given by

5 T (i) (i)\mn _ T— 7

[ai T 2Im T <HZ’ + gszv)] (fj 7" =0 for i=j, @D
T (i) @)ymn __ : ;

|:3l 2Imt; ( g +§MN)] (fj =0 for i #J, %)

where i, j =2,3 and (f ;i))’"" represents the zero-mode wavefunction of ¢ on the i-th torus
omitting the mode number n; = 0. We also consider the Wilson lines in addition to the infinite

magnetic fluxes here as we discussed it in the below of Eq. (25). These equations have an infinite

numbers of normalizable solutions labeled by an index 1,51,), in the limit H — oo, and we pick up

one of them by I,(,,l,), = 0. Thus, we obtain the well-defined delta function (24) which expresses the
point-like localization as the solution of the zero-mode equation. We can carry out the integration

with respect to z, and z3 in the action and obtain the following form,

Smn—/ dGX\/_—Géf d49TI' h22¢mn -y d)mn v +2h33¢mn ym ¢mn —V1>

1 0
+2V2 (e1eze _1/ d29Tr[ o (8 T — — P  —— i ”)—i—h.c.],
( 1€2 3) ¢3 l¢z ﬁd’] ¢2 ﬁ¢2 ¢1
(29)
where the factor Q is given by the integrals on the two tori as,
0= [ [azaz {7y e xbpatas+ £9))
s=2,3
= [T @™, (30)

s=2,3
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with £¢) = ij,ls[i, /H . In the above, ( fl(s))" (@) is the zero-mode wavefunction of ¢} on the s-th
torus and its constant argument ¢ ®) represents the position of the point-like quasi-localization
on the tori. (Note that this zero-mode wavefunction ( fl(s))” is a constant function now because
physical finite fluxes are absent in Eq. (25).)

We have obtained the superfield description of the mixture of the 6D U (M) SYM theory
and the 10D U(N) SYM theory, which is derived from the 10D U(M + N) SYM theory by
introducing the infinite magnetic fluxes.

3.2. 4D effective action on magnetized backgrounds

The infinite magnetic fluxes have yielded the action for the 6D U (M) SYM theory, the 10D
U (N) SYM theory and their mixing part compactified on “virtually pure” tori. That is, the infinite
magnetic fluxes are used for only realizing the point-like localizations and inducing a kind of
projections, and they lead to un-magnetized higher-dimensional SYM systems. In the following,
we add “finite (physical)” magnetic fluxes in this mixture of the SYM theories. We consider the
following configuration of magnetic fluxes, instead of Eq. (25),

(1)

0 M
@ (MP+Hx1y 0 @ (M3 —Hx1y 0
n n

where the (M x M)-matrix M,(,f ) and the (N x N)-matrices M,gi) represent finite magnetic fluxes,
and the infinite magnetic flux is also introduced by H in the limit H — oo.

This is a generic form of flux configurations. Some of their entries would have some con-
straints. For instance, the matrices M,(,? ) and M,(,? ) should be restricted not to break the gauge
symmetry, that is, M,(nz) X M,<,,3) o 1,7, otherwise the zero-mode wavefunctions of the 6D fields
are deformed and their spectrum is shifted by structure of the 4D extra space which is not related
to the 6D SYM theory. When M,,(12) x M,(,,3) o 1p7, the matrix M,Sll) should also be proportional
to the identity to preserve the /' = 1 SUSY. Note that these trivial magnetic fluxes in the U (M)
sector M o 14 can be eliminate by a shift of flux configurations as M@ — M© +m; x 1p4x
because the two configurations in the SYM theories lead to equivalent 4D effective theories. For
completeness of our description, we consider a general form of M,,(ll) in the following calcula-
tions even if it breaks the A" =1 SUSY. The others M,(,,z) and M,gf ) are proportional to 17, and
they have no affect on the 4D effective theory in the limit H — oo. The 4D effective action with
M,,(}) o 1,y is also calculated in Appendix A.

When some of diagonal entries of the matrices M,(,,l) and M,Ei) take degenerate values, the two
gauge symmetries are broken as U (M) — ]_[a, UMy)and U(N) — ]_[a U(N,). The unbroken
gauge subgroups of the 6D U(M) SYM theory are labeled by indices a’, b’, ¢’. The indices
a, b, c label the remaining subgroups of the 10D U (N) SYM theory and this is the same as in
the previous section.

We discuss the zero-mode equations and wavefunctions on this magnetized background. Since
those obtained in the 10D U (N) SYM sector and its 4D effective SUGRA action are given in the
previous section with the same notation, we focus on the other sectors. First, we consider the 6D
U (M) SYM part S, which contains only fields with the subscript m, the superfield description
of which on the magnetized background is given by
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1 1
= ?/dﬁxw/—c;ﬁfd“e/cm + {fdze (Zw;';wam + Wm> +h.c.} ,
6
where the three functions C,,,, W,, and W} are given by
Ko = 2h"-fTr[¢3;”¢j’ o, ¢TIV + (3 V™) (3;V™)
+ l (q‘smd)m + ¢m¢3m) (Vm)Z _ d')m Vm¢mvm
2 \7i ¥ i%i i J

+2\/§h“Tr|:<51¢{" L@, ¢7" +h.c.> } +KEP,

il
— m m m m 1 m m
Wi = 2v2 (e1e2¢3) " ¢} (alcﬁz v [(#]"). 05'] - 7 (67", ¢ ]) +WP.

In the assumption of U (M) gauge symmetry breaking due to the magnetic fluxes M,(,,1 ), we
derive the zero-mode equations for the relevant fields (¢!") ., on the torus (T?); from this action,
which are described as follows,

3 7 D (€] (Dym
d7 + (M(,, + ,,) oy =0,
|: ' 2Imy pa Ly ) | U1 D

7T @ (0] (Dym | —
[a]—m(M ’b’zl+§/b’)i| (f ) /b/—o fOI'l—2,3,

where (f; a )) 1,y Tepresents the zero-mode wavefunction of bifundamental (¢lf")a/h/ on the first
torus, and the magnetic fluxes and the Wilson lines are defined as Mc(l,lb), = (M,,(11)) My — (M,(nl)) My,
and ;‘(,1[3, (;‘(1)) (5(1))Mh,. This is similar to those in Egs. (8) and (9). When the sign of
the magnetic ﬂuxes is correctly chosen, we can obtain |M, (, Z,| normalizable solutions labeled by
the index I,y =1,2, ..., |M£,1Z,|.

‘We describe the zero-modes in the 4D effective action as follows,

p— ! =
(Vm,n]—())a/a/ = Va , (¢;’”Jll O)a/b/ =g¢ d’ zz/b/

We use the similar notation to the previous section: ve represents the zero-mode of an adjoint
representation of U (M,/) and ¢i"/b/ is the zero-mode of a bifundamental one (M, M). We can
omit the subscript m because they have the YM indices a’b’ which represent the gauge subgroups
of U(M). The adjoint representation V@ do not feel the magnetic fluxes and their zero-modes
have a trivial profile. We calculate the 4D effective action in the same manner and find

1 / ’
Sy = /d4x [/ d*O K ef + {/dze (Zw;; W+ Wm,eff> +h.c.}] (32)

where the functions /Cp, eff, Wi eff and W,Z: . have the following form,

I’b’ ,Va, I’b’ Va/
Kmen= 303 327, 817 eV gy e |,

(1
1,/ab15/1)’/

_ Tijk Ly Ao Aoy
Weff - Z Z Z )\'1 o Tyt Lot gt I:d) ¢ ¢ ¢ s

ijka b ¢ Ly Dy Ty
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/ 1 -1/2
Wi = ——DDeiV DyeV" . g = g6 AV .
4g2,
In these expressions, the Kihler metric Z £ " and holomorphic Yukawa coupling ) ] Ly Loy ATE
determined by integrals in the 6D extra compact space and they can be written as

z) =2 (33)
A ity =~ 2§6 eleedis) (34)
where
W (M) >0)
Xgi’)b/lb/c’lr’a’ - )L(]’)’ a (Mig’l)/ >0,
x(}), y M5 >0
and

MY
7

a'b' ¢ /_N (I)N (1)-/\[ (1) Za

/b/

7 =0 30l
T Law e S 0 S (1
X exp |:Im1:1 (M(l) Im¢ oy T M(l) Im me,,,. M(l) Im me,,

Ib/C/Jr[/ 7 — mM( )

bl I a'b

‘b b'c! ca'
M) L1y =M, Ly o +mM), M),
x U Mg})’/Mlg/l)/M(l)
0
=(1) 4 ,(1 1 4,1 1 1 1
x (M = e, —a MU, M M)

The normalization factors are defined in Eq. (11).

Next, we consider the mixing part S,,,, which consists of bifundamental representations
(M, Np) and their conjugate representations. (Note that U(M,/) and U (Np) are subgroups of
the gauge groups U (M) and U (N), respectively.) The infinite and finite magnetic fluxes (31), in-
stead of Eq. (25), are introduced in the action (5). On the second and the third tori, the zero-mode
equations (27) and (28) are a little modified by the finite fluxes, but the finite shift of H does not
affect in the limit H — oo. It leads to the same results on these two tori and the 6D action of the
form (29) is obtained again. In addition to that, we have the following zero-mode equations for
(#5")arp and (¢3'") 4 on the first torus,

T 1 1 1

|:81 i (M(,bz +20 ))} (Fym =0
T ¢)) (1) (Dym

|:31 T 2Im7, (Mab/zl ab’)i| (f3 Dap =0,

where ( fz( ))’”,Z and (f; (1))’””, are the zero-mode wavefunctions of the bifundamental represen-
tations (¢5") 4, and (¢§””)ab/, respectively. Note that ¢5"" is the bifundamental representation
(M, N) of the product gauge group U(M) x U(N). It contains only bifundamental represen-
tations as (M, Np) and does not include the others (M, Np). On the other hand, 5" is the
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bifundamental representation (M, N) which consists of only the bifundamental representations
as (M > Np).

These zero-mode equations with the negative magnetic fluxes allow |M{§,1;| or |M2,),| nor-
malizable solutions labeled by I, or I, in the same way as in Eq. (9). We express the
corresponding zero-modes as

mn,n1=0 Y mn,n;=0 Y
(@ N =, (@5 Nap = 3"

We omit the subscript “mn” again because they have YM indices a’b or ab’ with which we can
see that these fields are in the “mn” sector.

The signs of the magnetic fluxes are constrained to yield the nonvanishing Yukawa couplings
d)f"’b/ qbzlb/" d);"”/ and ¢§"/b¢llb" c/);"‘"/ because the magnetic fluxes cause the chirality projections. As
a result, the fluxes should satisfy the following conditions on the first torus,

(6] (6] (6] €))
Ma/b/ >0, M, >0, Ma’b <0, Mah’ < 0.

In the case of vanishing magnetic fluxes, the 4D effective action would be changed and is dis-
cussed in Appendix A.

On this magnetized background, we can derive the 4D effective action for the mixing part
Smn’

_ 4 4 532 oy —vd Ly v | 533l vazly v
Smn—/ d x/ d OTr(Z,a/b(pza e P’ +Zlab’¢3a eV P e

Iy

nd I 1! . I / nd I./ I J
4 / POT 31,1, O 63 B 10, 05100 thc ] B9)

c'a

In this action, the Kihler metrics and the holomorphic Yukawa couplings are described as

2 522
Zla/b =2h",
33 _ 733
73 =2n
py =2 1)
Ly Iy g = —286 (e1€2€3)" " Xy o

Y -1 557D
Myglwlye =2810 (€1€2€3) " QAyy s

where Q is defined in Eq. (30) and )Za/b/,c is given by

1
Myy
7 (D —1
)»( =N N, N, o E é 0
a'bl ¢ ML};)/ Mh’c Mca/ — Ib/c+1m’7me/C’ Ly

. = (1) (1) (1)
mi | Lapy M, Spe M, Sea M
X ex Im¢ ,/, + Im¢,,  + Im¢ ]
p |:Im T <M(,1>, é—a b M(,l) é‘b c M(l? é‘ca
a'b b'c ca
MO 1y —M 1y Amm M)
M (D (D ' (DA  z() (1) =g (D)
x ¥ Ma’b’Mb/cMca/ (Cca’ Mb’c - ;‘b’c Mca’ » T Ma/b’
0

MOMD).
a

¢

and Xab,c’ is given by replacing as (a’, b’, ¢) — (a, b, ¢’) in the above expression.
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3.3. Supergravity action and moduli dependence

We embed the 4D effective action derived from the mixture of the SYM theories into the
general form of the conformal SUGRA action (19). This embedding of the 10D U (N) SYM part
S, 1s exactly the same as is given in the previous section.

We generalize the discussion given in the previous section to treat various dimensional SYM
theories. Now, we are considering the 6D SYM and the 10D SYM theories, and their gauge
couplings are described as g¢ and gjo. Although we ignored the mass dimension of the gauge
coupling in the case with only the 10D SYM theory and used the relation gjg = e/?10)/2, we
should renew it more exactly in the generic systems. In the 4 4 2n dimensional SYM theories,
the gauge couplings are determined by the 10D dilaton as

a4+ = e(‘f’]o)/%{m/z7 .

where o’ is a constant parameter and it has the mass dimension of [mass]~2. This parametrization
is also supported by the string and D-brane pictures, where the parameter &’ is equivalent to the
square of the string length scale. According to this, the definitions of the moduli fields (18) are
also modified as

3
Re(S)=e W0l TTAD,  Re(T) = @0a/ "' AD () =it 37)
i=1
and the VEV of the 4D dilaton ¢4 is determined as

200 = =200 S T AD = Lz TTA%.
. gl() .
4 1

Before upgrading the parameters to the moduli fields using the above relations, the field
rescaling should be performed to remove some factors to preserve the holomorphicity of the
superpotential. This operation was also required in single 10D SYM theories. In the mixture
of the 6D U (M) SYM theory and the 10D U(N) theory, we have four types of the Yukawa
couplings as follows,

i,{;]fb, Iyl ¢>il av ¢jI~W ¢,€”'“' (three 6D fields in S,,),
ML o grteT gl (three 10D fields in S,,),
Ay Ib/clw/(ﬁl[“/b/ d:;”"‘¢§““/ (mixing with a 6D field in Sy,,),
M Tty ® TG (mixing with a 10D field in Syn). (38)

These 4D effective couplings can be decomposed into two parts. One is described by the Jacobi-
theta function and will be holomorphic functions of the moduli fields straightforwardly. On the
contrast, the other part must be removed to the corresponding Kihler metrics by the field redef-
initions because it will contain both the moduli fields and their conjugates simultaneously. We
focus on the latter part here to determine the rescaling rules neglecting trivial numerical fac-
tors and the Wilson line parameters. The focused part is fortunately universal for the generation
structures and shown as

-1
i _ (Imrl)l/4
ALk o 3(#4) =K /2 HZJTR —
Ly Ly or o g . r 8 /—Al
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-1
i jk _g© (Im7; Im 73 Im 73) /4
A%ahzthL-a oc el KT/2 (1_[ 2z Rr) 810 ,
r

VALA A3

-1
1/4
_KO o (Imty)
)\'Ia/b/lb/clca/ X 63(¢4)e K / (1_[ 27TRV> 867,—,
r Al

_g© (Im g Imrzlm13)1/4
M Taply, <€ e KT/ (1‘[%&) £10 : (39)
r

c'a /A]A2A3

The first and the third one are related to the (a’d’)-fields ¢>l.1 “¥" originating from the 6D SYM
theory, and the extra dimensional integrals induce the same factors in these two Yukawa cou-
plings. And also, the second and the last one, which are related to the (ab)-fields originating
from the 10D U (N) SYM theory, have the same form as each other. Since there are only three
types of the fields to be rescaled, the rescaling rules are deterministic. Indeed, they would be
uniquely found by using the rule for the (ab)-fields: In the second line, the Yukawa coupling
of (ab)-, (bc)- and (ca)-fields is shown, and it is completely removed in accordance with the
rescaling defined in Section 2. The forth line expresses the coupling of the (ab)-, (bc’)- and
(c'a)-fields. Since the rescaling factor of the (ab)-field is already fixed, those of the other two
fields are determined naively, and then, the rescaling rule for field ¢11,,/,,/ is elicited in the third

line. Finally, the first line determines those for the rest of contents ¢>£b"" and ¢3I"'“'. Note that,
the (a’b’)-sector originates from ¢, ¢, and ¢3. One originating from ¢; forms a N' = 2 vector
multiplet with the 4D vector fields and the others form hypermultiplets which can be identified
as position moduli fields. Thus, it seems sensible that the moduli dependence of their Kédhler
metrics are different for qbl]"/”/ and the other two fields.

The Kihler metrics and the holomorphic Yukawa couplings in the generic form of the con-
formal supergravity can be found by the rescaling according to the above discussion. Let us start
from a review of the 10D U (M) SYM part with the renewed moduli definitions (37). Although
the corresponding factor is shown in the second line of Eq. (39), its complete form including
numerical factors is expressed by
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where the exponential factor of the Wilson lines ¢! corresponds to the second line of Eq. (17)

and the holomorphic part given by the Jacobi-theta function is represented by the last factor .
The following field rescaling recovers the Kihler metric and the holomorphic Yukawa coupling
of the form obtained in Section 2,

¢Iab_)a?b Zab’ (40)

L L

where
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The gauge kinetic function shown in Eq. (20) is also recovered using the gauge coupling (36)
and moduli definition (37).

Next we lead to the Kihler metrics of (ab’)- and (a’b)-fields contained in the mixing part
Smn. From the second and the fourth lines of Eq. (39), it is inferred that the rescaling factors of
these fields are equivalent to (ab)-sector up to numerical factors and the exponential factors of
the Wilson lines. Indeed, when the localization described by the delta function (24) is not shifted
(we will also discuss in another case of shifted quasi-localizations later), the un-holomorphic part
of A1, 7,,1,. is entirely removed by the rescaling (40) and
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After these rescalings, the relevant holomorphic Yukawa couplings are found as
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where )LZZ)’C is found in Eq. (22) by the replacing ¢ — ¢/, and then, the Kéhler metrics of two

types of the bifundamental fields are obtained as
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The rescaling factor of ¢;““ is derived from the Yukawa couplings shown in the third line of
Eq. (39). As the result, it is found as
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This yields the Kéhler metric of the form
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and the holomorphic Yukawa coupling is simply given by

1
)"Ia/h’lh’cluz/ =—A a'b',c

Finally, the rest of the rescaling factors are automatically determined in the first line of Eq. (39)
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Their Kéhler metrics and holomorphic Yukawa couplings are found as follows,
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for j =2,3, and
ik 1 ke 1
lj(l) M ;0 =__€1Jk5i15] )‘(’1);’ .
10,0010, = 3

The gauge kinetic functions of the U (M) subgroups are given by
Jo =T,

which is different from those derived from the 10D U(N) SYM theory. This is one of signif-
icant features of the mixed higher-dimensional SYM systems. This is also consistent with the
interpretation in a D-brane picture.

In the rest of this section, we discuss another case in which the point-like quasi-localizations
of (a, b’)- and (d’, b)-sectors are shifted by VEVs of the position moduli. This effect appears in
the factor Q of (c’a)—(ab)—(bc’) coupling, which is defined in Eq. (30). Considering the point
like-localizations shifted from z; = 0 by x; (s = 2, 3), the factor Q is given by

s) (f)
i (s)
55 Mab < s+ l(v))lm(XA"'A;(s))
0= 1_[ N e Map ab / x 1}
Mab

s=2,3

When y; is vanishing, the rescaling of ¢1I“” defined in Egs. (40) and (41) consistently removes
the above exponential factor. We extract additional contributions induced by nonvanishing yx;
from the above equation as

Qocexp| 3 o (MY 7o tm e + I + 25 Imx,)
s:2,3I ts

This will be absorbed by the rescaling of (ab)-, (bc’)- and (c’a)-sectors. When we consider a
modification of the rescaling rule for (bc’)- and (c’a)-sectors to remove this factor, those for
(a'b’)-sector (6D fields) must also be modified for the holomorphicity of Yukawa couplings. As
a result, the shift parameter x; appears in Kédhler metrics of the 6D fields, even though this shift
is caused in four-dimensional extra compact space which is not related to the 6D field theory.
This is a bizarre consequence and we should consider another way. Thus, this additional factor

would be absorbed by only (ab)-sector, and then, (]blz"" is further rescaled as
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As the result, the Kidhler metric of qblI"” is found as
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3

4
xexp| = Y US+U;( M) (m x)? + 21 Img ) | (44)
s=2,3 :

where i =i = 1 and the last line represents the additional contribution. This rescaling of ¢>IZ‘”’
induces the additional factor diz‘”’ in another Yukawa coupling ¢]I"" q)jZ”” ¢kI”“ (j, k=2, 3) shown

in the second line of Eq. (38), but rescalings of ¢].Ib" and ¢,g"" can naturally absorb this factor.
This is because that the additional factor (43) is rewritten as
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where we use M(g) + M(s) + MC(Z) = O(C,EZ) + lei) + CC(;) = 0). This is removed by further rescal-
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These have the same form as Eq. (43). And also, expression (44), which gives the Kédhler metric
of ¢II"” fori =i = 1, can describe those of the other two fields fori =i = 2, 3. We have obtained
the general form of the 4D effective action which is valid even when the positions of the 6D fields
on the two tori are shifted by the nonvanishing VEVs of the position moduli. A variety of 6D and
10D SYM systems is obtained with multiple 6D SYM theories distinguished by their localized
points. Furthermore, the most generic SYM system can also be also constructed in the similar
way which is demonstrated in this section.

In the next section, we show a mixed system consisting of 4D SYM theories and 8D SYM
theories as another example.

4. 4D and 8D SYM theories and their mixtures

Although any of SYM mixtures basically can be derived in the same manner, we give another
specific system with 4D and 7D SYM theories. These SYM theories can be expected to appear
as low-energy effective field theories of mixed configurations of D3- and D7-branes. It is known
that the D3-D7 brane systems are related to the D9-D5 brane systems by T-duality. Indeed,
SYM systems which might describe these two D-brane systems can be derived from a single
10D SYM theory with the same configuration of the infinite magnetic fluxes (25) by performing
two different ways of dimensional reduction.
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4.1. Superfield description of the 4D and 8D SYM theories

We derive a superfield description of mixture of a 4D U (N) SYM theory localized at a point
of the extra dimensions and an 8D U (M) SYM theory compactified on two tori, M* x (T?), x
(T?)3 from the 10D U(M +N) SYM theory with the infinite magnetic fluxes (25). The remaining
zero-modes are also equivalent to those of the previous model but they are interpreted differently.
The first-block entries are assigned to the 8D U (M) SYM theory and the last ones to the 4D
U(N) SYM theory. In these theories, ¢7 and ¢3 are identified as the position moduli of the
U(N) SYM theory on the two tori. ¢{" and ¢ can also be seen as the position moduli of the
irrelevant torus (7'2); where no field of this system lives. For simplicity, the VEVs of ¢1" and ¢
are set to vanish in the following.

The effective action obtained by the partial dimensional reduction is given by the following
three parts,

S:Sm+Sn+Smna

where S, corresponds to the 8D U (M) SYM theory compactified on the second and the third tori,
S, to the 4D U(N) SYM theory and the last part S, to the mixings of the two theories which
contains ¢5" and ¢5"". These are easily calculated in a similar way to the previous section: The
8D U(M) SYM theory is obtained by carrying out the integration with respect to coordinates z;
and z7, and it is found as

1 1
S, = p dsx,/—Ggfd‘*e/cm + {/d29 (ng,wam + Wm> —i—h.c.} :

where the three functions KCp,,, W,, and W} are given by
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The 4D U (N) part is given by
1 1
S, = —2/d4Xw/—G4/d4HICn + {/d29 (Zw,?wa,, +W,,) +h.c.},
84
where the three functions K, W, and W¢ are given by
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After the integration of the well-defined delta functions induced by the infinite magnetic fluxes
with respect to the torus coordinates, the last mixing part S, is described by

Smn—/ d4X\/——G4/ d*0 Tr 2h22¢£nn -y ¢mn v +2h33¢mn ym ¢§nne—V")

+22 (616283)_1/ d*0 Tr |:¢§nn (—%(b ¢ + 7_¢mn¢z> +h.C.:| , (45

where the factor Q is given by the integrals on the two tori,

0= T[] [azaz {1 <yt + E9)
§=2,3

= [T @™, (46)

s=2,3

with £® = ¢ /H.
4.2. 4D effective action on magnetized backgrounds

We derive the 4D effective action from the mixture of the 4D U(N) SYM theory and 8D
U (M) SYM theory compactified on magnetized tori. This is given by the following configuration
of magnetic fluxes, instead of Eq. (25)

#=( o)

) 3)
M Hx1 0 M, —Hx1 0

where the finite fluxes of the 8D U (M) SYM theory M,gf ) and M,gf) are (M x M) matrices and
they can lead to a gauge symmetry breaking U(M) — [], U(M,). Note that, in this configura-
tion, the infinite fluxes H and —H can be moved to the last-block entries without any physical
changes (as long as we are studying SYM theories).

In assumption of the gauge symmetry breaking U (M) — [[, U(M,), bifundamental fields
¢5'" and ¢5"" appearing in S, are replaced by ¢5" and ¢5", which are bifundamental repre-
sentations (M,, N) and (M,, N) of U(M,) x U(N), respectively. We can concentrate on the
8D U(M) SYM theory S, to derive the 4D effective theory of this system because the extra
dimensional integrations have already been carried out in the other parts.

In assumption of the gauge symmetry breaking U(M) — [, U(M,), the 4D effective action
of the 8D U(M) SYM S,, is given by

S =/d4x [/ d* 0K ess + {/cﬂ@ (4 SWEWS +Weff> +h.c.H, (48)

where the functions Keff, Wetr and WS have the following form,
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withZ,, = (1 (i), 1 ;i)) and Kihler metric Z%b and holomorphic Yukawa coupling igakbzbczru are
given by
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The factor A" (,)1(, o is defined in Eqgs. (16) and (17) and these are valid when M) M") M) > 0.
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4.3. Supergravity action and moduli dependence

At this final step, we embed the 4D effective action into the generic form of A/ = 1 conformal
supergravity. A D3/D7 brane system, which is a motivation of this section, is T-dual to a D5/D9
system as we mentioned, and indeed, a part of the T-dual picture has been seen in our study of
SYM systems. According to the T-duality, the moduli definitions (37) should also be replaced in
the 4D- and 8D-SYM systems by

Re(S)=e @0 Re(Ty) =e @0/ PADA®  (U) =iT; (49)

where i # j # k # i. We can see from studying the gauge kinetic functions that these new iden-
tifications of the moduli VEVs are plausible in our system. The two gauge kinetic functions of
the 4D effective field theories derived in this section are

1 1
Ref4D = Refa = —Z.A(z)A(3)
84 83

The parameters in these functions are upgraded to the moduli field in accordance with Egs. (36)
and (49), and that leads to

f4D:S1 fa:Tl-

These results are consistent with the D3/D7 brane picture.

The field rescalings are also required in this system before upgrading the parameters to the
moduli fields. We first determine the simplest rescaling rule for the fields of 4D U(N) SYM
theory ¢ which has no generation structure because they are defined in the 4D spacetime from
the beginning. Those for the other fields are uniquely found for the holomorphicity of four types
of Yukawa couplings. The complete form of the Yukawa coupling A"/ k¢>l.”¢;? ¢; is given by

592 —1 1/2 1/2
ik i k3
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These are removed by the field rescaling
o — alg].
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As the result, the Kéhler metric of this field and the holomorphic Yukawa couplings are found as
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Recall that ¢ is the U(N) adjoint representation, ¢iI‘”’ is the bifundamental representation
(M, Mp), and ¢5" and ¢5" are (M, N) and (M,, N), respectively. The Kihler metrics for
these fields are given by
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The relevant Yukawa couplings
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where xgﬁf)l(,)l(,) is defined in Egs. (21) and (22). Note that ¢]Z“" and ¢,Z;léb1 are clearly distin-

ab “bc “ca
guished in the above expressions, because qﬁﬁ‘é”l carries vector components of the 8D field theory

but ¢1Z“” does not. In these expressions, the shift x; of the point-like localization of the 4D U (N)
SYM theory on the second and the third tori are absent, x; = 0. One can easily introduce the
shift in the same manner as is in the last part of the previous section.

We have derived the 4D effective supergravity action from the 4D and 8D SYM system in the
N = 1 superfield description.

5. Conclusions and discussions

A systematic way of dimensional reduction for 10D magnetized U (N) SYM theories provided
in Ref. [9] has been extended, in this paper, to those for (4 + 2n)-dimensional U(N) SYM
theories (n =0, 1, 2, 3) and their mixtures wrapping magnetized tori, which are described by
4D N =1 superfields. Such a superfield description makes the N'= 1 SUSY manifest, which
is a (common) part of N'= 2,3 or 4 SUSY in the (mixture of) (4 + 2n)-dimensional SYM
theories, preserved by the configuration of magnetic fluxes. While the magnetic fluxes break the
higher-dimensional SUSY, the A/ =1 SUSY is preserved as long as the auxiliary fields in N' =1
superfields have a vanishing VEV.

It is important to study N' = 1 SUSY configurations of magnetic fluxes from both phenomeno-
logical and theoretical points of view. It is known that non-SUSY configurations are generically
unstable in string theory due to the appearance of tachyonic modes in various sectors. The A = 1
superfield description of higher-dimensional SYM theories [15,16] is so powerful to find the
desired flux configurations and explicit forms of Kéhler metrics and holomorphic Yukawa cou-
plings with certain moduli dependences in the 4D effective SUGRA. Since the moduli-mediated
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contributions to soft SUSY-breaking parameters are determined by them, it is easy to evaluate
the induced SUSY spectra. This is a great advantage in phenomenological studies.

Two concrete examples for mixed SYM systems wrapping magnetized tori have been shown.
The first one consists of 6D U (M) and 10D U (N) SYM theories accompanied by their couplings
given in Section 3. This is a straightforward extension of the previous work [9] based on a single
10D SYM theory and is derived from the 10D U(M + N) SYM theory by introducing infinite
numbers of magnetic fluxes, which is a useful tool to construct mixed SYM systems in a sys-
tematic way. Especially, the bifundamental representations crossing over the two SYM theories,
(M, N) and (M, N), those can couple to both 6D U (M) and 10D U(N) adjoint fields, will be
strongly localized in the vicinity of the 6D hypersurface in which the 6D SYM fields reside if
they are identified as open-string modes in D5/D9 systems.

In the field theoretical description, the infinite magnetic fluxes induce such a point-like local-
ization [6], and the well-defined delta functions are obtained as solutions of zero-mode equations
for the bifundamental representations. Such a procedure utilizing infinite fluxes to construct a
mixed SYM system is motivated by a T-duality in D-brane systems. It is known that D9-branes
with infinite magnetic fluxes in four compact directions are related to pure D5-branes without
magnetic fluxes by the T-duality in these directions.

At the last step to derive 4D effective SUGRA, we promote gauge coupling constants and torus
parameters to moduli fields in accordance with modified parameterizations of the moduli VEVs.
The modifications are required to describe moduli in a universal way in mixed SYM theories
with different dimensionalities from each other, because their gauge coupling constants have
different mass dimensions depending on their dimensionalities. The modified parameterizations
could also have been interpreted consistently in a D-brane picture.

Another example which consists of 4D U (N) and 8D U (M) SYM theories have been shown
explicitly in Section 4. This SYM system is also derived from the 10D U (M + N) SYM theory
with the same configuration of infinite magnetic fluxes as that of the previous example. This
seems plausible because D3/D7 brane systems are T-dual to D9/D5 brane systems in the frame-
work of type IIB compactifications. Referring to the duality in such D-brane pictures, we have
adopted another parameterization for the VEVs of moduli fields in this second example. We
confirmed a validity of the moduli parameterization in each example by comparing the obtained
moduli-dependences of gauge kinetic functions in the 4D effective SUGRA with those identified
in the corresponding D-brane system. They exactly accord with the corresponding ones in the
D-brane picture.

Although we have shown only two examples, a wide variety of combinations of multiple
SYM theories can be realized in the same manner. Such a variety is expected to be of service in
phenomenological/cosmological studies towards a realistic model. For instance, these multiple-
SYM systems would provide a foundation for constructing moduli stabilization and dynamical
SUSY breaking sectors, which are desired to be sequestered from the visible sector from the
phenomenological point of view. In such a construction, bifundamental fields charged under
both hidden and visible sectors could appear depending on the flux configuration, some of those
can play a role of messenger which mediates SUSY breaking contributions from the hidden to
the visible sector. Such a gauge-mediated contribution [19] to soft SUSY-breaking parameters
can be one of the distinctive features of the system.

On the other hand, phenomenological consequences of mixed moduli- and anomaly-mediated
contributions to the soft parameters (that is called mirage mediation [20]) were studied in a
model based on the 10D magnetized SYM theory [10,12]. If the model is extended to a mixed
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SYM system where the dynamical SUSY breaking sector is incorporated, the gauge-mediated
contribution can also be comparable to moduli- and anomaly-mediated ones with a certain
moduli stabilization mechanism. In such a case the system provides a UV completion of the
deflected mirage mediation [21]. In any case, the low-energy spectra in visible and hidden
sectors are governed by the configuration of background magnetic fluxes in the SYM sys-
tem.

The gauge kinetic function in the 4D effective action is given by the dilaton S or the Kéh-
ler modulus 7;, depending on the dimensionality of the original SYM theory. If the SM gauge
groups originate from different SYM theories in the mixed system, certain non-universal gauge
kinetic functions can be realized in the SM sector. In such a case, some attractive scenarios are
then conceivable deviating from the grand unification models, especially, non-universal gaugino
masses at the compactification scale are possible at the tree-level, even when the gauge coupling
constants are unified at the same scale. It is known that a certain value of wino-to-gluino mass ra-
tio extremely relaxes a fine-tuning of Higgsino-mass parameter (so-called p-parameter) required
for triggering a correct electroweak symmetry breaking in the MSSM or MSSM-like models [22]
without conflicting with the observed Higgs boson mass at the Large Hadron Collider [23].

Furthermore, in the moduli stabilization and SUSY breaking sectors, the moduli dependences
of their gauge kinetic functions are extremely important, because some nonperturbative effects
induced by the SYM dynamics are usually required in these sectors. For example, in the KKLT
scenario of moduli stabilization [24], Kdhler-moduli dependent nonperturbative effects are as-
sumed which determine the ratio between moduli- and anomaly-mediated SUSY breaking [25].
We should remark that there appear stringy corrections which mix multiple moduli in each gauge
kinetic function depending on the configuration of magnetic fluxes [26,14], when the SYM sys-
tem is treated as a low-energy effective description of D-branes. Such a moduli-mixing in the
gauge kinetic functions plays a role in the mechanism of moduli stabilization and SUSY break-
ing [27].

While these SYM theories in various-dimensional spacetime are related to each other by the
T-duality in a D-brane picture, there are differences in their Kihler metrics and holomorphic
Yukawa couplings, because their moduli dependence depends on the configurations of (finite)
magnetic fluxes. The dynamics of moduli fields in low-energy effective field theories is quite
significant in particle physics and cosmology, especially, in the early universe. This has recently
attracted much attentions as cosmological observations highly evolve. In the study of early uni-
verse, couplings between the moduli and the matter particles have to be treated carefully. Since
the higher-dimensional SYM systems give explicit forms of the couplings, it is of great interest
to study these systems incorporating a certain scenario of the early universe.

The D-brane pictures, especially T-dualities in type II superstring theories, motivate and sup-
port this work. Indeed, in this paper, we find them in many respects. Although there are several
issues to be addressed, such as tadpole cancellations [4,14], for a string realization of the mixed
SYM system treated here, it is worth trying and we will study further elsewhere.
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Appendix A. A SUSY configuration in 6D and 10D SYM systems

We have adopted the generic configuration of magnetic fluxes in the 6D and 10D SYM theo-
ries in Subsection 3.2 for completeness of our description, even though it would break the N' =1

SUSY. That is, the magnetic flux in 6D U (M) sector M,(,ll) is nonvanishing on the first torus
on which the 6D SYM theory is compactified, and then, the gauge symmetry is broken by it as
U(M) — [],U(M,). In this appendix, we calculate 4D effective SUGRA on the basis of an-

other configuration with vanishing M,(,,1 ), where the U (M) gauge group is preserved as well as
the N'=1 SUSY. There are four adjoint fields in the superfield description of 6D U (M) theory.
We denote their zero-modes as

ymn= =0 _ Vm ¢mn1 0—g6¢

1

where chiral superfields are normalized by the gauge coupling gg for convenience. Since these
U (M) adjoint fields do not feel magnetic fluxes on the first torus, their extra-dimensional wave-
functions are flat. The integration with respect to the first torus coordinates z; and zj can be
straightforwardly performed, and it is easy to derive the 4D effective action. According to the

normalization (11), their Kahler metric Zi/ and tri-linear coupling A/ are given by

7H = 2hii

o Doe

Ak — —%e”keilejfekk (ATH)=1/2, (50)
instead of Egs. (33) and (34).

We can find the 4D effective SUGRA on this background in the same manner as is in Section 3.
The rescaling rules are given by

¢ — o' P fori =1,2,3,
where

(ga) 2T R
Re(S)

—1/4
QM =T ba) 7T 27TR (HRe U, ) for j =2,3.

of =2"le™

’

J

After these rescalings, the parameters are promoted to the dilaton and moduli superfields in the
Kihler potential in accordance with Eqs. (36) and (37). We find

Zil—l S+S’ -
2\ 2 ’
- -1 — —1/2
Z]j— 1 Tj+Tj Ur+Ur f T_~_23
_ﬁ 2 1_[ 2 Or.]_.]_ s~y
r

and then, the tri-linear coupling AV¥ is simply given by

.. 1
kzjk 361]ke zeJ ekk'

We should remark on couplings between these adjoint fields and (mn)-fields. There are bifun-
damental representations charged under the U (M) gauge group and a U (N,) gauge subgroup in
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this system. If a pair of representations (M, N,) and (M, N,) appears in the 4D effective theory,
they can couple to the above adjoint representations. However, either of these two bifundamen-
tal representations is eliminated by the chirality projection due to magnetic fluxes because these
two representations feel magnetic fluxes with opposite signs (the bifundamentals are contained
in only ¢ and ¢3, which require the negative sign of magnetic fluxes on the first torus for their
zero-modes to survive). As a result, the U (M) adjoint fields will not couple to the other sectors
unless representations (M, N,) and (M, N,) feel vanishing fluxes.
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