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Abstract

A fuzzy-based tool, called FUZZY-SRA (Fuzzy Spatial Reliability Analysis), is used for

realizing a more ‘‘reliable’’ study of the values of the final parameters concerning the vul-

nerability of aquifers located in the territory of Cava de’ Tirreni, city in the district of Salerno

(Italy). The SINTACS method is adopted for evaluating the involved parameters and these

evaluations are modelled from attributes represented from triangular fuzzy numbers which

supply the overall final information if combined with suitable algebraic operations. The tool

FUZZY-SRA is implemented inside a GIS (Geographical Information Systems) software.

� 2004 Elsevier Inc. All rights reserved.
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1. Introduction

Since 1988 (European Year of the Environment) the European Community (EU)

requires to architects, urbanists and Local Administrations to make explicitly more

clear and transparent the environmental impact of their projects. Unfortunately in
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these studies the know-how is not fully developed and, on the other hand, the laws of

the States forming EU do not impose the usage of specific models of simulation and

environmental impact evaluation. Generally speaking, these studies are strongly

problem-dependent.

In 1987 National Water Well Association (NWWA) and US Environmental

Protection Agency (EPA) invented the method DRASTIC [1] in order to solve the
problem of the intrinsic vulnerability of the aquifers.

Recent data show that the aquifers satisfy the necessities of the 53% world pop-

ulation. Their increasing pollution obliges the Public Administrations to project a

good maintenance, which can be modelled via the Geographic Information Systems

(GIS) (for instance, see [2,4,5,7,8,10,12,15,17–20,22,24]).

Unfortunately the model of the pollution of a aquifer in a GIS can meet a low

impact because of either possible errors during the analytical procedure or of partial

information on input data. Indeed, in the study of the vulnerability indices of the
aquifers of the territory of Cava de’ Tirreni (city in the district of Salerno, Italy), we

used the SINTACS method [6] based on seven hydro-geological parameters, some of

which were partially available. Then the treatment of this partial information was

based on the Fuzzy Logic, used also for implementation of a tool called FUZZY-

SRA (Fuzzy Spatial Reliability Analysis) which incorporates a procedure of calcu-

lation whose algebraic operations are given in Section 2.

2. The algebraic operations

In accordance to [9,16] and [19], we first define triangular fuzzy number (for short,
TFN) a given map l : R ðRealsÞ ! ½0; 1� such that lðxÞ ¼ 0:0 if x6LE,

lðxÞ ¼ ðx� LEÞ=ðBE� LEÞ if LE6 x6BE, lðxÞ ¼ ðRE� xÞ=ðRE� BEÞ if

BE6 x6RE and lðxÞ ¼ 0:0 if xPRE, being LE and RE the left and right,

respectively, extremes of the real interval (LE, RE) (which is the support of l, that
is (LE, RE) ¼fx 2 R : lðxÞ 6¼ 0:0g) and BE (Between) is any value of (LE, RE). In

the sequel the above TFN is represented by l ¼ ½LEl;BEl;REl� and let

k ¼ ½LEk;BEk;REk� be another TFN. We recall [16] that the addition of k and l is

the TFN lþ k ¼ ½LEkþl;BEkþl;REkþl� such that LEkþl ¼ LEk þ LEl;BEkþl ¼
BEk þ BEl and REkþl ¼ REk þREl. We also remember [16] that the multiplication

‘‘*’’ of l by k 2 R is the TFN k � l ¼ ½LEkl;BEkl;REkl� such that LEkl ¼ k � LEl,

BEkl ¼ k � BEl and REkl ¼ k �REl, denoting with ‘‘�’’ the usual arithmetical mul-

tiplication. Furthermore, N stands for the set of non-negative integers and when no

misunderstanding can arise, we omit the subscript l in ½LEl;BEl;REl�.
Let U be the universe of discourse and fa1; a2; . . . ; ang be a set of n 2 N linguistic

labels, each composed from linguistic modifiers (as, for instance, ‘‘False’’, ‘‘More’’,

‘‘More or Less’’, ‘‘Very’’) and a variable (as, for instance, ‘‘Good’’). In accordance to
their meaning, we assume that a1 6 a2 . . . 6 an as, for instance, ‘‘a1 ¼ False’’, ‘‘a2 ¼
More or Less Good’’,. . .,‘‘ai ¼Good’’, ‘‘aiþ1 ¼ Very Good’’,. . .,‘‘an ¼ Completely

Good’’ and each linguistic label is represented from a suitable TFN, denoted also
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with ai, i ¼ 1; 2; . . . ; n. Let A be a fuzzy attribute, that is a map

A : U ! fa1; a2; . . . ; ang, represented by a string of the following type:

A ¼ ½an�an ½an�1�an�1 � � � ½a1�a1

where ai ¼ A�1ðaiÞ is a subset of U . If A�1ðaiÞ ¼ Ø, then we write ai ¼ [–]. In the

sequel, sometimes we call ‘‘class’’ the symbol ½ai�. Let B be another fuzzy attribute

represented by the following string:

B ¼ ½bm�bm ½bm�1�bm�1 � � � ½b1�b1

where the bi’s have a similar meaning to the ai’s and m 2 N. Following [7], we define

the operation D between A and B by setting

C ¼ ðADBÞ ¼ ½cmþn�1�cmþn�1 ½cmþn�2�cmþn�2 � � � ½c1�c1

where, by assuming nPm without loss of generality, the subsets fcig are given from

the following formulas for i ¼ 1; . . . ;mþ n� 1:

ci ¼
[j¼1;...;i ðai�jþ1 \ bjÞ if 16 i6m� 1

[j¼1;...;m ðai�jþ1 \ bjÞ if m6 i6 n� 1

[j¼i�nþ1;...;m ðai�jþ1 \ bjÞ if n6 i6mþ n� 1

8<
:

As suggested in [7], the ci’s can be calculated by using a simple rule based on the
usual arithmetical multiplication. The TFN ci’s (for i ¼ 1; . . . ;mþ n� 1) are given

by

ci ¼
1

k1þk2 �
Pi

j¼1 d2j � d1i�jþ1 � ðk1 � ai�jþ1 þ k2 � bjÞ if 16 i6m� 1
1

k1þk2 �
Pm

j¼1 d2j � d1i�jþ1 � ðk1 � ai�jþ1 þ k2 � bjÞ if m6 i6 n� 1
1

k1þk2 �
Pm

j¼i�nþ1 d2j � d1i�jþ1 � ðk1 � ai�jþ1 þ k2 � bjÞ if n6 i6mþ n� 1

8><
>:

being the above coefficients di, for i ¼ 1; . . . ;mþ n� 1, defined by

di ¼

Pi
j¼1 d2j � d1i�jþ1 if 16 i6m� 1Pm
j¼1 d2j � d1i�jþ1 if m6 i6 n� 1Pm
j¼i�nþ1 d2j � d1i�jþ1 if n6 i6mþ n� 1

8><
>:

The index d1i (respectively, d2i) represents the number of subsets faig (respectively,

fbig) of the string A (respectively, B) involved in the operation of union performed to

obtain the subsets fcig of the resulting fuzzy attribute C, whereas the index k1
(respectively, k2) stands for the total number of subsets faig of A (respectively, fbig
of B) involved in the operation of intersection which gives the subsets fcig of C.

The following example shall clarify the above concepts and definitions. Let

fA;B;A0g be a set of three physical parameters (fuzzy attributes), U ¼ fO1;O2g be
two geographic zones and a4 ¼ b4 ¼ Cv, a3 ¼ b3 ¼ V , a2 ¼ b2 ¼ Mv, a1 ¼ b1 ¼ F be

four TFNs describing the reliability measure of each parameter in both zones. Their

linguistic labels are shown in Table 1.
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We suppose to have the following strings:

A ¼ ½O1�Cv½–�V ½–�Mv½O2�F

B ¼ ½–�Cv½O1;O2�V ½–�Mv½–�F

A0 ¼ ½O2�Cv½–�V ½–�Mv½O1�F

This means that in the zone O1 (respectively, O2) the parameter A (respectively, A0)

has a optimum reliable measure but not A0 (respectively, A) which has a scanty

reliable measure, whereas the parameter B has good reliable measure in both zones.

By taking in account that m ¼ n ¼ 4 (hence mþ n� 1 ¼ 7), now we calculate the

seven subsets ci

In the calculation of the related seven TFN c’s, we put for brevity

ai;j ¼ d2j � d1i�jþ1 � ðk1 � ai�jþ1 þ k2 � bjÞ

We observe that k1 ¼ k2 ¼ 1, d2i ¼ d1i ¼ 1 for every i ¼ 1; . . . ; 4 and thus we have

½0:80; 1:00; 1:20� ½0:60; 0:70; 0:80� ½0:30; 0:40; 0:60� ½0:00; 0:10; 0:20�
½0:80; 1:00; 1:20� ½0:60; 0:70; 0:80� ½0:30; 0:40; 0:60� ½0:00; 0:10; 0:20�

Table 1

The TFNs of the linguistic labels

Linguistic label Description LE BE RE

Cv Optimum reliability 0.80 1.00 1.20

V Good reliability 0.60 0.70 0.80

Mv Sufficient reliability 0.30 0.40 0.60

F Scanty reliability 0.00 0.10 0.20
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where

a1;1 ¼ 1 � 1 � ð1 � ½0:00; 0:10; 0:20� þ 1 � ½0:00; 0:10; 0:20�Þ ¼ ½0:00; 0:20; 0:40�
a2;1 ¼ 1 � 1 � ð1 � ½0:30; 0:40; 0:60� þ 1 � ½0:00; 0:10; 0:20�Þ ¼ ½0:30; 0:50; 0:80�
a3;1 ¼ 1 � 1 � ð1 � ½0:60; 0:70; 0:80� þ 1 � ½0:00; 0:10; 0:20�Þ ¼ ½0:60; 0:80; 1:00�
a4;1 ¼ 1 � 1 � ð1 � ½0:80; 1:00; 1:20� þ 1 � ½0:00; 0:10; 0:20�Þ ¼ ½0:80; 1:10; 1:40�
a1;2 ¼ 1 � 1 � ð1 � ½0:00; 0:10; 0:20� þ 1 � ½0:30; 0:40; 0:60�Þ ¼ ½0:30; 0:50; 0:80�
a2;2 ¼ 1 � 1 � ð1 � ½0:30; 0:40; 0:60� þ 1 � ½0:30; 0:40; 0:60�Þ ¼ ½0:60; 0:80; 1:20�
a3;2 ¼ 1 � 1 � ð1 � ½0:60; 0:70; 0:80� þ 1 � ½0:30; 0:40; 0:60�Þ ¼ ½0:90; 1:10; 1:40�
a4;2 ¼ 1 � 1 � ð1 � ½0:80; 1:00; 1:20� þ 1 � ½0:30; 0:40; 0:60�Þ ¼ ½1:10; 1:40; 1:80�
a1;3 ¼ 1 � 1 � ð1 � ½0:00; 0:10; 0:20� þ 1 � ½0:60; 0:70; 0:80�Þ ¼ ½0:60; 0:80; 1:00�
a2;3 ¼ 1 � 1 � ð1 � ½0:30; 0:40; 0:60� þ 1 � ½0:60; 0:70; 0:80�Þ ¼ ½0:90; 1:10; 1:40�
a3;3 ¼ 1 � 1 � ð1 � ½0:60; 0:70; 0:80� þ 1 � ½0:60; 0:70; 0:80�Þ ¼ ½1:20; 1:40; 1:60�
a4;3 ¼ 1 � 1 � ð1 � ½0:80; 1:00; 1:20� þ 1 � ½0:60; 0:70; 0:80�Þ ¼ ½1:40; 1:70; 2:00�
a1;4 ¼ 1 � 1 � ð1 � ½0:00; 0:10; 0:20� þ 1 � ½0:80; 1:00; 1:20�Þ ¼ ½0:80; 1:10; 1:40�
a2;4 ¼ 1 � 1 � ð1 � ½0:30; 0:40; 0:60� þ 1 � ½0:80; 1:00; 1:20�Þ ¼ ½1:10; 1:40; 1:80�
a3;4 ¼ 1 � 1 � ð1 � ½0:60; 0:70; 0:80� þ 1 � ½0:80; 1:00; 1:20�Þ ¼ ½1:40; 1:70; 2:00�
a4;4 ¼ 1 � 1 � ð1 � ½0:80; 1:00; 1:20� þ 1 � ½0:80; 1:00; 1:20�Þ ¼ ½1:60; 2:00; 2:40�

Furthermore we have that

d1 ¼ d11 � d21 ¼ 1 � 1 ¼ 1

d2 ¼ d11 � d22 þ d12 � d21 ¼ 1 � 1þ 1 � 1 ¼ 2

d3 ¼ d13 � d21 þ d12 � d22 þ d11 � d23 ¼ 1 � 1þ 1 � 1þ 1 � 1 ¼ 3

d4 ¼ d14 � d21 þ d13 � d22 þ d12 � d23 þ d11 � d24 ¼ 1 � 1þ 1 � 1þ 1 � 1þ 1 � 1 ¼ 4

d5 ¼ d14 � d22 þ d13 � d23 þ d12 � d24 ¼ 1 � 1þ 1 � 1þ 1 � 1 ¼ 3

d6 ¼ d14 � d23 þ d13 � d24 ¼ 1 � 1þ 1 � 1 ¼ 2

d7 ¼ d14 � d24 ¼ 1 � 1 ¼ 1

Therefore we have the following TFNs:

c1 ¼ ð1=2Þ � a1;1 ¼ ½0:00; 0:10; 0:20�
c2 ¼ ð1=4Þ � ða2;1 þ a1;2Þ ¼ ½0:15; 0:25; 0:40�
c3 ¼ ð1=6Þ � ða3;1 þ a2;2 þ a1;3Þ ¼ ½0:30; 0:40; 0:53�
c4 ¼ ð1=8Þ � ða4;1 þ a3;2 þ a2;3 þ a1;4Þ ¼ ½0:42; 0:55; 0:70�
c5 ¼ ð1=6Þ � ða4;2 þ a3;3 þ a2;4Þ ¼ ½0:56; 0:70; 0:86�
c6 ¼ ð1=4Þ � ða4;3 þ a3;4Þ ¼ ½0:70; 0:85; 1:00�
c7 ¼ ð1=2Þ � a4;4 ¼ ½0:80; 1:00; 1:20�

Then we deduce the following fuzzy attribute C

C ¼ ADB ¼ ½–�c7 ½O1�c6 ½–�c5 ½–�c4 ½O2�c3 ½–�c2 ½–�c1
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In other words, interpreting the fuzzy attribute C, we can say that in the zone O1
(respectively, O2) there is a global ‘‘between good and optimum’’ (respectively,

‘‘sufficient’’) reliable measure of both parameters A and B. By considering the

composition ðADBÞDA0, we have that k1 ¼ 2, d11 ¼ d17 ¼ 1, d12 ¼ d16 ¼ 2,

d13 ¼ d15 ¼ 3, d14 ¼ 4 and k2 ¼ 1, d21 ¼ d22 ¼ d23 ¼ d24 ¼ 1. In this case we ob-

serve that n ¼ 7 and m ¼ 4, hence the fuzzy attribute (ADBÞDA0 has mþ n� 1 ¼ 10
classes to which 10 TFNs are associated and built with the above formulas. It is

possible to show [13] that ðADBÞDA0 ¼ A0DðADBÞ but we omit this fact for brevity.

3. From DRASTIC to SINTACS

DRASTIC is the most widely used spatial method [7] for estimating the pollution

of aquifers. The acronym DRASTIC draws origin from the initials of the seven

parameters listed in Table 2. To each parameter is assigned a weight which is an
integer between 1 and 5 indicating its importance with respect to the remaining ones

in accordance to the problem under study: industrial pollution or agricultural pol-

lution. The weights are given in the following Table 2:

In order to adequate the DRASTIC method to the Italian territory, on 1997 it was

invented the SINTACS method [6], whose acronym derives from the Italian

denomination of seven hydro-geological parameters listed in column 1 of Table 3.

They essentially concern the movement of the surface water in the aquifer and

therefore its vulnerability to pollutants (for instance, pesticides). Also here to each
parameter is assigned a weight which is an integer between 1 and 5.

In accordance to the SINTACS method, generally speaking, in Italy five typol-

ogies of hydro-geological areas can be distinguished. They are reported in the titles

of columns 3–7 of Table 3 and the user decides the weights by underlying the

importance of a parameter with respect to the remaining ones in accordance to the

typology of area under study, with the restriction that the sum of these weights must

be always equal to 26.

Every parameter is identified with its ID number given in column 2 of Table 3. By
studying the aquifers of the territory of Cava de’ Tirreni, the experts can essentially

distinguish the three typologies of hydro-geological areas reported in the titles of

columns 3, 4, 7 of Table 3 and, following [20], make two important assumptions:

Table 2

Weights for parameters in DRASTIC

Parameters Industrial weight Agricultural weight

Depth 5 5

Recharge 4 4

Aquifer media 3 3

Soil media 2 5

Topography 1 3

Impact vadose zone 5 4

Conductivity 3 2
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• the required data on the parameters Pi; i ¼ 1; . . . ; 7, must be effectively available;

• the data must possess precision and accuracy in accordance to the guidelines of

[1].

Unfortunately all the data were partially available and moreover the estimation of

some parameters, deduced from geographical archives, was judged uncertain or false

in some parts of the territory under study. Strictly speaking, then the experts took

the decision of dividing the whole territory of Cava de’ Tirreni in six zones, that in
zones in which if the information is judged reliable, the weight of each parameter

assumes a constant value. Each zone is called ‘‘iso-reliable zone’’ and the related

geographic map is given in Fig. 1.

The treatment of this partial information was based on the Fuzzy Logic. Precisely

speaking, we assume as reliability index of a parameter Pi ði ¼ 1; . . . ; 7Þ, in each iso-

reliable zone denoted with Oj ðj ¼ 1; . . . ; 6Þ, one of the linguistic labels representing
the TFNs reported in Table 1, defined primary TFNs. Note that the minimum of

these TFNs is pointwise zero and the related intersection of all the supports is empty.
This assumption is necessary for facilitating the process of linguistic approximation

described in Section 6. The inputs of the linguistic labels and of the weights Wij of the

parameters Pi ði ¼ 1; . . . ; 7Þ for the zone Oj ðj ¼ 1; . . . ; 6Þ are reported in the fol-

lowing Table 4.

In other words, every hydro-geological parameter Pi ði ¼ 1; . . . ; 7Þ is considered as

a fuzzy attribute and represented from a string. For instance, we have for P1:

P1 ¼ ½O4;O6�Cv½O1;O2;O3;O5�Mv

and similarly for P2; . . . ; P7.

Table 3

Weights for parameters in SINTACS

Parameters ID Area with

normal

impact

Area with

relevant

impact

Area sub-

mitted to

drainage

Area sub-

mitted to

Karsticism

Area with

textured

rocks

Soggiacenza P1 5 5 4 2 3

Infiltrazione

efficace

P2 4 5 4 5 3

Litologia del P3 5 4 4 1 3

Non-saturo

Tipologia P4 4 5 2 3 4

del suolo

Litologia P5 3 3 5 5 4

dell’Acquifero

Conducibilit�a

idraulica

P6 3 2 5 5 5

Acclivit�a della

Superficie

P7 2 2 2 5 4
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4. Decomposition of the classes

The first step, which precedes the algebraic operations over the strings, consists in

an algorithm of decomposition of the classes in classes with finer linguistic labels by

taking in account of the weights of each parameter.

4.1. Analysis of the weights

Strictly speaking, we calculate the mean Wi;l of the weights Wij of the parameter Pi
for the iso-reliable zones which have the same linguistic label represented by the

TFN l. If we denote with ½q� ¼ minfp 2 N : p6 qg where q 2 R, then we shall

consider a number of new classes equal to Ni;l ¼ ½Wi;l � BEl�, denoted by
½–�l;Ni;l ; . . . ; ½–�l;1, which shall be inserted at the right of the class ½. . .�l in the string Pi.

Indeed, in our case we first consider the linguistic label Cv. Then we have that

W1;Cv ¼ ðW14 þ W16Þ=2 ¼ ð5þ 3Þ=2 ¼ 4 and hence N1;Cv ¼ ½W1;Cv � 1:0� ¼ 4 since

1

2

3

4

5

6

Fig. 1. Geographic map of the iso-reliable zones.

Table 4

Values of the inputs to FUZZY-SRA

ID

zone

P1 P2 P3 P4 P5 P6 P7 W1j W2j W3j W4j W5j W6j W7j

O1 Mv Mv V V Mv Mv Cv 5 4 5 4 3 3 2

O2 Mv Mv V V Cv Cv Cv 5 4 5 4 3 3 2

O3 Mv Mv Mv V Mv Mv Cv 5 5 4 5 3 2 2

O4 Cv Mv Mv V Cv Cv Cv 5 5 4 5 3 2 2

O5 Mv Mv V V Mv Mv Cv 3 3 3 4 4 5 4

O6 Cv Mv V V Cv Cv Cv 3 3 3 4 4 5 4
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BECv ¼ 1:0 (cf. Table 1). Furthermore, we have that W1;Mv ¼ ðW11 þ W12 þ W13þ
W15Þ=4 ¼ ð5þ 5þ 5þ 3Þ=4 ¼ 4:5 and hence N1;Mv ¼ ½W1;Mv � BEMv� ¼ ½4:5 � 0:40� ¼
½1:8� ¼ 1. By inserting the new classes, we obtain the following new string repre-

sentative for the attribute P1:

SðP1Þ ¼ ½O4;O6�Cv½–�Cv;4½–�Cv;3½–�Cv;2½–�Cv;1½O1;O2;O3;O5�Mv½–�Mv;1

4.2. TFNs of the new linguistic labels

The calculation of the values LE, BE and RE for the TFNs representing the new

linguistic labels is made in accordance to the following considerations: let b be the

TFN of the linguistic label present in the attribute Pi and let Ni;b be the number of the

new linguistic labels obtained with the procedure of Section 5. Let a be the TFN of

the linguistic label immediately following in the attribute Pi. For every t ¼ 1; . . . ;Ni;b,

we put LEb;t ¼ LEa þ t � ðLEb � LEaÞ=ðNi;b þ 1Þ and similarly for BEb;t and REb;t.

Then we define the TFN b; t ¼ ½LEb;t;BEb;t;REb;t� representative of the same lin-

guistic label b; t. Note that if b is the TFN of the last linguistic label present in the
attribute Pi, then we assume a ¼ F since P�1

i ðF Þ ¼ Ø.

Returning to our case study discussed in Section 4.1, we have that

LECv;4 ¼ LEMv þ 4 � ðLECv � LEMvÞ=ð4þ 1Þ ¼ 0:3þ 4 � ð0:8� 0:3Þ=5 ¼ 0:7 and simi-

larly we deduce BECv;4 ¼ 0:88, RECv;4 ¼ 1:08. With analogous computations we

obtain that Cv; 3 ¼ ½0:6; 0:76; 0:96�, Cv; 2 ¼ ½0:5; 0:64; 0:84� and Cv; 1 ¼ ½0:4; 0:52;
0:72�. Since Mv is the TFN of the last linguistic label present in the attribute P1, we
assume a ¼ ½0:0; 0:1; 0:2� (cf. Table 1) and hence we deduce that LEMv;1 ¼ LEF þ 1�
ðLEMv � LEF Þ=ð1þ 1Þ ¼ 0:0þ 1 � ð0:3� 0:0Þ=2 ¼ 0:15. Similarly we have that
BEMv;1 ¼ 0:25 and REMv;1 ¼ 0:4.

4.3. The interpretation of the new TFNs

On the basis of the primary TFNs, we must interpret the new linguistic labels

introduced with the procedure of Section 5. In order to achieve this aim, we suppose

that the string SðPiÞ contains a class with the new TFN l ¼ ½LEl;BEl;REl�. Let
a ¼ ½LEa;BEa;REa� and b ¼ ½LEb;BEb;REb� be two TFNs representative of two
primary linguistic labels a and b (present in the string Pi) such that BEa ¼ BEl ¼ BEb

(this assumption is without loss of generality). Then, by putting d ¼ BEb � BEa, we

give the following algorithm:

if BEa 6BEl 6BEa þ d=10, then l ¼ a;
if BEa þ d=10 < BEl 6BEa þ 3d=10, then l ¼ NT½a� (i.e., l ‘‘is NEXT TO’’ a);
if BEa þ 3d=10 < BEl 6BEa þ 7d=10, then l ¼ IB½a; b� (i.e., l ‘‘is IN

BETWEEN’’ a and b);
if BEa þ 7d=10 < BEl 6BEa þ 9d=10, then l ¼ BT½b� (i.e., l ‘‘is BEFORE TO’’

b);
if BEa þ 9d=10 < BEl 6BEb, then l ¼ b.
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Note that if b is the TFN of the last linguistic label present in the attribute Pi, then
we assume a ¼ F as in Section 4.2.

In our case, by putting Cv; 4 ¼ l, Mv ¼ a, Cv ¼ b, we have that d ¼
BECv � BEMv ¼ 1� 0:46 0:6; 3d=10 ¼ 0:18; 7d=10 ¼ 0:82 and 9d=10 ¼ 0:94. Then

0:82 ¼ BEMv þ 7d=10 < BEl ¼ 0:886 0:94 ¼ BEMv þ 9d=10, that is Cv; 4 ¼ BT½Cv�.
Analogously we deduce Cv; 3 ¼ Cv; 2 ¼ IB½Mv;Cv� and Cv; 1 ¼ Mv.

Since Mv is the TFN of the last linguistic label present in the attribute P1, we
assume a ¼ F and hence d ¼ BEMv � BEF ¼ 0:4� 0:1 ¼ 0:3. In this case it is easily

seen that Mv; 1 ¼ BT½Mv�. Then we can rewrite the string SðP1Þ as follows:

SðP1Þ ¼ ½O4;O6�Cv ½–�BT½Cv�½–�IB½Mv;Cv�½O1;O2;O3;O5�Mv½–�BT½Mv�

and we obtain analogous expressions for SðP2Þ; . . . ; SðP7Þ here omitted for brevity.

5. Concomitance and final classification

After the first step which consists in the procedure of Section 4, we apply the

algebraic operations defined in Section 2 to the strings SðP1Þ; . . . ; SðP7Þ by obtaining

the long string

S ¼ SðP1ÞDSðP2Þ . . . SðP7Þ

containing many empty classes with the related linguistic labels, i.e. classes of type

½–�a which we can eliminate because they have no meaning. Indeed, we have the

following string:

S ¼ ½O2;O6�IB½V ;Cv�½O4;O3�V ½O1;O5�BT½V �

where the linguistic labels are represented from the following TFNs:

IB½V ;Cv� ¼ ½0:74; 0:91; 0:94�; V ¼ ½0:6; 0:7; 0:8�; BT½V � ¼ ½0:5; 0:63; 0:72�:

Since the string S contains the global information on each iso-reliable zone

Oj ðj ¼ 1; . . . ; 6Þ coming from all the hydro-geological parameters Pi ði ¼ 1; . . . ; 7Þ, it
is natural to define as reliability index of the zone Oj its linguistic label, that is the

TFN associated to the class ½Oj� in the string S. By overlapping the geographic map
of the iso-reliable zones with the thematic map of the aquifers of the territory of

Cava de’ Tirreni, we define the vulnerability index of an aquifer as the iso-reliability

index of the zone Oj to which the aquifer belongs. After this operation, the experts

pointed out that the aquifers could receive an high value of the vulnerability index in

some iso-reliable zones Oj due mainly to the fact that some fuzzy attribute Pi is
represented in those zones either from a TFN l with high values of its membership

function or from an high evaluation of its weight Wij. Hence it arises the problem of

solving the ‘‘concomitant’’ presence of all the fuzzy attributes Pi in those zone Oj by
recalculating a global equal weight W in the string S for each parameter Pi. The
experts suggested of calculating W by taking into account of the number ml of zones

Oj which have l as linguistic label and of the quantity j1� BElj. In other words, if
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a; b; . . . ; l are the TFNs appearing in the string S and if n is the total number of

classes, the experts suggested to use the following formula:

W ¼ f1=n � ½j1� BEaj � ma þ j1� BEbj � mb þ � � � þ j1� BElj � mlÞ�g�1

and afterwards we again apply the procedure of Section 4 in the string S for getting

the final classification.

Indeed, in our case, we have mBT½V � ¼ mV ¼ mIB½V ;Cv� ¼ 2. Since n ¼ 6, we deduce

that

W ¼ ½1=6 � ð0:37 � 2þ 0:30 � 2þ 0:09 � 2Þ��1 ¼ 3:95

with which each linguistic label l is again weighted. By adopting the same procedure

of Section 4, we must insert Nl ¼ ½W � BEl� new classes at the right of the class ½. . .�l
(cf. Section 4.1) and calculate the membership functions of the new TFNs (cf. Sec-

tion 4.2) which represent the ultimate linguistic labels (cf. Section 4.3) appearing in

the final string, also denoted with S. By omitting these calculations for brevity, we

finally obtain that

S ¼ ½O2;O4;O6�IB½V ;Cv�½O3�IB½Mv;V �½O1;O5�BT½V �

where the linguistic labels are represented from the following TFNs:

IB½V ;Cv� ¼ ½0:74; 0:91; 0:94�; BT½V � ¼ ½0:5; 0:63; 0:72�;
IB½Mv; V � ¼ ½0:47; 0:60; 0:69�

with the respective description ‘‘Very Very Good’’, ‘‘Quasi Good’’ and ‘‘Very Very

Sufficient’’. Fig. 2 gives a geographic representation of the final classification of the

vulnerability index of the aquifers in the territory of Cava de’ Tirreni.

Very Very Sufficient
Quasi Good
Very Very Good

Fig. 2. Final classification of the vulnerability index.
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6. Conclusion

By realizing the tool FUZZY-SRA implemented inside the MapObjects OCX GIS

[11] from Environmental Systems Research Institute (ESRI, Redlands, CA), we have

shown how fuzzy logic can be considered a good support for modelization and

analysis of water resources management (see also [3,4,14,21,23,25]).
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