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Abstract

Different partial hypergroupoids are associated with binary relations defined on a set H. In this paper we find sufficient and
necessary conditions for these hypergroupoids in order to be reduced hypergroups. Given two binary relations p and ¢ on H we
investigate when the hypergroups associated with the relations p N s, p U ¢ and po are reduced. We also determine when the cartesian
product of two hypergroupoids associated with a binary relation is a reduced hypergroup.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction and preliminaries

The first step in the history of the development of Hyperstructures Theory was the 8th Congress of Scandinavian
Mathematicians from 1934, when Marty [12] introduced the notion of hypergroup, analyzed its properties and applied
them to non-commutative groups, algebraic functions, rational fractions. Nowadays the hypergroups are studied from
the theoretical point of view and for their applications to many subjects of pure and applied mathematics: geometry,
topology, cryptography and code theory, graphs and hypergraphs, probability theory, binary relations, theory of fuzzy
and rough sets, automata theory, economy, ethnology, etc. (see [6]).

Till now, several connections between hyperstructures and binary relations are established and studied by many
researchers: Rosenberg [13], Corsini [3,4], Corsini and Leoreanu [5], Chvalina [1], Konstantinidou and Serafimidis
[11], Spartalis [14-16], De Salvo and Lo Faro [8] and so on. In this paper we deal with the hypergroupoids associated
with binary relations introduced by Rosenberg [13] and studied then by Corsini and Leoreanu [3-5].

In the following we present some results obtained on this argument.

For a non-empty set H, we denote by 2*(H) the set of all non-empty subsets of H.
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Definition 1.1. A non-empty set H, endowed with a mapping, called hyperoperation, o : H> — 2*(H) is named
hypergroupoid. A hypergroupoid which verifies the following conditions:

(i) oy)oz=xo0(yogz),forallx,y,ze€ H,
(ii) xoH=H=Hox,forallx ¢ H

is called hypergroup.

If A and B are non-empty subsets of H, then Ao B= | J a ob.

acA
beB

Rosenberg [13] has associated a partial hypergroupoid H, = (H, o) with a binary relation p defined on a set H,
where, for any x,y € H,

xox=Ly={zeH|(x,z)ep} and xoy=L,UL,.
Definition 1.2. An element x € H is called outer element of p if there exists & € H such that (1, x) ¢ p>.
We need some of Rosenberg results that we recall in the next theorem.
Theorem 1.3 (Roserberg [13, Proposition 2]). I, is a hypergroup if and only if

(1) p has full domain;
(1) p has full range;
(iii) p C p;
(iv) if (a, x) € p?* then (a, x) € p, whenever x is an outer element of p.

Remark. If p is a quasiorder relation, then the hypergroupoid IH,, associated with H is a hypergroup.

Theorem 1.4 (Corsini and Leoreanu [5, Proposition 1.1, Corollary 1.2, Remark 1.3]). Let p be a relation defined on
asetHanda,x € H. Let “0” be the partial hyperoperation defined above.

() If p C p?, then (a, x) € p* ifand only ifx € aoa o a.
(i) If p C p?, then x is an outer element for p if and only if there exists a € H such that x ¢ a o a o a.
(iii) If p C p?, then there are no outer elements for p if and only if for any a € H, we have aoaoa = H.

Theorem 1.5 (Corsini [3, Theorem 1.3]). If IH, is a hypergroup, then the following statements hold.

1) p2 is a transitive relation.
(ii) If p is symmetric, then p® is an equivalence relation on H.
(iii) If p is symmetric and | H/p? | > 1, then p is an equivalence relation on H.

Corollary 1.6. Let p be a reflexive, symmetric and non-transitive relation on H. The following assertions are
equivalent:

(i) Hy is a hypergroup.

(i) Foranyx € H we have x ox o x = H.
(iii) There are no outer elements for p.
@iv) p2 =H x H.

Proposition 1.7 (Corsini [3, Theorem 2.5]). Let p and a be two binary relations on H with full domain and full range
such that p*> = p, 6> = ¢ and pe = op. Then H, is a hypergroup.

It may happen that the hyperoperation “o” does not discriminate between a pair of elements of H, when two
elements play interchangeable roles with respect to the hyperoperation. On a hypergroupoid (H, o), the following three
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equivalence relations, called the operational equivalence, the inseparability and the essential indistinguishability,
respectively, may be defined (see [9,10,7]):

e x~,y<=xoa=yoaandaox=aoy,foranya € H;
e x~;jy<=fora,be Hywehavex eaob <= y €aob;
o X~y <= x~,yand x~;y.

For any x € H, let X,, X; and X,, respectively, denote the equivalence classes of x with respect to the relations ~,, ~;
and ~,.
We say that a hypergroup (H, o) is reduced if and only if, for any x € H, X, = {x}.

Proposition 1.8 (Jantosciak [10, Proposition 3]). For any hypergroup (H, o), the quotient hypergroup (H/~., x) is
a reduced hypergroup, where the hyperoperation x on H/~, is defined by

Xe* Ve ={Ze | z € x 0 y}.

The quotient hypergroup (H/~., %) is called the reduced form of the hypergroup (H, o).

It is known that the study of hypergroups falls into two parts: the study of reduced hypergroups and the study of all
hypergroups having the same reduced form.

Our goal is to determine necessary and sufficient conditions such that the hypergroup IH,, associated with a binary
relation p, is reduced. Moreover, given two binary relations p and ¢ defined on H, we investigate when the hypergroups
Hyns, Hyus, IHys are reduced. In the last part of the paper we talk about the cartesian product of the reduced
hypergroups.

2. Basic properties

Let p be a binary relation defined on a non-empty set H.

Forany x € H, wedenote LY ={z € H | (x,z) e p}and RY ={z € H | (z,x) € p}.

If it is clear what is the relation we talk about, then we use the notations L, and R, instead of Lfc) and Rf .

If p is a relation such that the associated hypergroupoid IH, is a hypergroup, then, for any x € H, we have L, # ¢
and R, # (.

It is easy to see that

(1) pisreflexive if and only if, forany x € H, x € Ly;
(2) pis symmetric if and only if, for any x € H, Ly = Ry;
(3) p is transitive if and only if, for any x, y € H with Ly N R, # @ itresults y € L,.

Let p and ¢ be two distinct binary relations defined on H. One verifies that:
(1) L§m0={16H|(x,z)epﬂa}:Lf?ﬂL)f,
R ={zeH|(z.x)epna}=RINRY.

(i1) L ={zeH|(x,2)epUa}=LEULS,
R{Y ={z e H|(z.x)epUa}=R{URC.
(iii) LY ={zeH|(x,2)epoy={zeH|IteH:(x,t)ep, (,z2) €0}
={zelLl|telLl),
RV ={zeH|(z,x)epol={zeH |t e H:(z1) €p,(tx)ca}
={zeR’|teR%.

@iv) If, forany x € H, L} = L, then p =o.
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Proposition 2.1. Let H, be the hypergroup associated with the binary relation p defined on H. For any x, y € H, the
following implications hold:

(1) x~py <= Ly=1L,,
(2) x~;jy <= Ry =R,.

Proof. (1) By the definition of the relation “~,”, we have that x~,y is equivalent with x coa =y o a, forany a € H,
whichmeans Ly UL, =Ly UL,. If Ly = Ly, itis clear that x~,y.
Now we suppose x~,y, hence, foranya € H, Ly UL, =Ly U L.

e Fora=xitresults Ly =Ly ULy,s0 Ly, C Ly.
e Fora=yitresults Ly ULy =Ly,s0 L, C Ly.

We conclude that Ly = L.

(2) Take x,y € H, x~;y. Thismeans that x € aob <= y € aob,fora,b € H,thatisx € L, U L) <
y € L, ULy. But, for any x € H, R, # (J, therefore there exists a € H such that a € Ry, thatis x € L,; it
follows x € L, = a o a and since x~;y, we obtain y € L, thatis a € R,. Similarly we obtain Ry C R, and then
R,=R,. O

Now, if R, = Ry wehave x € L, <=y € L;,forz € H, therefore x € zot <= y € zot,forz,t € H, which
means x~;y.

In the following, we investigate when two different elements x, y € H are in the relation x~,y in the hypergroups
Hpns and H,.

Proposition 2.2. Let p and ¢ be two quasiorder relations on a non-empty set H. For any x,y € H, x~.y in Hyng if
and only if x~.y in IH, and x~.y in Hg.

Proof. Since p and ¢ are two quasiorder relations, the hypergroupoids associated with p, g and p N ¢ are hypergroups.
First, we suppose x~,y in IH, and x~,y in IHg; by the previous proposition we have LY = Lg, R = R;’, L= L;
and R? = R;’, SO Lfcmo = L;mg and Rfcma = Rgm, that is x~,y in Hyng.
Conversely, suppose x~,y in IHyng, that is x~,y and x~; y in IHpn. It is enough to show the implications:

() LYNLS=LYNL) = LY =L{and L =L7;
) RpﬂR" R”mR6=>Rp_RpandR°' R”

We will prove the first one, the second one has a similar proof.

Since p and o are reflexive relations, we write x € Lp NLY sox € Lp NL
(x,y)epnoa.

Let us consider z € LY, that is (x, z) € p and since (y, x) € p, by the transitivity of p, it results (v, z) € p, z € Lﬁ.
We have LY C Lp and similarly Lp C LF. We obtain LY = Lp and, in the same way, LY = L{. [

[

» that is (y, x) € p N ¢ and similarly,

Proposition 2.3. Let p and o be two binary relations on H with full domain and full range such that p* = p, 6> = ¢
and po =op. If, forx,y € H, x~,y in H, and x~;y in Hg, then x~.y in Hp;.
Moreover, x~,y inIH, and x~,y in Hg lead to x~.y in Hpg.

Proof. In this hypothesis, the hypergroupoids IH,, IHs and IH,; are hypergroups.
Let us consider x, y € H such that x~,y in H, and x~;y in H;, so we have LY = Lp and R = R" It is enough
to prove the implications

() LY=L = LY =LY,
(2) R = RU — R = R””
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Letz € L,pca; there exists t € Lf; such thatz € LY, so there exists ¢ € Lf; such that z € L{; therefore z € Lg(’. Similarly
LPo c PO

y =4y

In the same way we can show the second implication.

Thus, if x~,y in H; and x~;y in Hp, it results x~,y in IHs, and since pg = op we obtain the last assertion of the
proposition. [

3. Reduced hypergroups associated with binary relations

In this section, first, we determine a necessary and sufficient condition for the hypergroup IH,, in order to be reduced;
then we analyze this condition for different types of relations. Secondly, we prove that the hypergroupoid .#”, associated
with a binary relation defined by Corsini [4] is not a reduced hypergroup.

Theorem 3.1. The hypergroup H,, is reduced if and only if, for any x, y € H, x different from y, either Ly # Ly or
R, # R,.

Proof. By the definition, the hypergroup H,, is reduced if and only if, for any x # y, it is true x 7,y or x;y and by
the Proposition 2.1 this is equivalent with L, # Ly or Ry # R,. [

For some particular relations, the condition expressed in the previous theorem is simpler, as we see in the following
results.

Proposition 3.2. If p is an equivalence on H, then the hypergroupoid H, is a reduced hypergroup if and only if
p=Au={(xx) | xeH).

Proof. If p is an equivalence on H, then (IH,, o) is a hypergroup.

Since p is symmetric, we have, for any x € H, L, = R, and then, IH, is reduced if and only if, for any x # y,
L, # L. We show that this condition is equivalent with the following one: for any x € H, L, = {x} and then, it is
clear p = 4p.

If, for any x € H, L, = {x}, itresults for all x # y that Ly # L,.

Conversely, let y # x, y € Ly; we obtain {x, y} € L,. Forany z € L,\{x, y} we have (y,z) € p, (x,y) € p and
by transitivity it follows (x, z) € p, so z € L. Similarly, it results Ly € Ly, thus Ly = L, which is in contradiction
with the hypothesis. [

Proposition 3.3. If p is a non-symmetric quasiorder on H, then the hypergroup (IH,, o) is reduced if and only if, for
any x #y, Ly # L.

Proof. If p is a quasiorder on H then, for any x # y € H, we have the implication x~,y = x~;y.

Indeed, if we suppose Ly = Ly and Ry # Ry, there exists z € Ry, z ¢ Ry; then (z,x) € p and (z,y) ¢ p. Butpis
reflexive and then y € Ly = Ly; thus (x, y) € p and by transitivity we obtain (z, y) € p, which is false.

So, for any x # y, the condition “Ly # Ly or Ry # R,” is equivalent with “L, # L,”. [

Proposition 3.4. If p is a reflexive symmetric non-transitive relation on H, such that p* = H x H , then the hypergroup
(Hy, o) is reduced if and only if Ly # Ly, forall x,y € H, x different from y.

Proof. As in the previous proposition it is enough to prove that, for any x # y, x~,y = x~;y.

If we suppose there exists a € H such that x € L, and y ¢ L, then, by the symmetry, we havea € Ly = L, and
thusa € Ly, so y € L, contradiction.

Given a binary relation p on H, Corsini [4] has defined another hyperoperation: for any x, y € H,

x®py = Lx N Ry,

and he has proved that #°, = (H, ®) is a hypergroupoid if and only if p>=H x H.
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In case that the Corsini hyperoperation ®, is left or right reproductive, then ) is the total hypergroup (see
[16, Remark 2.4]). So, the unique hypergroup obtained in this manner is the total hypergroup, which clearly is
not reduced. [

4. The hypergroups IH)ns, IHpus, IH)s as reduced hypergroups

Let p and o be two binary relations defined on a non-empty set H. The hypergroups H,ns, Hys and Hyys are
reduced independently if IH, and IH,; are or are not reduced hypergroups, as we will see in the following results.

Proposition 4.1. Let p and 7 be two quasiorder relations on H. If the hypergroups H,, and H; are reduced, then the
hypergroup Hpne is reduced too.

Proof. If we suppose that the hypergroup IHyn, is not reduced, then it results there exist x # y in H such that
x~.y in Hyns and therefore x~,y in H,, x~,y in IHs, which is impossible because the hypergroups H,, and IH,
are reduced. [

Remark. If the hypergroup Hyns is reduced, then the hypergroups H,, and IH; can be reduced or not, as one sees
from the following examples.

Example 4.2. Let H ={1, 2, 3, 4}.

) Ifpno=dyg ={(,1),(2,2),(3,3), (4,4)} and p, g are equivalences on H different from the diagonal relation
Ay, then the hypergroup IHyn¢ is reduced, but neither IH, nor IH,; is a reduced hypergroup (see Proposition 3.2).
(ii) Setp =4y U{(1,2)} and 0 = 4y U {(1, 3)}. Then p N6 = Ay, so Hyn is a reduced hypergroup and also IH,
and H,.
(iii) Set p = Ay U {(1,2),(2,1),(1,3),(2,3)}, 0 =45 U{(1,2),3,4)},s0 pNao= Ay U{(1,2)}. It results the
hypergroups IHyns and IH; are reduced, but the hypergroup H,, is not (Lf = Lg , Rf = Rg ).

Proposition 4.3. Let p and o be two binary relations on H with full domain and full range such that p* = p, 6> = ¢
and po = ap. If the hypergroup H,q is reduced, then both hypergroups IH, and Hq are reduced.

Proof. From the Proposition 2.3 we have the implications:

(1) LY # LY = LY # Ly and LT # L:
(2) RY” # RY” => RY # RY and RY # RY.

If H,; is a reduced hypergroup then, for any x # y, we have x+.y, so, for any x # y, LY + L’ym or R + Rfv)a.
It follows (LY +# L§ and LY # LY) or (RY # Rﬁ and RY # RY) and therefore the hypergroups H, and H,
are reduced. [J

Remark. In the same hypothesis as in the Proposition 4.3, if IH, and IH, are reduced hypergroups, then the hypergroup
H,; is reduced or not, as the following examples show.

Example 4.4. We consider the following two situations.

(1) Set H={1,2,3,4}, p =4y U {(1,2)} = p2 and ¢ = Ay U {(1,3)} = ¢°. Clearly, IH, and IH; are reduced
hypergroups (see the Proposition 3.3); since po = Ay U{(1, 2), (1, 3)} = op, it results that the hypergroup H, is
reduced.

(2) Set H={1,2,3}, p=4y U{(2,1),(2,3)} =p?>and 6 = 45 U{(1, 3), (1, 2)} = ¢>. Again it results that H, and
H, are reduced hypergroups; we obtain pa = Ay U {(1, 2), (1, 3), (2, 1), (2, 3)} = op, and then L’lm =H= Lgo,
Rf 7={1,2}= Rg 7. therefore the hypergroup H,; is not reduced.
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Remark. Let p and ¢ be two binary relations defined on H such that the hypergroupoids IH,, IHs and H,y, are
hypergroups. If IH, and IH; are reduced hypergroups, then the hypergroup IH,y, can be reduced or not and conversely,
if H,uq is a reduced hypergroup, it does not result that the hypergroups IH, and IH; are reduced, too, as it follows
from the following examples.

Example 4.5. We present the following situations.

(1) Set H={1, 2,3}, p=A45U{(1,2)}=p* and 6=A5 U{(2, 1)}=0%; we find pUs=A 5 U{(1, 2), (2, 1)}=(pUc)>.Itis
clear that IH, and IH,; are reduced hypergroups, but the hypergroup IH s is not reduced, since Lf g {1,2}= Lgu(;’
Rfug ={1,2} = Rgua (see the Proposition 3.3).

(2) Set H={1,2,3}, p=45U{(1, 2)}:,02 ando=A45U{(1, 3)}:02; we obtain pUo =47 U{(1, 2), (1, 3)}=(pU0)2.
It follows that all the three hypergroups IH,, IH; and IH,ys are reduced.

(3) Set again H = {1, 2,3} and the relations p = 4y U {(1,2), (2, 1)} = p2, o= Ay U{(,3)} = o2, therefore
pUo=A4y5 U{(1,2), (2, 1), (1,3)} which is different from (p U )2 =Ag U{(,2),(2,1),(1,3),(2,3)}. In this
case the hypergroup IH, is not reduced, the hypergroup H; is reduced and the hypergroup Hye is reduced, too.
The hypergroupoid H, ¢ is a hypergroup because pUa C (p U )? and for the outer elements 1 and 2 of p U g,
condition (iv) of the Theorem 1.3 holds.

5. The cartesian product of the reduced hypergroups

Let (Hy, o1), (Ha, 02) be two hypergroups. On the cartesian product H; x H» we define the hyperoperation

(x1,x2) ® (¥1, y2) = (x101¥1, X2022)
and we obtain the hypergroup (H; x H>, ®) [2].
Proposition 5.1. In the hypergroup (H; x H», ®), the following implications hold:

(1) (x1, x2)~o (01, y2) &= x17~0y1 in Hy and x2~,y> in Hp;
(ii) (x1,x2)~i(y1, ¥2) & x1~;y1 in Hy and x~;y, in Hp.

Proof. (i) By the definition of the relation ~, we have (x1, x2)~,(y1, y2) if and only if, for any (a;, a2) € H; x Hy,
itis true: (x1, x2) ® (a1, a2) = (y1, y2) ® (a1, a2) and (aj, az) ® (x1, x2) = (a1, a2) ® (¥1, y2), which is equivalent
with xjo1a; = yjoiai, xp02a2 = yzopap and ajojx|; = ajo1y], ax02Xxy = arozy2, that is, x;~,y; and
X2™~0Y2.

(i1) By the definition of the relation ~; we get (x1, x2)~;(y1, y2) if and only if, for (a1, az), (b1, b2) € H; x Ha, we
have (x1, x2) € (a1, a2) ® (b1, by) equivalently (y1, y2) € (a1, a2) ® (b1, b2), therefore x| € ajo1by and x2 € a02b;
if and only if y; € ajo1b; and y> € arorby, thatis, x;~;y; and xp~;y2. [

Theorem 5.2. The hypergroup (Hy x H», ®) is reduced if and only if the hypergroups (Hi, o1) and (H», o2) are
reduced.

Proof. First, we suppose that (H; x H;,®) is a reduced hypergroup and that H; is not reduced. Then
there exists x; # y; in Hj such that x;~.yj, that is, x;~,y; and x;~;y;. It follows that, for any x» € Hp,
we have (x1, x2)~,(y1,x2) and (x1, x2)~;(y1, x2) (by the previous proposition), that is (x1, x2)~.(y1, y2) with
(x1,x2) # (y1,x2); this means that (Hy x H»,®) is not reduced, which is in contradiction with the
hypothesis.

Conversely, we suppose that (Hj, o1) and (H>, o2) are reduced hypergroups, but (H; x H», ®) is not. Then there
exist (x1, x2) # (¥1, y2) € Hy x Hj such that (xq, x2)~.(y1, y2). By the previous proposition we find x;~,y; and
X2~.y2. Since (Hi, o1) and (H>, op) are reduced, it follows that x| = y1, xo = yp, thus (x1, x2) = (y1, y2) which is
false. [J
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Proposition 5.3. Let p;, py be two binary relations defined on the non-empty sets Hy, Hy such that the associated
hypergroupoids (Hi),, and (H2) ,, are hypergroups.

() If (H1),, and (Hy),, are reduced hypergroups and, for j € {1, 2}, the implication p? * sz = p3_; = p%ij
(that is (Hy X H2)) p, is a hypergroup) ([4]) holds, then (Hi x H2), xp, is a reduced hypergroup.
(i) If (Hi x H2)p, xp, is a reduced hypergroup, then at least one of the hypergroups (Hy), and (Hy) ,, is reduced.

Proof. (i) If we suppose that (H; x Hg)p1 Xy is not reduced, then there exist (x1, x2) # (y1, y2) € H; x H> such
that Ly, x,) = L(y,,y,) and R(x; x,) = R(y,,y,), thatis Ly, = Ly,, Ly, = Ly,, Ry, = Ry, Ry, = Ry,. This implies that
X1~Yy1 In (IHl)p1 and x2~.yz in (]Hz)pz, but since (]Hl)pl and (le)p2 are reduced, it follows x; = y; and x = y»,
therefore (x1, x2) = (y1, ¥2), which is false.

(i1) Now, if (H| x H>) 1 %Py is a reduced hypergroup and if we suppose that both hypergroups (Hj) o1 and (IHp) 0
are not reduced, it follows there exist x; # y; € Hj and x» # y» € H» such that x;~,y; in (lH])pl and xp~,y2 in
(IH2),,; we obtain Ly, =Ly, Ry; = Ry, and Ly, = Ly,, Ry, = Ry,, which lead to the relations Ly, ,x,) = L(y,,y,) and
R(x|,x;) = R(y,,y,)- This is in contradiction with the hypothesis that (H; X H2),, xp, is reduced. [

6. Conclusions

The hypergroup associated with a binary relation p in the sense of Rosenberg is reduced if and only if, for any
x,y € H,either L, # L, or R, # R,. The unique equivalence relation p defined on H such that the hypergroup
H, is reduced is the diagonal relation 4p. Given two binary relations p and ¢ on H, the property of being reduced of
the associated hypergroups IH, and IH, may or may not influence the same property of the hypergroups Hs, Hpng,
IH,us and conversely. Finally, we proved that the cartesian product of reduced hypergroups is a reduced hypergroup.
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